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The Goursat problem for nonlinear scalar equations on the Einstein Universe M,
with finite-energy datum, has a unique global solution in the positive-energy,
Sobolev-controllable case. Such equations include those of the form Clp+ H'(¢) =0,
where H denotes a hamiltonian that is a fourth-order polynomial, bounded
below, in components of the multicomponent scalar section ¢. In particular, the
conformally invariant equation ((J+ 1)+ d¢>=0 (41>0) is included. In the
higher-dimensional analog RxS" to the FEinstein Universe the same result
holds under the stronger conditions on H required for Sobolev controllability.
Irrespective of energy positivity, there is a unique local-in-time solution for
arbitrary finite-energy Goursat datum, for all n > 3, establishing evolution from the
given lightcone to any sufficiently close lightcone. These results show the existence
of wave operators in the sense of scattering theory, and their continuity in the
(Einstein) energy metric, for positive-energy equations of the indicated type. They
also permit the comprehensive reduction of scattering theory for conformally
invariant wave equations in Minkowski space M, to the Goursat problem in M. In
particular, any solution of the equation arising from a nonnegative conformally
invariant biquadratic interaction Lagrangian on multicomponent scalar sections,
having finite Einstein energy at any one time, is asymptotic to solutions of the
corresponding multicomponent free wave equation as the Minkowski time x, = +00.
Thus given a finite-Einstein-energy solution of the equation (f + Af*=0 on M,
(4= 0) there exist unique solutions f, of the free wave equation which approach /
in the Minkowski energy norm as x,— +o0, and every finite-Einstein-energy
solution of the free wave equation is of the form f, (or f_) for a unique solution
f of the nonlinear equation. This generalizes, in part in maximality sharp form,
earlier results of Strauss for this equation.  © 1990 Academic Press, Inc.
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240 BAEZ, SEGAL, AND ZHOU
1. INTRODUCTION

During the past three decades, the Cauchy problem for nonlinear wave
equations has been studied extensively, with considerable success.
Abstractly, this is the initial value problem for an evolutionary equation
and naturally plays a fundamental mathematical role. Physically it
represents the Newtonian paradigm according to which a system is
specified by giving its state throughout space at an initial time, together
with the equations of motion.

The Goursat problem, in which a datum is given on the lightcone, has
been involved in heuristic field theory for several decades. From a
relativistic physical position, it is no less natural a problem than the
Cauchy problem, and perhaps more natural, as observed by Dirac and
Wigner. Group-theoretically, it also appears more natural than the Cauchy
problem, for an appropriately invariant wave equation. Thus the invariance
group of a maximal spacelike surface on which Cauchy data are given is at
most 6-dimensional, whereas that of a lightcone is 11-dimensional. Indeed,
the lightcone in the Einstein Universe R x S* can be regarded as an orbit
of the scaling-extended Poincaré group P on this spacetime. From a
hyperbolic differential equations viewpoint, however, the global Goursat
problem is less transparent than the Cauchy problem. The evolution of the
Goursat datum from one lightcone to another lacks the domain of
dependence properties that are familiar in the Cauchy context, and even
the infinitesimal generator of such evolution is noniocal. On the other
hand, in the scattering theory of conformally invariant nonlinear wave
equations, the formulation of the wave and scattering operators in terms of
the Goursat problem eliminates the need for taking limits, as the
Minkowski time becomes infinite, and clarifies why scattering takes place.

The present work treats the global Goursat problem from these points of
view, and especially in relation to scattering theory. It is more effective to
work in the generalized Einstein Universe R x S”, which as a conformal
manifold we denote as M, rather than in (n+ 1)-dimensional Minkowski
space My, which is covariantly embedded in M. The boundary of M,
as thus embedded consists substantially of two lightcones C,, which
represent the limits of spacelike surfaces in M, as the Minkowski time
approaches + oo ; each of these lightcones is invariant under the action of
P. The wave operators £, can be construed as maps that associate to a
solution ¢ of a nonlinear wave equations its Goursat data ¢|C,. The
inverses of these putative operators can correspondingly be construed as
the maps from incoming or outgoing free fields to the corresponding solu-
tion of the nonlinear wave equation in question (or “interacting field”).

We examine nonlinear local perturbations of free wave equations and
show that if the perturbation is boundedly Lipschitzian with respect to the
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natural energy norm in M, called the “Einstein” energy, and if global solu-
tions to the Cauchy problem exist for given smooth data, then the £, exist
and are continuous in the Einstein energy topology. The inverse problem,
concerning the putative 27!, is then essentially the Goursat problem. We
show that under the boundedly Lipschitzian hypothesis, local-in-time
solutions exist to the Goursat problem for arbitrary finite-energy data. In
the positive-energy case, these solutions are global.

