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ABSTRACT

Scattered context grammars are defined and the closure properties of the family of
languages generated are considered. This family of languages is contained in the family
of context sensitive languages and contains all languages accepted by linear time
nondeterministic Turing machines.

INTRODUCTION

Recently there have been many attempts to specify both natural and programming
languages by means of a syntactic definition. The syntactic definition should be such
that the semantic interpretation of the sentences can be attached to the syntactic
structure. A major difficulty with this method is the lack of a suitable class of grammars
for describing the structures that occur. Context-free grammars are too weak since
they are not capable of defining a language such as {ww | @ in {0, 1}*} which requires
that information be transmitted between widely separated parts of the sentences.
Context-sensitive languages are too powerful to be of practical use since they shed
little light on the problem of attaching meanings to sentences. In generating a sentence
of a language, a context-sensitive grammar may send a nonterminal symbol back and
forth through the sentence to transmit information. This process usually has no
relation to any desired semantic interpretation. Ideally we would like the capability
of transmitting information between widely separated parts of a sentence without the
necessity of sending a nonterminal symbol back and forth to transmit the information.
This suggests considering grammars in which rewriting a symbol depends on context
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234 GREIBACH AND HOPCROFT

as in a context-sensitive grammar but a symbol can be rewritten even if the context is
not adjacent to the symbol. This leads us to the concept of a scattered context grammar
about which this paper is concerned.

The paper is divided into three sections. The first section is devoted to definitions
and the development of a normal form for scattered context grammers. The second
section considers closure properties. The family of scattered context languages, is
shown to be an abstract family of languages (i.e., closed under union, product, +,
e-free homomorphism, inverse homomorphism and intersection with a regular set).
Furthermore, the family is shown to be closed under intersection, linear erasing,
e-free substitution, permutation and reversal. It is not closed under arbitrary homo-
morphism or quotient with a regular set.

Section 3 is an attempt to determine the generative power of the scattered context
grammars. From the definition of a scattered context grammar, it is obvious that they
generate only context-sensitive languages. A corollary in Section 1 shows that the
family of languages generated properly contains the family of e-free context-free
languages. The main result of Section 3 is that the family of scattered context languages
include all languages accepted by quasi-realtime n-tape pushdown automata and
hence (by the results in Section 2) all languages accepted in linear time by non-
deterministic Turing machines. The authors are, however, unable to show proper
containment in the family of context-sensitive languages.

SectioN 1. DEFINITIONS AND Basic LEMMAs

In Section 1 we define a scattered context grammar and provide the notation
necessary to describe the language generated by such a grammar. We then define a
restricted type of scattered context grammar called a 2-limited grammar and show that
the families of languages generated are the same. The 2-limited grammar is a very useful
normal form and is used extensively throughout the remainder of the paper to simplify
constructions.

DEFINITION. A scattered context grammar (scg) is a quadruple G = (V, 2, P, S)
where:

(1) Vis a finite set of symbols, X' is a subset of ¥V, and Sisin ¥V — 2,

(2) P is a finite set of productions of the form (A4, ,..., 4,) = (% ;... wy), 7 = 1,
each 4;in V' — 2, and each @, in V*.1

We now introduce notation to describe the language generated by a scg.
Let (4y .oy 4y) = (20y oo, w,) be in Pand for 1 i <<z + 1, let x; be in V*. We

14+ = )7, A¢and 4% = A* | {e}, where ¢ is the empty word and A = A4 fori > 1.
1
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write 0, A, x5 Ay *+* X, Apn iy = XyW1XgWy *** XyWy Xy 4 - Let Z be the reflexive transitive

closure of =>. We define the language generated by G (denoted L(G)) to be the set

L(G) ={winZ*|S = w}. The set L(G) is called a scattered context language (scl).
We now define a restricted type of scg.

DEFINITION. A 2-limited grammar is a scg G = (V, X2, P, S) such that
(1) (4, -, A,) = (wy ..., w,) in P implies # < 2 and foreach 7, 1 < |w, | < 2
and w; is in (V' — {S})*.
(2) (4) > (w) in P implies 4 = S.2
We will now show by means of two lemmas that every scl can be generated by a
2-limited grammar.

LemMa L1, IfL C2* is a language generated by a scg G = (V, 2, P, S) and if ¢
is a symbol not in X, then there is a 2-limited grammar G with L(G) = Lc.3

Proof. Let 7 be the number of productions in P. Number the productions of P
from 1 to 7. Let (Ayg yoeey Ain ) —> (Wiy -, Win ) be the ith production. Let C and S be
new symbols, let W = {[{,j]] 0 <7< 7,1 <j<n}and let

V=Vvu{C S}uWu(C}x {1,.,a).

