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Let X be a compact Kéhler manifold of complex dimension m. One knows that
the determination of Einstein-Kihler metrics on X can be reduced to the solution
of complex Monge-Ampére equations, depending on the sign of the first Chern
class of X. Here, one studies a unified variational principle in the Sobolev space
W;.(X), whose Euler-Lagrange equations are the p.d.e. in question. The resulting
variational problem results in a limit case for the associated Sobolev inequalities.
© 1988 Academic Press, Inc.

INTRODUCTION

In this article, we take up a new variational principle for the deter-
mination of Einstein—Kéhler metrics on a compact Kihler manifold X,,, of
arbitrary complex dimension m. We restrict the manifold by making
necessary assumptions on its first Chern class C,(X), which must have
prescribed sign, and show the calculus of variations point of view leads to a
unified approach to the problem we study. In particular, starting from a
given Kihler metric g on X, we consider Kédhler deformations of g of the
form g,= g+ 00¢4; they preserve the Kihler structure of X and, when
Ci(x)#0, if g is chosen such that its first fundamental form represents
C,(X) up to sign, they also remain in C,(X). We seek a Kihler
deformation g, (with real valued globally defined function ¢) which is
Einstein—Kibhler, i.e., the Ricci tensor is proportional to the metric tensor.

Such deformations have been studied by numerous authors. E. Calabi
[3] first initiated the study of this problem in 1954. He proposed various
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methods for studying it, one of which involved calculus of variations based
on minimizing the L, norm of deformed Ricci tensors in the space of
Kihler metrics defined by the above deformations. The method we present
below is substantially different, and consists in writing down the partial
differential equations satisfied by the function ¢ associated to the desired
Einstein-Kéhler metric g, and then computing, by well-established
functional analytic results, the convenient variational principle whose
Euler-Lagrange equations are indeed the p.d.e. in question. In addition, we
are able to formulate the problem in the Sobolev space W, (X) which is
adapted to the associated variational principle. In [2, 3, 14], T. Aubin and
S. T. Yau solved successfully the p.d.e. when C,(X)<0 by the method of
continuity, using elaborate a priori estimates. In a recent paper [4], Aubin
studied the case C,(X )30 also via continuity method and, under the
geometric hypothesis j y A Cy<(m+1)*"(2m)~" (which generalizes nicely
the condition x(X,) <2 concerning Euler-Poincaré characteristic obtained
by Berger [5] when m = 1), reduced the problem to an integral inequality
(69) not yet proved. This inequality is an extension of Berger [5], who
treated the one-dimensional case in a uniform manner by an isoperimetric
variational principle using the Gauss—-Bonnet theorem. In this paper, we try
to extend this unified pattern to the higher-dimensional case and to make
first steps toward solving the variational problem in significant cases.

The use of calculus of variations is extremely natural from both
geometric and physical points of view. Einstein [11] and Hilbert attempted
novel variational principles to describe Einstein’s field equations in general
relativity. However, the elaboration of these techniques was impeded by the
lack of progress in the mathematical understanding of the calculus of
variations. In differential geometry, the use of variational methods in
multi-dimensional problems centers around the work of Yamabe [12],
who investigated deformations of the scalar curvature under conformal
transformations of the metric. The p.d.e. one is led to is naturally posed in
W, ,(X) and the non-linearity which occurs is limit and corresponds to the
continuous but non-compact Sobolev inclusion W, ,(X)<= L,(X). In [5],
Berger studied the case of one complex dimension and Gaussian curvature.
Amazingly, the same limiting behaviour which appears in [5] will become
apparent in the problem of Einstein-K#hler metrics, except we consider the
geometric problem in terms of the Sobolev space W,,(X), where the
compact Kéhler manifold X has real dimension 2m.

Our arguments in Section IIT show that higher-order (= 3) derivatives of
the deformation ¢ can be controlled in terms of the lower-order derivatives
of ¢ (in an appropriate L, sense). In particular the variational problems for
the Einstein-Kihler deformations reduce to a study of L, norms of the
second deriatives of ¢ over X. This is desirable, for example, in the case of
algebraic surfaces (m =2), since global geometric invariants can often be
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expressed in terms of L,(X) norms of an appropriate deformation ¢ and its
first and second derivatives.

I. THE DEFORMATION EQUATIONS AND THE CALCULUS
OF VARIATIONS PRINCIPLES ADAPTED TO THEIR STUDY

Before defining the deformation equations leading to an Finstein—Kéhler
metric, it is important to present the differential geometric context of this
problem. In addition, it is necessary to discuss complex differential
geometry, and its utilisation in reducing a complicated non-linear system of
partial differential equations to the search for the determination of one
smooth function satisfying a single non-linear partial differential equation.
Indeed, it will turn out that, by solving a well-defined Monge—Ampére
equation globally over the compact manifold in question, an Einstein—
Kahler metric can be determined provided the solution is smooth.

This section is divided in three parts. Section I.1 gives some notations
and definitions concerning first Chern class of Hermitian manifolds and
Kéhler deformations of metrics. In Section 1.2, the problem of existence of
Einstein—-Kéhler metrics is rephrased analytically; translated in terms of
analysis, it leads to complex Monge-Ampére equations (25) and (26).
Section 1.3 describes a variational principle and shows that the smooth
solutions of (33) are the smooth critical points of the functional 5§ (34).

1. First Chern Class, Kdihler Deformations of Metrics, and Complex
Monge—Ampére Operator.

(i) Let X;,, be a connected complex manifold of complex dimension

m and let z*=x*+iy*),_, _,, be local complex coordinates. We write

Z2=z% and set

2 i

O =55 52>

where greek indices A, ¢ --- run from 1 to m while Latin ones run through
1,.,m1,.. m

d is the operator of exterior differentiation, and 4’ and 4" its (1, 0) and
(0, 1) parts defined on a function ¢ by

do=0,9d  d'¢=0;4d:"

So d=d +d" and, if d°=d' —d", dd°= —2d'd"; in particular, for any
¢ e C*(X),

dd‘¢ = —20,,¢ dz* A dz". 1)
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A real (1, 1) form y can locally be written
x=la,; dz* A dzF,

where the matrix (a,;);, is everywhere Hermitian: a,;=a.
(i) Let g be a Hermitian metric on X, ie, a real symmetric

covariant 2-tensor field g = g, dz° ® dz® such that, for any indices,
8a6=8w>  &nu=8;=0

and the matrix (g,;),, is everywhere Hermitian positive definite. Thus, by
restriction to the real tangent bundle, g defines a Riemannian metric on X.
Every paracompact complex manifold admits a Hermitian metric.