The Einstein energy is readily expressed in terms of Minkowski space,
being the usual relativistic energy plus that of the transform of the solution
under inversion. Its finiteness imposes only a weak condition on the decay
of Cauchy data near spatial infinity. Although the Einstein energy is not
invariant under conformal transformations, the conformal groups acts
continuously relative to the Einstein energy topology, which appears as a
particularly effective one, even for the study of wave equations purely in
M,. Thus the wave and scattering operators established below are
continuous in the Einstein energy topology, but it is doubtful that they are
such in the Minkowski energy topology. The greater utility of the Einstein
energy has earlier been indicated by its use in eliminating infrared
singularities and treating Wick powers of quantized scalar fields.

We thank Y. Choquet-Bruhat for useful discussion at the beginning stage
of this work. More formally, J. C. B. and 1. E. S. thank the National Science
Foundation for partial support.

2. THE GEOMETRY OF M

The conformal geometry of the homogeneous space M and the confor-
mally invariant wave operator on M have been treated in the literature,
most closely in relation to the present work in [1, 2, 4-6]. Here and in the
next section we summarize some of the relevant results and establish
notation, which in general will be consistent with that of [6].

The conformal compactification M of Minkowski space M, may be
defined as SO(2, n+ 1)/SO(1, n), where n (>1) is the space dimension. M
has a unique conformal structure that is preserved by the natural action of
G =S0(2, n+1). As a conformal manifold it is equivalent to (S' x S")/Z,,
where Z, acts by the product of the antipodal maps on S' and S”, and the
usual direct product Lorentzian metric is used on S’ x S”. When n> 1, M
denotes the universal cover of M, given the conformal structure lifted up
from that of M, which is correspondingly invariant under the natural
action of G on M. M is conformally equivalent to the “Einstein universe”
R x S". In what follows we always assume n > 1. We specify points of the
manifold S” as images of pairs (p, w), where pe[0,n] and we S},
under a function defined as follows. We regard S”~ ! as imbedded in R" as
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the unit sphere, so that = (u,, .., 4,), where X, u? = 1. Regarding S" as
correspondingly imbedded in R"*', we then map (p, w)e [0, n]xS"~'
into S” by the map

(p, @) (cos p, sin pw)

The map is C®, and when restricted to (0, 7) x $” ! is a diffecomorphism
onto an open subset of S” denoted by S™*. We denote by ds* the standard
Riemannian metric on S”. The associated volume form v on S" may be
expressed on S™* as sin" " 'pdp A dw, where dw is the volume form on
S"~! Also associated with the metric ds’> on S" is the (negative)
Laplace-Beltrami operator 4,, which may be expressed on $™* in terms
of 6,and 4,_, as

4,=02+(n~1)cotpd,+csc’pd, ;.

We specify points of Rx S” by (r, p, w), where teR is called the
“Einstein time,” and (p, w)e [0, 7] x §"~! specifies a point of S” as above.
For present purposes, M may be represented as the manifold R x S” with
the conformal structure corresponding to the “Einstein” metric dt> — ds?.

To treat the Goursat problem, we make use of the cones C, in M defined
by the equation t—p =t. For all re R these are compact submanifolds of
M smoothly imbedded except at the two points {p =0, n}; the subscript
will be supressed when its value is immaterial. We give C the coordinates
(p, ) obtained by restricting the functions (z, p, @) on M, thus identifying
C with S"; this identification is a homeomorphism and yields (for each ¢)
a map from S” to M that is smooth on S$™*. We use this identification to
transfer to C the Riemannian metric ds? and volume form v on S”.

For arbitrary re R, S, will denote the spacelike surface defined by the
equation t=1; the subscript ¢ will be suppressed when its value is
immaterial. The S, are smooth compact submanifolds of M, each of which
is diffeomorphic to S”; the points of S will be specified by the functions
(p, w) indicated above.

We will use the notation L, ,(X) to denote the space of all real distribu-
tions f on a compact Riemannian manifold X that are in L,(X) together
with their first g derivatives, and denote the norm in this space as ||, ,-
For X = C we use the identification of C with S” to define L, ,(C).

