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Integrable representations f(d, q) be the Lie algebra by adding the n degree derivations to
Irreducible representations T(d, q) with respect to the n non-commuting variables in Cy. The
Toroidal Lie algebras Lie algebra T(d,q), called the toroidal Lie algebra co-ordinatized
Rational quantum tori by the rational quantum torus Cq, has an n-dimensional center C.

In this paper, we obtain a classification of irreducible integrable
modules with finite dimensional weight spaces and with non-zero
center action over the toroidal Lie algebra T(d, q).
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0. Introduction

Toroidal Lie algebras are universal central extensions of iterated loop algebras with more than one
variable. They are natural generalization of affine Lie algebras. They were introduced by Moody, Rao
and Yokonuma in [EMY] and since then have attracted considerable mathematical attention. Toroidal
Lie algebras have also appeared in mathematical physics. Inami, Kanno, Ueno and Xiong [IKUX] have
shown that a toroidal Lie algebra with n =2 arises as a symmetry algebra in a four-dimensional non-
linear sigma model with a Wess-Zumino like term introduced by Donaldson [D], much in the same
way as affine Lie algebras arise as symmetry algebras in the Wess-Zumino-Witten model. Inami,
Kanno and Ueno [IKU] have generalized this construction to arbitrary n.
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In recent years, extended affine Lie algebras (EALAs) have been studied in great detail. EALAs
are Lie algebras which have a non-degenerate invariant form, a self-centralizing finite dimensional
ad-diagonalizable abelian subalgebra (i.e., a Cartan subalgebra), a discrete irreducible root system,
and ad-nilpotency of non-isotropic root spaces (see [AABGP,BGK,ABGP] for definitions and structure
theory). Toroidal Lie algebras which are universal central extension of G ® C[tf1,.4.,trf1] (where
G is a simple finite dimensional Lie algebra and (C[tlil,...,tnil] is a Laurent polynomial algebra in
n commuting variables) are examples of cores of EALAs and are studied in [E1,E2,E3,E4,E5,E6,EM,EMY,
GL,BB] among others. There are many EALAs which allow not only the Laurent polynomial algebras
as co-ordinate algebras but also quantum tori, Jordan tori and Octonion tori as co-ordinate alge-
bras depending on the type of algebras (see [AABGP,BGK,BGKN,MP,Y1,Y2,Y3]). For instances, EALAs
of type A4_q are tied up with the Lie algebra gl;(Cq). Quantum tori defined in [MP] and [M] are
non-commutative analogue of Laurent polynomial algebras. To get an EALA one has to form appro-
priate central extension of gl;(Cy) and add certain outer derivations (just like one obtains an affine
Kac-Moody Lie algebra from a loop algebra by forming a one-dimensional central extension and then
adding the degree derivation).

As a first step we classify irreducible integrable modules for the universal central extension of
gl3(Cy) with finite dimensional weight spaces (we assume at least one zero degree central operator
acts non-trivially). Representations of the universal central extension of gly(Cgy) are studied in [GL,
G1,G2,G3,E3,E6,BZK,EB] in two-variable case. In fact explicit construction of representations for the
quantum torus case through the use of vertex operators is done in [GL,G1,G2,BZK].

We now explain in detail the results of this paper. In Section 1 we collect basic notation and defi-
nitions. Throughout the paper we assume that the quantum torus Cy is rational, i.e., all g;; are roots of
unity (see [CP,N]). We now consider My(C) ® C4 as an associative algebra and we denote the induced
Lie algebra by gl3(Cy). Inside this algebra we consider the Lie subalgebra 7(d, q) = sl;(Cq) of matri-
ces whose trace is in [Cq, C4]. The universal central extension of 7(d, q) is denoted by T(d, q) and we
note in our case that d > 2 and n > 2. The universal center is infinite dimensional and has a natu-
ral Z"-gradation. To reflect the natural Z"-gradation on T(d, q), we add degree derivation d1,...,dy
with respect to the variables t1, ..., t, and denote the resultant Lie algebra by T(d, q). The Lie algebra
T(d,q) has an n-dimensional center C. First we note that the co-ordinate in C4 can be changed by
an element of GL(n, Z) as explained in Theorem 1.14 (also see [MP]). We also note that the affine Lie
algebra corresponding to sly(C) ® C[ty, tn‘1] is a subalgebra of T(d, q) and let A be the correspond-
ing root system. The roots of T of the form A§f+ Z"~1 are denoted by AT and the corresponding
sum of root spaces, a subalgebra, denoted by B (see 5.10). A weight module for T(d, q) is called high-
est weight module if there exists a vector v killed by B and v generates the module (see 5.5). In
Section 2 we determine the action of central elements in T(d, q) on an irreducible T(d, q)-module V
with finite dimensional weight spaces.

We prove in Theorem 3.5 that for an irreducible integrable module V over 7(d,q) with finite
dimensional weight spaces if some zero degree central operator acts non-trivially then V is a highest
weight module for a suitable choice of co-ordinates. The study of highest weight modules over T(d, q)
is reduced to the study of finite dimensional irreducible modules for t,_1(d, q) (considering the finite
n — 1 variable without any center or degree derivations). Also in Section 6 we have indicated how to
get back to the original module by the method of induced modules first to non-graded version 7(d, q)
and then the graded version T(d, q).

In Section 4 we prove that certain semisimple finite dimensional Lie algebras (all components
are of type A) are quotients of t,_1(d,q) and hence any finite dimensional irreducible module lifts
to t;—1(d, q). In Sections 5 and 6 we proved that any irreducible finite dimensional module has to
come from the construction given in Section 4. There we have easily classified finite dimensional
irreducible modules for t,-1(d,q) (Theorem 6.6), which generalizes the main result in [Z1]. M. Lau
got a classification for all finite dimensional simple modules over all multi-loop Lie algebras [L]. We
do not use his result since our solution is more direct and simple for our case.

Section 5 is devoted to a classification of irreducible integrable highest weight modules over
Th(d,q) with finite dimensional weight spaces. Some of these modules were studied in [EZ]. We
could have simplified the proof where we have proved certain polynomial vanishing on the module,
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by considering the t,_1(d, q)-module. But then we would not have got the information on the center
which will be used in Section 6.

Eventually we proved that the irreducible integrable modules over T(d,q) with non-zero central
action have to come from finite dimensional irreducible modules of t,_1(d, q) in Section 6. We have
not answered the converse. Namely given finite dimensional irreducible module for t,_1(d, q) does
there exist an integrable module for T(d, q)? This question will be addressed in a subsequent pa-
per.

The question where all the degree zero central operators acts trivially is not answered. In this
case we believe the full center acts trivially. Thus the problem is reduced to the Lie algebra 7(d, q)
with derivations added. From this paper it is easy to see that a large number of irreducible integrable
modules can be constructed. It is an open problem (even in two-variables case) to prove that they
exhaust all irreducible integrable modules. The problem is to reduce the module for t(d,q) with
derivations to a module of 7(d, q) without these derivations. For some representations of full toroidal
Lie algebras, see [E]] and [FK].

We denote by Z, Z,, N and C the sets of all integers, non-negative integers, positive integers and
complex numbers, respectively.

1. Notation and known results

We first recall the definition of a quantum torus from [BGK]. Fix positive integers n,d > 2. Let g =
(qij) be an n x n matrix where g;; are non-zero complex numbers such that g; =1 and g;; = qﬁl. The
quantum torus associated to g is the non-commutative Laurent polynomial algebra Cq = (C[tf, ey tni]

with defining relations t;tj = g;jt;jt;. Clearly C; is Z"-graded and each graded component is one-
dimensional.

