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Abstract

A definition of a Doi—Koppinen datum over a noncommutative algebra is proposed. The idea is
to replace a bialgebra in a standard Doi—Koppinen datum with a bialgebroid. The corresponding
category of Doi—Koppinen modules over a noncommutative algebra is introduced. A weak Doi—
Koppinen datum and module of Bohm (Comm. Algebra 28 (2000) 4687) are shown to be
examples of a Doi—Koppinen datum and module over an algebra. A coring associated to a
Doi—Koppinen datum over an algebra is constructed and various properties of induction and
forgetful functors for Doi—Koppinen modules over an algebra are deduced from the properties
of corresponding functors in the category of comodules of a coring.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Doi—Koppinen modules introduced in [11,13] as a generalisation of (co)modules
or Hopf modules studied in Hopf algebra theory can be viewed as a representation
of a triple comprising an algebra, a coalgebra and a bialgebra which satisfy cer-
tain compatibility conditions. Recently these have been generalised to the case in
which a bialgebra is replaced by a weak Hopf algebra [1]. It is known [12] that
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weak Hopf algebras are an example of a generalisation of a bialgebra known as an
R-bialgebroid [14] or xg-bialgebra [21] (and leading to the notion of a Hopf algebroid
or a quantum groupoid), introduced in the context of Poisson geometry, algebraic
topology and classification of algebras. It seems therefore natural to ask whether a def-
inition of a Doi—Koppinen datum in which a bialgebra is replaced by an R-bialgebroid
is possible. In this paper we propose such a definition and by this means intro-
duce the notion of a Doi—Koppinen module over a noncommutative algebra R. We
show that Doi—Koppinen modules for a weak Hopf algebra are a special case thus
providing a new, more general point of view on weak Doi—Koppinen data and
modules.

On the other hand, it has been realised in [4] that a natural point of view on Doi—
Koppinen data is provided by entwining structures introduced in [6]. The same point
of view was adopted in [8], where weak entwining structures were introduced in order
to describe Doi—Koppinen data for a weak Hopf algebra. Later on it has been shown
in [5] that both entwined modules and weak entwined modules are simply comodules
of certain corings. Thus various properties of entwined modules such as Frobenius and
separability properties discussed first in the case of Doi—Koppinen modules in [9,10],
can be derived from the properties of comodules over a coring. In the present paper
we show that a Doi—Koppinen datum for an R-bialgebroid leads to a certain coring
whose comodules are precisely the Doi—Koppinen modules over R.

2. Preliminaries
2.1. Notation

We use the following conventions. For an object V' in a category, the identity mor-
phism V' — V is denoted by V. All rings in this paper have 1, a ring map is assumed
to respect 1, and all modules over a ring are assumed to be unital. For a ring R,
My (resp. p-#, rMg) denotes the category of right R-modules (resp. left R-modules,
R-bimodules). The action of R is denoted by a dot between elements.

Throughout the paper k& denotes a field. We assume that all the algebras are over &
and unital, and coalgebras are over k£ and counital. Unadorned tensor product is over
k. For a k-coalgebra C we use A¢ to denote the coproduct and &c¢ to denote the counit
(we skip subscripts if no confusion is possible). Notation for comodules is similar to
that for modules but with subscripts replaced by superscripts, i.e. €.# is the category
of left C-comodules, etc. We use the Sweedler notation for coproducts and coactions,
ie. 4(c) = cq) ® ¢(z) for a coproduct, and p(m) = m_jy @ mg for a left coaction
(summation understood).

Let R be a k-algebra. Recall from [18] that an R-coring is a coalgebra in the monoidal
category of R-bimodules (z.#r,®g,R), i.€., it is an (R, R)-bimodule ¥ together with
(R, R)-bimodule maps A4 : % — € ®r € called a coproduct and &4 :% — R called a
counit, such that

(dg @rC) 0 dg =(C Qr dg) 0 Ay (64 QrC) 0 A =(C Qreg)o dg =C.
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We use the Sweedler notation for the coproduct 44 too. A left R-module M together
with a left R-module map ¥ p : M — % ®z M such that

(€ @rYp)oMp=(d¢ @rM)o"p (e4 g M)oMp=M

is called a left comodule of the coring € or, simply, a left %-comodule, and Mp
is called a left coaction. A map between left ¥-comodules is a left R-module map
f:M — N such that Ypo f = (4 @z f)oMp. The category of left ¥-comodules is
denoted by §M

2.2. R-rings and bialgebroids

Let R be a k-algebra. Recall from [19,21] that an R-ring is a pair (U,i), where U
is a k-algebra and i:R — U is an algebra map. If (U,i) is an R-ring then U is an
(R, R)-bimodule with the structure provided by the map i, r - u - r':=i(r)ui(r").

Let R be an algebra and R = R the opposite algebra, and let R®* =R ® R be the
enveloping algebra of R. In case (H,i) is an R°-ring, the map i is necessarily of the
form i = my o (sy @ ty), where sy :R — H, ty:R — H are algebra maps such that
sp(a)ty(b)=ty(b)sy(a), for all ae R, be R, and my is the product in H. In this case
sy 1s called the source map and ¢ty the target map. (H,i =my o (sy ®ty)) is denoted
by (H,SH,IH).