Let G be the scg (V, Z U {c}, P, S) where P is defined as follows.
(1) (S)—(S[C,i])isin P, for 1 < i < 7.
(2) For eachisuch thatn, = 1 and foreach k, 1 <<k <7,
(Ai, [C,i]) = (i, [C K]
isin P,
(3) For each 7 such that n; > 1,
@) (a,[Ci)— ([ 1], ),
() (2,41 4isvd) > (@3, [6,7 + 1), 1 <j <n; — 1, and
(©) ([, n, C) > (win,, [C, k]), 1 <k < & arein P.
(4) For each i such that #; = 1, (44 , [C, i]) — wyc is in P and for each i such
that n; > 1, ([7, n], C) —> w;n ¢ is in )

Clearly L(G) = L(G). Since for some 7 and j, w;; may be of length greater than two,
may not be a 2-limited grammar. However, by making use of standard techniques
one can obtain a 2-limited grammar G from G such that (G) = L(G).

2| w | denotes the length of w.
3 Although not explicitly stated all constructions in this paper are effective.
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Lemma 1.2 If LC X%, ¢ is a symbol not in 2 and G = (V, 2V {c}, P, S) is a
2-limited grammar with L(G) = Lc, then there is a 2-limited grammar G with L(G) = L.

Proof. For each a in XU {S}, let @ be a new symbol. Let

Ly = {44u4, | S > A, 4,4, , 4;in T}

and
L, = {4,4,4,4,| S £ 4,4,4,4,, 4;in V).

Let  be the homomorphism of * defined by #(a) = afor each ain Zand A(4) = 4
foreach Ain V— 2. Let V= hV)UZTU{SIU(V x V). Let G = (V, %, B, )
where forallaand bin 2, 4, , 4,, A5, Ay, A5 ,and Agin V, and A in k(V), P is de-
fined as follows.

(1) P contains the productions
(@) (S)—>(a)ifaisinlL.
(b) (S)— (W(AD[As , A) if Ay Ay s in Ly
(c) (S)—> (h(A,4,)[4;, 4)) if 4,4,4,4, 3 inL,.
(2) If P contains (4, , 4,) — (2, , @,), then P contains the productions,

(@) (41, ) — (h(wy), K(w,)),

(h(awy), [ws , A3]) if | wy | = 1

®) (A s A {400 ) WA, , A) i 0, = Ay
(h(wl)’ [A3 y W ]) if | Wa | =1

© (s (s D~ {hn), A4, , A if w, = A,y

(Aa[wlawz])if]wlf = w,| =1

(A: HAH[A,, 45]) if wyw, = A4, 4

(4, h(A3A4)[A5 y Agl) if wyw, = AzA,A54,

(d) (4, [4;, 4])—>

(3) P contains (&, [b, c]) — (a, [b, c]) and (&, [b, c]) — (a, b).

{Note that the construction simply combines the ¢ with the symbol to its left. The
reason for introducing a new symbol a for each a in 2 is to guarantee that there will
always exist a nonterminal 4 whenever a production of type (2d) is to be applied and
a nonterminal @ which enables [b, ¢] to be converted to a 4 by a production of type (3).
Clearly L(G) = L. G may not be a 2-limited grammar since in (2d),

[ h(A34,)[ 435, 4g]l = 3.
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Once again by standard techniques one can obtain a 2-limited grammar G from G
such that L(G) = L(G).

It follows immediately from Lemmas 1.1 and 1.2 that every scl is generated by a
2-limited grammar. Thus we state the following theorem.

TueoreM 1.1. If G is a scg, then there exisis a 2-limited grammar G with
L(G) = L(G).

SeEcTION 2. CLOSURE PROPERTIES

In this section we consider the closure properties of the family of scl under various
operations and show that the family of scl properly contains the family of e-free?
context-free languages [2]. The main closure results are that the family of scl is an
abstract family of languages [3] (i.e. closed under union, product, 4, e-free homo-
morphism,® inverse homomorphism, and intersection with a regular set) which is
closed under intersection, e-free substitution® and linear erasing.”

We begin with a preliminary lemma.

Lemma 2.1.  The family of scl is closed under substitution by an e-free context free
language, intersection with a regular set and permutations.

Proof. (1) Substitution by e-free context-free languages.