The tensor g~ ' = g%e,®e,, defined by the inverse matrix (g*), is also
real symmetric with

g¥=g"=0 and  g¥g, =0}

g and g~ ! allow us to lower and raise indices in arbitrary tensors.
Setting

|8l =det(g,),
the oriented volume element is the globally defined 2m-form
dV=(i/2)"| gl dz' A dz' A -+ A dZ" A dz™
=|gldx' Ady' A - A dx™ A dy™. 2)

The first fundamental form of the Hermitian manifold (X, g) is the real
(1, 1) form

o = (i/2r) g,; dz* A dz; (3)
hence
dV=ZI—wA --~Aw=n—a)’". (4)
m! m!

g is said to be Kihler if w is closed. Equivalently, in a local chart
adapted to the complex structure,

0,8,5=0,8,; forany 4, pv.

(iii) On a Hermitian manifold (X, g), the Chern’s connection V
(extended to the complexified tensor algebra) is the unique real metric
connection (Vg =0) such that, if

V.e.=T%e, (andso V, dzb= — I dz°)
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in an adapted frame, all Christoffel’s symbols of mixed type vanish and
only I';, = Iy, may be #0; then, necessarily,
Fu=28"0:8u

When g is Kihler, V coincides with the Levi-Civita connection of the
underlying Riemannian metric.

The Laplacian and the square length of the gradient of a function ¢ are
defined by

A=~V p=—g" 0,0
and
(V|>=V*¢V, ¢ =" 0,4 0;4.
The components of the curvature tensor of Chern’s connection
R =LV, V,,—V, V. ) e, dz?)

are shown to be #0 only if g, b are of different type and ¢, d have same
type. Also, lowering index d and defining

Rdcab = g((vea Veb - Vebvea) €. ed)
= gde Recab’
only mixed components R, s are #0. One has
5
Réraﬂ= — R4 = _aﬂrgv
= _gééaaﬂgyé"l'gaﬂgVEaagyéaﬂgvﬁ' (5)

Consequently, for a vector field 6§ =6%, (resp. a l-form o =0, dz°),
commutation of indices in iterated covariant derivative yields, in the
Kahler case,

Vabec—vba06= Rcdabed (6)

(resp. Vab g, — Vba O, = — Rdcab Ud)'
In particular, when g is Kéhler, for any tensor field 7,

Viut=V,t,  V¥=V¥y
taking 1 =V"¢, where ¢ € C*(X), one gets
V/Luv¢ = Vulv¢’ V).uv¢ = V‘dv¢~ (7)
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And now let us define the Ricci tensor as the real symmetric covariant
2-tensor R, dz° ® dz” such that

Rab=—R—&51 Raﬂ=0

and the mixed component R4 is given by the contraction

Raﬂ'__ Ryyaﬁ= - 615 LOg |g|’ (8)

the last equality resulting from (5).
The Ricci form of the Hermitian metric g,

¥ = (i/2n) R,z dz* A dz*
= (i/4n) dd Log| g| (by (8) and (1)), (9)

is a closed real (1,1) form. One proves that its cohomology class
[¥]1e H*(X, R) is independent of the metric g. It is the first Chern class of
the complex manifold X, denoted by C,(X). When X is compact, the
topological invariant

cr=| Ay (10)

is, apart from a scaling factor, always an integer. In the case of positive
Chern class, C,(X) >0, as defined in paragraph (iv), we shall restrict X via
an inequality for C7 (see (Proposition 4).

(iv) From now on, we shall suppose X is a compact Kahler manifold
(i.e., admits Kihler metrics). The following lemma describes the elements of
a given cohomology class of (1, 1) forms. (See “Complex Manifolds” by
Kodaira and Morrow, Holt, Rinehart & Winston, New York, 1971, for a
proof (cf. [8], [9], [13]).)

LEMMA 1. Let y=ia;; dz* A dz* be a closed real (1, 1) form on a com-
pact Kihler manifold X. Then y is cohomologous to zero if and only if there
exists fe C*(X) such that

X= ld'd'tf, i.e., a/lﬂ = a)ﬁf:

A cohomology class € of real (1, 1) forms is said to be positive definite
(resp. negative definite or null) if € contains a representative y=
ia;; dz* A dz” such that the Hermitian matrix (a,;), , is everywhere postitive
definite (resp. negative definite or null). Using Lemma 1, one shows that
these three properties are mutually exclusive. Thus it is meaningful to say
that C,(X) has prescribed sign (>0, <0, or null).
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Let g and g’ be two Kihler metrics. The quantities corresponding to g’
are indicated with a prime (’). g’ is called a Kéhler deformation of g if the
first fundamental forms (see (3)) w and ' are cohomologous; equivalently,
according to Lemma 1, if there exists ¢ € C*(X) such that

8= 8iat 010 (11)

or
o _l_ I — _L c '
w—w+2ndd¢ w 4ndd¢. (11")

We shall write

g =g,=g+00¢,

and for g’ to define a metric on X, ¢ must belong to the convex set A of
admissible functions defined by

A = {$e C*(X); the matrix (g,;+ 0,:4),, is everywhere positive definite. }
(12)

If ¢ €A, we can choose local coordinates adapted to a given point Pe X,
ie., such that, in P, the matrix (g,;);, and (9,,0),, are respectively the
identity and diagonal. Then, for every direction A, (1 +0,;¢)(P)>0 and
the trace g*g’,; =m+ A¢ is positive.

Under condition (11), the volume elements relative to g and g’ are
related by

dav'=M(g)dV,
where M is the complex Monge-Ampeére operator

M(¢)=ll—:gg’|—|=det(5ﬁ+Vj¢), (13)

since, in the Kéhler metric g, Vi¢ = g%0,,4.
Let us also compare Ricci forms (9) ¥ and ¢'. By (8) and (13),

Rig—Riz= — 05 Log'l—i—l‘= — 0, Log M(4), (14)

SO

Y’ — = (i/4n) dd° Log M(¢).
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We conclude! this section by displaying the development of the
determinant (13) defining M(¢) as a sum of homogeneous terms in ¢ of
degrees 0, 1, ..., m. We can write

M(g)=1+ Y Y sgn(l,J)Vig---Vig,
k=11J
with 7e {(i}, .., it); 1<i, <--- <i,<m} and J a permutation of I of
signature sgn(Z, J). Setting
k= (k1)" '(5 Ak, (15)

where 64! .4 is the Kronecker tensor (components #0 and equal to +1 or
—1if and only if (u,, .., #) is a sequence of k distinct integers between 1
and m which is an even or odd permutation of (4, .., 1,)), we obtain

M(g)=1+ Y en uVig.. .Vig (16)
k=1

Compare Eq. (16) with (16') of the Appendix.

Since the Kronecker tensor has null covariant derivative and is antisym-
metric in u indices, by commutativity property (7) of covariant derivatives
on a Kihler manifold, for /=1, .., k—1, we have

VgLV g TG = 0

Py

and | — M(¢) appears as a divergence (a key property from our viewpoint),
—M($)=V, X"(¢), (17)
where the vector field X*(¢) is defined by

X"(4)= V“¢+Ze S Vig Vi 19 Vg, (18)

So, in a Kahler deformation, volume is preserved: | dV' = |, dV". This is
clear from the definition of M(¢, and (17) by integration.