Let (H,spy,ty) be an R®-ring and (4,s4) an R-ring. We view H as an R-bimodule,
via r-h-r' =sy(r)ty(r')h, and 4 as an R-bimodule via s, and define [21]

HXRA

= {Zh’ @ra €H @ A|VreR, Zhity(r) Qr d :Zhi QR aisA(r)}.
i i i

H xp A is an R-ring with product

<§i:h"®Ra"> <Zh Or > Zhh ®pd'd,

the unit 157 ®z 14 and the algebra map R — H Xy A, a — sy(a) @p 14 (cf. [21]).
Taking (4,s4) = (H,sy) we can define H xg H which is not only an R-ring but also
an Ré-ring via RQR — H xg H, a Qg b — sy(a) Qg ty(b).

Definition 2.1. Let (H,sy,ty) be an R°-ring. We say that (H,sy,ty,4,¢) is an R-

bialgebroid iff (H, A,¢) is an R-coring such that Im(4) C H xg H and the corestriction
of the coproduct 4:H — H Xz H is an algebra map, &(1y) = 1, and for all g,h € H

e(gh) = e(gsu(e(h))) = e(gtu(e(h))). (1)
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It is shown in [7] that this is equivalent both to the definition of a bialgebroid in
[14] and that of xg-bialgebra in [21].

Szlachanyi [20] has reformulated the definition of bialgebroid in terms of monoidal
categories and monoidal functors: if H is an R°-ring, then we have the restriction of
scalars functor F':y.# — g M g. H is an R-bialgebroid if and only if there exists a
monoidal structure on z.# such that F' is a strict monoidal functor. If (H,sy,ty,4,¢)
is as in Definition 2.1, then the corresponding monoidal structure on z.# is given by

h>(m Qg n) = haym Qg hoyn, h>a=e(hs(a)) = e(ht(a))

forall meM ey l,neN €y, acR.

Basic examples of R-bialgebroids are provided by R® and End(R), in the case R is
finite dimensional (see [14,21]). In particular any matrix algebra M, (k) has a structure
of an R-bialgebroid with an antipode over any n-dimensional algebra R. We believe,
this gives a nice motivation for studying bialgebroids from an algebraic point of view.

2.3. Doi—Koppinen datum over a weak Hopf algebra

A weak bialgebra is an algebra and a coalgebra H with multiplicative (but nonunital)
coproduct such that for all x, y,z € H, e(xyz) = e(xy1))e(y2)z) = e(xy2))e(y1)z), and

(A@H)oA1)=(41) 1)1 ® 4(1))=(1® 4(1))(4(1)® 1). (2)

A weak Hopf algebra is a weak bialgebra H with an antipode, i.e., a linear map
S:4 — A such that for all h€ H, h(])S(l’l(z)) = 8(1(1)]’!)1(2), S(h(]))h(z) = 1(1)8(1’11(2)),
and S(hq))ho)S(hzy) = S(h). Weak Hopf algebras have been introduced in [3,15]
and studied in connection to integrable models and classification of subfactors of von
Neumann algebras. Given a weak Hopf algebra H with bijective antipode, define the
maps,

ot nof:H —H, Ig)=e109)le, T%g)=2egle)lo).

Then [2] R:=Im(IT") is a subalgebra of H, separable and Frobenius as a k-algebra
with the separability idempotent e=S5(1(1)) ® 12y € R®R and the Frobenius pair (e, ¢),
where ¢ :=¢|g. The fact that e is a separability idempotent means explicitly

VgeH, I*(9)S(11) ® lay=S(1a)) ® 1oyIT"(9). 3)

Numerous useful formulaec for a weak Hopf algebra were proven in [2]. Although
some of them, such as (3), were obtained using duality arguments valid only in the
finite dimensional case, one can also prove them directly using the axioms of a weak
Hopf algebra. The proofs are not always obvious, but quite straightforward once one
becomes familiar with these axioms.

Finally, recall from [1] the following.
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Definition 2.2. A left-left weak Doi—Koppinen datum is a triple (H,4,C), where H
is a weak Hopf algebra and

(1) (4,%p) is a left weak H-comodule algebra, i.e., A is an algebra and a left
H-comodule such that “p(a)!p(b)="p(ab), and (H@*p)o?p(1)=>" 1)@ 1(_y12)®
Lioy> for all a,b € A;

(2) C is a left weak H-module coalgebra, i.e., C is a coalgebra with counit &
and a left H-module such that Ac(h-c¢) =" hay - cqy ® h) - ¢y, and ec(hg - ¢) =
SH(hg(z))Sc(g(l) -¢) for all ceC and h,gc H.

A (left-left) weak Doi-Koppinen module associated to a weak Doi—Koppinen da-
tum (H,4,C) is a triple (M,-,"p), where (M,-) is a left A-module, (M, p) is a left
C-comodule, and

Ypla-my=agyy-my) @ag) -mp).

Note that here “p(a) =a(_1y ® ay € H ® 4 and M p(m) =m_1y @ mgy € C ® M. The
category of (left-left) weak Doi-Koppinen modules is denoted by .4 (H).

Morphisms between left weak H-comodule algebras (resp. left weak H-module coal-
gebras) are defined in the obvious way: they are k-linear maps that are H-colinear
(resp. H-linear) algebra (resp. coalgebra) maps. Thus we can consider the categories
of left weak H-comodule algebras, left weak H-module coalgebras and left-left weak
Doi—Koppinen data over H. The latter is denoted by %24 (H).