Let G = (V, %, P, S) be scg. For each a in X' let @ be a new symbol and let 2 be
the set {@/a in Z}. Let % be the homomorphism of V* defined by k(a) = @ for each ain
X and h(A) = A for each 4 in ¥V — 2. For each a in X let L, be a cfl and
let G, = (V,, 2, Py, S,) be a cfg with L(G,) = L, . Without loss of generality we
can assume that fora £ b, (V, — 2 )NV =2) =, —2y)nV,—2,) = @,
and P, contains no rule 4—e. Let V =nV)U (. V,) and X =), Z,. Let
G = (V, 2, P, S) where P is defined as follows.

(2) If (4, ,..., 4,) = (wy ..., w,,) is In P, then (4, ,..., A,) — (A(wy),..., Hw,)) is
in P.

1 A language is e-free if it does not contain €; a family of languages is e-free if all its members
are e-free.

5 A mapping f is said to be e-free if f(x) # € forall x # €.

¢ Let L C Z*, For each a in X let L, C X,* . Let v be the function defined by 7(¢) = {e},
7(a) = L, for each a in 2, and 7(a; =~ a;) = 7(ay) - 7(a;) for each & > 1 and a; in 2. Then
is called a substitution.  is extended to 2= by defining 7(X) = Ueinx 7(x) for all X C Z* A
family %, of languages is said to be closed under substitution by a family %, if ~(L) is in %
for each L in %, and each substitution = such that 7(a) is in %, for each a, or simply closed
under substitution in the case where %, = %, .

7 A family £ of languages is said to be closed under linear erasing if for each L in &, homo-
morphism 4 and integer k such that | w | < & | A(w) | for each win L, A(L) is in Z.
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(b) For each a in Z, (@) — (a,) is in P.
(c) f A—wisin P,, then (4) > (w) is in P.
If 7 is the substitution on X' defined by +(a) = L, , then clearly L(G) = ~(L(G)).

(2) Intersection with a regular set.

Let L be a scl and R be a regular set. Let G = (V, 2, P, S) be a 2-limited grammar
such that L(G) == L and let 4 = (K, %, 8, ¢, , F) be a finite automaton with L(4) = R.
We define a scg G = (V, Z, P, S), where

V=ZU{SJUK XV X K)U(K X VV x K)

and where P is defined as follows.
(a) For each p in F, (S)— ([go, S, p]) is in P.
(b) If (4, B) — (w, , w,) is in P, then for each p, p’, g and ¢’ in K,

(£, 4, ') [9, B, 4') — ([, w, , 2'), [g, w2, €'])
isin P.
(c) Foreachp,p’andp”"in K, Aand Bin V, ([p, AB, p')) — ([p, 4, p"1[p", B, ?'])
isin P.
(d) For each p in K, ain Z, ([p, a, §(p, @)]) —>a is in P.
Clearly L(G) = L(G) N R.
(3) Permutations.
Let L be an scl and let G = (V, 2, P, S) be a scg such that L(G) = L. For each

ain X let @ be a new symbol and let & be the homomorphism of V* defined by #(a) = @
for each a in X and #(A4) = A for each 4 in V — 2. Now, let V=»~V)U %,

P = {(Ay ey ) > () M)Ay s Ar) = (a3 ey 07) i P
U {(d, 5)— (5, d)| a, bin Z} U {(&) — (a)| @ in 5}, and G = (¥, Z, P, S).

Clearly L(G) contains all and only permutations of members of L(G).
From Lemma 2.1 we can immediately obtain the following two corollaries.

CoroLLARY. The family of scl properly contains the family of e-free context-free
languages.

Proof. Since ({S, a}, {a}, {(S) — (a)}, S) is a scg, closure under substitution of an
e-free cfl clearly implies that every e-free cfl is an scl. But (abc)* is an e-free cfl and the
intersection of the set of all permutations of (abc)t with the regular set a*b*c* is
{a™b"c"n = 1} which is not context-free.
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CoroLLARY. The family of scl is closed under e-free homomorphism.

In [3] the concept of an abstract family of languages was introduced. In what
follows we shall make use of this concept.

DEFINITION.  An abstract family of languages (AFL) is a pair (£, %), or £ when X
is understood, where

(1) Z'is a countably infinite set of symbols,
(2) for each L in & there is a finite set 2; C X such that L C 2\ *,
(3) L £ o forsome L in &£,

(4) Z is closed under the operations of |}, -, +, inverse homomorphism, e-free
homomorphism, and intersection with a regular set.

An AFL.YZ is said to be full if £ is closed under arbitrary homomorphism.