For later use, notice that if u,, .., u, belong to C?*(X), the preceding
argument yields that

s me Ay L A~ Ay, = ():
8/111 Ak Vulnul V#k#l Vﬂk lluk- 1 v Uy 0; (19)
also, antisymmetry of 4.4 in 4 indices and equality V7*u, = V24, imply

it Ay, Vi Vi, V0, =0. (20)

Hk—1

! See the Appendix for an alternative differential form formulation.
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2. The Equations Leading to Einstein—Kihler Metrics.
A Kihler metric on a Kédhler manifold X is said to be Einstein if there
exists a real number &k such that
U =kao',  ie, R=g 1)

A priori (21) is a system for the unknown metric g’. When X is compact, let
us prove that it can be reduced to a single equation.

A necessary condition for solving (21) is for C,(X) to be of prescribed
sign. First let us suppose C,(X)#0. The coefficient & will have the sign of
C,(X) and, since a homothety on the metric preserves Ricci tensor, we can
search g’ such that

V' =ew or R :=¢g'1;, (22)

with ¢ equal to 1 or —1 according whether C,(X) is >0 or <0.

Choose a real (1-1) form y = (i/2n) eg,, dz* A dz”" belonging to C,(X)
such that the matrix (g,;),, is everywhere positive definite and thus defines
a Kihler metric g on X (since y is closed) with first fundamental form
o =¢y. Hence sw, as well as ¢, belongs to C,(X) and, by Lemma 1, there
exists f € C*(X) such that

R, =¢gi: +0,,:f (23)

On the other hand, (22) shows that sw’'e C,(X); thus w and ' are
cohomologous and ¢’ must be a Kihler deformation of g,

g’}.ﬁ=g}.ﬁ+a,{/j¢’ (24)

where the unknown function ¢ satisfies an equation to be exhibited.
Relations (22), (23), (24) imply

Riyi—Ryy=28(8' 35— 81z) — 0 f=0,,(e — f);
since by (14)
Ry~ Ryz= —0;; Log M(9),
we have
0,a[Log M(¢) +ep—f]=0.

Consequently, the function Log M(¢)+ ed — f, whose Laplacian is zero,
must be constant and, because f is defined up to additive constants, ¢
verifies

M(¢)=exp(—ep +[). (25)

580/79/1-8
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Now, if C;(X)=0, start with an arbitrary initial Kihler metric g. Then
¥, cohomologous to zero, can be written (i/2rn) d'd"f, that is, R,; =8 wulsa
substitute to (23). If we search a Kéhler deformation g’ = g + 304 of g with
null Ricci tensor, the preceding argument leads to the equation

M(g)=¢’. (26)

This is a special case of Calabi conjecture which asserts that, on any
compact Kihler manifold (X, g), every element

1=(/2n) a,; dz* A dz* e C,(X)

is the Ricci form of some Kahler metric g’. In fact, since y and ¢ belong to
Ci(X),

Rm - Rl).;l = R/m 4= 5mf

for some function f'e C*(X), and if we search g’ as a Kihler deformation
of g, equality (14) yields Eq. (26).

3. Variational Principles for the Deformation Equations

In complex dimension m=1, 1 — M(¢$) = 44, and the smooth solutions
of 46+ f=0 are the smooth critical points of the functional
x (41V@|> + f8) dV. 1t is natural to ask if this extends in higher dimensions
and if the deformation equations can be written as the Euler-Lagrange
equations of some functionals. Following Berger [6, p.93, Sect. 2.5,
concerning gradient operators], one is led to introduce

J(¢)=jxjol¢[1—M(s¢)]dst for ¢eCX). 27)

It will turn out that all the operators in (25) and (26) are gradient
operators. In Lemma 2 below, we prove the Gateaux derivative of J(¢) is
1 — M(¢). We also define (for comparison purposes) a generalization of the
quadratic form associated with 1| — M(g), as follows:

1$)=| 01— M($)1dV. (28)

The development (16) of M(¢) and the definitions (28), (27) imply that

m LI
- J= , 29
I kz[ Ik and kgl k+1 ( )
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when I, is homogeneous in ¢ of degree k + 1 and is the polarization of the
following (k + 1)-linear form on C*(X):

Huy, ot )= ——Leg‘;_‘_‘jf{f Viu, - -Viuu, ,  dv; (30)

SO

I (§)=H(9, .., §). (31)

As a consequence of antisymmetry of Kronecker tensor and commutativity
properties (7) of covariant derivatives on Kidhler manifolds, one proves
that H, is symmetric? (a crucial property in our variational formulation). It
is clear that H(uy, .., u;, ) is preserved by permutation of u, and u;
(i<j<k) since e 4 W g=el e bk Thus the symmetry of H,
will be shown if we see

Hi(uy,y oy thgey Uy )= Hi(Uy, oy 1, ).

Integrating (30) by parts twice yields

—_ A Ak — 2
H(u,, ., uk+,)—JXsf;___f:V#iul VAt Vi,V dV

(using Ve4! 4 =0 and (19))

= —| e s Viu Vil Vitue, u dV (by (20))
X

Hi—1
=H(uy, s 4y, ) (32)

To carry out these integrations by parts, we need in fact the functions
u, € C*(X). However, we obtain the result when they are only C? by a
density argument.
Let us rewrite the deformation equations under the form
Iy=[1-M()]—1+exp(—2ed+f)=0, e=+1

33
Fo(#)=[1~M(@)]+e/—1=0 (33)
and let us consider the functionals
3. =J@)=[ pav—s| e#+av
X X
(34)

3o(#)=J(9)+ [ (/1) pav.

2 For an alternative proof see Eq. (82) of the Appendix.
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LEMMA 2. The C? critical points of the functional ., _, or 3, are the
C? solutions of the corresponding deformation equation.

Proof. We must only verify that if u and v belong to C*(X) and j(¢) =
J(u+ tv), then

j’(0)=L [1—M(u)]vav.

By symmetry of the (k + 1)-linear form H,,

d ; . .
7 I (u+ tv)|,_ o= coefficient of 7 in H (u+ tv, ..., u + tv)

=(k+1) He(u, ..., u, v),

hence

JO) =S Hylty o ,0) (by (29) and (31))
k=1
=J —[i s'{}ffjf:Vﬁ'lu-uVﬁ';u]vdV (by (30))
X k=1
- L [1—M@u)]vdV (by (16)).

A weak solution of a deformation equation (33) is a critical point of the
corresponding functional J,, J _, or J, in the Sobolev space W, ,(X) (see
Proposition 1 below).

We now turn to a discussion of such critical points.