For a = (a,....ay) € Z" let t* = t7't52---ty" € Cq. We define the following maps, o, f : Z" x
7" — C* by
a~bi
o@by= [] q¢;" (11)
1<ig<j<n
fa,by=0c(,byob,a)". (12)

It is easy to check the following for any a,b € Z", k € Z:

f@bzﬁﬂﬂ (13)
i,j=1
fla,by=Ffb,a",
fka,a) = f(a,ka) =1,
fa+b,c)=f(a o) f b, o),
fla,b+c)=f(a,b)f(a, o),
o(a,b+c)=o0(a,b)o(a,c),
t%? = o (a, b)t*b, %P = f(a, b)t"t°. (1.4)

The radical of f is defined by

radf={aeZ"| f(a,b)=1, Vbe Z"}. (1.5a)
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Note that rad f is a subgroup of Z". Further,

meradf & f@r,s)=1, Vr,seZ"withr+s=m. (1.5b)

Proof. m e rad f, iff f(m,s) =1 for all s € Z", iff f(r +s,s) =1 for r, s with r + s =m e rad f, iff
f@,s)=1forallr,s withr+s=mas f(s,s)=1. O

1.6. Proposition. (See Proposition 2.44 [BGK].)
1. The center Z(Cy) of Cq has a basis consisting of monomials t%, a € rad f.
2. The Lie subalgebra [Cq, Cq] of C4 has a basis consisting of monomial t%, a € Z" \ rad f.
3. Gy =1[Cy, Cql @ Z(Cy).
Fix a positive integer d > 2 and let My(C) be the matrix algebra with unit matrices E;;. We denote
the corresponding Lie algebra as gl;(C). Let sl3(C) be the simple subalgebra of gl;(C) of trace zero

matrices.

1.7. Let My(Cy) be the associative matrix algebra of d x d matrices with entries in Cy. It is easy to
see that

Mg(Cq) = My (C) ® Cq

and the matrix multiplication is given by (X ®t%) - (Y @ t!) = XY ®t%tb. We denote the corresponding
Lie algebra by gl3(Cq). Here the Lie bracket is given by

[X®t" Y @t’],=XY @’ —yX @ "t".
Define s(3(Cq) = {X € Ma(Cy) | Tr(X) € [Cq, Cql} where trace X =" X;; for X = (X;j).
1.8. We now consider the following Lie subalgebra inside M4(C) ® Cq
7(d,q) = (I ® [Cq, Cql) @ (s1a(C) ® Cy).

Note that 7(d, q) is actually the quotient algebra of gly(Cqy) by its center. The Lie bracket in 7(d, q)
can be also written as

[1®[t "], X @] =X ®[[t* t°].t].
[Fe[e. ] e[ e =1@ [ ] [, e1]].
t9oth

2

(Xt Yo’ =[X,YI;® +(XoYV)® %[t“, t?] + %Tr(XY)I ® [t "],

where
t% o th = ¢9¢b 4 ¢bs0,
[X,Y]; =XY - YX,
2
XoY=XY+YX~— ETr(XY)I,

[t ¢°] = ¢9¢> — ¢beo.



S. Eswara Rao, K. Zhao / Journal of Algebra 361 (2012) 225-247 229

It is easy to see that (also mentioned in [BGK]):

1.9. Proposition. 7 (d, q) = s[;(Cy).

1.10. We note that gl;(C) ® Cq =s1;(Cy) ® (I ® Z(Cy)), and I ® Z(Cy) is central. Our interest in this
paper is 7(d, q) = sl3(Cy) and its universal central extension but most often we work with gl;(C) ® Cq

and its extension.

1.11. We will now recall the universal central extension of T = t(d, q) from [BGK]. Let J be the linear
span of

XY +Yy®Xx, XY®Z+yzQx+zx®y

inside C; ® Cq for all x, y, z € Cq. Let (x, y)o denote the element x® y + ] in (Cq® Cy)/J.
Define

HC1(Cy) = {Z(Xi’yi>0 1D i, yil 20}-

1

Let T(d,q) =t @ HC1(Cqy) where Lie brackets are given by

[X@t Y @] =[X®" Y & "]+ Tr(XY)(t% t*))8a-b.rad f
where

s |1 ifaeradf,
@rdf =10 ifa¢radf.

From now on we simply write (t, ) = 84 rad £ (t, t”)o. From [BGK] we have
1.12. Proposition. T(d, q) is the universal central extension of T (d, q).

Clearly T(d, q) is Z"-graded and to reflect this fact we add degree derivation. Let D be the linear
span of dy, ...,dy. Let T(d,q) = T(d,q) ® D and extend the Lie bracket as
[di, X @t ]| =a;X®1°,
[di. @t ] =a;] @17,
[di, (£, )] = (@ + byt t?),
[di,dj]1=0.

Then the center C of T(d,q) is spanned by C; = (ti,ti_]> for i=1,2,...,n. We recall the following
statements which are contained in Lemmas 3.18 and 3.19 of [BGK].

1.13. Lemma.

(1) (1,t%Y=0forallaeZ".
(2) {2, )1 = 0 byt 7T,
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(3) (. t)) = o (@, b) 0y ity tH0e T,
(4) M=o (b, bytb.

0 ifag¢rad f,
(5) dimHC1(Cg)g=4n—1 ifaerad f\ {0},
n ifa=0.

Our aim in this paper is to classify irreducible integrable modules for T(d, q) with finite dimen-
sional weight spaces and with non-zero center action.

We will now indicate a certain internal symmetry in T which is based on an observation in [MP].
Let GL(n,Z) be the group of n x n matrices with integer entries and determinant +1. GL(n, Z) acts
naturally on Z" consisting of all column vectors with entries in Z. Let eq,...,e, be the standard
basis (unit column vectors) of Z". Then Ae; =), axex for A = (ajj) € GL(n, Z). The following result is
Lemma 6.2(a) in [Z2].

Agidjj

1.14. Theorem. C; = Cy iff there exists A € GL(n, Z) such that q;j =119

We will extend this to our Lie algebra T(d,q). Let A € GL(n,Z) and define ¢’ as above. Now
by Theorem 1.14 7(d,q) = t(d,q’) and hence their universal central extensions are isomorphic. So
7(d,q) =7(d.q'). Now the co-ordinates for Cy are given by s; = t4¢i.

From Lemma 1.13(2), we have

115.Lemma. (s;,s; ') = (t%¢, (t4) 1) = Y ai{te. £ 1)
2. Action of central elements

Recall that the n-dimensional center C of T(d,q) is spanned by C; = (ti,ti’]) fori=1,2,...,n.
Let ) be the Cartan subalgebra of sly(C) spanned by the elements Ejj — Eit1i41 for 1<i<d—1.
Let h = b (3} Z’;:] CC; ® D which we call Cartan subalgebra of T. Throughout this section we fix an
irreducible weight module V for T(d, q) with finite dimensional weight spaces relative to the Cartan
subalgebra b.

2.1. Definition. Let m = (my,...,my) € Z". A linear map z:V — V is called a central operator of de-
gree m if z commutes with the action of T(d, q) and d;z — zd; = m;z.
For example (t", t5) is a central operator of degree r +s if r +serad f.

2.2. Lemma. Let z be a central operator of degree m € Z".

(a) Ifzv # 0 for some v, then zw # 0 for all non-zero w in V.

(b) If z is a non-zero central operator, then there exists another non-zero central operator T of degree —m
such that Tz =zT =1d.

(c) If z1, zo are non-zero central operators of degree m, then there exists a scalar A such that z; = Az;.

Proofs are identical to those of Lemmas 1.7 and 1.8 in [E5].

23. Let L={reradf | (t",t"™™) #£0 on V for some m}. Let S be the subgroup of Z" generated
by L. Note that if m € S then there exists a non-zero central operator of degree m. Let k be the
rank of S and [ be the rank of rad f. Clearly k <I. Now by standard basis theorem there exists a
Z-basis mM ..., m™ of Z" such that pym™, ..., pym™® is a Z-basis of S for some non-zero integers
P1...., Pk It is also standard fact that there exists A € GL(n, Z) such that Am® =e;.

Thus after a co-ordinate change, as explained in Theorem 1.14, we can assume that there exists
non-zero central operators zi, ...,z of degree (p1,0,...,0),...,(0,...,0,pg,0,...,0) respectively.
We now state the following important
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2.4. Proposition. Let V be an irreducible module for T(d, q) with finite dimensional weight spaces. After a
suitable co-ordinate change for C4 we have the following on V :

(1) There exist a non-negative integer k and non-zero central operators z1, ..., z; of degree (p1,0,...),...,
O, ...pk,...0) for some positive integers p1, ..., Dk-

(2) k <nif Cq is rational.