Before showing that the family of scl is an AFL we will establish three preliminary
lemmas. First we show that the family of scl is closed under reversal,® a result which
we will use in the proof of Theorem 2.2,

LemMma 2.2. IfLis an scl, then L7 is an scl.

Proof. Let G = (V, 2, P, S) be a 2-limited grammar with L(G) = L. Let
Pr={S—w|S—w in P}U{(4, B)— (w,, wy)|(B, 4) — (wy", w,") in P}. Let
G = (V, Z, Pr, S). Clearly L™ = L(G").

Next we consider a special type of homomorphism.

DEerFINITION. A homomorphism 4 from X, * into 2, * is k-restricted on a subset L of
2 * if A(w) = € for w in L implies @ == € and A(w) 5~ € for each subword » of length
greater than or equal to % of each word in L. A family of languages .# is said to be
closed under restricted homomorphism if h(L) is in £ whenever L C 2, * is in % and 4
is 2 homomorphism of 2, * which is & — 1 restricted on L for some k.

We now show that the family of scl is closed under restricted homomorphism.

Lemma 2.3.  The family of scl is closed under restricted homomorphism.®

Proof. Let G = (V, 2, P, S) be a 2-limited grammar and % a homomorphism of
Z* which is k-restricted on L(G). Let L, = L(G) N {o|a in 2%, |a| < A} and
L, ={a|S=t o,k <<la| <2k + 1}. Foreachain V+suchthat 2 < |a| <2k + 1,
let [¢] be a new symbol, S; = {[a}| @ in V*+ &k < |a| < 2k+1} and

8J.et ¢ = € and for each word a; - a,, n > 1, each a; in Z, let (a; *** a,)" = a, *** a, . For
LCX* let L = {w ]| w"in L}. L is called the reversal of L.

? Although it is unsolvable whether a homomorphism 4 is k-restricted on a language generated
by a scg G, given that A is k-restricted on L(G) the construction is effective.
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Sy ={[o]|k < |a| <2k —1}. Let S be a new symbol, ¥V = ZU .S, U {S}, and
G = (V, Z, P, S) where P is defined as follows.
(1) For ain L, , (S) — (A(«)) is in P; for ain L, , (S) — ([«]) is in P.
(2) If (4, B) — (w, , w,) is in P, then
(a) for each [x,4y,] and [x,B,] in S, ([¥1431]; [%2Bye]) > (11131}, [#2%0272])
is in P, and
(b) for each [x,42By,] in S, , ([x342By;]) — ([x;%,2w,5)) is in P.
(3) If [«], [B] and [y] are in S; and « = By, then ([«]) — ([B][y]) is in P.
(4) For [o] in Sy N Z* ([o]) > (A() is in P.
Since h(a) 7 ¢, for [o] in S, N Z*, G is a scg. Clearly L(G) = A(L(G)).

CoroLLARY. The family of scl is closed under inverse homomorphism.

Proof. In [6] it was shown that any e-free family of languages closed under inter-
section with a regular set, c-substitution!® and k-limited erasing!! is closed under
inverse homomorphism. Since c-substitution is a special case of context-free sub-
stitution and since k-limited erasing is a special case of a k-restricted homomorphism,
the familly of scl is closed under inverse homomorphism.

LemMma 2.4. IfL C X% is a scl and ¢ is a symbol not in Z, then c(Lc)* is a scl.

Proof. Let G = (V,Z, P, S) be a double grammar with L(G) = L. Let ¢, C;, C,
and S be new symbols and V = VU {c, C;, C,, S}. Let G = (V, Z, P, S) where P
is defined as follows.

(1) The production (S)— (C,SC,) is in P. Also if (S)— (w) is in P, then
(Cy, S, C)—(Cy, w, Cy)isin P.
(2) If (4, B) — (w, , w,) isin P, then (C;, 4, B, Cy) — (Cy , wy , wy , Cp)isin P.
(3) (Cy, Cy) — (¢, C1SCy) is in P.
@ (Cy, Cy)—>(c,c)isin P.
(Observe that generations in L(G) proceed in phases: S 2 CiwCy = cwC SCy = ---.
Between applications of the production (C, , Cp) — (¢, C;SCy), the generation imitates

a generation in L(G). Thus C,SC, % CwC, if and only if S ::> w. If G “guesses” too
soon that the string of symbols between C; and C, is terminal, then

C,SC, = CyxAyCy = cxAyCySC, .