3. Doi—Koppinen modules over algebras

In this section we define the notion of a Doi—Koppinen datum over a noncommutative
algebra and we relate it to a weak Doi—Koppinen datum. Our definition is in part
motivated by the following important observation [12, Proposition 2.3.1].

Proposition 3.1. Let H be a weak Hopf algebra with coproduct A, counit e, and
bijective antipode S, and let R=Im(IT"). Then H is an R-bialgebroid with the source
and target sy, ty : R — H given by

su(IT*(9)) = IT"(9),  tu(I1*(g)) = S~'(IT"(9)) = e(129) 1 (1)
and the comultiplication A:H — H ®g H and the counit §:H — R given by
A(h) = (can o A)(h) = hay ®g hay,  &h) = IT*(h)

for all he H, where can:H @ H — H ®g H is the canonical projection.

Proof. For the details we refer to [12], we only remark that Im(4) C H xz H can
be established from the separability of R as follows. Apply S~!' ® H to (3), for an
arbitrary 7 € H write h = hly, and use that 4 is multiplicative to obtain

hay @ hoyIT“(g) = hay Ly @ byl T (g) = hayS™' (IT*(9)) @ he). C))
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We also note that in [12] the conditions (1) are not required for an R-bialgebroid.
However, it can be easily seen that & as defined above satisfies Egs. (1). [

There is also a partial converse to Proposition 3.1 (cf. [20, Proposition 1.6]). Suppose
H is an R-bialgebroid, where R is a Frobenius and separable k-algebra. Let e=e(!) ®e®?)
(summation understood) be a separability idempotent and let ¢ : R — k be the Frobenius
map such that (e, ¢) is a Frobenius pair. Then H is a weak bialgebra with the coproduct
AH — H®H, h— hgy- e @ e - ), and the counit §= @ oe:H — k, where
e:H — R is the counit of the R-coring H.

Definition 3.2. Let (H,sy,ty) be an R-bialgebroid. Then a left H-module coalgebra is
a coalgebra C in the monoidal category (y.#,®g,R) of left H-modules.

Recall from [20] that ;.# has a monoidal structure defined as follows. For all
M,N ey, M @p N € g M Vvia h-(m Qr n) :/’l(l) -m QR /’1(2) -n. R is the unit object,
when viewed in y.# via the action

ha=e(hsy(a)) = e(hty(a)). (5)

Thus, C is a left H-module coalgebra if and only if (C,-) is a left H-module and
(C,4c¢,ec) is an R-coring, where C is viewed as an R-bimodule via r-c-r' = sy (r)ty(r')-
¢, such that A, ¢c are left H-module maps, i.e., for all h€ H and c€ C,

Ac(h-c)=hay-cay®r h@) - ca)y, ec(h-c)=hvec(c)=ex(hsu(ec(c))). (6)

A morphism between two H-module coalgebras is an H-linear map of R-corings. We
can then consider the category of H-module coalgebras.

Example 3.3. (1) (H,4y,¢e5) is a left H-module coalgebra with the left H-action pro-
vided by the left multiplication.

(2) View R as an R-coring in the trivial way, i.e., both Az and &z are identity maps.
Then (R,>) is a left H-module coalgebra. Indeed, note that for all r€ R and 7€ H we
have that sy (A1) > r)ho)y = hsy(r) [7], and then apply the left R-module map &y to
obtain that ey (hsy(7)) = en(h1)su(r))en(h2)). This is equivalent to the fact that Ap
is a left H-linear map.

(3) C =R°® is an R-coring with the coproduct Ag:(r ® 7) =7 @ 1; @p 1g ® 7 and
the counit &xe(r ® ) = ri", and it can be made into a left H-module coalgebra by the
H-action & - (r @ 7) = ey (hsy(r)ty(7)).

Definition 3.4. Let (H,sy,ty) be an R-bialgebroid. A left H-comodule algebra is a
triple (4,s4,"p) where

(1) (4,s4) is an R-ring.

(2) (4,p) is a left comodule of the R-coring H.

(3) Im(“p) C H xz A and its corestriction “p:4 — H xz A is an algebra map.

A morphism between two H-comodule algebras is a left H-colinear map that is also
a morphism of R-rings. A morphism of R-rings is defined in the obvious way. Thus
we can consider the category of H-comodule algebras.
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Example 3.5. (1) (H,sy,4) is a left H-comodule algebra.

(2) (R,sg = R,Rp), where Rp:R — H @z R, r + sy(r) @ 1z is a (trivial) left
H-comodule algebra.

(3) A = R® is a left H-comodule algebra via sz = R® 1, and £ p(r @7) = s (r) g
7.

(4) Example (3) can be generalised as follows. For an H-comodule algebra 4 and
an algebra B, A®B is a left H-comodule algebra with the structures arising from those
of 4.