(3) (trti_l, tiy #0on V impliesi >k+1andry,1=---=1r, =0.

(4) There exists a proper submodule W for T(d, q) ® Dy (D is the linear span of dy,1, ..., dy) such that
V /W has finite dimensional weight spaces with respect toh @ ) _; CC; @ Dy.

Proof. We have already seen (1). For (4) we take W ={v —zjv|v € V, 1 <i<k}. The proof of (4) is
identical to the proof of Theorem 4.5(5) in [E4].

To prove (3), suppose <trti_1, tj) #0 on V such that riy; # 0 for some j > 0. Then r € rad(f), and
the rank of S is at least k + 1, which is a contradiction to the choice of k. Thus (trti_l, tiy #0 on V
implies ry 1 =--- =1, =0. Now let r erad f and assume ry 1 =--- =1, =0 and that (t't;, ti‘l) #0
on V for a fixed i: 1 <i<k. Take h in § such that (h, h) 0. Consider the nilpotent subalgebra H;
spanned by htrti_l. ht; and (trti_1,t,~). Note that r, pje; € S, and that weight spaces Vy i, and Vg
for any m € S are considered the same in V/W. Then M = (W + Z?izl Vitje;)/W for any weight A
is a finite dimensional non-zero subspace of V/W which is a module for H;. Then Hj|y is a finite
dimensional nilpotent algebra acting on M. By Lie’s theorem it has a common eigenvector say v. It
is easy to see that [htrti”, ht;] is zero on v. Hence z = (t’ti’l,t,-) is zero on M, that is, there exists v
in V, v ¢ W such that zv € W. Suppose z # 0 then z~! exists. We also note that from the definition
of W, z and z~! leaves W -invariant.

Thus v =z"1zv € z7!W C W, which is a contradiction. So z= 0. In particular (t’t,ﬂ,t,-) =0 for
1 <i < k. This completes the proof of (3).

Now we prove (2). Since C; is rational, then | =n. Suppose k =n. From (3) we see that

<tr+5ti_1, ti) =0 for r,s € Z" with r + s erad f. Then
(t )=o) ntit™t7") =0,

for r,s € Z" with r +s erad f. Consequently k = 0, which is a contradiction since we have assumed
thatk=I=n>1. O

Next we will prove that k=n —1 if Cq is rational and S # 0 for V. In the process we record some
interesting results which are of independent interest. Let H be the Lie algebra of diagonal matrices
inside gly(C). Now consider the quantum torus Cz = (C[tli],tzil] with the relations t1ty = qtat1 with
gN =1 for some integer N. Consider the Lie algebra

h=(H®Cz ®CC; ®CC,
with Lie bracket
[hit e, hot]' 652] = hiha (8] €267 6% — 6 6261 €2 ) + (M1, h2)r, 451,005 45,,0("1 C1 +12C2),
where Cq, C, are central and (hq, hy) = Tr(h1hy). Consider the subalgebra

-~

h=(H®Cy + (I ®[Cq, C4l) & CC1 & CCy.
Clearly /h\ is a Z?-graded Lie algebra with deg C; = degC, =0.

2.5. Lemma. There does not exist a Z2-graded module for h with finite dimensional components and with
non-zero central action.
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Proof. Consider the subalgebra
hoC[tEN, &N @ Cccr @ CCy

and restrict any module of §) onto it. Now the torus is commutative and we can apply Proposition 1.11
of [E5] to conclude that C; acts trivially for i=1,2. O

We will now record an interesting corollary which is of independent interest. Recall the Lie
algebra v with Lie bracket [-,-]Jop. Now define a Lie structure on 79 =7 @ ) CC; @ > Cd; by
X®t,YQRt]I=[Xt,Y ®t]p + (X, Y)815,0) ;7iCi. The remaining brackets are same. The ac-
tion of d;’s are to measure the degree. Note that tg is the quotient of T.

. , Nij .
2.6. Corollary. Assume there exist non-zero integers N;j such that qijU = 1. Then there does not exist a module
for o with finite dimensional weight spaces and non-zero central action.

£Njj t

Proof. Restrict the module to h®<C[t Xj] for suitable i and j and apply the argument as in the

proof of the lemma above. 0O

2.7. Theorem. Suppose Cq is rational. Let V be an irreducible module for T with finite dimensional weight
spaces. Let k be as defined in 2.3. If k > O, thenk =n — 1.

Proof. Note that the rank of rad f equals | =n under the assumptions of the theorem. We may
assume Proposition 2.4. By Lemma 1.13(3), we can assume that (t’“t,._1 ,ti) is non-zero on V for some
merad f and 1 <i < n. Now by Proposition 2.4(3) we can assume that i >k+ 1 and myy;=--- =
my = 0. We already know that k < n. Suppose k <n — 1 then k+ 1,k + 2 <n we can assume that
(tmtkj:p ty+1) is non-zero on V. Consider W as in Proposition 2.4(4) and note that V /W is a module

for T @ D, with finite dimensional weight spaces with respect to 6@9 > iCC; ® Di. Let qri1442 =4
and Ni41 k42 = N. Consider the subspace (not subalgebra) # spanned by

M) b e s>0, ors=0andr > 0;

) f)l’k+1t,<+2, s<0,ors=0andr <0;

3) ("l tepr) and ("6 ). teea)-
Because of Proposition 2.4(3), we know that

m 1N 51N N SzN m 1N S]N N SzN
[h1t b k+2’h2tk+1 k+2]|v (h1, hZ)(t Oerrlier2e B k+2>|V’

and all other brackets on V are zero. Then

[h A k+1 iﬂhﬁl?ﬁ IS<2+I\£]‘V = 8114120851 45,0 (1, hZ)N(r2< tkjl’tkH)+52<tmt1:+12’tk+2))IV'

Then H|y is a Lie algebra in Proposition 1.11 of [E5], and W is an H|y submodule of V. The action of
(tMtrr1s tk_JL) on V /W is still invertible since it is invertible on W. From Proposition 2.4(4), we know

that V/W has finite dimensional weight spaces with respect to h & > CCi @ Dy. Then there exists a
submodule X of V /W with finite dimensional graded components. Note that the central elements:

(E" kv tl:431> and (t"tes2, tka)

are of degree zero with respect to Dy. Thus from Lemma 2.5 it follows that (t"tyy1, £ 4}1) acts trivially
on X, which is a contradiction. Thus we have proved that k=n—1. O
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3. Integrable modules are highest weight modules

In this section we will define integrable modules over T(d, q) and prove that an irreducible inte-
grable module for T(d, q) with finite dimensional weight spaces admits a “highest weight” space. For
this we need to define real roots, null roots and Weyl group. The point is that the Weyl group is the
same as in the commutative torus case. The set of weights of an irreducible integrable module with
finite dimensional weight spaces carries same properties as in the commuting case and hence the
same conclusions can be drawn. Thus we closely follow the notation of Section 1 in [E4].

Recall that § is the Cartan subalgebra consisting of trace zero diagonal matrices of sl3(C). Thus
dimf) =d—1.Let oy, a2, ...,0q_1 be the standard simple roots of b Let alv, el ozg_1 be the co-roots.
Recall h=h & Z?:] CCi Z?:l Cd; where C; = (t, ti’l). Hence dimh =d — 1 + 2n. Define §; € h*,
1 <i < n, such that 81(6) =0, §i(dj) = 6;j and §;(Cj) =0. Let wy, ..., wy in b* such that w,-(f)) =0,
wi(dj) =0 and w;(C;) =§;j. It is easy to see that aq,...,04-1,81,...,8y, W1,..., wy forms a basis
of h*. Let (,) be the standard symmetric bilinear form on h* (i.e., (o, @j) = 2). We now extend to h*
as non-degenerate symmetric bilinear form as (6*, 8ij) =0, (f)*, wi) =0, (§;,8;) =0, (w;, wj) =0 and
(wi, 8j) = &;;. Similarly we can define a non-degenerate symmetric bilinear form on b by choosing the
standard form on b and extending as (b, C;) = (h,d;) =0, (C;, C;) =0, (di,d;) =0 and (Ci,d;) = &j.