3, THE CONFORMAL WAVE EQUATION

The real scalar bundie L, of “conformal weight w” (weR) is derived
from the action of G = SO~ (2, n+1) on M as follows. If g € G fixes a point
xeM, the differential dg, at x differs from an isometry of T,M by a
constant factor «(g)>0. The map g+»>a(g)* is a one-dimensional



GLOBAL GOURSAT PROBLEM AND SCATTERING 243

representation of the isotropy group G,, and L, is the bundle induced
from this representation. Unless otherwise specified, “section” of this
bundle means “C* section.”

For w=(n—1)/2, the section space of L,, admits a G-invariant subspace
whose sections are determined by their restrictions, together with that of
their first time derivatives, to any S.. These sections satisfy various closely
related second-order hyperbolic equations, any one of which may be called
a (free) conformal wave equation. In an appropriate parallelization the
sections may be represented by real-valued functions on M, in such a way
that the equation takes the form

(O+c,)o=0,

where [0 denotes the D’Alembertian 92 — 4,, relative to the Einstein metric,
and ¢, = ((n—1)/2)% Solutions of the conformal wave equation (putative
as well as actual) and its inhomogeneous and nonlinear variants will be
denoted by the lower-case Greek letters ¢ and . The corresponding func-
tions of © whose values are functions on S will be denoted by the corre-
sponding capital Greek letters; e.g., @(1)= o¢(x, -, -) and @'(7) =4, 0(1, -, *).

If 4, now denotes the usual self-adjoint realization of the Laplacian on
L,(S), and B denotes the positive self-adjoint operator B=(—4+c,)"?,
the Cauchy problem may be formulated in a first-order abstract form as
the equation

0P (1)@ P'(1))=(P'(1) ® ~B*P(1))
= A(P(1) @ P'(1)),

4 0 1
\-B 0)
When # > 1, the operator A is naturally identifiable with a skew-adjoint

operator on the real Hilbert space H(S)= L, ,(S)@® L,(S). More specifi-
cally, the inner product in this space is defined by the equation

where

(P, DD, ¥ DY, 0p=(BD,, BY > +(D,, ¥,), (1)

where (-, -> denotes the usual inner product in L,(S). The Hilbert space
H(S) is called the “finite energy space,” and the norm ||-| . is called the
“energy norm.” We use ¢° to denote the Cauchy datum & @ &' € H(S).
The operator A may be defined as the infinitesimal generator of the one-
parameter orthogonal group ¥(¢) on H(S) of matrices

costB B 'sintB
—BsintB cos tB
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and then has pure point spectrum bounded away from zero. The domain
D(A™) with the inner product {x, y)>,={A"x, A"y> (n=1,2,..) will be
denoted as H,(S), which is thus a Hilbert space. The common part
N.H,(S) of these domains, with the topology of convergence in each
H,,(S), coincides with C*(S)@® C*(S) in its usual topology and will be
denoted as H_,(S).

We denote by H the space of solutions ¢ of the wave equation for which
&(1) @ D'(1) e H(S) for any (hence all) 7€ R. The inner product ¢-, - is
independent of t, as noted above, and provides H, thereby, with a Hilbert
space structure naturally isomorphic to that of H(S) for any S. By this
means, the above notations regarding objects associated with H(S) extend
to corresponding objects associated with H; in particular, H, and H_,
denote correspondents to H,(S) and H_(S).

4. THE GOURSAT FORMAT

We will use boldface letters to denote functions on M in terms of
Goursat data, ie., if ¢(r,p,w) is a function on M, o(t, p, w) =
o(t+ p, p, 0); similarly, ®(t) denotes @(¢, -, -). We first examine temporal
evolution in the Goursat format for the inhomogeneous wave equation.

PROPOSITION 1. If ¢ is a C? solution of the equation D¢ = f on some
neighborhood U of C,cM, where f is a continuous function on U, then for
p#0, m,

p
at‘p(t9 P a)) = (2 sin”~ 1)/2'0)*1‘[ sin — 12

0
xp'(4,9(1, p', w)+1(1, p’, ®)) dp’,
where 1(t, p, w)=f(t + p, p, ©).
Proof. Writing out the equation satisfied by ¢,
(02—32—(n—1)cotpd,—csc’>pd, )o=f
and noting that d,¢ =0,® and 0,¢ =(0,— 0,)®, it results that
(—02+20,0,—(n—1)cot p(@,—0,)—csc’p A4, ;) ®=Hf
This simplifies to
(20,+ (n—1)cot p) 8, ® =4,® +1.