10 A ¢-substitution is a substitution on Z* such that 7(a) = c*ac* for each a in X where cis a
new symbol not in Z.

11 A family % is said to be closed under k-limited erasing, k an integer, if whenever ¢ is not in 2
and Lisin £ with L C (e, c, ..., c*})*, A(c) = € and h(a) = a for each g in 2, then A(L) is in &Z.
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Now the symbol A4 can never be rewritten and thus a terminal string cannot be derived).
Clearly L(G) = c(Lc)*.
We now prove one of our main results.

TuroreM 2.1.  The family of scl is an AFL.

Proof. In [6] it was shown that a family of languages is an AFL if it is closed under
uynion, -+, e-free homomorphism, inverse homomorphism and intersection with a
regular set. We have already shown that the family of scl is closed under e-free homo-
morphism, inverse homomorphism and intersection with a regular set. Thus we need
only closure under union and +-.

(1) Union.

Fori=1 and 2, let G, = (V;, 2, P;, S;) be scg. Without loss of generality
let (V, —2) NV, —2,) = . Let S be anew symbol, V =V, U V,U {§},
J=ZUZ,, P={S)—>(S), (S)=> (S} PUP,, and G=(V,Z P, S)
Clearly L(G) = L(G,) U L(G,).

) +
Let L C 2* be a scl and ¢ be a symbol not in 2. By Lemma 2.4, (cL)* ¢ is a scl and,
since e is not in L, by Lemma 2.3, L+ is an scl.

CoRrOLLARY. The family of scl is closed under product.

CoroLLARY. The family of scl is closed under e-free gsm'? and inverse gsm mappings.

We shall now prove that the family of scl is closed under linear erasing, intersection
and substitution. We do this by first proving a special case of intersection and a special
case of linear erasing which together yield the general cases.

Lemma 2.5. IfL C 24X+, ¢ a symbol not in X, is a scl, then L N {wew | w in 2¥} is
a scl.

Proof. Let G = (V, 2 U {c}, P, S) be a 2-limited grammar such that L(G) = L.
Let¢, d, S, C,, C,, and C; be new symbols and for each a in 2, let @ and 4 be new

12 A generalized sequential machine (gsm) is a 6-tuple G = (K, Z, 4, §, A, py), where (i) K, 2
and 4 are finite sets (of states, inputs and outputs, resp.), (ii) 8 is a mapping of K X 2 into K
(next state function), (iii) A is a mapping of K X Z into 4* (output function), and (iv) p, is in K
(start state). The mapping 8 is extended to K x X* by letting 8(g, € = ¢ and 8(¢q; , xa) =
8(8(q, x), a) for all ¢ in K, x in Z* and @ in Z. The function A is extended to K X X* by letting
Mg, €) = e and Xg, xa) = Mg, x)A(8(g, x), a) for all ¢ in K, x in 2Z* and a in 2. The mapping
G defined by G(L) = {A(py, %) | x in L} is called a gsm mapping. The mapping G~¥L) =
{x | X(po , x) in L} is called an inverse gsm mapping.
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symbols. Let # be the homomorphism on V* defined by h(e) = a for each a in 2,
h(c) = ¢, and A(A) = A foreach A in V — (X U {c}). Let
V=Vui{dsSC_C,C, Ciuia dlainZ}.
Let G = (V, 2 U {c, d}, P, S) where P is defined as follows.
(1) The production (S) — (C,SC,) is in P.
(2) (a) If (S) — (w) is in P, then (C,, S, C,) — (Cy, h(w), Cy) is in P.
(b) If(4, B) — (wy , w,) is in P, then (Cy, 4, B, Cy) — (Cy , K(wy), h(w,) , Cy)
isin P.
(3) (@ (Cy,a,¢,a,Cy)—~d, 4 Cy,4d,Cy)isin P.
(b) (4,5,Cy,4,5,Cp)—~(a,b,Cy,a,b,C))is in P.
(c) 4, C;,d,Cy)—(a,c,a,d)isin P.

(The productions of (1) and (2) generate strings of the form Ca, **- @,éb, --- 5,,C,
where a; *** a,cby +** by, is L. Production (3a) initiates “signals’® which start at C; and ¢.
Note that (3a) can be applied only once. Production (3b) causes the “signals” to
propagate left to right in synchronism, comparing symbols. As symbols are compared
they are converted to terminals. If any symbol is “skipped” it can never become a
terminal. Finally application of (3c) causes the “signal” to disappear).

It is easily shown that L(G) = d(L N {wcw | w in 2+}) d. The details are omitted. It
follows from Lemma 2.3 that L N {wew | w in Z+} is a scl.