For m in Z" define 8 = )_m;&; and note that (8, 8p) = 0. We call §p’s null roots. Let A be the
root system for sly(C). Let y =& + 8, for o € A. Then y is called real root. Define y¥ =V + Y m;C;
and note that y(yV) =2 and (y,y) = 2. Let A™ be the set of real roots and let A = {& + &p, 5m |
o € A", 8y is a null root}. Let G =5l3(C) and let G = EBaeAu{O} Gy be the root space decomposition.

Define Tyys, = Gy ® Ct™ and

= _{6®<Ct’”ea1®<0tm ifmeZ"\rad f,
" T h®Ctm @ HC, (Co)m  ifm e rad f \ {0).

Then T=h & @, T is a root space decomposition of T.
For a real root y we define the reflection r, on b* by

(W) =r—A(y")y. rep*.

The group generated by r,, y € A™ is called Weyl group and is denoted by W. It is easy to verify
that the form on h* is VW-invariant.

3.1. Definition. A module V over T(d, q) is called integrable if

(1) V=V, where V; ={veV |hv=A(h)v, Yheh}, )
(2) foralle € A, me Z" and v in V there exists an integer k = k(c, m, v) such that (G ® t™)kv =0.

For a weight module V let P(V) denote the set of all weights of V. Then the following is stan-
dard.

3.2.Lemma. Let V be an irreducible integrable module for T(d, q). Then:

(1) P(V)is W-invariant;

(2) dimV, =dimVy, forallw e Wand » € P(V);

(3) MaY) e Zforallo € A6, A € P(V);

(4) fora € A™, A € P(V) with A(a¥) > 0, then A, —a € P(V);
(5) A(Cy) is an integer forall A € P(V).

Proof. Let o € A* and then let Xo = Eij € G, i < j. Let Yo = Eji so that " = E;; — Ej;. It is standard
fact that [a¥, X]=2X, [@V,Y]=—-2Y and [X,Y]=«a". So that X, Y, «" is an sl-copy.
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Let y =a +68y and X, =0 (m, —m)~ 11X, @M, Y, =Y, @t y¥V =a" + > m;C;. Then it is easy
to check that X,,, Y,, ¥V is an sl;-copy.

Now from standard sl, integrable module theory (1), (2), (3) and (4) follows.

From 2.3 it follows that C; acts as scalar. From (2) we know that A(a" + C;) is an integer and
hence A(C;) is an integer. O

Let

/
n

AT ={a+8m. 8

my >0, m; >0, orm, =0and a > 0},

AT = {0+ 8m, S

my <0, my <0, orm, =0and o <0},

A ={6m |meZ", m#0, my=0}.
+ 0 -
Clearly A = AT UAJUAT.

3.3. Theorem. Let V be an irreducible integrable module for T(d, q). Suppose C1, ..., Cy_1 acts trivially and
C,, acts as a positive integer. Then there existsa A € P(V) such that . +y ¢ P(V) forall y € AT.

Proof. The proof follows from the proof of Proposition 2.4 of [E4]. Just note that the Weyl group
of A type in the commuting torus case is the same as the one defined in this section. Further the
arguments for the proof of Proposition 2.4 of [E4] use the properties of weight system of integrable
modules and they are all available in the present situation. O

3.4. Note that on an irreducible integrable module we can assume that C; #20 and C; =0 for 1 <i <
n — 1 after suitable change of co-ordinates by Proposition 2.4.

Suppose all gj;’s are roots of unity and then Theorem 2.7 is available. Thus in this case after suit-
able change of co-ordinates we have C; acts trivially for 1 <i <n—1, C; acts non-trivially (assuming
some zero degrees center acts non-trivial). By symmetry we can as well assume C, > 0 and hence we
have Theorem 3.3.

3.5. Theorem. Let V be an irreducible integrable module for T(d, q) with finite dimensional weight spaces.
Assume that some zero degree central operator C; acts on V non-trivially. Then after a suitable change of co-
ordinates there exists a weight . € P(V) such that A+ y ¢ P(V) forall y € AT (or A —y ¢ P(V) for all
y € AT).

Proof. Follows from 3.4 and Theorem 3.3. O

4. Constructing finite dimensional T-modules

This section is devoted to the study of finite dimensional representations of 7(d, q) assuming that
Cq is rational. In this case t(d, q) has finite dimensional semisimple quotient Lie algebras and hence
a large class of finite dimensional modules. We will classify finite dimensional irreducible modules
for 7(d, q). This classification will be used in the final classification of irreducible integrable mod-
ules for T(d, q), in the sense that the classification of irreducible integrable modules of T(d, q) will
be reduced to the classification of finite dimensional irreducible modules for t(d, q) with n — 1 vari-
ables.

For convenience we denote I" =rad f. Let N;; be the least positive integer such that qg{” =1.
From [N, Theorem IIl.4], after changing co-ordinates as in Theorem 1.14 if necessary we may assume
that

Nos—12s = Nas2s-1, Nas—32s-2=N2s223, ..., Ni2=Naq,
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where each integer is a factor of the next, for some s and all other N;; = 1. Combining this with the
result in [Z1] we have the following:

4.1. Lemma.

(1) There is a natural associative algebra isomorphism

7 :Cq/J = (@) Mny_, 5 (C) = My(C)

i=1

where ] = ()% — 1,e8"2 — 1,0 — 1,027 — 1t — 1,6, — 1) and N =
N12N3 4+ Nos—1,2s.

(2Q) T=N12ZSZ)DON34(ZDZL) & - ® Nops_1.25(Z & Z) ® Z"2. We simply write it as I' = N1Z &
No2Z @ --- D NpZ.

Clearly, N; is the minimum positive integer such that th" € Z(Cy), and m (™) = Iy, the identity
matrix, for all me I'.

4.2. For each i: 1<i<n,let M; be a positive integer. Let a; = (a;1, ..., aim;) be non-zero complex
numbers. Let K = M{My---Mpy. For T = (i1, ...,i) where 1 <ij <Mj, and m = (my,...,my) Y/
define a7 = a'lnl.‘1 anml’; Let ¢ be a homomorphism defined by

43.¢9:C; — EBK_wpieS My (C) =G(K), t™ = Prorafm(t™) where T = {(iq,...,ip) | 1 <ij < Mj}
and 7 is given in Lemma 4.1. Let Tq, ..., Tk be all elements of Z.

Consider P;(tj) = ]‘[221 (tj.vj —a%j). It is not too difficult to see that ker¢ contains P;(tj), 1 < j<n.
Let J be the ideal generated by P;(t;) inside Cq clearly kerg 2 J.
4.4. Lemma. Assume (af{" yeees a?,]\j,l_) are distinct complex numbers for each i. Then

(1) ¢ is surjective;
(2) kerp = J.

Proof. Consider the K x K matrix

— (qMiN1  mnNp
X= (‘11:‘1 i, )ogmigmi—1,1<ij<1wj'
The index m determines rows and the index (i1, iz, ...,i;) determines the columns. It follows from

Lemma 3.11 of [E4] that X is invertible. Now consider the map in 4.3 for all m € rad f which will take
the following form as 7 (t™) =1I:

t" > @a'}ll.

TeZ

Since the matrix X is invertible it follows that (I,0,...,0),...,(0,...,I) belongs to G(K) (recall that
Imager = My (C)). Now we will modify the map in the following way. Fix an index T = (i1, ..., in),
1<ij <Mj and consider the map

As in the case of m it is easy to see that kermr is generated by t;\”' — ag{j, 1 < j < n. Further
Image rr = My(C). Now for Y € My(C) let P(t) € Cq such that 7r, (P(t)) =Y. Let X € Cg such
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that ¢(X) =(1,0,...,0). Now it is easy to verify that
(Y,0,...,00 =pX)@(P(®) = ¢(XP()).