Multiplying by the integrating factor isin™~'"?p and integrating from
p' =0 to p’ =p, the proposition follows. |
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Note that given the hypotheses of Proposition 1, ,® can be evaluated
at p=0 and = by continuity. For n> 1 the fact that J,® is finite at p==
implies a certain nonlinear nonlocal constraint is satisfied by the Goursat
data:

L sin® = 2" (4, (1", p's @)+ £(t', p', )) dp’ =0

for all w and all ¢ for which ¢ — ¢’ is sufficiently small. A similar constraint
occurs in the case n=1. Thus in the context of smooth solutions, the
expression of evolution in the Goursat format for nonlinear wave equations
does not take place in a linear space; the Goursat data space is nonlinear.

We next apply Proposition 1 to obtain an expression for the Einstein
energy associated with a wave equation in terms of Goursat data. This will
yield a description of the space H in the Goursat format. We first compute
the differential of an n-form ¢ associated with a given function ¢ on M and
a given function F on R; physically, ¢ could be interpreted as a component
of the energy-momentum tensor associated with ¢ in an appropriate
context.

LEMMA 2. Let ¢ be a C? function on an open set U= M and let F:R - R
be a C' function. Set

EZat(p A *d(ﬂ+(FO(P—%<qu, d(p>)v’

where v here denotes the volume form on S pulled back to an n-form on M.
Then

de=0,0 A [Ue+F o)V,

where V=dt A v is the volume form on M.

Proof. Let ¢'=0,¢, and note that d=dt A 0.+ dg, where dg is the
differential on S. Then

de=dt A 0(p" A xdp)+ds(@" A xdp)
+0(Fop—3(9” +dsp, dso>))V
=dt A (@"*dp + @' A xdo' )Y+ {ds¢’, dp}V
+ @' Ndsxdo+ (9" (Fop—¢")—ds¢',dsp)V.

Now noting that (ds¢’, ds¢> = {ds@’, dp) and dg* dp = — 4,0V (where
4, is the Laplacian on S), it follows that

d=(p"0'+¢'@")V—0¢'4,0V+ 0 (Fop—o")V
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or, finally,

de=¢'(Uo+Fop)V. |

PROPOSITION 3. Let ¢ be a C? function on the contractible open set
UcM. Let ¢ be the n-form on U given by

e=0,0 A xdp+ (Fop—3(dp,dp))v.
Then for all S, U,

L £=L Y@ A,0+P?)+Fod

T T

and for any C,< U,

jc g=jc—§q>4,,d>+poq>.

! 1

If in addition ¢ satisfies the equation (1 + F' o =0 in U, where F is a C'
Sfunction from R to R, there is a constant E such that

[po=ees

for any S_ or C, lying in U.

Proof. By Lemma 2, ¢ is closed. Thus integrating ¢ over any S, or C,
lying in U gives the same constant E, as these n-submanifolds of M are all
homotopic. Note that as C, is not a smooth submanifold of M at the points
{p=0, n}, ¢ does not restrict to a well-defined form on C, at these points.
But these two points are only conical singularities so the integral of ¢ over
C, is still well defined. One easily calculates that

j e=f (=P 4,0+ D)+ Fod),

T T

where the integral on the right is taken with respect to the standard
measure on S,. Thus to complete the proof it suffices to show that

[ e=] ~t04,0+F-0.
C; C,

Strictly speaking, we need to compute the integral of i*¢ over C,, where
i: C,— M is the inclusion map and the integral on the right is taken with



GLOBAL GOURSAT PROBLEM AND SCATTERING 247

respect to the standard measure on C,. Again, while /*¢ is not defined at
{p=0, =}, this will cause no problems in the computation. For some g,

xdp=(0.9dp+d,0dt) Asin" 'pdo+punadeadp
and i* dr=i*dp, so
i*(xdp)=(3,+3,)psin"~ ' pi* dp A do.
Thus
i*=i*(0,.¢ A xdp+ (Fo@—3|dp|”) A v)
=0.0(0,+0,)@sin""'pi*dg A dw + (Fop —3||dpl*) A i*v.

