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1. Introduction

In recent years there has been an increasing interest in the study of various mathematical problems with variable
exponents. The main references in this field can be found in an overview paper [ 1]. For the applications of the p(t)-Laplacian
equations, we refer to the works [2-4]. The existence of solutions of p(t)-Laplacian Dirichlet problems has been studied by
several authors (see e.g. [5-7]). The purpose of the present paper is to study the homoclinic solution of the second-order
ordinary p(t)-Laplacian system

%(Iil(f)lp(t)fzil(f)) —a()[u(®)POu(t) + VW (t, u(t)) =0, (1.1)

wherep € C(R,R)andp(t) > 1,t e R, ue R¥, a: R — R,and W : R x RY — R. This is relatively a new topic for study.
As usual, we say that a solution u(t) of (1.1) is homoclinic (to 0) if u(t) — 0ast — =oo. In addition, if u(t) £ 0 then u(t)
is called a nontrivial homoclinic solution.

System (1.1) has been studied by Fan et al. in a series of papers [5-7]. Such p(t)-Laplacian systems have been applied
to describe the physical phenomena with “pointwise different properties”; in particular, (1.1) first arose in the nonlinear
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elasticity theory (see [8]). As expected, the p(t)-Laplacian operator possesses more complicated nonlinearity than that of
the p-Laplacian, for example, it is not homogeneous, this causes many troubles, and some classic theories and methods, such
as the theory of Sobolev spaces, are not applicable.

It is well-known that homoclinic orbits play an important role in analyzing the chaos of dynamical systems. If a system
has the transversely intersected homoclinic orbits, then it must be chaotic. Therefore, it is of practical importance and
mathematical significance to consider the existence of homoclinic orbits of (1.1) emanating from O.

If p(t) = p is a constant, system (1.1) reduces to the ordinary p-Laplacian system

d . —2 . —2
E(|u(t)|" u(t)) — a(®)|u(®)P~“u(t) + VW(t, u(t)) = 0. (1.2)

In recent years, the existence and multiplicity of homoclinic orbits for Hamiltonian systems have been investigated in
many papers via variational methods, and several results have been obtained based on various hypotheses on the potential
functions when p = 2, see, e.g., [9-16]. For the system (1.2), if a(t) and W (t, x) are T-periodic in t, Rabinowitz [ 16] showed
the existence of homoclinic orbits as a limit of 2kT-periodic solutions. The related results can be found in [17-21].If a(t) and
W (t, x) are non-periodic in t, the problem of existence of homoclinic orbits for the system (1.2) is quite different from the
ones just described, because of the lack of compactness of the Sobolev embedding. In [22], Rabinowitz and Tanaka studied
(1.2) with p = 2 without a periodicity assumption. Their main result can be stated as follows.

Theorem A ([22]). Assume that a and W satisfy the following conditions:

(A) a € C(R, (0,00)) and a(t) - 4ooas |t| — oo.
(W1) W e C1(R x RN, R) and there is a constant j > 2 such that

0 < uW(t,x) < (VW(t,x),x), Y(t,x) €R xR\ {0}.

(W2) |[VW (t, x)| = o(|x]) as |x| — O uniformly with respecttot € R.
(W3) Thereisa W € C(RN, R) such that

[W(t,x)| + [VW(t,x)| < [W(x)|, VY(t,x)eRxR"

(W4) W(t, —x) = W(t,x), Y(t,x) € R x RV,
Then there exists an unbounded sequence of homoclinic solutions for the system (1.2).

An immediate generalization of Theorem A to (1.1) by using the Symmetric Mountain Pass Theorem does not seem to
be possible. The difficulty lies in the verification of the last condition of the Symmetric Mountain Pass Theorem, which is
very different from the Mountain Pass Theorem. In this paper, motivated by the works of [10,17,22-25] we shall show how
Symmetric Mountain Pass Theorem can be applied to establish the existence of infinitely many homoclinic solutions of the
system (1.1). In what follows we shall also not assume the periodicity of the functions a(t) and W (¢, x). In particular, when
p(t) = 2, our results not only generalize Theorem A, but also relax conditions (W1) and (W2), and remove completely the
condition (W3).

Our main results are the following theorems.