The construction in Lemma 2.5 involves sending two “signals™ through a string,
checking if symbols match up, and propagating in one direction such that if a symbol
is “skipped” then the generation is ultimately blocked and will never yield a terminal
string. We use the same technique to show closure under a very restricted type of
linear erasing.

LemMa 2.6. Let ¢ and d be symbols not in Z.If L C {d*cw | |w | =k = 1, win 2%}
s an scl, then L, = {w | 3k, d*cw is in L} is an scl.

Proof. Let & d be new symbols and for each a in Z, let @ be a new symbol. Let
2, =2u{s,d}u{a|ain X} and let k be the homomorphism defined on Z' U {c, d}
by h(c) = ¢, K(d) = d and h{a) = a for a in . Then L, = k(L) is an scl and let
G = (V,Z%,, P, S) be a 2-limited grammar with L(G) =L, . Let C,d, S’ be new
symbols and let & be a new symbol for each ¢in 2. Let G = (V, X U {c, d}, P, S’) be
ascg where V =V U {C,¢c,d, d, StU{d|ain X} and P’ is defined as follows:

(1) (@) 'If dea is in L, (S") — (acdc) is in P,
(b) (S —(SC)isin P'.
2) (a) If (S)— (w)isin P, (S, C)— (w, C)isin P".
(b) If (4, B) > (w, , wy) is in P, (4, B, C) —> (w, , wy, C) is in P'.
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(3) (a) For each ain Z, (4, ¢, @ C) — (d, ¢, 4, ¢) is in P".
(b) For each aand bin X, (d, d, 4, &, b) — (a, d, d, d, b) is in P'.
(¢) For each @ and b in Z, (zf, d, 4,b)—(a,d, b,d)isin P,

(Rules (1a) generate the “small strings”, while (1b) starts off the generation. The rules
in (2) simulate the generations of G so that S’ 2 wCin P’ corresponds to § 2 win P.
Rule (3a) tags the first 4 and the first @ after ¢ and ensures that only (3b) and (3c) can be
applied in the future. If the wrong symbol is tagged, the generation blocks as usual.
Rules in (3b) in effect send two “heads” down, permuting every other d-symbol with
the leftmost unpermuted X symbol. In a correct generation (3b) is applied:

wa,ddddxé, @,y = wa,da, ddxds,,,y.

Again, if a symbol is “skipped” it can never become terminal and the generation blocks.
The generation must end with a rule of (3¢) which performs a permutation as it
switches the heads off:

wa,ddda, 106 = wayday, da, .dc).
It can be shown that
L, = L(G) = {a,d - aydca,,d +- aydc | d**ca, -+ ay, in L}
U {ad -+ ayedag,y -+ agpiqde | A cay -+ ag,, in L}
U {acdc | dea in L}.
Then by Lemma 2.3, with & = 3, we can “erase” the ¢’s and d’s so that L, is an scl.

We use one more preliminary lemma. Actually the lemma concerns AFL in general
rather than just the family of scl.

LemMA 2.7. If an AFL is closed under intersection, it is closed under e-free substitu-
tion. If a full AFL is closed under intersection, it is closed under substitution.

Proof. Let % be an AFL closed under intersection. Let L C Z;* be in % and for
each a in X let L, C 2, * be in #. Let 7 be the e-free substitution on Z,* defined by
(@) = L, for each a in Z,. For each a in %, let @ be a new symbol and
2y = {alain 2} U (J, Z,). Let b, be the homomorphism on X, * defined by #,(z) = a
for each a in 2, and #,(b) = € for each b in (J, X, . Now

*
KNL) = lwydwndym, - Guwn)ay -+ @, in L, w; in (U za) .
a

Let L, = (, aL,)* and L, = h7Y(L) N L, . In [3] it was shown that each AFL con-
tains all e-free regular sets and is closed under restricted homomorphism.
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Since by definition % is closed under inverse homomorphism, intersection, L, is in
Z. Let hy be the homomorphism on X, * defined by Ay(a@) = ¢ for each a in 2 and
hy(b) = b for each b in |J, 2, . Now 7(L) = hy(L,). Observe that , is k-restricted on
L, and hence 7(L) is in &£. If L C Z*, then observe that 7(L) = #(L — {e}) U {¢} is in
Z since Z is closed under (J{¢} whenever any set in % contains . If .2 is a full AFL,
then % is closed under arbitrary homomorphism and = need not be e-free.

We now prove another main result.

TreOREM 2.2. The family of scl is closed under intersection, e-free substitution, and
linear erasing.