This argument holds for any index set T. Hence it proves that ¢ is surjective. First note that J C ker¢.
Further {t™, 0 <m; < M;N;} is a spanning set for Cq/J and further the cardinality of the above set
is equal to the dimension of Image@ = G(K). It is easy to conclude that | = ker¢ since KN? =
dimCq/kerp < dimCq/J < KN?2. O

4.5. Consider the map

§:Mi(©&Cq> P Mi©OMNO) = P Man(©),

K-copies K-copies
P(XtT) =X®e(M).

Clearly ¢ is surjective and ker@ is the ideal generated by M4(C) ® Pj(tj), 1< j <n. Our interest is
to classify irreducible finite dimensional modules for t. We will first note that

Mg(©)®Cqg=1 (I Z(Cy)), (4.6)
g = P Man(©), (47)
K-copies
glezcy)= @ cI (4.8)
(K-copies)

In order to obtain modules we generally construct modules for My(C) ® C,4 and restrict to 7(d, q).
Conversely any t-module can be extended to My(C) ® Cy4 by letting I ® Z(Cy) act as scalars.

4.9. Any finite dimensional irreducible module for @K_Copies Mgn(C) is a module for 7(d,q) by the
map @. It remains irreducible for 7(d, q) as the additional space I ® Z(Cy) acts by scalar. In the next
section we will prove the converse in the sense that any finite dimensional irreducible module for
7(d,q) comes from above.
5. Highest weight integrable modules over T"(d, q)

Let A be a unital associative algebra, not necessarily commutative. Let My(A) be the matrix algebra

with entries in A. Let sly(A) = {X € My(A) | Tr X € [A, A]}. We will first construct ideals for sl3(A)
from ideals in A. Then we specialize to the case A = Cy. As earlier we assume d > 2.

5.1. Lemma. Let | be an ideal of A. Then | = Z#i JEij® Z#i[AEij, JEjilis an ideal in slg(A).

Proof. One can directly show that 7 is an ideal of My(A). Consequently it is an ideal of slj(A). We
omit the details. O

5.2. Lemma. Let I be the identity matrix of Mq(A). Let | be an ideal of A and let 7 be as before. Then
> izjlAEij, JEjil=b® J +1®[A, ]I

Proof. Recall that b is the Cartan subalgebra of sl4(C) spanned by vector Ejj — E jj- Let

S= [AEy. IEj].
i]



S. Eswara Rao, K. Zhao / Journal of Algebra 361 (2012) 225-247 237

We first note that 6® J € S by considering [E;j, bEji] =b(E; — Ejj) for be J. Now forae A, be |
consider

[aEjj, bEji] =abE;i — banj =[a, b]Eij + ba(E;j; — Ejj).

This proves [a, b]Ej; € S. Which means we have proved that h® J®I®I[A, J1CS. From the above
formula we easily see that SCh® J@® I ®[A, J], which completes the proof. O

We now specialize for A =Cy and construct ideals for 7;. Let J be an ideal of C,. Define

Je=T®(Cq. ).
It is easy to check that 7C is an ideal in T(d, q).

5.3. Let N; € N be minimal such that tiN‘ € Z(Cy). (This is different from the definition in Section 4
since our variables may not be the same as in Section 4.) For £; e N, 1< j<n—1, let Qj(tj) =

i;(r;’j —ajx), where ajx € C. Let Q be the ideal of Cq generated by Q;(tj) for j=1,....,n— 1.
Recall that Dy is the linear span of the derivations dj1,...,d, and b, = b @Y 1 ,CC @ Dy.

54.Let T = P pt T T0=bn D0 T T = b1 Bye a0 Ta- Then
T=t"eT o1
Let 7" =7~ @ 7" @ T =T @ Cdy. Then T=7"0 Y1~/ Cd;.

5.5. A weight module for T(d, q) (respectively for T") is called a highest weight module if there exists
a weight vector v such that Tv =0 and v generates the module. We have already seen that an
integrable irreducible module V for T(d,q) with finite dimensional weight spaces (with reference
to b) is a highest weight module if part of the center acts non-trivially up to a choice of co-ordinates
(Theorem 3.5). Let V be an irreducible integrable module over T(d, q) with finite dimensional weight
spaces. Now we see that there exists a proper submodule W over 7"(d, q) such that V/W has finite
dimensional weight spaces with respect to h,_; (Proposition 2.4(4) and Theorem 2.7). Clearly V /W
is a highest weight module for the Lie algebra 7".

5.6. Proposition. Let V be an irreducible integrable module over T(d, q) with finite dimensional weight spaces.
Then the T"-module V /W has an irreducible quotient module which is still a highest weight module.

Proof. Recall that there exist non-zero central operators zi,...,z;—1 of degree (p1,0,...,0),...,
©,...,0,pp—1,0) as W is defined as {v —zjv|veV, 1<i<n—1}

Let U(T")o = {x € U(T") | [Bn_1,x] = 0}. As U(T")p-module, (V /W), has a proper maximal sub-
module (V/W)} over U(T")o since it is finite dimensional, which follows from finite dimensional
Lie algebra theory. Take a maximal weight T"-submodule V'/W of V /W with (V//W);, N (V/W), C
(V/W),. Then V/V' is an irreducible quotient of V/W. O

In general, the module V/W is reducible, which will be seen in Theorem 6.12. We will now
classify irreducible integrable highest weight modules for T" with finite dimensional weight spaces
with respect to h,_1. In the last section we will indicate how to recover the original T(d, q)-module V
from this classification.

5.7. Proposition. Let V be an irreducible highest weight module for T" with finite dimensional weight spaces.
Then there exists an ideal Q. as defined in 5.3 such that Q.V = 0.
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We will first develop several lemmas before proving this proposition.

5.8. Lemma. Let m € Z" \ {0}. Then T, is spanned by A(i,m) = E;it™ — Ei41i41t™, 1 <i<d—1 and
h(r,s) =0 (r,s)E11t™ — o (s, 1)Egqt™ + (t", t%) forallr, s € Z" withr + s =m.

Proof. Let Sy be the linear span of the above vectors which is clearly contained in T;,. Suppose
m ¢ rad f. Then we know (t", t) = 0 and further E;;t™ spans Ts, for 1<i<d. Now from (1.5b) there
exist r,s € Z" such that r+s=m and f(r,s) # 1 which implies o (r, s) # o (1, s). Thus it is elementary
to see that E11t™ in Sy, which in turn prove that E;t™ in Sy, for all i. Thus Sy = Ty,

Now suppose m € rad f. From (1.5b) it follows that o (r,s) = o (s,r) for all r,s € Z" such that
r+ s =m. This proves that (t",t°) € S;;. Now the lemma follows from the definition of 75, in Sec-
tion 3. O

5.9. Lemma. Let m € Z" such that m, = 0. Then:

(a) Forp > 1, m+ pey erad f iff f(r + Ley,s +kep) =1 forallr,s e Z" withry =s,=0andr +s=m
and forall ¢,k € Z, £ > 0,k >0and £ + k = p.

(by m+eperad fiff f(r,s+ep) =1forallr,s € Z" withry=s, =0,r+s=m.

(c)merad fiff f(r—en,s+ep) =1forallr,s e Z" withry =s, =0,r+s=m.

Proof. This is easy to verify by using properties of f listed in (1.3)-(1.4) and f(a, b)* = f(ka,b) =
f(a,kb). O

510. Let S be the linear span of Ej;1t™ for 1 <i<d—1, me Z" with m; =0, and Eg4t™ for m € Z"
with m, = 1. Let B be the linear span of

(B1): E;t™; i<j,mp=0o0rj<i, my>1,
(B2): o (r,9)E11t"™* — o (s,NEgat"™* +(t", )y r+s=m, my>0,
(B3): Ejt™ —Ejt™; my>0.

Let (S) be the subalgebra generated by S inside T(d, q).

5.11. Lemma. We have B = (S) =T ™.

Proof.

Claim 1. (t",t5) €e B forr +s=m, my, > 0.

From (B3) we see that Eqqt"™ — Egqt"™S € B.

Now by multiplying o (r,s) and subtracting from (B2), we have (o (r,s) — o (s,1))Egqt™™* +
(t",t%) € B. Suppose m € rad f then from (1.5b) we have o (r,s) = o (s,r) and hence (t",t%) € B. Sup-
pose m ¢ rad f then (t",t*) = 0. In any case we have the claim.