Theorem 1.1. Assume that p, a and W satisfy (A),(W4) and the following assumptions:
(P) 1 < p™ = infrer p(t) < supcp p(t) :=p* < o0.
(W5) W(t,x) = Wi(t, x) — Wa(t, x), Wi, Wy, € CI(R x RN, R), and there is R > 0 such that
1
— VW, 0| =o(xP ") asx — 0
a(t)

uniformly int € (—oo, —R] U [R, 4-00).
(WG6) There is a constant . > p* such that

0 < puWi(t,x) < (VWi(t,x),x), VY(t,x) € R xR"\{0};
(W7) W,(t, 0) = 0 and there is a constant o € (p*, ) such that
Wi(t,x) =0,  (VWa(t,x),%) < oWy(t,x), ¥(t,x) eRxR".

Then there exists an unbounded sequence of homoclinic solutions for system (1.1).

Theorem 1.2. Assume that p, a and W satisfy (P), (A), (W4), (W6) and the following assumptions:
(W5') W(t,x) = Wi(t,x) — Wy(t, x), W;, W, € C'(R x RN, R), and

1 +_1
—|VW(, %) =o(xP =) asx— 0
a(t)

uniformlyint € R.
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(W7') W,(t,0) = 0 and there is a constant o € (p*, ) such that
(VWy(t, x),X) < oWa(t,x), V(t,x) € R x RY.

Then there exists an unbounded sequence of homoclinic solutions for system (1.1).

Theorem 1.3. Assume that p, a and W satisfy (P), (A), (W4), (W5’) and the following assumptions:
(W8) Foranyr > O, there exist o, B > O and v < p~ such that

0< (p(t) + ) W(t, x) < (VW(t,x),x), Y(t,x) eRxR".

1
o + Blx|¥
(W9) Foranyy > 0ande > 0
n t+e
lim s7* / min W (z, sx)dt = +00
s—-+00 e iz

uniformly with respecttot € [—y, y].
Then there exists an unbounded sequence of homoclinic solutions for system (1.1).

Remark 1.1. Obviously, when p(t) = 2, both conditions (W5) and (W5’) are weaker than (W2). Therefore, both
Theorems 1.1 and 1.2 with p(t) = 2 generalize Theorem A, respectively, by relaxing conditions (W1) and (W2) and removing
condition (W3).

The rest of this paper is organized as follows: in Section 2, we introduce some notations, collect some preliminary

results for the space W; P <t>, and establish the corresponding variational structure. In Section 3, we complete the proofs
of Theorems 1.1-1.3. In Section 4, we give some examples to illustrate our results.

2. Preliminaries

In this section, we recall some results from the critical point theory, and list necessary properties of the space Wa1 PO et
£2 C R be a measurable subset with meas 2 > 0.Let E = {u|u is a measurable function in £2}. Elements in E that are equal
to each other almost everywhere are considered as the same.

Define

P2, RY) = {u € S(2,RY)

/ a(t)|u®)PPdt < oo}
7

[ aol;
an |
o Ix
Define

E=W"P02 RY) = {uelPW2,RY)iec’V(2,RY)}
with the norm

inf u up® J
lull = in A>0|fg ’A +a(t)]ﬂ f<1t.

We call the space L’a’(t) a generalized Lebesgue space, which is a special kind of generalized Orlicz space. The space Wal PO
is called a generalized Sobolev space, which is a special kind of generalized Orlicz-Sobolev space. For the basic theory of

generalized Orlicz space and generalized Orlicz-Sobolev space, see [26,27]. One can find the general theory of spaces Lﬁ(t)
and W) P® in [24].

with the norm

|U|p([)’a = lﬂf{)\, >0

p(t)
a<1f.

p(t)

Lemma 2.1 ([24]). Let
p(u) = fg a(®)|ulP®@de, Vue 2O,

then
@) luppe <1(=1L>1D) = pw) <1(=1,>1);

.. - +
(ii) |u|p(t),a >1= |u|2$),a <pWw < |u|2(f)4‘1’
Ulpwy.a < T=> Ul o < pW) < [ulb o

(iii) |ulpry,a = 0 &= p(U) — 0; |ulp@r),a — 00 <= p(u) — oo.
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Lemma 2.2 ([24]). Let
p(u) = / (ufP© + a(®)|ulPPydt, Yu e WO,
2

then
@ lul<1E=EL>D= o <1(=1>1);
(i) flull > 1= IIuIIP; <o) < IIuIIPf.
lull < 1= lull’" <o) < |ullP;
(i) flu]] = 0 &= @) — 0; ||u|| —> 0o & ¢(u) — oo.

Lemma 2.3 ([24]). Let p(u) = [, a(t)|ulP©dt, Yu, u, € I’ (n = 1,2, ...), then the following statements are equivalent to
each other
(l) limn—>oo |un - u|p([),a =0;
(i) limy oo p(up —u) = 0;
(iii) u, —> uae. t € 2 andlim,_, o p(uy) = p(u).