Proof. (1) Intersection.
Let L, and L, be scl with L, U L, C Z* and let ¢ be a new symbol not in 2. Then
L, = LicL, N {wew|w in Xt} is a scl. Observe that L, = {wew/w in L; N Ly}. Let d be
a new symbol and let 7 be the e-free substituion on (2 U {c})* defined by (a) = {a, d}
for each a in X and 7(¢) = ¢. Let Ly = (L;) N d*cZ+. By Lemma 2.1, L, is a scl. But
L, = {d*cw|| w | = k, win L, N L,} and hence by Lemma 2.6, L, N L, is a scl.

(2) e-free substitution.
"This follows immediately from (1) and Lemma 2.7.

(3) Linear erasing.

Let L C 2* be a scl and let & be a homomorphism of Z* into 2, * for which there exists
a k such that | w | << k| A(w)| for each @ in L. Without loss of generality we assume
there exists a symbol ¢ in X such that k(c) = ¢ and h{a) = a for each a in Z-{c}. (Other-
wise, let ¢ be a new symbol and %, the homomorphism of 2* defined by #,(a) = h(a)
if h(a) # €, and (@) = ¢ if A(a) = e. Let h, be the homomorphism on (2} U {c})*
defined by hy(c) == eand hy(a) = aforallain X . Clearly A(L) = hy(h,(L)). Obviously,
hy(L) is a scl and if 2, = max{] A(a)|/a in X} then | A (w)] < &y k| By(By())]).

Let L, be the intersection of the set of all permutations of strings in L with the
regular set (Z{e, c,..., c¥})*. Let hy(c) = ¢ and hy(a) == ¢ for each a in 2. Let ¢ be a
new symbol. Now L, = {w,éw,fw; in (2 U {c})*, h(w;) = h(wy), hy(w,) = hy(w,)} is
clearly a scl since L, = (h~Y{{wew™ | w in Z*})) N {wfw, | w; in (2 U {})*
hy(w,) = hy(w,)}, where both languages in the intersection are context-free. Let
L, = (L"éL,) NL,. By Lemma 2.2, Theorem 2.1 and part (1) above, L; is a scl. Let
d be a new symbol and let  be the substitution on (X U {c, })* defined by (¢) = ¢ and
7(a) = {a, d} for each a in X U {c}. Let &, be the homomorphism on (XU {c, ¢, d})*
defined by h(d) = ¢, hy(¢) = € and A (a) = a for each ain T U {c}. Then

A(L) = hhy(r(Ls) N d¥e(Z' U {ch)*))-

By Lemma 2.1, 7(Lg) N d*¢(Z U {e})* C {d'ew/| w| = [} is a scl and by Lemma 2.6,
hy(r(Ly) N d*e(Z L {c})*) is a scl. Thus by Lemma 2.3, A(L) is a scl.
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CoroLLARY. If L is a recursively enumerable set, then there exists a scl L’ and a
homomorphism h such that h(L') = L.

Proof. In [4] it was shown that for any recursively enumerable set L there exist
e-free deterministic cfl L, and L, and a homomorphism 4 such that L = A(L, N L,). But

the family of scl contains all e-free cfl and is closed under intersection. Thus
L' =L, NnL, isan scl such that A(L") = L.

CororrLary. The family of scl is not closed under arbitrary homomorphism or
quotient by a regular set.
Proof. L, and L, above can be found so that there exists a regular set R such that

L = kI, "Ly = (I, nLy)/R.

CorOLLARY. The emptiness problem is recursively unsolvable for scg.

SECTION 3. RELATION OF SCL TO CSL.

In this section we will show that the family of scl contains all e-free languages that
can be accepted by a “quasi-realtime” n-tape pda. As a corollary we will show that any
language accepted by a nondeterministic Turing machine in linear time is a scl.

DEFINITION. A quasi-realtime n-pushdown tape pda (qr n-pda for short), n > 1 is
an 8-tuple M = (K, X, I, 8, q, , F, Z; , n) such that
(1) K, Z, and I are finite sets (of states, inputs, and tape symbols, respectively),
gy in K (the start state), Z, in I, F C K (the set of final states) and # a positive integer.
(2) 8 is a mapping of K X X X I'* into finite subsets of K X (I'* X -+ x I'*).
We now introduce notation to describe the language accepted by a gr z-pda. For
eachgand ¢’ in K, ain Z, win Z* A4, in I, y; and &; in I'™*, 1 << i < n, we write
(g, aw, Y141 ooy YuAn) — (@', w, P12y ooy Yn?y) if and only if (¢, 2 ,..., 2,) is in
&g, a, 4y ,..., A,). We let - denote the reflexive transitive closure of —. The lan-
guage L(M) accepted by M by final state is