Now we can see that B=7T" and in particular B is a subalgebra. Further note that the spanning
set of S belongs to B and hence (S) C B.

We need only to show that S generates TF. Within the Lie algebra t it is easy to see that S
generates Tt (the definition for T is obvious), that is,

(S) mod ((Cq, Cq)) =T+ mod ((Cq. Cy)).
It will be enough to show that

(t".t°)e(S); forr,seZ' r+s=meradf, my>0.
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This follows by computing

[Eiat" +c1, Ent’ + 2] =0 (r, ) (Enat™ — Enat™) +(t", t°) € (S),
[E12 4 ¢, Eart™* + ¢ ] = Engt"™* — Expt™* € (S),

where Eqpt" +c1, Exit® + ¢2, E1z + ¢}, E21t"™* + ¢, € (S). This completes the proof. O

Proof of Proposition 5.7. Recall that the Cartan subalgebra for 7" is h,_; = h & >iClti, t 71 )y @ Cdp
and V is a weight module for T" with finite dimensional weight spaces relative to the Cartan subal-
gebra bp_1.

Let v be a weight vector of highest weight A € b;_,. Then any non-zero vector in the weight
space V, is also a highest weight vector for weight reasons.

Let r € Z" such that r, =0 and 0 < r; < N; for all i where N; are defined as in 5.3. We fix a simple
root « of sl3(C) and k such that 1 <k <n — 1. Let Ejj11 be the corresponding root vector for the
root «. Consider

IN,
{Eivr,it"t, v, L€ZT} CVyq.

Since all weight spaces are finite dimensional there exists a non-zero polynomial P, in t,’j" such
that

(Ei+1.itrPk,a,r(f,I<Vk))V =0.

For m € Z" with m, =0 we have

0= (Eix1t™)(Eir1.it Proar () = (Eisrit Prar(ty)) (Eiisat™)v
+ (Eit™ Picr (6))V = (Eivr i1t " Prearr (8 ) v + (7, € Phear r (1) V-
Since v is a highest weight vector then the first term is zero. We have (t™,t" Py, r)v =0 as there

is no nth term in t™. This follows from Proposition 2.4(3), Theorem 2.7 and Lemma 1.13(3). Thus we
have proved for all i, 1 <i<d—1 and for all m € Z" with m,, =0,

(Eiit™t Pror(604))V — (Eisr,io1t t Phorr (E0%))V = 0. (5.12)

As before let r € Z" such that r, =0 and 0 <rj < N; for all i. Let k be such that 1 <k < n.
Consider {Emtrtmkt* v, £€ZT} C V;,_o, where ap is the additional simple root for the affine
sl4(C) so that og =8, — B and B is the maximal root in sl;(C) which corresponds to the root vec-
tor Eqq.

Since V;_g, is finite dimensional there exists a polynomial Py o,  in t, such that

(E1gt" Pro.r (2 )7 1)V = 0.
For m € Z", my =0, we have
0= (Ea1t™tn) (Enat" Prao (6 )tn 1)V = (E1at™ty Py r (E0%)) (Eart™tn) v
+ (Edat™tnt Prg.r (60) e )V — (118" Pharo,r (60 )t )E™tn)V + (€™ tn, £ Pho.r (0%t V-

The first term is zero as v is a highest weight vector. Thus we proved
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(Edat™tnt" Prog.r (2 X)tn 1) v — (11t Prag.r (6 )t 1) E™tn) v

(™, £ Preg (604 )t )Y = 0. (5.13)

Noting that components of Pk,ag,r(t,’(\l ¥) are in the center of Cy, so they can be moved to the left or to
the right. Let

N, . N, _
Yi=Eir1it’t Prear(t’), 1<i<d—1,  Yg=Eat’t P oy r(t,)t0 "

k
where r is chosen as earlier and s e rad f and s, =0.

514.Claim 1. Y;v =0for1 <i <d.

It is sufficient to prove that Y;v is a highest weight vector. Indeed the weight of Y;v is strictly less
than A and hence generates a proper submodule as V is irreducible it has no proper submodules and
hence Y;v =0.

In view of Lemma 5.11 it is sufficient to prove that Y;v is killed by Ep ,+1t™ and Eg1t™t, for all
m e Z" with m, =0. For 1 < p,i <d— 1 consider

X = (Epp+1t™)Yiv = Yi(Epps1t™)v + [Epp+1t™, Yi]v.

The first term is zero as E,,1t™ is a positive root vector. The second term is zero unless p =i in
pp+
which case we have

X = (Eit™ et Pygrr (60))V — (Eip1ip 1t ™ Ph oo r (E1%)) V-
Since s e rad f we have o (m, s) = o (s, m). From (5.12) we know that
o(m,s) ' X = (Eiitm+strpl<,a,r(t]l:]k))v - (Ei+1,i+ltrtm+spk,a,r(t]l:]k))v =0.
For 1 <i<d-—1 we have
(Eq1t™tn)Yiv = Yi(Eqit™tn)v + [Eq1t™tn, Yi]v.

The first term is zero as E41t™ty is a positive root vector. For the second term the commutator itself
is zero. Similarly one can see that Epp1t™Yqv =0 for all 1 < p <d — 1. Thus we are left with

(Ed1 tmtn)de = Yd(Ed1 tmtn)v + [Ed1 tMtn, Yd]V.

The first term is zero as Eg41t™t, is a positive root vector. Consider

Z = [Eqit™tn, E1gt*t Py g (6, )tr ' [V = (Eqat™tat*t" Pre g 1 (1" )65V

_ N, N, —
— Ent 6 ™ Pre g r (6 ¥)V + (€™t 6 Pre g, (6, <)t 1)
Now consider

(6Tt 56 Pre g r (04 )67 1)V = (5, € Ph g r (60 )t €M)V — (7 Pregr (60 ) T £t

Now the first term is zero as s does not contain nth term. Hence we have
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_ N| — N,
o (m, —$)Z = Eqqt™ tnt"t; ' Pi g r (£, ©) v — E11t"t €™ 5t Py g 1 (£ ¥ V
— N
+ (tm+st”’ trtn 1P’<,Olo.r(tk k))v’

which is zero by (5.13) where we take m + s instead of m. Claim 1 follows.
For 1<k<n—1let

Qr= 1_[ Pk,a,r(t]ivk)-

o simple
0<ri<N;
rm=0

Notice that it is a finite product and hence Qj is a polynomial in tlI:’".
5.15.Claim 2. Let m,a,b € Z" withm, =0, a, = b, =0 and m =a + b. Then:

a) Ei11it™ Qv =0.

b) E1qt™t;1Qyv =0.

(c) o(@+en, b —en)Egat™ Qv — o (a—en, b+ en)Eq1t™ Qv + (%, tPt;1Qi)v = 0.
(d) (Eiit™ Qg — Ejt™Qr)v =0.

(e) Ifm ¢ rad f, then E;t™ Qv =0.

(f) Ifm erad f, then (t%tX, t’tEQy)v =0 forall ¢, k € Z.

(
(

For any m € Z" with m, = 0 there exists s € I with s, =0 and r € Z" with r, = 0 such that
0<ri <Nj and m=s+r. We write t"Qy = o (r, s) " 1t"t5 Q). Now (a) and (b) follow from Claim 1. To
see (c), consider the following from (b),

0= (Ea1ttn) (E1at’t; ' Qi)v = (Erat”ty " Qi) (Eant’tn) v

+0(@+en,b—en)Eqt™ P Qv — o (b —en, a+en) E11t ™ Quv + (t%n, P61 Qu)v.

The first term is zero as Eq1tPt, is a positive root vector. Thus (c) is proved.
To see (d), we consider

0= Eiit1(Eit1it™ Qi) v = (Eit1it™ Qk) Eii+1V + Eiit™ Qi — Eijq,i41t™ Qpv.

The first term is zero as E;;+1 is a positive root vector. Thus we have (d).