11. SOBOLEV SPACE SETTING FOR THE VARIATIONAL APPROACH
TO DEFORMATION EQUATIONS

Let us denote by J any of the functionals J,, J_, and J, defined in
(34). For investigating critical points of 3 by means of functional analysis,
it is natural to work on Sobolev spaces. The appropriate one turns out to
be the Sobolev space W, ,(X), defined as the completion of C*(X) with
respect to any of the equivalent norms

ltll ey = 11V 20l o+ 1Vl + Nl
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(where [Vu|?=3VuV ,u=V*uV,,u+V**uV 4u and | |, is the L,(X)
norm for p>1)

us [Vull+ lul,,  or u—»lIAuII,,,+UudV\.
X

Since the real dimension of X is 2m, we are in the limit case of the
Sobolev inclusion theorem and, for any ue W, (X), ¢* is integrable with
convenient inequalities and compactness properties of the mapping

ueW,,(X)-e“eL,(X),

according to Cherrier [10, Theorems 3 and 5]. More precisely, there exist
real numbers 4 and B such that, if ue W, ,,(X),

fyud
“qv< Al
Le A exp [BH ul) ™ + a7 (35)

and thus, for some constants C and p independent of «,
J e dv<Cexplululy,,) (36)

On the other hand, if (u,) is a bounded sequence of W, ,,(X), there exist a
subsequence (#,) and an element ue W,,,(X) such that, for any g>1,
exp(u,, ) converges strongly to e* in L (X); by reflexivity of W, ,,(X), we can
also suppose u, converges weakly to u in W, ,(X).

Proposition 1 extends J and J to W,,,(X) and defines the weak solutions
of the deformation equations as the critical points of the extended
functional 3, the C? ones being the admissible C* solutions of these
equations. In Proposition 2, positivity and convexity properties of J are
studied.

ProrosiTION 1. (i) H, (see (30) and (32)) can be extended as a
continuous (k + 1) linear symmetric form on W, ,(X); thus I and J, defined
in (28), (27), extend as polynomial C* functionals on W, ,(X).

(ii) 3 extends as a C* bounded real valued mapping on W, ,(X). The
zeros of the Fréchet derivative

d3: Wam(X) = (W (X))*

are called the weak solutions of the deformation equations. The weak
solutions of class C? are in fact smooth C* admissible solutions of these
equations.
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Proof. (i) Let D,,,(X) be the space C*(X) endowed with W, ,-norm.
First we show that, for any k=1, .., m, H, is continuous on (D, (X))**".
If uy, .., u, ., belong to D, ,(X), let us put

— ont ok YA i A .
E(uy, o e y) =24 56 Viluy - Viktuy (V,u Viy 5 (37)

E.(uy, .., u,, ) is the integrand of H,(u,,.., u,,,) written under form
(32), ie., after performing one integration by parts in the initial definition
(30). Notice that®

|Exuy, ..r ey 1)| < Const IV2uy| -+ Vi, | Vi Vg o 4] (38)

since, in a g-orthonormal frame (g, =4,,), we can write
VEfl = et 80, atty -+ 0 g—tie 1 05U Oy 4y

(summation extended to all subsets (4, .., 1), (1, .., 4x) of k integers
between 1 and m)

<Y (KY) M0 u1) - 100 mta 1l 105 1] |0zt 4 ]
<Y N/ 2m) T ' m|VPuy| - (VP Vg | Vg,

by Schwarz inequality, taking into account that in the chosen frame, if
ue CH(X),

Vul>= 3 10,u1> and [Viul?= 3}, (IV,eul®+|8,5ul%) >} |0,5ul’.
a=1 aff=1 a,f

Defining r, by
k—1 2
—t—=1,
m

r, increases from 2 to 2m when k goes from 1 to m and, by Holder’s
inequality, when v, ..., v, , belong to C*(X),

k—1
nvl---vmuls(n ool 56 ol

I=1
k—1

< C(vol(X, g),m)(n uu,nm) 10kl 104 s s lame (39)

=1

3 See the Appendix for an alternate proof of (38) via differential forms (e.g., Eq. (38")).
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On the other hand, by the Sobolev inclusion theorem, W, ,.(X)c W, ,,(X)
and thus

IVatll o < (XUl sy, for  ue W, (X). (40)

Combining inequalities (38), (39), and (40), we get

k+1

(s, oty N < [ VBl ot 1)) ¥ < Const T Bl
[=1

proving by the way the continuity of H, on (D,,.(X))**". By density, H,
extends as a continuous (k + 1)-linear symmetric form on W, (X), always
noted H,. In fact, the proof shows that H, can be prolonged to the space

(Wom X)X (W 5, (X)) (41)

Now relations (28), (30) imply that we can also extend I and J as
continuous polynomial (and so C*) functionals on W, ,(X), the following
equalities remaining true for any ¢ € W, (X):

“ Hk(¢’ edd ¢)
,;::, k+1

I¢)= Y H(4 . 8) J(@)=
k=1
Lemma 2 shows that the Fréchet derivative of J is given by

{dJ(u), &) = i H (u, .. u k), uand Ee W, (X). (42)
k=1

Here <, ) is the natural pairing between a Banach space and its dual. dJ:
Wim(X) = (W,,(X))* is a smooth C* mapping.

(ii)) I (34) extends as a C* bounded mapping from W, ,(X) to R.
Let us prove it for J,. If ue W, (X), u and e* are integrable; so we can
set

3i(u)=J(u)—'( udV—-sI exp(—eu+ f)dVv.

This functional is the required extension since we are going to see it is
continuous on W,,(X). Boundedness follows from the C* polynomial
nature of J and inequality (36). As regards smoothness, defining

E(u)= L "+ qv,
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one verifies by induction on / that

(DEW)E 1, G =] &1 EidV, for w8y €€ Wap(X)
(43)

Since e* and the &,’s belong to L,(X) for any g> 1, the integral of (43) is
well defined according to Holder’s inequality. We must check that the
application D'E sends differentiably W, (X) in 2(W,,(X); R), the
Banach space of /-continuous forms on W,,,(X), with D(D'E)=D'*'E. If
he W, (X), we have

h2
" —1—h| <5 e

and thus
‘(D'E(u +h) — D'Eu))(&,, .., &) — L{ e“tIhE - & dV

< j ele k2 e Mg, .. | dV
X

[S IR

!

e |l lle™ I Alg TT 1€l
1

k=

<

N —

with g=(/+4)"' by Hélder. Taking into account the continuous
embedding W, (X)c L, (X) and the fact that, for any bounded subset
% c WZ,m(X),

sup [, <sup (", +lle ") <o (by (36)),
B B

for some constant 4 independent of A, we can write
| D'E(u+ h)— D'E(u) — (D' 'E@@))(h, » .r I giows nixrmy
< Ale™ |, 1A, = oAl w,,,),

which justifies (43).

The critical points ue W,,(X) of 3, ie, the weak solutions of
deformation equations, satisfy d3J(u)=0, that is, for 6=0,1, —~1 and
E€ W m(X),

<d3<s(u),€>=<dJ(u),5>+'[X(e*‘”‘”*1)édV=0- (44)
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As we saw H, can be extended by continuity to the product space (41),
notice that, according to (42) and inclusion W, ,,(X)< L, (X), the right-
hand side of (44) is meaningful when ¢e W,,(X), Eq. (44) remaining
satisfied for such ¢ at a critical point «.