{win Z*[3FinF, yy o Yo in T5, (o » 0, Zg sy Zo) e (fy € F1 5eves V)
The language Null (M) accepted by M by empty stack is
fwin 2% | 3gin K, (gy , @, Zg sr Zo) Fe (@ € Zo 1o-rs Zo)}-

We say that L is a qr n-pda language if and only if there exists a qr n-pda M such
that L = L(M). %, denotes the family of all qr #-pda languages.
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We state the following result without proof.

Lemma 3.1. (1) Every qr n~pda language can be accepted by a one state qr n-pda
by empty stack.
(2) For each n, £, is an AFL.

We now give the following characterization of the quasi-realtime n-pda languages.

Lemma 3.2. Lisin %, if and only if there exist n realtime deterministic context-free
languages L, ..., L, and a length preserving homomorphism h such that

L =hL, N NLyY.

Proof. (if) Since every cfl can be recognized by a qr I-pda [5, 7], &, clearly
contains the image of the intersection of # cfl under a e-free homomorphism. (only if)
Let M =(K,2,I,8,q, ,F, Z;, n) be a qr n-pda and let L == L{M) For each ¢ in K,
ain Xand n-taple (4, ,..., 4,)in " X ++» X I, order the elements of 8(q, a, 4, ,..., 4,)
and let m(q, a, A, ,..., 4,) be the number of elements in 8(q, a, Ay ,..., 4,).

For each 4, 1 < i < mq,a, 4, ,..., 4,), let [¢,a, 41,..., A, , 7] be a new symbol
and let 2 be the set of all such symbols. Let % be the length-preserving homomorphism
on Z* defined by i([q, a, 4, ..., 4, ,£]) = a. (Note that each symbol in I contains a
state, an input symbol from X, n tape symbols from I', and the number of 2 move from
M. We will construct # deterministic pda which accept strings of symbols from £.
The jth pda will simulate the jth pushdown store of M and determine if the sequence
of encoded moves is legitimate and ends in a final state. If so, the jth pda accepts the
input). Let D be a new symbol and let K = KU {D} For each j, 1 <j <n, we
define a deterministic pda M; = (K', X, T, §;, g, , F, Z,) by

(1) for each g in K and
g, a 4y ,-.., 4y, in F, 8,(q, [q, @, Ay s, Ay 1], 4;) = (s 25)

where the ith member of 8(g, @, 4; ..., An) 15 (¢, 21 1.0s Zj5eury Zp),
(2) for each g in K’, @ in Z'and Z in I’ such that §,(g, a, Z) is not defined in [/],
3/g,a,2) = (D, Z).

Let L; = L(M;). Let w = b, -** b, where for | << <4,
bl = [QE » Q1 All 3oy Aln ) zl]

Note that @ is in L; if and only if ¢; = ¢4, 4;; = Z;, and there exist ¥y, ,..., Y15 »
215 4oy 2 i0 T'F and ¢4 in F such that

(4151, Ap) (g2, by, ¥2495) = = = (Gra1 > b s YiiArs) = (Qesn » € Yislni)
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where (¢1,1 s 2141 ye-s Z1n) i the 7;th member of 8(¢; , a;, Ay oo Ay, 1 <LK kyand
Y1l = YRy, for 1 <I <k HencewisinLiNLy N - "L, if and only if
¢, = q,, for each j, A;; = %z, and there exist ¥y;,..., ¥i; , 215 »--r 23y 0 I'*, and
qra€eF, such that (g, , 2,1 ,..., 2,) is the 7th member of 8(q;, a;, 4y ,..., 41),
1 <1<k and yi 4 ;4100 = Yz, for 1 << I < k. But this later condition implies
h(w) is in L(M). Further, if y is in L(M), then there exists w in L; N +-- N L, such that
y = h(w). Therefore L = L(M) = (L, N +-- N\ L,).

TueoreM 3.1. If language L is accepted by qr n-pda then L — {e} is a scl.

Proof. Follows immediately from Lemma 3.2 and the fact that the family of scl
contains all context-free languages and is closed under intersection and length
preserving homomorphism.

CoROLLARY. Any e-free language definable in linear time by a nondeterministic
n-tape Turing machine is a scl.

Proof. Any such language is a qr 3-pda language [7].
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