For (e), we have m ¢ rad f. Then by Lemma 5.9(c) there exist a, b, € Z" such that a, = b, =0,
a+b=m and f(a+ e, b—ey) #1 which means o(a+ e, b —en) #0(b—en,a+e,). Thus in (c)
combining with (d) we can deduce that E11t™ Qv = 0. Using (5.12) we have (e).

For (f), from (d) and (c) we have (t%t;,, tbtn‘1 Qk)v = 0. By induction on [ > 1 and using

(e, e Qu)v = — (P C Qi) (L5, ta)v — (£t Quetn, 5 v = 0,

we deduce (f) for £ +k=0.

Let X = (t“tﬁ,tbt’; Q) for £ +k < 0. Then Xv is a weight vector whose weight is strictly less
than A. At the same time Xv is a highest weight vector as X is central. Thus Xv generates a proper
submodule but V is irreducible. Hence Xv = 0.

If k+1> 0 because of the weight reason (f) holds automatically. Thus (f) follows.

5.16. Claim 3. Let m € Z", m, = 0. Then:

(1) Egpt™Qgv =0 forq > p.
(2) Egpt™t,Qxv=0,1r <0,q# p.
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(3) (Eppt™t, Q) — Egqt™,Qi)v =0, 1 <0.
(4) m+rey ¢rad f, (E;t™t,Qp)v=0,r<0.

Statement (1) follows from Claim 5.15(a) by induction on q — p. Statement (3) follows from (1),
while Statement (4) follows from (2) with q > p. Statement (2) with (g, p) = (1,d) follows from
Claim 5.15(b) by induction on r.

To prove (2) with g < p one has to use induction on d — (p —q) and r to show that Eg,t™t] Qv
is a highest weight vector, yielding Eqpt™t;, Qxv = 0. To prove (2) with g > p one has to use (1) and
induction on r to show that Eg,t™t; Qi v is a highest weight vector, again yielding Eqpt™t; Qxv = 0.
We omit the details.

Let Q be the ideal of C; generated by Ql(tf“), e, Qn,l(t,':’“).

5.17. Claim. Qv =0.
From the fact that v is a highest weight vector and from Claim 3(1), (2) and (3), we have
E,‘jthV:O, (Eii—Ejj)meVIO, Vi # j, meZ".

What remains is to be proved that (I ® [Cq, Q])v =0.

We know that [t*,t" Q] =0 if s+ r e rad f. Suppose s +r ¢ rad f. Then from Claim 3(4) we know
E;itst"Qgv = 0. It follows that I ® 57" Qv =0.

We will complete the proposition by considering the space

W={weV|Qw=0}.

As ac is an ideal in 7", it is easy to check that W is a submodule of V, since V is irreducible and W
has been proved to be non-zero by claim, we show that W =V, which completes the proof. O

5.18. Suppose one of the Qi is a constant. Then the ideal (Q) = C; and hence by the above proposi-
tion the module V is trivial. Thus we can assume that each polynomial Qj is not a constant. Suppose
zero is a root of some polynomial Q. Then t,iv" is a factor of Q, and by multiplying Qj by t,:N"
we see that the ideal Q has not changed. Hence we can assume that each polynomial Qj does not
have zero as a root. We can further assume that the coefficient of the highest term of each Qy is
one.

Let Qj = ]_[Z":1 (tj.v“ —ajk)efk where a, > 0, £j > 0, and aji for 1 <k < ai are distinct and non-zero
complex numbers.

Let Q;. = ]‘[i"zl(t;\]" —aji). Let Q' be the ideal generated by Qj,...,Q, ; inside Cg4. Clearly
QcQ.

5.19. Proposition. Let V be a non-trivial irreducible integrable highest weight module for T" with finite di-
mensional weight spaces with respect to hn,_1. Then there exist polynomials Q;. int; 1< j<n—1with
distinct non-zero roots such that ng =0.

Proof. We have already seen in Proposition 5.7 that there exist polynomials Q;: 1< j<n—1 with
non-zero roots such that GCV =0.

It is enough to prove Claim 5.15(a) and (b) for the polynomial Q;. in the place of Q;, because all
the arguments given in the proof of Proposition 5.7 after Claim 2 follows from Claim 5.15(a) and (b).
In particular we can conclude that Q/V =0 which proves the current proposition. Now we first to
prove Claim 5.15(a) for the polynomial Q]/. in the place of Qj, i.e,

Claim 1. E;jt™ Qv =0, for 1 <i# j<d, 1<k <n—1and m e Z" withm, =0.
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We shall show Ejj1t™ Q,;v =0 as an example. Consider the map
T %’"/acﬁ?”/aé — 0.

The kerm = QC//QC can be seen to be solvable. Indeed when we take commutators in Qé we see that
the multiplicity of roots increase and after certain stage this belongs to Q..

Let o be the root corresponding to Eji+1. Let G be the linear span of Ej;yq and Ej j+1t™ Q,: for
m € Z" with m, =0. Let G be the linear span of Ej 1 ;t™™ Q,; for m € Z" with my, = 0. Let gg be the
linear span of the following elements

(Eii— Eit1,i40)t™Q, Vme I’ withm, =0;
Eiit" Qk, Eiy1,i+1t™Qr, YmeZ"\ I withm, =0;

("t 1 tj), Vme I withm, =0, V1< j<n—1.

Set Gy = C(Eii — Eiv1.i01) + Ga. Go =G5 ® Gy ® G+ Gu = C(Eij — Eit1.i1) + Go, Which can
easily be seen to be nilpotent Lie algebras. We can also see that G, C [Gy, Gul.

We denote U(G) the universal enveloping algebra of G for any Lie algebra G. Let W be G, module
generated by v. That is W = U(Gy)v. We now prove that W is finite dimensional. First note that
UGS )v=Cv and V; D U(Qg)v. Thus W = U(Gg)Vv € (G, ) V). But each vector in G, acts locally
nilpotent on V, as V is integrable and thus we conclude U(G, )V, is finite dimensional and hence
W is finite dimensional (see Lemma 3.2(2)).

Denote the image of Gy in 7"/Qc by Gy and we noticed earlier that Gy is nilpotent and W is a
finite dimensional module for G,. Hence by Lie’s theorem there exists a non-zero weight vector w
in W such that Gow = 0. Consequently Gow = 0.

From the definition of w we have a y € U(Gy) with yv = w. Since V is irreducible there exists
X € U(T") such that Xw = v. Write X = X_HX, where X4 € U(T%) and H € U(T®"). First note that
the weights of V are of the form A — Z?;f njo; where o, 01, ..., ®4_1 are simple roots of the affine
system. Now from the definition, W € U(G, )V, and hence the weight of w is of the form A — sa,
s > 0. Notice that Ejii1 ® Cqlt*!,....t5 |1 is a Lie algebra and Xy € U(Ejit1 ® Cqlt™, ...t ).
Otherwise X w = 0 for weight reasons. Further X_ has to be scalar for weight reasons. From Xw = v,
we may assume that X € U(E; i+1 ® Cy).

For any (E;iy1t*")--- (Eiit1t%) € U(Eji+1 ® Cg) where sy, ..., sy € Z" without nth components by
induction on r we have Gy (E; iy1t%!) -« (Ei it1t)w =0 as [Gq, Ei i+1t%] C Go. Thus we have proven
that Gy v =Gy XW =0. So Claim 1 holds.

In the same manner we can prove Claim 5.15(b) for the polynomial Q]/. in the place of Q}, i.e,

Claim 2. E;jt"Q v =0,for 1 <i# j<d, 1<k<n—1andmeZ" withm, #0.
This completes the proof of Proposition 5.19. O
6. Classification of irreducible integrable modules
In this section we will first prove that any irreducible finite dimensional module over 7(d, q) comes

from the construction given in Section 4. We need to determine ker ¢ N 7 (d, q) with the notation es-
tablished in Section 4. We have already noted that ker @ = My(Cq N J) where | is the ideal generated

N.
by Pj(t;").

6.1. Lemma. kerg N t(d,q) = J.

Proof. Note that for i # j, E;; ® J C ker@. Thus 7 Cker as 7 is the ideal generated by EB#]- Eij®J.
It remains to be proved that
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6.2. H® J)ntd,q) C 7 where H is the diagonal matrices.
From weight reasons and from the definition of 7(d, q) we have

He)Ntd,9)=H®® )N ((b ® J) @ (I®[Cq, Cql)).
But h® J §7 and hence to see 6.2 we need to prove that
(H® )N (1©[Cq,Cl) ST
But by Lemma 5.2, 7 contain I ® [Cq, J]. Thus to prove 6.2 it is sufficient to prove
JNICq, Cql =1Cq, JI.