Lemma 2.4 ([24]). If
R
p@®)  q®)

)

then

(i) (POY* = [1O where (IP1)* is the conjugate space of [P©;
(i) Yu € IO, v € 19O, we have

/ u(t)v(t)dt
o)

where ﬁ + ?1{) =1,q" = infier q(£).

Now, we provide the variational structure of the system (1.1).
Let I : E — R be defined by

1 1
= <F + qi> [ulplvhlgey < 2lulpelvlges

I(u) =/i(mv’(”+a(t)|u|P<f>)dt—/W(t,u(t))dt. (2.1)
r P(t) R

For convenience, we denote

Jw = f iumpm+a(t>|u|"“>)dt, F(u) = / W (t, u(t))dt. (2.2)
r P(0) R

Lemma 2.5 ([24]).
(i) J € CY(E, R), and

', v) = /(Iﬂ(t)l”(”_z(ﬂ(t), () + a@®u®) PO ), v©))dt, Vu,v € E;
R

(ii) J' : E — E*isamapping of type (S,.), i.e., if u, — uand limy_ o (' (un), u, —u) < 0, then uy, has a convergent subsequence
inE.

If (A), (W5) or (W5’) hold, then I € C'(E, R) and one can easily check that
(I'(w), v) = /[Iﬂ(t)lp(”’z(il(t), 0(6)) 4 a(®) [u() PO (t), v(t)) — (YW, u(t)), v(t))]dt. (2.3)
R

Furthermore, the critical points of I in E are classical solutions of (1.1) with u(4+o00) = 0.

Lemma 2.6 ([24,25]).1f u € E, thenu € C(R, RV), and u(t) — 0, |t| — oco. Furthermore, the embedding E — L®°(R, R") is
continuous and compact.

Remark 2.1. By Lemma 2.6, there exists a constant C > 0 such that
lulloo == llullee < Cllulle. (2.4)

Lemma 2.7. Assume that (W6) and (W7) or (W7’) hold. Then for every (t, x) € R x RV,
(i) sT*Wq(t, sx) is nondecreasing on (0, +00);
(ii) sT@W,(t, sx) is nonincreasing on (0, +00).

The proof of Lemma 2.7 is routine and so we omit it.
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Lemma 2.8 ([28]). Let E be a real Banach space and I € C'(E, R) satisfy Palais-Smale (PS)-condition. Suppose that I satisfies
the following conditions:

(i) 1(0) = 0.
(i) There exist constants p, « > 0 such that I|3g,0) > .
(iii) For each finite dimensional subspace E' C E, thereisr = r(E’) > 0 such that I(u) < 0 for u € E’\ B, (0), where B, (0) is an
open ball in E of radius r centered at 0.
Then I possesses an unbounded sequence of critical values.

Remark 2.2. A deformation lemma can be proved with condition (C) replacing the usual (PS)-condition, and it turns out
that Lemma 2.8 hold true under condition (C). (We say I satisfies condition (C), i.e., for every sequence {u,} C E, {u,} has a
convergent subsequence if I (1) is bounded and (1 + |Jug|]) [I' (up)|| — 0as k — o0.)

3. Proof of theorems

Proof of Theorem 1.1. It is clear that I(0) = 0. We first show that I satisfies the (PS)-condition. Assume that {uy}xeny C E is
a sequence such that {I(uy)}xey is bounded and I’ (1) — 0 as k — +oc. Then there exists a constant ¢ > 0 such that

Hw)| <c,  |I'w)llex <c forkeN. (3.1

We may assume that ||ug|| > 1, otherwise, ||u|| is bounded obviously. From (2.1), (2.3), (3.1), (W6), (W7) and Lemma 2.2,
we obtain

c 1
c+ —lluell = Tu) — — (I (i), ug)
1 1

_ / <L _ l) (alP® + a(t)|ulPD)dt — f W(t, u(t))dt
rA\DP()  p R

1
+ n /[(le(f, u(t)), u(t)) — (VWa(t, ug(t)), ux(t))1dt
R

><1 1)||u||’"

= - T k

pt on
1 1 _

S L N P
+
p 123

It follows from (P) that there exists a constant A > 0 such that
lug| <A fork e N. (3.2)

Thus passing to a subsequence if necessary, it can be assumed that u, — u in E. For any given number ¢ > 0, by (W5), we
can choose § € (0, 1) such that