The admissibility (12) and C® smoothness of C* weak solutions follow
from Aubin [1, p. 144].

Let U be the W, ,-closure of the set U of admissible functions (12). It is
a closed convex subset of W, ,,(X) for both strong and weak topologies. As
regards convexity and sign of J on U, we can state the

PROPOSITION 2. On ¥,

(1) the functional J is convex and, in fact, the second variation of J
(47') is the Dirichlet integral in the deformed metric;

(ii) Tand J are =0, the following inequality being verified.
0<JIS(m+1)J (45)

Note. Inequality (45) appears in Aubin [4, p. 146], where it is shown in
an inductive procedure. Here, the proof is different and shorter.

Proof. (i) Let u,v, we W,,,(X). Equation (42) yields

(dldJ)(u))(v) = dJ(u + 1)l -0

dr
d m
E Z H(u+tv, .,u+1tv,.),-0

=Y kH (4, .,uv,.),  bysymmetryof H,.
k=1

Thus the second Fréchet derivative of J in u is given by*

(dJ(u))(v, w) = Z kH (u, ..., u, v, w)

f 3(/1} 11;! Vity...Vi-uV, o V¥w dV, (46)
X -

using the remark concluding part (i) of the proof of Proposition 1 and (15).

4 See the Appendix (46’) for an alternate representation.
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Pick u in U. To prove convexity of J in u, we shall show that the
symmetric bilinear form d*J(u) is non-negative, i.e.,

2

(d*J(u))(v, v)— a J(u+tv)|, 0=0 foranyve W,,(X). (47)

By smoothness of J and density, we can suppose ue U and ve C*(X). Let 4
be the integrand of the integral (46) defining (d>J(u))(v, v). In P € X, choose
a frame adapted to u (i, g-orthonormal and diagonalizing the matrix
(0,,u(P));,) and set

a;h=ab|'_u(P), b'{=1+a;_-

Foru=1,..,mand k=0, 1,.., m—1, we denote by E, , (resp. F,,) the kth
elementary symmetric function of the m— 1 variables a, (resp. b,), 1+ p.
Thus E,,=1and, if k>1,

Ek,u:‘ Z Ajyr oAy

Ish<- - dgsm
At#p

Now A(P) is equal to

A(P)= i Y ((k—=1))"la, -a;,_,0,v0;v

k=121 - %4

Z.IE{I ,,,,, m}
=Y [1+ Y Y all---a,lk]wuvl2
u=1t k=11<Ai< - -  <l<m
A p
=3 ( Z Ek“) |0,0*= Z (H (1+ak)) 10,07
=1 pu=1 Nk#p

= 2 mel,u‘aul).z’

p=1

yielding (47) since by hypothesis of admissibility on u, all the coefficients
F, ,, are >0. Notice that if ue U, A(P) can be written

A(P)=[i (1+au)”‘|6“v|2][ﬁ (1+ak)]
p=1 k=1
=g'* 8,000 M(u)=|V'v|* M(u)

and consequently
2

d 1012 Q '
), 0-f A(P)dV(P)-:L V0|2 dV", (47)
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the quantities being related to the Kahler deformation g, (11') of g
associated to u; so, when v s Const., J is strictly convex in the v-direction.
(See the end of the Appendix for a proof via differential forms.)

Following the pattern of Proposition 1, let us now define the C®
polynomial functionals

Ai(uy, e s 1)=fx e (O + Viuy) - (O + Vik-tug )

-1 Bk—1

V0 Vi, dV (48)
7'k(u) = ﬁk(ua neey u)s

with k=1,..m, wuy,.,u_eW,,(X) and u,,u;,,€W,,,(X). The
previous computation shows that, for ue % and v, w, w, € W,,,(X),

H.(u, .., u,v,0)>0, (@I (0))w, w))=mH (v, .., v, w,w,). (49)

Remark U is the largest convex subset of W,,(X) containing U on
which J is convex. Indeed, choose ue C*(X) such that the metric
g.= g+ 0d0uis >0 but not >0, i.e., admits somewhere one zero eigenvalue.
Arbitrarily close to u in C? topology, we can find ' with the property
(d*J(u'))(v, v) <0, by picking v with support sufficiently small contained
in the open set of X on which the tensor g, has at least one negative
eigenvalue.

(ii) Concerning the sign of I(u) and J(u), by continuity, we can take
ue C*(X). Taking into account the definitions (29) of I, J and (31) of I,
and H,, if we set I(u)=[,BdV, J(u)=[, CdV, we see that, in the
previously used frame adapted to u, the integrands B and C for I and J are
then respectively given by

m—1

_ m Ek,y 5 _ m m_l___ﬂ,ﬁ___ ,
B’};l( ) k‘l‘l) Ou’, €= % ( ) (k+1)(k+2)) 10ul”

k=0 p=1 Nk=0

(Recall that the elementary functions E , and F , are defined in part (i) of
the proof.) The inequalities (45) follow from

0<C<B<g(m+1)C when we. (45")

Proof of (45’). We are going to express

m—1 Ek.u m—1 Ek,y

= d = ke
B k§0k+1 and u ,E‘o(k+1)(k+2)

(50)
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as linear combinations of the (F,,), with positive coefficients. Suppressing
the index u, we set

m—1 m—1

P(x)= Z (—l)kEkx"”I*k, O(x)= z (___])kaxmfl—k.

k=0 k=0

Then, by Taylor’s formula,

m—1 1k xmfl~k
P(x)=Q(1+x)=kZ=:0Q( )(1)(7—_1——7)!
and
Q"" - “(1) (1Y &
Ee= Y =i - 2, Y
x(m—l—l)---(k¥l+1)F,,
yielding

_1)k+1Cm I-kp, (51)

il
FM»

Combining (50) and (51), we obtain

m—1 m—1
B= z s, Fy, y=3 F, (52)
1=0 =0
where
ket Cmit ! 1)<+ Cnlill
e Z L I AR TS ()
and thus
m-—1 Cm—l‘k
—c — 1k+l 1 1. 353
=5 kz_‘,l( ) —__—k+2 (33)
Now, using

ki

1
k _ ! —_
Lx(l X) dx =R
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we can write
s,=m—ZH(—l)'"—“""———C:jj,;’=j;(1—x)m—1~1x1dx
k=0
=(—m—_17,_i)!—l—!=(mc’m_,)", (54)
since (1 —x)" ' ~Ix!=Fr-t-f(=1)"~'=!=kCk | _,x™ '~* In the same
way,
m—1 Cm
kgl( )k+1_k—.}T
m—1—1 k
=
[ o D I

thus, by (53), (54),

m—1  (m—Ii
mrl ' (my 1)

t1=

=[m+1)C,]" (55)
and

0<ry<s,<(m+1) 1,
which leads to (45’), by (52) and positivity of the F/s.