(5) An interesting nontrivial example of a comodule algebra of a bialgebroid is
constructed in [16, Theorem 6.3, Lemma 6.7]. Let H be a Hopf algebra and let 4/B
be an H-Galois extension, i.e., 4 be a right H-comodule algebra with a right coaction
pA A —AQH, a— ap @ay, B=A%"_ and the canonical map y:AQpA - AQH,
a®pad — aa’<0> ®a’<1> be bijective. Suppose 4 is a faithfully flat left B-module. View A4°
as a right H-comodule via a®a +— a ) @da ) @aqyay. Then the space of coinvariants
G = (4°)°" is a subalgebra of 4° and a B-bialgebroid via sg:b — b® 1, t5:b —
L®b, Ag: Y, d @d — 3, di @1 ' (10d),,)®d, and e6: Y, d @d — Y, d'd.
Furthermore 4 is a left comodule algebra of the B-bialgebroid G with a left coaction
Ap:d — GRpA, ars agy @ A ® agy)-

Note that the definition of a left H-comodule algebra is not dual to that of a left
H-module coalgebra. The reason is that, although the category of left H-modules is
monoidal, the category #.# of left comodules of an R-coring H is not. Thus there
is no way of defining a left H/-module algebra as an algebra in the category & /.
However, one can consider a more restrictive definition of a left H-comodule M (cf.
[16, Definition 5.5]) by requiring it to be an R-bimodule with an R-bimodule coaction
Mp:M — H @ M such that Im(™p) C H xz M, where

HXRM

= {Zh[ ®rm' € H @p M |VreR, Zh[fy(i’)@Rm[:Zhi ®Qrm' ~r}.

The subcategory R[? Mr C g A of all such comodules is monoidal. For all M, N € R{J My,
M@gN € { g via O p(m@gn) = m_1yn(_1y@rm gy @gnqoy. Note that the right-hand
side is well defined because Im(*p) C H xz M. R is the unit in ¥ .4y with the trivial
coaction ®p(r) = sy (r) @& 1. Furthermore, the forgetful functor F: ¥ .#r — gy is
strict monoidal. Now, one could define a left H-comodule algebra as an algebra in
the monoidal category (¥.#r,®g,R). It appears, however, that this definition is too
restrictive to cover the case of a weak Doi—Koppinen datum.

Definition 3.6. Let (H,sy,ty, 4,¢) be an R-bialgebroid. Then (H, 4, C) is called a (left—
left) Doi-Koppinen datum over (an algebra) R if A is a left H-comodule algebra and
C is a left H-module coalgebra. Such a datum is denoted by (H, A4, C)g. The category
of Doi—Koppinen data with A over R is denoted by .4 r(H ).
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A (left-left) Doi-Koppinen module over R (associated to (H,A4,C)g) is a triple
(M, -, Mp), where (M, -) is a left A-module (hence M is a left R-module via s,), (M, p)
is a left comodule of the R-coring C, and for all a€ 4 and me M,

Mp(a-my=a_yy-m_1y ®r agy - m. (7)

The category of Doi—Koppinen modules associated to (H,A4,C)z is denoted by
C_l(H;R). Note that the right-hand side of (7) is well defined since Im(“p) C H xgA.

Example 3.7. There are various examples of special cases of the category {.#(H;R)
obtained by setting 4 = H,R,R® and C = H,R,R°. In particular, the category of left
H-modules, the category of left H-comodules or the category of (generalised) relative
Hopf modules #.4(H;R) and its dual §.4(H;R) are all special cases of the category
CU(H;R)
4 > £Y).

The main aim of this section is to show that a weak Doi—Koppinen datum in Defi-
nition 2.2 is a special case of a Doi—Koppinen datum over a noncommutative algebra.
This provides one with a new point of view on weak Doi—Koppinen modules. In the
proof of the next two propositions, we will make use of the following remark.

Remark 3.8. If S is a separable k-algebra with an idempotent e = e()®e(?) (summation
understood), and M and N are S-bimodules then the canonical projection M @ N —
M ®gs N has a section

6 MRsN—-M@N, amsn)=m-eP @e? . n.
If H is a weak Hopf algebra, then H is a bialgebroid over a separable (and Frobenius)

algebra R with idempotent e = S(1(1))®1(2) and the Frobenius map ¢ :R — k, ¢ :=¢|g,
the restriction of a weak counit of H to R.

Proposition 3.9. Let H be a weak Hopf algebra viewed as an R-bialgebroid as in
Proposition 3.1. Then the category of left weak H-comodule algebras (in the sense
of Definition 2.2) and of left comodule algebras over the bialgebroid H (in the sense
of Definition 3.4) are isomorphic to each other.

Proof. (1) Let 4 be a left H-comodule algebra. We will show that A4 is then a left
comodule algebra over the R-bialgebroid H. Note that

siiR— A, sq(IT"(h)) = e(1(_1yh)1 gy,

where ¢: H — k is a weak counit, is a well-defined algebra map. Indeed, suppose
r=II*(h) = 0. This means that &(1(1)4)12) =0, and therefore

sa(r) = e(1_pyh)e(1—1y)l0y = e(1yh)e(12)l(~1y)10) = 0.
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Note that the second equality was obtained by using the following observation made
in [8, Proposition 4.11]. The unit property of a coaction of a weak comodule algebra
in Definition 2.2(1) is equivalent to

1<,2>®1<,1>®1<0>21(|)®1(2)1<,1>®1<0>. (8)

This proves that s, is well-defined. To prove that s, is an algebra map we require the
following two equalities (cf. [2, Eq. (2.9b)] and [1, Eq. (2.1b)], respectively). For all
g,h€H and a€ 4,