IVW(t. )| < pea®)x’ ", |W(t.x)| < ea®)]x’" for|t| >R, and |x| < 6. (3.3)

Since u € E, by Lemma 2.6, we can also choose R; > 0 such that

lu(t)| < g, for |t| > R;. (34)
It follows from (3.3) and (3.4) that

VWt u(®)] < prea®u®P =1 (Wt u(®)] < ea®)u®)P for || = R = max{R. Ry}. (3.5)
By Lemma 2.6, u;y — u in L°(R, RY), and hence we can choose K; € N such that

lue(®)| <8, Vk>K;, |t|>FR. (3.6)
Thus,

VW (t, up(0)] < prea®we®)P ', IW(E w(®)] < ea®up(®)P" for|¢] > R (3.7)

By Lemma 2.6 and (W5), it is easy to verify that there exists K, € N such that

W (&, w(6) — Wt u(®)] < — [VW(t, up(t)) — VW (¢, u(t)| = Zi . Vk>K, |t| <R. (3.8)

2R’ R
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Then, for Vk > K := max{K1, K>}, by (3.4), (3.6), (3.7) and (3.8), we obtain

|F(up) — Fu)| =

IA

IA

IA

IA

/ (W, (D)) — W(E, u(D)de
R

R/
/ Wt u(©)) — Wt u(®)] de + f Wt w(6)) — W(E, u(t)|dt
Y R\[—R',R']
et / a®) (u?” + [uP)de
R\[fR/,R/]
e+ e/ a(t) (JueP© + [ulP®)dt.
R\[—R/,R/]

ot / a(®) (PO + JulP©)dt.
R

It follows from (3.2) and Lemma 2.2 that F (u,) — F(u).

On the other hand, by (2.4), (3.7), (3.8) and Young’s inequality, for any v € E, k > K, we have

|(F'(u) — F'(w), v)| < f IVW(t, ue(t))v — VW(t, u(t))vldt
R

Hence,

IF'(w) — F )l =

§Cs+p

It follows from (3.2) and Lemma 2.2 that F’(u,) — F’(u). Since I’ (uy) = J' (ux) — F' (1) — 0, we find

J(w) — F(u),

R/
< f VW (E, w()) — YW (e, u(®)) v]de
_R/

+ / [IVW(t, ug(t)) — VW (t, u(t))|lv|dt
R\[-R'.R]

+ +
= 8||v||oo+8/ a®)(uel” + [ul”)[vlde
R\[-R',R']

-1 1
< el +e [ a <&|u,{|p<r> N 7|U|pm> i
R\[-R".R'] p(t) p(t)

£)—1 1
+£/ a(t) (L ) |ulP® + —|v|"<f)> dt
R\[—R',R'] p(t) p(t)

pr—1 0 ®
£ a(®) (Jug [P + [ulP)dt
R\[—R’.R’]

= Cevll +

2
+—¢ f a(t)|vPOdt
p R\[—R',R']

pr—1 ® ®
e | a@®)(ueP” + [ulP)dt
R

= Celvll +

2
+—efa(r)|v|l’<“dr.
P Jr

uSln]Bl |(F'(we) — F'(u), )|

+

2
. / 0 (uP® + POy + .
P R\[—R',R'] P~

(3.9)

(3.10)

(3.11)

which implies that (J' (uy), uxy —u) — 0.By Lemma 2.5, ]’ is a mapping of type (S, ), and hence, u, — u. Therefore, I satisfies

(PS) condition.

We shall now show that there exist constants p, & > 0 such that I satisfies assumption (ii) of Lemma 2.8. By (W5), there

exists n € (0, 1) such that

1
|VW<t,x)|55a<r>|x|P+-l forlt| >R, |x| <.

(3.12)
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Since W (t, 0) = 0, it follows that
1 +
[W(t, x)| < 2—+a(t)l><|" for [t| > R, x| < 7. (3.13)
D

Set

M =su { Wi, %)
a(t)

Also, set ¢ = min{1/@2p*tM + 1)/ . C}. By (2.4),if |u|| = ¢ :=p < 1,thenfu(t)] <¢ <n < 1fort € R.By(3.14)
and Lemma 2.7(i), we have

t e[-R,R], x e RV, |x| = 1}. (3.14)

R u(t)
/ Wi(t, u(t))dt < / W (t, > [u(t)|*dt
—R {te[—R.R]:u(t)#0} [u(t)]