Note that sin” 'pi*dp A do and i*v are both equal to the standard
volume form on C,, so

[i*e=[0.00.+2,)0+ (Fepi<dp, dp>)
Since 8,0 =0, ®, (0,+0,)¢ =0, ®, and

<d§0, d¢> = (8190)2— (ap(p)z_ <dw(p1 dw(p>
=20,® aﬂ(D—(ap(D)z— {d,®,d, D),

where on S” we have df =0, fdp +d,, f, we have
fi*a:j—:(a,,q>)2+§<dwm, 6, @+ Fod
=[-l04,0+F0 |
ProprosITION 4. If o,y eH_ , then for any teR,
(P ¥de=| ®(~4,+c)¥. 2)

Proof. 1If peH,_, then ¢ is a C* solution of Jp+ F cp=0 on M,
where F(x)=3c,x* With this choice of F, Proposition 3 shows that

(9. 0p=] ®(~4,+c,)®,

taking note of the expression (1) for {., ->. in terms of Cauchy data. The
conclusion then follows by polarization. |
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PROPOSITION 5. The map ¢+ ® is one-to-one from H, to L, ((C), and
is isometric with respect to the inner product in H and the inner product in
L, ((C) defined by the right side of (2).

Proof. This is an immediate consequence of Proposition 4. |}

We now introduce additional notation. We will use U to denote the
unique isometry of H into L, (C) specified by Proposition 5. The range of
U will be denoted by H(C). The inner product on H(C) defined by the
right side of (2) will be denoted by <., -> ., and similarly for the norm. We
denote UH .. by H_(C).

ProposITION 6. If ®@ecH_(C) then 6,®@ =L, ®PcH_(C), where L,
denotes the operator on H_(C):

p
Lo®=(2sin" %) [ sin"= V3p'(d, = c,) ® dp’
0

(not defined at p =0 and ©; cf. the remark following Proposition 1).

Proof. This follows from Proposition 1, noting that H_, lies in C*(M)
and is invariant under 0,. |

PROPOSITION 7. Ly is an essentially skew-adjoint as an operator on
H(C), and its closure L equals UAU ",

Proof. Since U is orthogonal from H onto H(C), and since 4,=A4|H
is essentially skew-adjoint, Ly=UA,U""' is also essentially skew-adjoint.
Since closure is an invariant operation, L= UAU"". |}

5. THE SPACE OF FINITE-ENERGY GOURSAT DATA

We begin this section by describing the conformal embedding of
Minkowski space, M,, in M (treated in [6] for the case n=3). This
embedding gives rise to a representation on L, ,(C) of the group P of
conformal diffeomorphisms of M,. We then use irreducibility considera-
tions involving this representation to prove that H(C)=L, ,(C) if n = 3.

Let M, “Minkowski space,” denote R x R” with the coordinates (x,, X),
where x=(xy,..,x,), and the “Minkowski” metric dx2—dx? where
dx*=dx?+ ... +dx2. The coordinate x, is called the “Minkowski time.”
Let r=(x}+ --- +x2)"?, and define 0 S" 'cR"” by x=rf for x#0.
There is a conformal embedding 1: M, —» M given by

$in 7, = pXo
sin plz(x) = pr

CU| 1(x) = 6’



GLOBAL GOURSAT PROBLEM AND SCATTERING 249

where
p=((1—(x§—r*)/4)* +x3) "2 (3)
We identify M, with its image under 1 in M,
(M) = {|1| + |pl<n}cM

and extend p to a smooth function on M by the equation
p=3(cos t+cos p). The function p is the conformal factor relating the
Einstein and Minkowski metrics, i.e., on M,

dxi—dx* = p(di* —ds?).

We let P denote the group of conformal diffeomorphisms of M,, or
“scale-extended Poincaré group.” The action of P on M, extends uniquely
to a conformal action on M, and its Lie algebra is thus identified with a
subalgebra of the Lie algebra of the group G. In particular, the vector fields
generating scale transformations,

S=Y x,0,,
and Minkowski time translations,

Toza

x0?

correspond to elements S, T, of the Lie algebra of G and extend to vector
fields on M, which we again denote by S and T,. (The use of S in this
section to denote the generator of scale transformations should not be
confused with the use of S to denote a spacelike surface in M.) As vector
fields on M

S=sintcospd,+costsinpd,
To=3((1+costcosp)d,—sintsinpd,).
Letting U denote the action of G on sections of L,,, we have
dUS)p=(—S—wcostcosp)o

dU(Ty)p =(—T,+ 3w sin 1 cos p)e.

The boundary of M, in M is the union of two cones, the cone at past
infinity, C_, and the cone at future infinity, C,, given by

C,={t1=n—p}.
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For the rest of this section we take C=C_, and denote C— {p=0, n}
by C*. We define s to be —2cot p; as p ranges from 0 to = the variable
s 1is strictly increasing and ranges from —oo to oo. Thus there is a
diffeomorphism

(s5,w): C* >R xS"!

by which we identify C* with R x §”~'. The group P preserves C*, and the
vector fields corresponding to Lie algebra elements of P are tangent to C*.
In particular, as vector fields on C* S=s0g and T,=0g.