Clearly [Cq, J1 S J N[Cq, Cql. Let tmp]-(t;]j) € JN[Cq,Cql. Then m ¢ rad f =T'. So t™ = A[t", t°]

for some non-zero scaler A and for some r,s € Z" with r +s=m. Now tmpj(t;\’j) = )\[trpj(t;vj), t5]e
[].Cql. O

6.3. Consider 7(d, q) with n>2. Let " =@;_; ez CEjt™, T~ =D j mezn CEjit™,

1% = (I1®[Cq, Cql) € C(Eii — Ejpt™.

meZ"
Then clearly T+ @ °® 1t~ =1(d, q).

6.4. Definition. A weight module for t(d, q) is called a highest weight module if there exists a weight
vector v such that T+v =0 and v generates the module.

6.5. Let V be a finite dimensional irreducible module for T with n > 2. Now we continue to use the
notation in Section 4. Since it is a finite dimensional module (considered over sl;(C)), it has to be
a weight module and there exists a highest weight vector and hence V is a highest weight module.

From a similar argument as in the proof of Proposition 5.19 there exist polynomials Qq,..., Q, in
t'l\’1 e, t,’l’” with non-zero distinct roots such that Q V =0, where Q is the ideal of C; generated by
Q1,...,Q,in t?’l,...,t,’.:’”. Thus V is a module for

/0= P slan(©.

(K-copies)

where N = N{N3---Np, K =M{M;---My and each M; is the number of distinct roots of Q;. See
Section 4 for further details. Thus we have proven

6.6. Theorem. Any finite dimensional irreducible module for t(d, q) has to come from the construction in
Section 4.

Now we discuss the problem of classifying irreducible integrable highest weight modules V for T"
with finite dimensional weight spaces. We have already seen in Proposition 5.19 that there exist
polynomials Q1, ..., Q,—1 with distinct non-zero roots for each Q; such that Q.V =0.

Let C,_1 be the subalgebra of C; generated by the first n — 1 variables tf],..‘,t
5lg(Ch1);

+1

n—1» h-1=



S. Eswara Rao, K. Zhao / Journal of Algebra 361 (2012) 225-247 245

+_ =
W= ) Ttes

aeAU{0}
meZ"®, mp>0

T = Z ?8m+a§
aeAU{0}
meZ"®, my <0

?1,?:-[“_1 ® Z (C(tmti,ti_1>€9(Cdn.

meZ", mp=0
1<ign

Then T" =7, @ 1 @ T0. Let V; be the highest weight space of V. Since V is irreducible, V; is an
irreducible 7%"-module (see 5.4 for definitions).

6.7. Lemma. Let W =U (?,? )V. Then W is an irreducible integrable highest weight module over ?,? and also
over T,—1 with finite dimensional weight spaces.

Proof. From properties of V we know that W is an integrable highest weight module over ?,? with
finite dimensional weight spaces. We need only show that W is irreducible.

Let w € W \ {0} and v € V; \ {0} then there exists X € U(T) such that Xw = v. Let X = X_XoX,
for X+ € U(T*) and Xo € U(T?). Then X, w =0 unless X, is a scalar in which case X_ has to be
scaler for weight reasons. Thus we can assume X = Xg. This proves W is ?,? irreducible. Now dj
acts by a scaler on the whole module W and also the center acts by scalar. Note that the center
that comes from the brackets of 7,_1 is zero on the module. Then 7,_1|w is a subalgebra. Thus W
remains irreducible over t,_1. O

6.8. Proposition. The subspace W, as defined in Lemma 6.7, is finite dimensional.

Proof. Note that ‘l:,1,1/(§C N tp—1) is a finite dimensional Lie algebra and W is an integrable mod-
ule over this Lie algebra. Let n~ denote the strictly lower triangular matrices of gl;. Then any
element in n~ ® (Cq/(Q1,Q2,...,Qu—1)) acts nilpotently on any element in V. Since V, and
n~ ®(Cq/(Q1,Q2,...,Qn_1)) are finite dimensional and W =U(n~ ® (Cq/(Q1, Q2,..., Qn_1))Vi,
using PBW theorem we deduce that W is finite dimensional. O

6.9. We will now indicate how to recover T"-module V from a finite dimensional irreducible 7p-
module W. Let T, W = 0. Consider the induced module

M(W)=U(T @& Cdp) @ W.

Since W is irreducible it follows by the standard arguments that M(W) has a unique irreducible
quotient say V(W). By universal property it follows that V(W) =V as T @ Cd, module as both
modules has the same “top”.

We have not answered the question that if we start with an arbitrary finite dimensional irreducible
module W for t,_1, whether the module V(W) is integrable with finite dimensional weight spaces.
We believe this is true when we choose appropriate central action. This problem we take up in the
next paper.

6.10. Let us streamline the results we have established. We started with an irreducible integrable
module V over T(d,q) with finite dimensional weight spaces and with non-trivial action of the cen-
ter C. First we proved in Theorem 3.5 that V has to be a highest weight module after suitable change
of co-ordinates. Then we produced a quotient module V /W for the Lie algebra T" = 7(d, q) & Cd,.
In Proposition 5.6 we proved that V /W has an irreducible module V over T", which is an integrable
highest weight module with the same highest weight and with finite dimensional weight spaces. Then
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in Proposition 6.8 we proved that V has a finite dimensional irreducible submodule W over Tn—1
and all finite dimensional irreducible module over t,_1 have been explicitly constructed in Theo-
rem 6.6. We have indicated how to get the module V for T(d, q) ® Cd, from such a finite dimensional
module W in 6.9. So what remains to be done is to recover original module V for T(d,q) from an
irreducible integrable highest weight module V for T(d, q) ® Cd,,.

6.11. Let V be an irreducible integrable module for T(d,q) with finite dimensional weight module
and with non-trivial action of the center C. Then from Theorem 3.5 we can assume that V is a
highest weight module. From Proposition 2.4 we have non-zero central operators Z1,...,Z,—1 on V
with degree (k1,0,...,0),...,(0,0,...,ks_1,0). Let V be the irreducible quotient for the Lie algebra
T(d, q) @ Cd, (Proposition 5.6), and such modules were classified in 6.9. We will now define T(d, q)-
module structure on V ® Ap_1 where Ay_1 =C[ti",...,tF"] is a Laurent polynomial ring in n — 1
commuting variables. We will prove that V ® A,_; is a completely reducible T(d, q)-module and all
components are isomorphic up to a grade shift. We will further prove that one of the components of
V ® Ap_1 is isomorphic to V as T(d, q)-module. This completes the classification problem.

Now we define the T(d, q)-module structure on V ® A,_q. For m = (my, ..., my) € Z" define m’ =
(my,...,my_1) € Z"1. We write m = (m’, m,). Fix o € C"~'. For any homogeneous element X in
7(d, q) of degree m, define

X- (W ® l’r’) =Xw)® tr’—}—m', dn(W ® tr’) =(dyw) ® tr’,

di(w® tr/) —ri+a)wet, Vrez' !,

for any w e V. It is easy to check that the above action defines a module for T(d,q). Recall that
the central operators Z; act as one on V. We may choose the maximal submodule of V to contain
v—2Ziv,veV,1<i<n—1.Thus Zi(v®t") =v @t" tkiei,

6.12. Theorem.

(i) V ® An_1 is completely reducible as T(d, q)-module and all components are isomorphic up to graded
shift.
(i) One of the component of V ® Ap_1 is isomorphic to V as T(d, q)-module for a suitable c.

Proof. The proof of the theorem is identical to the proof of Proposition 3.8 and Theorem 3.9 of [E4].
There we have to assume the quantum tours C; to be commutative but the proofs are valid for
any Cq. O
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