*(g)h = haye(ghey),  T¥(a—1y) @ agy =1(_1) ®@ al ). )
Now for all » = IT-(h), s = IT*(g) we have

sa(rs) = s4(IT"(h)IT*(g))
= s4(IT"(IT*(h)g)) = e(1(_1ye(L1yh)12)9) 1 (0

=e(1_pyme(1—1yg) 10y = e(1(—ayh)e(g(1))e(1(—1y92))1 0y

(by Egs. (9)) = &(1(—ayh)e(IT*(1(_1y)9)1 0
=e(1_nme(l—11g)10) L0
=54(r)s4(s),

where 1,_1y ® 1 denotes another copy of 1,_1,®1gy, and [2, Lemma 2.5] has been
used to derive the second equality and the unit property in Definition 2.2(1) to obtain
the fourth one. This proves that s4 is an algebra map and hence (4,s,) is an R-ring.

Next, using the canonical projection can: H®A4 — H®gA define a map p = can o’p,
p:A — H ®p A, where 4p:4 — H ® A is the left coaction of a weak Hopf algebra.
Explicitly, p(a)=a(_y ®ra. The map p is left R-linear since using Eq. (8) and the
fact that 4 is a comodule algebra we have for all » = ITX(h)€R and a € 4

p(r-a)=p(e(l—nyh)lya) = e(1—pyh)1(—1ya—1y @r 10ya)
= o1yl (—nya1y @r Lgyawy = M (h)a_1y @r ).

Then it is clear that (4, 5) € ¥ .#. We prove now that Im(p) C H xz 4. Eq. (4) implies
that for all g€ H and a € 4

a—2 ® a<_]>HL(g) ® aqp) = a<_2)Sil(HL(g)) Q@ ai—1y @ aqp)-
Apply H ® e ® 4 to the last equality to obtain

a(—2y ® elai—1y I1*(g))ay = a1, S~ (I1"(9)) @ ag).
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Using Egs. (2.2a) and (2.2b) in [2] which, put together, state that for all g,h€ H,
e(gIT (h)) = e(ITR(g)h) we compute

a_) ® e(a_1yI1*(9))agoy = a(—zy @ e(IT"(ai_1y)g)a

(by Eq. (9)) = a1y ® &(1(_1yg)ay 1)
=ai_1y ® agysa(I1(9)).
Hence we have proved that
a-yST'ITM(g)) ® ag) = a1y @ agysa(I1(9)). (10)

In particular, Im(p) C H xgA as required. It remains to be proven that p(14) =157z 14.
Using the unit property of a comodule algebra of a weak Hopf algebra in Definition
2.2(1) we compute

p(1y) =12 @e(1_1))1y = 1) @ e(1—ny12)) 10y = 1) @ s4(1(2)).

Since A4 is a left R-module via s, we obtain
Li—1y ®r Loy = 1) ®@r s4(12)) = 11y - 12) ®r 14

:Sil(l(z))l(l) Rply=1y Rz 14.

This completes the proof that (A4,s4,p) is a left H-comodule algebra over the R-
bialgebroid H.

If f:(4,%p) — (B,Bp) is a morphism of left H-comodule algebras, then f :(4,s4, /)
— (B, sp,p) is also a morphism of left H-comodule algebras over the R-bialgebroid
H. In view of the definition of g, the left H-colinearity is obvious. We also know that
f is an algebra map, so f is a map of R-rings if s = f os4. Using the H-colinearity
of f and the fact that f(14)= 15, we find

FlsaE(h)) = e(Layh) f (Lagoy) = e/ (La) -y f(La)oy

= o(1p(—1yh) S (15(0)) = sp(1T"(h))

(2) Conversely, let (4,54,”p) be a left comodule algebra over the bialgebroid H as
in Definition 3.4. We prove that 4 is a weak left H-comodule algebra with coaction
given by p = o o“p. Explicitly

pla)=ai1) - S(n) @ 1) - a) = lnya-ny @ e - a)
= lmac-y @ sa(le)ag),

where we used that H is a right R-module via the target map t =S~ !|. The fact that
(4,p) is a left comodule of a weak Hopf algebra H can easily be established with the
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help of Eqgs. (2). We prove now that j is an algebra map. First, since Im(4p) C H x4
we have for all »€R and a € A4,

a_nty(r) @r agy = a(—1y @ a)S4(r).
Applying the section ¢ we obtain
1(1)a<,1>t]_[(7”) ®S,4(1(2))a<0> = 1(1)a<,1> ®SA(1(2))LZ<0>SA(I”). (11)

On the other hand, application of ¢ to an expression reflecting the fact that 4p: 4 —
H xp A is an algebra map leads to the equality

Lay(ab)(—1y @ s4(12))(ab) o)
=lmanb1 @sa(1@)ap)b)- (12)
Noting that ¢4 =51 |z and writing 11,y ® 1(2/y for another copy of 1(1)® l(2) we have

p(a)p(b) = 1ya—ylanb—1y @ sa4(12))a0ys4(12))b o)
(by Eq. (11)) = Iya— S~ (Lo lanb—1y @ sa(12))aobio

(by Eq. (12)) = 1(1y(ab)(—1y ® s4(12))(ab) oy = p(ab),

i.e., p is multiplicative as required. It remains to prove the unit property of the weak
coaction p. Since p(1) = 1)1y ® 1(2) - 1(9) We obtain that