We also find it convenient to introduce a new trivialization of L, over
C*, given by

@°(s, ) =sin"p®(p, w).
We reformulate the space L, (C) in terms of this new trivialization.

LEMMA 7. Let L(C*) be the Hilbert space completion of Cg(C*)
relative to the inner product {-, ) c« given by

F®rer=] =1+ @S0, 0) + fe+ VoS Vog) ds do

Given ¢© e CT(C*), define ®e C*(C) by

@°(s, 0) =sin" " 2p®(p, w),

where s= —2cot p. Then the mapping @°— ® extends to a bounded
operator from L(C*) to L, (C) with bounded inverse on its range. If n >3,
its range is all of L, ,(C).

Proof. Suppose e CF(C*) and @ is defined as above. Then

||¢||25=f {(8,®) + cscp |V, ®||* + ¢, ®} sin"~'p dp do.

Writing f(p, ®) =sin"~'"?p®(p, w),

{0,®)* +csc?p |V, ®@|> + ¢, @} sin"'p
=(8,f)+(1—n)cotpd,f+ 31 —n)cot’ pf* +csc’p|V,, fII?
=(0,)*+3(1—n)d,(cot pf*) + {3(n—1) csc’p '

+4(1=n)?cot®p+¢,) f7+cse?p |V, fI2
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Thus the || .|| ; norm of ® is equivalent to the norm whose square is

[ 1@, 17+ 50 o> + ese?p 19,112} dp do.

Using the fact that 0,5 =2 csc’ p, this equals

5[ {2+ 4)0,0°) + (0% + 1V,0%1} ds doo

The equivalence of the norms implies the mapping ¢¢ > @ extends to a
bounded operator from L(C*) to L, ,(C) with bounded inverse on its
range. If n>=3, an clementary cutoff argument shows that
Co(C—{p=0,n})is dense in L, ,(C), so the range of the above operator
is all of L, ,(C). 1

We have the following actions of S and T, on sections of L, :

(dU(S)¢)° = —s 0,0°
(dU(Ty) )¢ = —0,0°.

The group P also has SO(n) as a subgroup, where g€ SO(n) acts on M by
g: (1, p, w)— (1, p, gw). If ¢ is a section of L, and ge SO(n), then

(U()o)(s, )= 0%s, g 'w).

Let Q denote the subgroup of P generated by this subgroup SO(n) and the
elements exp(fT,), exp(1S). As a group acting on C*=Rx S" ', Q is the
direct product of the group of transformations {sr>as+b:a>0} with
SO(n).

We now make use of the action of Q on sections of L, ), to prove that
H(C)=L, (C)if n=3.

THEOREM 8.' If n>3, H(C)=L,,(C).

Proof. The space C*, and the two points of C with p=0, n are
invariant under P. Observe that the action of Q on C* extends uniquely to
a C™ action on C. This is evident in the case of the SO(#n) subgroup of Q.
In the case of scaling and Minkowski time translations, this follows by the
relation to stereographic projection. Accordingly all Sobolev spaces on C
are invariant and acted on continuously by Q. In particular, the action «
of Q on L, (C) is well defined and continuous. On any smooth section of
L, 1), the action U of Q, when restricted to C, coincides with this action
a. Accordingly, the closed subspace H(C)< L, ((C) is invariant under o.

By the equivalence of L, ((C) with L(C*) given in Lemma 7, Q has a

' A more general result has been shown by L. Hérmander (1990) by differential equation
arguments.
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strongly continuous representation on L{C*), which we denote as . We
identify H(C) with a closed Q-invariant subspace of L(C*) which we
denote by H(C*). Let P;: L(C*)— L(C*) be the self-adjoint projection
onto the jth eigenspace of 4, realized as a self-adjoint operator on L(C*).
The operators P; commute with the action of Q on L(C*). We have

H(C*)= @ PH(CY),

where the summands are Q-invariant closed subspaces of L(C*). We claim
that for each j, P;H(C*) equals either 0 or P,L(C*).
By Lemma 7, if fe P,L(C*) is compactly supported and C* then

||f|l2c~=f {(s*+4)@, )"+ (1—4,)f*} ds do, (4)

where 4; is the jth eigenvalue of 4,. Let ¥, be the jth eigenspace of 4,
realized as a self-adjoint operator on L,(S"'). By Lemma 7, P;L(C*) is
the completion of C(R, V;), the space of compactly supported C*
V-valued functions on R, with respect to the norm given by (4).