R
< M/ a(t)|u(e)|“de
—R

IA

R
MsrP" / a(t)|u) P’ de
—R

1 (R .
/ a(t)|u(t)|P dt

< —

~ 2pt Jg
1 R

< —f a(®)|u(t)|POde. (3.15)
2pt J_g

Now let

_ ey
*= o \c

For ||ul| = p < 1, from (2.1), (3.13), (3.15), (W6), (W7) and Lemma 2.2, we have

+

Iw = / L1l + a@luP©)de — / Wt u(t))dt
r P(b) R

R
= / iﬂav’“)+a<r>|u|”“>>dt— f W (t, u(t))dt — / W (t, u(t))dt
r P(t) R\[—R.R] —R

R
> / L 1P + a@lup©yde — —— / a(®)lu(OP" dt — f Wi (e, u(t))dt
r P(t) 2pt Jr\—rR) —R

1 1 R
> / L 1P + a@lup©yde — —— / a(®)u(POdt - / Wi e, u(e)de
r P(t) 2pt Jr\—rR] —R

1 1 1 R
> | —(ulP® + a@®)ufPydt — — / a®)u®POdt — — f a(t)[u(0) PV dt
/R p(t) 2pt Jr\—rR] 2pt J g

1
> o [P + el
2p* Jr
-
> —|lullP
> ol
= . (3.]6)

Clearly, (3.16) shows that ||u|| = p implies that I(u) > «, i.e., I satisfies assumption (ii) of Lemma 2.8.
Now, we shall prove (iii). Let E’ be a finite dimensional subspace of E. Assume that dimE’ = m and uq, u,, ..., Uy is the
base of E’ such that

luill =¢, i=1,2,...,m (3.17)
Forany u € E’, thereexist A; € R, i = 1,2, ..., msuch that

u(t) =Y dui(t) fort €R. (3.18)

i=1
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Let

m
lulle =Y 1l Nl (3.19)
i=1
It is easy to verify that || - ||, defined by (3.19) is a norm on E’. Since all the norms in a finite dimensional normed space are

equivalent, there are constants ¢ > 0 and ¢’ > 0 such that

lulls < flull < cllulle foru € E'. (3.20)

Since u; € E, we can choose R; > R such that

/

c'n .
u(t)| < ——, t| >Ry, i=1,2,...,m, 3.21
[u; ()] Tro It 1 (3.21)
where 7 is given in (3.12). Set
m m
O = inu,-(t) SMER, i=1,2,...,m; Z|A,—| - 1} ={uek :|ul,=c} (3.22)
i=1 i=1

Then, foru € ®, let ty = to(u) € R be such that
[u(to)| = llulloo- (3.23)
Now by (3.17)-(3.20), (3.22) and (3.23), we have

m m
de=ced =Y Dl luill = cllull.
i=1 i=1

=< lull = cllullieo) = clu(to)l
m
< ey Inillutto)l, ueo. (324)
i=1
This shows that |u(ty)| > ¢” and there exists iy € {1, 2, ..., m} such that |u;,(to)| > ¢, which, together with (3.21), implies
that |l'0| < R1.SetR2 = R] + 1and
C/
y:min{Wl(t,x):—sztfRz, 2§|x|§cC}. (3.25)

Since W;(t,x) > Oforallt € Randx € RV \ {0}, and W; € C'(R x RV, R), it follows that y > 0. Now forany u € E, it
follows from (2.4) and Lemma 2.7 (ii) that

Ry

W (t, u(t))dt = /

{tel—Ry. Ry J:[u(t)|>1}

Wy (t, u(t))dt + / Wo (¢, u(t))dt

L) {tel—Ry. Ry ]:lu(D)| <1}

u(t) Ry
< / Wy [ t, —= ) Ju(t)|%dt + / max W, (t, X)dt
{te[—Ry.Ry):[u(t)|>1} [u(t)] —R, XI=1
Ry Ry
< lullé, max W, (t, X)dt + max W, (t, x)dt
Ry KI=1 Ry WI=1
Ry Ry
< C9|ulj® max W, (t, X)dt + max W, (t, X)dt
Ry KI=1 Ry WI=1
= M|ull® + My, (3.26)
where
Ry Ry
M, = C? max W, (t, x)dt, M; = max W, (t, x)dt.
—R, XI=1 —R, XI=1
Since ii; € [PO(R), i =1, 2, ..., m, we find that there exists € € (0, 1) such that

t+e _

/ ()lds < (2€)"4 [i(s) ],

t—e

C/

< — forteR,i=1,2,...,m. (3.27)
=
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Then for u € ® with |u(ty)| = |lullec and t € [ty — €, to + €], it follows from (3.18), (3.22)-(3.24) and (3.27) that

t
lu@®)P = Ju(to)|” +p_/ u(s)[” 2(us), u(s))ds
to

B tot+e B
> |u(to)[? —p‘/ |i(s)lu(s)P ~'ds
tp—e€
_ B to+e
> ()P — p lu(t)? ! f j1(5)]ds
to—€
_ _ m tot+e
> utto)P” —p )l o [ liolds
i=1 top—e€
>

c _
— lu(t, p -1
2I(o)l

c I’
- <5> _ (3.28)