Remark. (1) With the aid of functionals T, defined in (48), I and J can
be expressed on W, ,(X) under the form

I= Z ksk—ITka J= Z ktk_lfk,
k=1 k=1

the assertion justified by comparing, in an adapted frame, the integrands of

both sides of these equations, using (52). For example, if B and B, are the
integrands of 7 and T,, we have

m

Z 10, u? = Z Z S¢Fy ,10,ul®

= =1 0

o

Z (k+1)sk[i 710 u;2] 'fj ksi_, By

k=1
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Hence, by (54) and (55),
Z ) 'L, J= Z )T (56)
Since T, is >0 on A (49) and 7l(u)=fx |Vu|? dV, we obtain

1(“)25‘1 IVull3, Jw) 2 —— ||Vu||2 when ue.  (57)

On the other hand, since Y7_, H,=Y7_,(C*)"'H, and dJ(u)=
2i- 1 Hi(u, ., u, ) by (42), we infer for any ue W, ,(X) and e W, ,,.(X),
that

(Iw), €y =3 (CH) Flu(ty o, &) (58)

(recalling that dJ/(u) can be extended by continuity to W, ,,,(X)). Now let 4
be an increasing C' real valued function on R, with #'e L_(R), more
generally, we may suppose 4 increasing Lipschitzian. In (58), take ued
and &= h(u). Then

1 ~ 1
<A1, hw)y > Byl b)) = | K@Vl dv,  (59)

since, for k=2, ..., m,

A (u, ..., u, h(u))

=J g4l ak(OM + VAu) - (8%t 4 V1) Vi ?h' (u) dV 20
X

Hk -1 Hk—1

(the integrand is >0 because ueq and h'(u)>=0). Equation (59) is
analogous to Aubin’s inequality (18) in [1, p. 149].

In the next section, we will use (57) for getting lower bounds of J and
(59) is the cornerstone in the proof of boundedness of weak solutions of
deformation equations (Proposition 4 below).

(2) Unlike what happens for convexity, minorations of type (57),
(59) are valid on subsets of W,,,(X) larger than U, e.g.,, on

A.=c"A when 1<c<ce(m) (60)

(2. is the set of u e C*(X) such that the tensor g, = cg + d0u is everywhere
positive definite). Of course, m~' and (m + 1) ™' must be replaced by lower
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positive constants depending on ¢ and m. As in (48) one introduces the
functionals

k—1

77 i A A

H (uy, .y uk+1)=j eht 11 (C(S#’I+V#ju,)V,,kukV"ukHdV
X i=1

-~ u u
k 1 k+1
=¢ +1Hk(-—c,...,——c ), k=2,

Iz‘,k(u) = Hc,k(u7 veey u),

T, being >0 on .. One expands / and J as linear combinations of T, and
'I"c,k, 2<k<m. The coefficients can be explicitly computed, but are less
simple than in (56), (58), and are >0 when c is sufficiently close to 1. For
instance, in case m =2, one immediately obtains

2—c¢ - J—c¢ -
I) == 1Vul3+ L), Jw) == IVul3 + 3 Lalw)

W] =

III. ON EXISTENCE AND REGULARITY OF WEAK SOLUTIONS
OF DEFORMATION EQUATIONS

For any function ue L,(X), we note @= V"' {, udV the average of u
over the manifold (X, g) of volume V= [, dV. Recall that the topology of
W, ,(X) can be defined by the norm u — |[Vu| , + |a|.

PROPOSITION 3. Let (X,,,, g) be a compact Kihler manifold with first
Chern class C,(X) of prescribed sign.

(i) Case C\(X)<0. On W, the functional
3,(u)=J(u)—j udV+f et ay
X X

is bounded from below, convex, and thus weakly lower semicontinuous.
(ii) Case C((X)=0. On U, the functional

30(u)=J(u)+j (' —1)udV
X
is convex, weakly lower semicontinuous, and bounded from below if

f efdv=". (61)
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Setting
H,= {ue Wyl X); j wdv= 1}, leR,
X

under condition (61), H, is a natural constraint for Jo(u) over W, (X) (in
the sense defined below).

(i) Case C,(X)>0. The functional
3+(u)=J(u)—j udV—j e 4t/ dV
X X

over W,,,(X) has as a natural constraint (see the definition below) the
weakly closed C™ hypersurface

I= {ue Wi (X); G(u)=j e "t Ay = V}. (62)

S, is weakly lower semicontinuous on N. Assuming the first fundamental
form o belongs to C(X) and Aubin’s inequality (69), ., is bounded from
below on W X if we restrict the manifold X by the geometric assumption

j AC, < (m+1)"(2m)~". (63)

(When m= 1, note that this requires 0 < y(x)<2 as in [5, p.331].)

(iv) For any minimizing sequence (u,) relative to J_|g, Jola~uy O
I +la s the sequences (J(u,)) and (|lull w,,) are bounded.

Proof. (i) C1(X)<0. By Proposition 2, J is convex on U and so is
3_ because the mapping u — — [y udV + [, e**/dV is clearly convex on
W, ..(X). Hence J_ is weakly lower semicontinuous on % (Berger [6,
p. 301]), ie., if a sequence (v,) of A converges weakly in W, (X) to v
(ve A since A is weakly closed), then J_(v) <liminf, ,  J_(vi).

On the other hand, for any ued, using e**/21+u+f, Ju)=0
(Proposition 2) and setting C, =V + [ f dV, we have

J-W)2Ju)+C,2C,. (64)

Thus pu=Inf, 4 IJ_(u)> —co. Now consider a minimizing sequence
{u}eW. Thus if u,eW and lim,,  J_(u)=p J_(u)<C,. So,
according to (64), (57),

Ju)<C,—Cy and Vi, <[(m+1)(C,—C)1% (65)
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Then

j w, dV = ~3_(uk)+(1(uk)+j e+ dV)> —C,.

X X

Thanks to the inequality e/ ** + C,> 2t (t€ R) for some positive constant
C, depending on min, f, we can also write

S_w)=] (e —u)avz| wdv-c,
X X
and

j u, dV < Cy+ Cs.
X

Therefore, |f,u,dV|<C, and, by (65), sup; |4l w,, <. Thus the
minimizing sequence {u,} has a weakly convergent subsequence in W, ,(X)
with limit 2.

It is natural to conjecture that the infimum y is reached at & since the
deformation equation I"_(¢)=0 (33) admits a unique solution ¢ [1],
consequently ¢ must be the absolute minimizer of the functional on .

(i) C;(X)=0. Let ¢ be a C? solution of the deformation equation
[4(¢) =0 (33). By integration over X, we obtain (61) because the volume is
preserved in the Kibler deformation g+ 804 (17). Equation (61) is a
necessary condition that f must satisfy in order that I'y(¢)=0 be solvable
and under which J, is invariant by addition of constants. We suppose (61)
verified.