(H®p)op(l)= Iliyli—ay ® Lgyl—1y ® 1(3) - L(gy-
Hence the unit property of p is equivalent to the following equation:
lan @ Imlylen @ 1oy Loy =1l @ Il @ 1) - L)
It is known, however, that
L1y ®r Loy = 1u @r 14 (13)
for (4,”p) is a comodule algebra of an R-bialgebroid. Application of ¢ yields
Ity ®@ 1) - Loy = 1) @ sa(l@))- (14)
Next apply 4 ® A to the preceding equality to obtain
Layl—ay @ Ly li—1y ® 13y - 10y = 1(1) ® 1(2) @ 54(1(3))-

Now the required condition follows from these two equations, and Eq. (2). Thus we
conclude that (4, p) is a left weak H-comodule algebra.

Suppose now that f:(A4,s4,4p) — (B,sp,Bp) is a morphism of left H-comodule
algebras over the R-bialgebroid A. Then f is an algebra map, and

a1y ®r flaw)) = f(a)—1y @r f(a))-



56 T. Brzezinski et al. | Journal of Pure and Applied Algebra 175 (2002) 45-62

Applying ¢ to both sides, we obtain

ac—yy - S(1ay)) @ Ly - flawy) = fa)—1y - S(ay) @ 1y - f(a)y-

S is a map of left R-modules, so the left-hand side equals a(_1y-S(1(1))® f(12)-ao))s
and this means that f':(4,p) — (B, p) is left H-colinear, and f is a morphism of left
H-comodule algebras.

(3) We still need to show that the functors constructed in parts (1) and (2) of the
proof are inverses to each other. First, let (4, p) be a left weak H-comodule algebra.
It is first transformed into a left H-comodule algebra (4, p,s4) over the bialgebroid R,
and then into a left weak H-comodule algebra (4, p). We easily compute that

pla) =aq—1y - S(11)) ® Loy - aqy = Linya—1y @ sa(l))a)
= lma(-1y ®e(1(-1y12))0)a(0)
=l_pa1y @ e(1_1y)oya)
= lnany ® Lga) = a1y ® ag) = pla),

as needed. We used Definition 2.2(1).

Conversely, we start with a left H-comodule algebra (4, p,s4) over the bialgebroid
R, transform it into a weak left H-comodule algebra (4, ) using part (2), and then
back into (4,p,54) over R. We have to show that p = p and s4 = §4. We write
p(a) =a_yy ®r a(g, and then easily find that

pla)=a_1y - S(11)) ®r 12) - a()
=a_1y - (S(1y)l@)) ®r aq) = a1y Qr agy = p(a).
Using Eq. (14), we obtain

S4(IT*(h)) = e(1) L1y m)sa(12)) 10y = sa(e(1yh)1 @) = sa(IT*(h)). O

Proposition 3.10. Let H be a weak Hopf algebra viewed as an R-bialgebroid as in
Proposition 3.1. The categories of left weak H-module coalgebras (in the sense of
Definition 2.2) and of left module coalgebras over the bialgebroid H (in the sense of
Definition 3.2) are isomorphic to each other.

Proof. (1) Let (C,4c,ec) be a left weak H-module coalgebra and define A¢:C —
C®rC, cr— 1) ®r €2) and §c:C — R, c — Ec(l(l) . 0)1(2). We will show that these
maps make C into a left module coalgebra of the R-bialgebroid H.

Since Ac¢ is left H-linear, so is A~C. This implies that ANC 1S an R-bimodule
map. Next we prove that & is left H-linear. First note that setting g = 1y in
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Definition 2.2(2) one immediately obtains ec(s-c)= ey (hl(2))ec(11y-c) for all he H,
c € C. In particular

gc(h-c)=ec(1ary - en(1yhla))lay = I (hla))ec(1) - €)

= &n(hl@)ec(ly - €) = Eu(hIT (Ec(c))) = h>Ec(c),

where 1(1/) ® 1(2+y is another copy of A(1y) and &y :H — R is the counit of A as an
R-bialgebroid. This implies that ¢ is an R-bimodule map. Clearly, A¢ is a coproduct
and ¢ is a counit of an R-coring C. The compatibility of Ac with the left action of
H on C follows immediately from the fact that C is a weak module coalgebra. Thus
we conclude that C is a left module coalgebra over the R-bialgebroid H as claimed.

Let f:(C,4¢c,ec) — (D,4p,ep) be a morphism of left weak H-module coalge-
bras. Then f is left H-linear, and it clearly preserves the comultiplication over R.
Furthermore

ép(f(c))=ep(1q) - f(eNlay=ep(f(11)-c)le)=¢ec(lq) - c)l@)=éc(c)

and we conclude that f :(C,A~C,§c) — (D,A~D,§D) is a morphism of left H-module
coalgebras over the R-bialgebroid H.

(2) Conversely, assume that C is a left module coalgebra over the R-bialgebroid H,
in the sense of Definition 3.2. We claim that C is a left weak H-module coalgebra
with the coproduct

Ae:C—C@C  Acle)=cay-S11) @ Ly -y = lay - ey @ Ly - ¢

(note that here 1(1)® 12y=A4(1x) while c(1)®grcp)y=4c(c)), and the counit éc: C — k,
¢ — @(ec(c)), where ¢c: C — R is the counit of the R-coring C and ¢ :R — k is the
Frobenius map ¢ :=¢|g, the restriction of the counit of a weak Hopf algebra H to the
Frobenius algebra R. This claim can be proven by a fairly straightforward calculation
and hence details of the proof are left to the reader.