On the other hand, since ||u|| < c foru € 0, it follows from (2.4) that
lut)| <cC forteR, ueO. (3.29)
Hence, from (3.25), (3.28) and (3.29), we have

Ry to+e

Wi (t, u(t))dt > / Wi(t, u(t))dt > 2¢y foru e ©. (3.30)

—Ry to—e€

Also, by (3.21) and (3.22), we have
m
lu@®l <Yl < n for|t| = Ry, u € O. (331)

i=1

From (3.13), (3.26), (3.30), (3.31) and Lemma 2.7, we find foru € ® and o > 1,
1 mie! (t)
Iou) = | —(oufP'” +a®)|ouP'P)dt — | W(t, ou(t))dt
r P(t) R
1
= / —(|oa|l’<”+a(t)|ou|P<f>)dr+/wz(r,au(t))dt—/W1(r,ou(t))dt
r D(t) R R

< /i(|au|f’<f>+a(t)|au|ﬂ<f))dr+a@fwz(t, u(t))dt—a”/m(t, u(t))dt
R R

r D(t)
= / i(waw(‘) + a(t)|oulPP)dt + 09/ Wa(t, u(t))dt — a“/ Wi (¢, u(t))dt
r P(D) R\(—R.R2) R\(—R;.R2)
Ry Ry
+0° W (t, u(t))dt — o Wi (t, u(t))dt
—Ry —Ry
< / i(|oa|p<° +a(t)|oulPD)dt — o@/ W(t, u(t))dt
r D(t) R\(—Ry.Ry)
Ry Ry
+0° Wa(t, u(t))dt — o* Wi (t, u(t))dt
—Ry —Ry

‘1 o
< / L 1ol + a(©)ouP©yde + 2 / a®)u(®)P*dt + o0 My ul° + My) — 2ey 0™
& D(t) 2p* Jr\(<Ry.Ry)

o @ max{|[ull’s ", 1) ®
a(t)u(t)|Pdt

1
< [ 5ol + aloupOyde +
r P(D)

+oMi||ul|® +M,) — 2eyo”
oP max{c?", P} max{c?", P} max{(cC)P P, 1}o°
< +
B p- 2p*
+M;(co)? + Myo? — 2eyot. (3.32)

2p* R\(—R2.Ry)
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Since u > ¢ > p™, we deduce that there is 0g = o¢(c, ¢/, My, M3, Ri, Ry, €, ) = 0o(E’) > 1 such that
I(cu) <0 forue® and o > oy.

Hence, it follows that
I(u) <0 forueE and |u| > cop.

This shows that (iii) of Lemma 2.8 also holds. Therefore, I possesses an unbounded sequence {dy}; , of critical values with
dy = I(uy), where uy is such that I'(uy) = 0fork =1, 2, .. ..If {|lu|l} is bounded, then there exists B > 0 such that

llugll < B fork € N. (3.33)
In a similar manner as in (3.5) and (3.6), for the given n in (3.13), there exists R; > R such that

lug(t)| <n for|t|] > Rs, ke N. (3.34)
Thus, from (2.1), (2.4), (3.13), (3.33) and (3.34), we have

1
—(lilP® + a() [Pyt = dy + / W (t, ug(t))dt
R

r P(t)
R3
=m+/ Wt uO)dt + [ W we)de
R\[—R3,R3] —R3
1 + Rs
> (v a(t) lug(t)[P dt—f [W(t, u(t))]dt
P" JR\[-R3.R3] —R3

1 Rs
zm——¢/ mmmmww—/|wmwmwr
2p7 Jm\[Rs R3]

R3
max{(BC)?" =", 1 .
> dy — (BO) }/(Iuklp(“ + a(®) [u[P®)dt
2pt R
R3
— max |W(t, x)|dt. (3.35)
Ry XI=CB
Hence, it follows that
1 max{(BC)> P ,1 - Rs
de<| —+ (6O } max{||ugll’ ,Ilukll”+}+/ max |W(t, x)|dt < +oo.
p 2pt _Ry IXI=CB