Notice that the hyperplane H, is a natural constraint for our variational
problem, i.e., any critical point u of J,|, is a weak solution. In fact, there
exists a Lagrange multiplier A such that, if e W, (X),

(d3ofu) £ +3 [ EdV=(dIu), &> +] (/~1+A)EaV=0.
X X
Taking &= 1, from (61), we deduce

j el dV 4 (A—1)V=2aV=0,

X

thus 2 =0 and d3y(«)=0.
As previously, J, is clearly convex and thus weakly lower semicon-
tinuous on the convex weakly closed subsets % and W N H, of W, (X).

$80/79/1-9
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S, is bounded from below on ¥. Let ue W and u' =u—d. As ¥’ =0,
3(0) = Fo(w) = Jw) + | u'dv (66)

and, by Poincaré’s inequality,
'l < alVull,. (67)

Also u’ e W. Hence, taking into account (57) and setting 8 =exp(max, f),
we can write

HVuHZ

So(w) == = Blw'lly

Vul|2
>0 +" B Vil >, (68)

where y =min, ,, o (£/(m+ 1) —apt). So v=Infg Jo=1Infg ., Jo> —c0.

Let (u,) be a minimizing sequence belonging to ﬁ N H, Then
So(ux) < C, and inequality (68) implies that ||Vu,|,<C,. Since &, =/ by
definition, sup; [, ]l w,, < . Also, by (45), (66), and (67),

0<J(m) =Foe) = | e/ dV < Cy el
< C,+0aefC,.

Now, a subsequence (u, ) converges weakly in W ,(X), toward a limit «. It
is reasonable to conjecture that infimum v is reached in some point, a
candidate being u. Indeed, the equation I'y(¢) =0 admits a unique solution
¢ in A~ H,, and so ¢ must be the absolute minimum of the functional in
AN H,

(iii) C(X)>0. First, let ¢ € C*(X) be a solution of I', (#)=0 (33).
Integrating over X, we find

G(¢)=j et dv=",

which means that ¢ necessarily belongs to the set X' defined in (62).

Y is a strictly convex C*® hypersurface of W,,(X). The proof of
Proposition 1, (ii) shows that the function G is smooth and that, for every
ue W,,(X), dG(u) #0 and the hessian d°G(u) is positive definite. 2 is also
weakly closed. This follows from the compactness of the mapping
ue W,,(X)— e “eL,(X) recalled at the beginning of Section II
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In fact, G is a weakly continuous function on W, ,,(X) and therefore J ,
is weakly lower semicontinuous on U and U ~ 2 (by convexity of J on U).
Indeed, let (u,) be a sequence of W, (X) weakly converging to u; we have
only to prove that G(u) is the unique cluster value of the sequence (G(u,)).
Let (v;)=(u,,) be a subsequence of (u,) such that lim, _, ,, G(v,)=1 Since
v, tends weakly to u, sup, (|lvl »,,) < . By compactness of the embed-
dings W,,,(X)< L, (X), Kondrakov’s theorem, a subsequence (w;)=(v,)
converges to u in any L(X) and we may suppose lim; _, ., w,(x}=u(x) for
almost all xe X. Now inequality (36) implies the sequence (e~ ") is
bounded in the Lebesgue spaces L, (X) and, because e ™" converges to e ™
almost everywhere, e " tends also to e™* weakly in L (X), by a well-
known integration result. Consequently /= G{(u) since

f e—u+de= lim f e—wjedez lim G(Wj)=l
X X

X is a natural constraint for the variational problem under study, which
is thus an isoperimetric one (see Berger [6, p. 324]). This means that the
critical points u of the restriction of J, to X are the critical points of J
on W,,(X) itself; hence weak solutions appear to be of saddle point type.
In fact, writing at such a point u the proportionality of 43, (x) and dG(u),
we get a Lagrange multiplier A such that, for any {e W, (X)),

(T () + A dG(u), &> = {dI(u), £ —fxcdwr (4 + 1)[ —utIE JV =0,

e
X
Picking £=1 yields

(A+1) jxe—“de— V=0;

hence, since ue X, Ay e ™+ dV=0and 1=0, so d3, (u)=0.

Remark that constraint X' is the exact analogue of the Gauss—Bonnet
theorem in complex dimension m=1 (Berger [5]).

Note that J, is not bounded from below on A, because
tim, , , J3,(k)= — oo, for appropriate constants k. According to the
previous paragraph, we are led to minimize J, over W n X. To this end we
shall need Aubin’s fundamental hypothesis [4, p. 148], an extension of
(35). For any compact Kéhler manifold (X,,,, g), there exist two constants
C and ¢ such that, if p> 1, every function u € ¥ satisfies

f e~ P dV < Cexp [Ep™* H(u) — pid]. (69)
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When C,(X)>0 and we C,(X), the best constant &, (i.., the infimum of
real numbers ¢ for which there exists C(£) such that (69) is verified) is
obtained by studying the case of a ball in C™, so that

&= 2/my"m™ m+1)" " (im— 1)L (70)
Assume we C(X) and take ue AN 2. Since [ye “*/dV =1V,

min f + Log (j e dV><Log v
X

X

and, by (69), (45), for any ¢>¢,,,

Log (foe“dV)<C1(§)+€1(u)—a< Cy+(m+1)&J(u)—a.
Therefore,
C,<(m+1) ¢ (u)—u
and we can write
J.w=Ju)—Va—-Vz2[1—-(m+1)V]Ju)+C,. (71)
Suppose
l—(m+1)¢,V>0 (72)
and pick ¢ sufficiently close to £, in order that

S=1—(m+1)EV>0.

Now inequality (71) and non-negativity of J(u) yield the boundedness from
below of 3, on ANY:

J(u) 2 6J(u) + C4(3) = C4y(8). (73)

Since w belongs to C,(X), by (10), V'=(z"/m!) | ﬁC, and (70) shows
that the geometric condition (72) can be written under the form (63).

Let (u,) be a minimizing sequence for I, |g . . Then J_ (#;) < Cs and,
by (57), (73),

(m+ 1) Vi3I ) S Ce =671 (Cs — Cy).
Therefore ||Vu,|l,, as well as

7l = V= () = J 4 (ue) — V1,
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is bounded independently of k. Consequently, sup, [lu,| w1, < 0, and thus
{u,} has in W ,(X) a weakly convergent subsequence.

(iv) The assertions concerning minimizing sequences are discussed
above, in each case. In the case C,(X)>0, we conjecture that the weak
limit % of the minimizing sequence {u,} described above in (iii) under (63)
is the desired critical point corresponding to a Kihler-Einstein metric.

We now turn to the boundedness of weak solutions (from a unified point
of view).

PROPOSITION 4. There exists a real number c(m), depending only on m,
such that any weak solution ue cU =W, (1<c<c(m)) of deformation
equations belongs to L . (X).

Proof. We use a well-known iterative procedure for L, -norms.