Let f:(C,4¢c,ec) — (D, 4p,ep) be a morphism of left H-module coalgebras over
the bialgebroid H. Then f is left H-linear and

(f ® NHAc(e)= fleqy - SU)) @ [l - c))
= f(cay) - SU1) ® 1) - fe) = Ap(f(€))
and
&p(f(c)) = @(ep(f(€))) = p(ec(c)) = &c(c),
so that f is also a morphism in the category of weak left Z/-module coalgebras.

(3) We finally prove that the functors constructed in parts (1) and (2) of the proof are
inverses to each other. First we take a left weak H-module coalgebra (C, 4A¢,&c), turn
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it into a left module coalgebra (C, A~c_, éc) over the bialgebroid H, and then back into
a left weak H-module coalgebra (C, A¢, &¢). Using Remark 3.8, we find

Ac(e)=cqy - S(1ay) ® 1y - ey = (0 can)(ca) @ c2)) = Ac(c)
and
gc(c) =e(Ec(c)) =ec(1qay - c)e(12y) = ec(c).

Finally take a left module coalgebral (C, Ac,ec) over the bialgebroid A, make it into a
weak left /-module coalgebra (C, 4c,éc), and then back into a left module coalgebra
(C,4c¢,éc) over the bialgebroid H. Obviously

Ac(c) = cay - S(11y) ®r 12) - coy = Ac(c).

Proving & = ¢ is slightly more complicated. Recall that ¢: H — k is the counit of the
weak Hopf algebra H, and ey =IT* : H — R is the counit of the R-bialgebroid H. Take
c € C, and write ec(c) = IT*(g) € R, for some g € H. Observe that &(IT*(g)) = &(g) and
gc(c)=¢(ec(c)), and compute

c(c) =éc(lay - o)y = e(ec(lay - €))l2)
(by Eq. (6)) = &(1a1) > ec(€))12)
(by Eq. (5)) = e(en(11ysu(ec(c)))) 2y
= e(IT"(1yec(N 1) = e(lnec(e)le)
= (1) [T (9))1 2y = e(1ye(1{19) 1 (2))12)
(by Eq. (2)) = e(e(1y9)12))13)

=e(11y9) 1) = IT"(g) = ec(c)

this completes the proof. []

Combining Propositions 3.9 and 3.10, we immediately obtain the following theorem,
which is the main result of this Section. We leave it to the reader to define morphisms
between left-left weak Doi—Koppinen data, and between left-left Doi—Koppinen data
over an algebra R.

Theorem 3.11. Let H be a weak Hopf algebra, and view it also as an R-bialgebroid,
as in Proposition 3.1. Then there is an isomorphism of categories W DK (H) =
DA R(H). Furthermore, the corresponding categories of Doi—Koppinen modules are
isomorphic.
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4. A coring associated to a Doi—Koppinen datum over R and applications

In this section we construct an A-coring corresponding to a given Doi—Koppinen
datum (H,4,C)g over R. This allows one to use methods employed in [S] to derive
various properties of Doi—Koppinen modules over an algebra.

Proposition 4.1. Let (H,A4,C)r be a Doi-Koppinen datum over R. Then € = C ®x A
is an A-bimodule with the right action given by the multiplication in A and the left
action a-(c ®@ga')=a(_yy - c Qg ayd’, for all a,a’ € A, c € C. Furthermore € is an
A-coring with comultiplication Ay = Ac Qg A and the counit ¢y = ec Qr A, where Ac,
ec are the coproduct and the counit of the R-coring C. In this case the categories
of left €-comodules and of left-left Doi—Koppinen modules over R are isomorphic to
each other.

Proof. First note that the left action of 4 on ¥ is well-defined since the image of
the left H-coaction of A4 is required to be in 4 xz H. The fact that it is an action
indeed follows from the fact that 4 is a left H-comodule algebra. Note also that in
the definitions of A¢ and &, we used the natural isomorphisms C @z 4 @4 C Qg A =
CRrC®rA and R ®r A = A, respectively. Clearly A4 is a right A-module map. To
prove that it is a left 4-module map as well take any a,a’ € 4 and c € C and compute

Ag(a-(c@ra"))=(a_1y- )y ®r (a1 - €)2) @r agyd
=a(_y) - (1) Or (1) - €2) Or a0y’
where we used that C is a left H-module coalgebra. On the other hand
a-Ag(c@ra)=a (cqy®r 1) @4 (co)@rd)=ar_1y-cq)Qraq) - (co)Qrd)
= a2 - ) R () - €@) Bp )
This proves that A4 is right A-linear, hence it is an A-bimodule map as required.
Directly from the definition of A4 it follows that it is coassociative.