This contradicts to the fact that {di};2, is unbounded, and so {||u||} is unbounded. The proof is complete. O

Proof of Theorem 1.2. In the proof of Theorem 1.1, condition W5(t,x) > 0 in (W7) is used only to prove (3.2) and
assumption (ii) of Lemma 2.8. Therefore, it suffices to show that (3.2) and assumption (ii) of Lemma 2.8 still hold if we
replace (W5) and (W7) by (W5’) and (W7’). For this, from (2.1) and (2.4), (3.1), (W5') and (W7’), we obtain

1
c+ Sl = 1) — ~ (1w, we)
o o
=fﬁl-1yww+mmw%m—/wmmmm
r \D({) o R

1
+ 0 /[(VW1(L uk(t)), u(t)) — (VWa(t, uk(t)), ux(t))1dt
R

- 1 1 o
= pj—g [l

1
+ 0 /[(VW1(f, u(6)), u(t)) — Wi (t, ug(t)) + (@Wa(t, ur(t)) — (VWa(t, ur(t)), ur(t)))ldt
R

1 1 -
z(T——)mw,keN
p Q

Thus, it follows that there exists a constant A > 0 such that (3.2) holds. Next, by (W5’) there exists a n € (0, 1) such that

1
IVW(t, x)| < 5a(t)|x|p+_l fort eR,  |x| <n. (3.36)
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Since W (t, 0) = 0, it follows that
1
IW(t, %)| < 2—+a(t)|x|"+ fort eR,  |x| <. (3.37)
p

If |ul| = % = p, by (2.14), |u(t)| < nfort € R. Set
1 (n)P+
o= a \c .
Hence, by (2.1), (3.37) and Lemma 2.2, we have

I(u) = / i(w’(“+a(t)|u|l’<f))dr—/W(t,u(r))dt
r P(t) R

1 H )
—(|uP® POVGr L »
= [ 0 o = [ a0 a
1 1
(I p(t) p(t) b o)
= i st = [ aouor
= L/Hi‘(t)lp(t) +(1(t)|u(t)|p([)]dt
2pt Jr

1 +
= Zpﬁ”u”p
= «. (3.38)

Thus, ||u|| = p implies that I(u) > «, i.e., assumption (ii) of Lemma 2.8 holds. By following similar arguments as in
Theorem 1.1, we can also easily verify that I satisfies the assumption (iii). This completes the proof of Theorem 1.2. O

Proof of Theorem 1.3. We first show that I satisfies condition (C). Assume that {u,}xen C E is a (C) sequence of I, that is,
{I(ug)} is bounded and (1 + ||ue|)||I'(ur)|| — 0 as k — oo. Then, in view of (2.1) and (2.3), we have

Ci = p(OI(w) — (I'(we), ug)

= /R[(vwa, u(6)), up(t)) — p(OYW (t, u(t))]dt. (3.39)
It follows from (W5') that there exists 7 € (0, 1) such that (3.37) holds. By (W8), we have
(VW(t,x),x) > p(OOW(t,x) > 0 for (t,x) € R x RV, (3.40)
and
W(t,x) < (@ + BIXI")(VW(Lt, %), x) — p(t)W(t, x)] for (t,x) € R x RN, (3.41)

We may assume that ||u|| > 1, otherwise, ||u|| is bounded obviously.
Now from (2.1), (2.4) and (3.39)-(3.41), we get

1 _ 1 .
EMWs/Ewamem
R

= I(u) + / W (t, uk(t))dt
R

< I(w) + f(Ol + BlugOHIVW(E, (1)), ur(t)) — p(OW (¢, ug(6))]1dt
R
=G+ /(Ol + BluO)HIVW(E, u (1)), up(t)) — p(OW (¢, u(£))]1dt
R

< G+ (a4 Bllullz) /[(VW(R u(t)), ug(t)) — p(OYW(t, ue(t))]de
R

< G+ Ci(o + Blluells)

< G+ Cila + CBllull”). (3.42)

Since v < p-, we find that {||u,||} is bounded. Next, similar to the proof of Theorem 1.1, we can also prove that {u} has a
convergent subsequence in E. Hence, I satisfies condition (C).
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It is obvious that I is even and I(0) = 0 and so assumption (i) of Lemma 2.8 holds. The proof of assumption (ii) of
Lemma 2.8 is the same as in the proof of Theorem 1.2. Now, we shall prove condition (iii) of Lemma 2.8. Let E’ be a finite
dimensional subspace of E. Assume that dimE’ = m and uy, Uy, ..., Uy, is the base of E’ such that (3.17) and (3.18) hold.
Since all the norms of a finite dimensional normed space are equivalent, there are two constants ¢ > 0 and ¢’ > 0 such that
(3.20) holds. Let Ry, R, and ® be the same as in the proof of Theorem 1.1. Then, (3.21), (3.23), (3.24), (3.27) and (3.28) hold.
For the R, and € € (0, 1) given in the proof of Theorem 1.1, by (W9), there exists oy > 1 such that