This implies that if f e P,L(C*) then flies in L,(R, V;). Thus the Fourier
transform of f in the s variable, f *, exists as an element of L,(R, V;). Let
u be a finite signed Borel measure on Q. Since f is a strongly continuous
representation of Q on P,H(C*), for any f € P, H(C) we have

BUS =] P81 dulg)e PH(C?) (5)
The formulas for the action of S, Ty, and SO(n) on L(C*) imply that
(B(u) )" o)= (27r)’”2f ae~"’gf " (ac) du(a, b, g).
R* xR x SO(n)

Here gf " (ao) stands for the result of acting on f " (acg)e V, by g € SO(n).

We may choose u so that its Fourier transform in the b variable is any
compactly supported C* function on R?xSO(n), say h(a, 0, g), that
satisfies A(a, —a, g) = h(a, 6, g)*. (This last constraint is necessary since g
is real.) Then we have

(B(w) /)" (0) =

RY x SO(n

ah(a, 0, g) gf "(ac) da dg.
)

Now suppose there is a nonzero vector f,e P H(C*). With an
appropriate choice of 4 we obtain B(u) fo = f € P,H(C*) such that /" is a
nonzero element of C*(R, ¥,) compactly supported on R— {0}. Write
=Y fie,, where {e,} is a basis for V; and f,: R - R. Each (f,)" lies in
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C*(R) and is compactly supported on R— {0}. Choose i such that f; #0.
Since ¥, is an irreducible “representation of SO(n), the projection
> Jrext— fie; is of the form B(u) for some choice of p in (5). Thus
fieie P,H(C¥*).

By (5). if he C§(R?) satisfies h(a, — o) = h(a, 6)* and we define f by

/*(0)= | ah(a, 0)(f) " (ao) da

then fe;e P,H(C*). By an appropriate choice of # this implies that for any
f"eC*(R) compactly supported on R— {0}, fe,e P;H(C*). Acting on
such functions fe; by elements of SO(n) = Q and summing, we see that any
function in C*(R, V;) compactly supported on R— {0} is the Fourier
transform of an element of P, H(C*).

We claim that such elements are dense in P,L(C*); this will imply that
PH(C*)=P,L(C*). By Lemma7 it suffices to show that for any
ge Cy(R, V) there are functions g, with (g,)" e C(R— {0}, ¥;) and

lg—gnllcx—0

Let
(8:)" (0, ®)=(1—-Y(0)) g" (0, w),

where y,e C®(R) has y,(o)=1 if |o|<n™! or |o|>2n, ¥, (0)=0 if
2n~'<|o|<n, and |0, y,| <n. A calculation using (5) shows that

1£lce <2 [ {6210,/ *2+ (40? +2= 1) £ * |} do
Thus we have
lg = gullc- <2 [ {0210, (08" )1 + (402 + 2= 1) |($, 8 7)1} do.

The second term approaches zero as n — co, since g " is rapidly decreasing;
the first is less than or equal to

4[ oy g P+ y2l(e" )12

Here the second term approaches zero since (g” )’ is rapidly decreasing.
Regarding the first, note that |y,|<n and ¥, is supported on
{lol<2n='} U {lo| =n}, so

[o2wnen1?<]

le| <2/n

|gA|2+j, n?|(g" Y%

aglzn

The right side approaches zero as n — o, so0 ||g— g,/ = = 0.

580/93/2-2



254 BAEZ, SEGAL, AND ZHOU

It suffices now to show that P;H(C*) is nonzero for all j. The map from
H(S) to H(C*) given by ¢ ¢ where ¢ € H, intertwines the action of
SO(n)= G on these spaces. Taking eclements ®@0eH(S), where
@:S" > R is a spherical harmonic, we obtain nonzero elements ¢ in each
of the P,H(C*). |

This characterization of H(C) should be compared with the translation
representation of solutions of the wave equation on M, as described by
Lax and Phillips in the case of n=3 odd. In particular, note
Theorem IV.2.4, [3], which relates the translation representation of a
sufficiently regular solution f of the wave equation on M, to limits _along
rays of the form (x4, (x,—5)6). Considering M, as embedded m M, the
points along such a ray converge to a point in C* as x, — — 00.?