It is clear that ¢4 is right A-linear. To prove that it is also a left A-module morphism
take any a,a’ € A, c € C and compute

eg(a-(c@rad))=ec(a_yy-c)-(apa") = en(a—1su(ec(c))) - (apya’)
=ey(a—ytu(ec(c))) - (apya’) = ey(ai1y) - (apysalec(c))a’)
= a(ysa(ec(c))d = agy(c @p d’),
where we used that C is a left H-module coalgebra to obtain the second equality, then

Eq. (1) to derive the third one and the fact that the image of the left coaction of H on
A is in H Xz A to obtain the fourth equality. This proves that ¢4 is left A-linear hence
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it is A-bilinear. The fact that &4 is a counit of ¥ follows directly from the definition
of &4. Thus we conclude that € is an A-coring as stated.

To prove the isomorphism of categories, take any left ¥-comodule (M, p) and view
it as a Doi—Koppinen module via the same coaction p: M — CRrAQ M = CRzr M.
Conversely, any Doi—Koppinen module (44, -, p) can be viewed as a left 4 comodule
via pMH C®RMg C®RA®AM:(€®AM OJ

One can now use the general results about corings in [5]! combined with Proposition
4.1 to derive various properties of Doi—Koppinen modules over a noncommutative alge-
bra R. For example [5, Lemma 3.1] implies that the forgetful functor F:§.#(H;R) —
4/ 1is the left adjoint of the induction functor G = C ®g —: 44 — g% (H;R). Fur-
thermore by [5, Theorems 3.3, 3.5] one has

Corollary 4.2. Let (H,A,C)g be a left-left Doi—Koppinen datum over R.

(1) The induction functor G = C @g —: 4 M — S M(H;R) is separable if and only
if there exists e=Y, ¢ @gpa' € C ®r A such that ", ec(c')-a' =14 and for all a € A,
Yiacy ¢ @rapgyd =Y, ¢ Qrda.

(2) The forgetful functor F:SM(H;R) — 4.4 is separable if and only if there
exists a right A-bimodule map 7:C Qg C — A such that for all a€ A and ¢,c’ € C,
e Y(c) ®rcp)) =ec(c)- 1y,

e y(aia) -c@ragyy-cag =ayc®rc),
® C(1) QR ’))(C(z) Rr C/) — y(c KRR C(l))(—l) . C(Z) Rr “))(C XRpr Cél))«)).

Finally, it has been observed in [5, Proposition 2.3], that given a weak entwin-
ing structure (4, C,), and hence a weak Doi—Koppinen datum in particular, one can
construct a coring obtained as an image of certain projection in C ® A. Since a weak
Doi—Koppinen datum is a special case of a Doi—Koppinen datum over R it is important
to study the relationship of this coring to C ®p 4.

Proposition 4.3. Let (H,A4,C) be weak Doi—Koppinen datum. Define the correspond-
ing A-coring G ={>"; 1(_1y-c'®1pa’|a' € A,c' € C}, with the coproduct A;=(Ac®
A)|; and the counit e; = (ec ® A)|;. View (H,A,C) as a Doi-Koppinen datum over
R=1ImII* in Theorem 3.11. Then € =~ % = C @ A as A-corings.

Proof. Consider two maps 0:% — %, c Qpa — l_1y - ¢ ® lga, and 0:% — €,
Y, (d®d)— >, ¢’ ®ra'. The map 0 is well-defined because using Eq. (10) we have
for all a€ 4, ce C and r €R =Im IT*,

Oc-rora)=1_y-(c-r)@ lga=1_yty(r) - c®lga

=11y c®@Lgsa(r)a=0(c @rr-a).

! Note, however, that some care has to be taken when applying [5] since this paper is formulated in the
right-right module convention.
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Clearly, 0 is a right 4-module map. Recall from [5, Proposition 2.3] that % is a left
A-module via a- (3", 1(_1y-¢' ®@ lgyd') =", a1y - ¢ ®aya'. Now, the fact that 4 is
a weak left H-comodule algebra implies that 0 is a left A-module map. Thus 6 is an
A-bimodule map. To prove that 0 is a coring map take any a € 4, c € C and use the
fact that 4 is an H-comodule algebra to compute

(0®40)0 Ag(c®ra)=1_3 -cay®(1—nyli—1n) - ce)® Ly lwya

=12 cy® L_yy - ) ® Lga,

where 1(_j/y ® 1y is another copy of 1_;) ® l(g). On the other hand, using the fact
that C is a left H-module coalgebra we have

Az (0(c®ra)) = (1(—y-c))y@(1(—1y-c)oy @1 ya=1(—ay - c1)®@1(_1y - c2y @10y,

as required. Thus we have proven that 6 is a map of A-corings. We now prove that 0
is an inverse of 0. For a typical element x =3, 1,_yy - ¢’ ® I gya’ of 4 we have

0o 6(){) = Z Loy - c® 1<0/>1<0>ai = Z Lizyy - c® 1(())61[ =X
i i
for 4 is a weak H-module algebra. On the other hand, since 1,_y @19 =1(1)®s54(1(2))
(cf. proof of Theorem 3.11) we have for all ac 4, c€C

6o 0(c®ga)= 1<,1> - Cc Qp 1<0>a = 1(1) ~c ®rsa(lpy)a

={ay-¢)- 1oy ®ra ZS_I(I(Z))I(U cc®pa=cQ®ga.

This completes the proof that 6 is an isomorphism of A-corings. [J
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Note added in proof. In recent paper [17] it is shown that any weak bialgebra induces
a bialgebroid. It appears that Proposition 3.9, Proposition 3.10 and Theorem 3.11 hold
also in this more general case.
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