+

n t+e n _ 2 p
s7P / min W (z, sx)dt > max{c? ,c? } <?> fors > c’og/2, t € [—Ry, Ry]. (3.43)
t

—o i1

It follows from (2.1), (W9), (3.28), (3.40) and (3.43) that

I(ou) = / iqaav’“)+a(t)|ou|l7“>)dt—/W(t,ou(t))dt
R R

p(t)
+ +
o?" max{cP", c? fote
O maxic? P ) / Wit ou(t))dt
p to—€
0P max{cP’, P} fote 1
< - min W(t, 27 'c'ox)dt
p- e =1
+ + -
of max{cP ,cP -
< # — max{c?, P JoP"
p
(p~ — Dmax{c?", c? }oP"

= foru e ® and o > oy. (3.44)
-

That is,

I(cu) <0 for ue ®and o > oy,
where oy = gy(€, Ry) = 0¢(E’) > 1. Hence, we have

I(u) <0 foru € E and ||u|| > cop.
This shows that condition (iii) of Lemma 2.8 also holds. The rest of the proof is the same as that of Theorem 1.1. O
4. Examples

In this section, we give some examples to illustrate our results.

Example 4.1. Consider the second-order ordinary p(t)-Laplacian system
d . 1. 1
2 (HOPTTa) = a@u@O P ru) + YW (& (o) = 0; (4.1)

here,p(t) =4+t + %,t eR,u RV, aeC(R, (0, 00))suchthata(t) — +ooas |t| — oo. Let

W(t,x) = a(t) (Z R bj|x|9f> ,
i=1 j=1

where g > py > -+ > pm > 01> 02> >0, >6,0;,b;>0,i=1,2,... . mj=12,...,nletpu = pm, 0 =01,
and

Wi(t.x) = a() ) alx",  Wa(t,x) = a(t) ) byixl%.

i=1 =1

Then it is easy to verify that all conditions of Theorem 1.1 are satisfied. By Theorem 1.1, system (4.1) has an unbounded
sequence of homoclinic solutions.

Example 4.2. Consider the second-order ordinary p(t)-Laplacian system

d 1 1
a(|u<t)|“m2 () — a®)lu®)] T u(t) + VWL, u(t)) = 0; (42)
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here, p(t) =3 + H%,t eR,ue RN aeC(R, (0, 00)) such that a(t) — +oo as |t| — oo. Let

W (t, %) = a(t)[a|x|"! + az|x|"? — by (sin ) |x|®" — by [x|?],
where 1 > uy > 01 > 02 > 4,ay,a; > 0,by, by > 0.Let u = uy, 0 = 01, and
Wi (t, x) = a(t)(a1|x]"! + ax]x|"?), Wa(t, x) = a(t)[by(sint)[x|" + by|x|%?].

Then it is easy to verify that all conditions of Theorem 1.2 are satisfied. By Theorem 1.2, system (4.2) has an unbounded
sequence of homoclinic solutions.

Example 4.3. Consider the second-order ordinary p(t)-Laplacian system

d S T S T
5 (1O 2T 250(0) — a(t)|u(e)] "2 Eu(t) + VWL, u(t)) = 0; (43)

1

s teRuE RN, a € C(R, (0, 00)) such that a(t) — +oo as [t| — oo. Let

here, p(t) = 2 +

W(t, x) = a(t)(1 + sint)|x>? In(1 + |x]).
Since

|X|7/2

(VW(t,x),x) = a(t)(1+ sint) |:§|X|5/2 In(1 + [x[) + 1+|X|:|

5 1 3 1 1
>(z=+—Wt,x) >+ +—— | W(t,x) >0
_<2+1+|x|> ( )_<2+t2+1+1+|x|> (&%)

forallt € Randx € RN, This shows that (W8) holds with« = 8 = v = 1.Inaddition, it is easy to show that (W9) also holds.
The verification of assumptions (W4) and (W5') of Theorem 1.3 is also straightforward. Thus, Theorem 1.3 is applicable and
the system (4.3) has an unbounded sequence of homoclinic solutions.
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