In the remark closing Section II, we noticed the existence of a constant
¢(m) > 1 with the following property: if 1 <c <c(m), one can find a scalar
D(c) such that, for any Lipschitzian increasing function s: R— R and
ue,,

{dJ(u), h(u)) = D! J h'(u)|Vu|* dV. (74)

Now if we suppose u is a weak solution of deformation equations, by
definition (44), u verifies

I, &)= | K weav,  eWiom(X) (75)

where K(x,u)=1—e"*/(§=0, 1, or —1) belongs to (, L,(X). Thus
(74), (75) yield

[ HGu)Vurav<D | Kixu) hiu) av. (76)

Let p>2 and />0. Choosing, in (76), h=h,, where h; is the odd real
valued mapping defined by

hi(t)=t""'when0<t<! and  A(t)=01""tift=],

we obtain

[h;(u)|vu|2dV=4(”:1)f |V|u|P/2|2dV<Dj |K(x, u) hu)| dV;
X X

14 lul <1
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letting / tend to infinity, we find
[ 1Vwier2av<c,p | 1KGs w7~ av. (1)
X X
According to Sobolev’s embedding theorem, W, ,(X)c L, (X)
(x=m/(m—1)),
a2, = el 72015, < Co(I V1 7213+ [ 1] 22113). (78)

On the other hand, picking f e ]1, [ and noting that pf/(p(B—1)+ 1)<
B/(B— 1), by Holder’s inequality, we have

J, VG ) @V < UK 0l 1y 117
S CB, VINKCx, ull gy llullfg ' < Cillul gt (79)
Taking into account (77), (78), (79), we get
lallZ, < Ca(pllull g, " + llull5). (80)

Either lim,_ , |u|,<1 and then |lu|, <1, or else, since the mapping
qg- V'“"Hullq is increasing, for p>p,, llull,>1 and thus, by (80),
lullZ, < Cs pllullg,; setting y=a/f>1 and g, = fip,, this gives

lull,, <(Csq)?4llul,  when g¢3=gq,,

and, by iteration, for all integers #,
||u||ynq< (C6q)(ﬂ/q)[v“"+ cedyTR +7“+1]y(ﬂ/q)[(n—l)v“"+ coky k4 ""_l]llullq

<max{1, (Cgq)#O0/@= 1) /0= 10|y . =Cllul,,

ie., since lim, _, , y"¢= +00, ||u|, < Const., the required L, estimate.
w?q

Summary of Conjectures. Here we summarize the conjectures made
in Proposition 3 in the three cases (i), (ii), and (iii). In each case we
conjecture that the weak limit # of the appropriately restricted (weakly
convergent) minimizing sequences for the associated functionals J on U
(with added constraints) corresponds to the desired Kéhler—Einstein
metric. These conjectures divide into two parts. First, it is necessary to
show that the weak limit # is a critical point of the associated functional in
each case. Second, it is necessary to show that #eQ and is sufficiently
smooth to generate the desired Kéhler deformation. In future papers, we
intend to pursue these research directions.
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APPENDIX : DIFFERENTIAL FOrRMS NOTATION

Here we rewrite some of the key equations of this article in terms of
differential forms, hoping it will facilitate reading for those more familiar
with this formalism. The analogous of Eq. (x) will be noted (x')

(1) The complex Monge-Ampere operator M(¢p) (13) is the ratio of
the 2m-forms w7 = (w + (1/4in) dd°p)™ and o™, where w is defined in (3).
Taking into account the commutativity of even exterior algebra, we have

w7 =M(p)o" = Z (4in) " *Ck (dd°p)* A ™%, (16)

Since dd‘p and w are closed 2-forms, we see that w7 — ™ is the exact
2m-form

oy — o™ =d[ Y (4in) KCk do A (dd@) ! A w”‘"‘]. (17)
k=1
(2) For any functional H, let us set H=(m!/n™)H. Recalling
dV=(n"/m') w™ (4), as regards J and [ defined in (27) and (28), we can
write

_ 1
To)=] [ olom-wy)ds @27)
Io)=| olw™-wy). (28)
Developing w7,, we obtain
=%, 7=% (29')
_$5, 7=
k=1 k=1 k+ 1

WIth I-k((p) = ﬁk((p9 eany (p) and
Huy,y )= —(41'1:)”‘C)’,‘,,f Up o ddui A - Addu, A 0™ % (30)

Since dd‘u, and o are closed forms, an integration by parts, using Stokes
theorem, yields

FIk(ula eres uk+1)

= —(4in)—"cf,,f dduy A - A ddug | A dug A ditg A 0™,
i (81)
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Noting that the forms

dd'u, n - ~dd'u, | Adug Adu, A 0™ K,

dd'uy A - "ddu_  Ad'u A d'uy A ™K
(which are respectively of type (m+2,m—1), (m—1,m+2)) vanish
identically, (81) becomes

_ i\*C*
H (u,, .., uk+1)=<ﬂ> T’"J dd'uy n - Add'u,

Adug Adug,  +dug Adu) A o™k (82)

which implies H, is symmetric in its arguments. Also, the right-hand side
of (82) is the sum of two integrals which are real and equal (taking the
complex conjugate of one of them, we get the other), thus

ﬁk(ul’ wes uk+l)=j E(uy, yup ) o™, (32)
where

E (uy, . tiy o) 0™

c\k
=(§%> Ckdduyn - Add'up_ Adundu Ao™ 5 (3T)

In the same vein, Eq. (48) defining the functional H, takes the form

= i\*
H(u,, ..., uk+l)=('2'7'[) Cfn'[

X

k-1
[ N\ (81a+ 01aus) d2* A dz‘z]

h=1

Adug Ad'u, Ao™ R (48")

(3) The proof of inequality (38) in Proposition 1,

k—1

|Ex(tt1s o g1 )| < Clm, k) [ [T (V¥u, Vaﬂuh)l/z:l Vi (Vi o4, (38')

h=1
is obtained by expanding the right-hand side of (37’) in a g-orthonormal
frame, where w=(i2n) Y7_,dz* Adz' and o™=(il2n)" m!dz' A
dz' A -+ A dz" A dz™, using exterior calculus.
On the other hand, Eq.(46), expressing the second derivative of J,
becomes

m 2\ k
(d*T(w))(v, w)= Y. (2—;> Cf,,j. (dd'u)s " AdvAadwaomk  (46')
k=1 x
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Writing (d°J(u)) (v, v)={, Uw™, we get the equality 4= |V'v|’M(u) by
computing A(P) in a frame adapted to u; A(P) is equal to the coefficient of
IT7 (dz* A dz*) in the development of the 2m-form

o kCk k-1
Y —mT’"(z a; dz* A dzl> A (Z 0,v dz“) A (2 o,v dz”)
k=1 N P v
m—k
A (Z dz* A dz")
p
and thus
A(P)= i 2 ;all"'alk_‘alkvazkv.
k=l}.1#~--lk(k_1)!
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