6. THE MAP FROM CAUCHY DATA TO GOURSAT DATA

For nonlinear or inhomogeneous wave equations which extend from M,
to M the wave operator can be construed as a map from Cauchy data to
Goursat data [8]. Namely, the wave operator 2, maps Cauchy data on
S, to Goursat data on the cone

C,={tt=n—p}

Here we prove the continuity of these maps with respect to energy norms
for certain cases of the nonlinear equation

(O+c)o+Fop=0.

For convenience we deal below only with 2 , because C_ is one of our
standard cones C,, namely C_,. The cone C, is the image of C_ under
the isometry of M given by (z, p, w)— (—1, p, @), which fixes S,. Thus the
theorem below extends to the case of 2, by symmetry considerations.

THEOREM 9. Let F:R—> R be a C' function, bounded below, such that
the map @+ F'o® is boundedly Lipschitzian from L, (S) to L,(S), ie.,
such that

[Fro@—F 0@, < g(|Pilis1s [Poll2 NP1 — Poll2 s (6)

2In work that came to our attention after this paper was completed, F. G. Friedlander
(1980) treated the temporal asymptotics of linear wave equations in M, using its imbedding
in M.
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for some function g:R*— R that is bounded on bounded sets. Suppose
further that for any ¢ eH _(S) there is a unique C? solution ¢ on M of the
equation

(O+c,)o+Fo9=0

with ¢ as its 1 =0 Cauchy data.
Let ®=®|C _. Then the map Q,:H_(S)— L, (C) given by

Qo(@*) =

extends uniquely to a continuous map Q _:H(S)— L, (C). Moreover, Q _ is
boundedly Lipschitzian.

Proof. Suppose ¢* e H,(S), where i=1, 2. Let ¢, be the corresponding
C? solution of [O+c,) ¢+ fop,=0 on M. Let y=¢,—¢,, yS=
o3 —@5, and ¥ = (¢, —¢,)|C_. Then by the boundedly Lipschitzian
character of the nonlinear time evolution in H(S), for all te [—x, 0] we
have

TP 141050 10 PO L) S AU DTN 2 931 £) W) £ (7)

where h: R? - R is bounded on bounded sets [7].
Define the n-form ¢ on M by

e=y' A xdl+3(c, Y — {d, df H)v,

where ' =0,y and v is defined as in Lemma 2. As in the proof of Proposi-
tion 3,

e=3y°l%
=0
and

[ e=treni.
(&

By Lemma 2,

de=y/(O+c) YV
=Y(Fog,—Fop)V
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and if R is the region of M bounded by {t=0} and C_, we have
1513 - 1¥13=2] e=2] a
IR R
=2 [ W(F o9~ F 9V,
R
$O

I¥IE<ivsI3+2 | W/ (F e 92— F'o )| V.

{—7n0])xS"

We have

2| Y/(F o0~ F'ag))| V
[-m0]xS"

<2n sup (|02 1F o Pa(t) = F'o D, (1),

te[—m0]

and by (6) and (7), the latter is less than or equal to

k(lotles o3I e) 1Y 1%

for some function k: R? > R that is bounded on bounded sets. It follows
that

Il < Kol e, lo3le) + D)2 1Y) .

Thus the map Q,: H(S) - L, ,(C) is boundedly Lipschitzian with respect
to the energy norm on H_(S). Since H_(S) is dense in H(S), this implies
that ©Q, extends uniquely to a continuous map Q _: H(S) - L, ,(C), which
is also boundedly Lipschitzian. [

7. EXISTENCE OF SOLUTIONS TO THE GOURSAT PROBLEM

In this section we prove theorems on local and global existence of solu-
tions of nonlinear versions of the conformal wave equation given Goursat
data in the finite energy space H(C). We begin with a theorem about the
inhomogeneous equation. We introduce the notation D(t, ¢') for the subset
of M defined by {p+t<t<p+1}, where t<1'; this subset has as its
boundary the cones C, and C,..
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LemMMa 10. Let fe C®(M) be a function supported in the interior of
D(t,t). If ®yeH_(C), there exists a unique C* function ¢: M — R such
that

(O+c)o=f
(8)
O(1)=D,.
The map K/(1,1'): H,(C) - H_(C) defined by
K1, ') D(t)=D(1')

extends to an isometric affine map from H(C) to itself, and K(1, ¢') ®(1) is
continuous in f with respect to the L,(D(t, t')) topology. Moreover,

D) — e =M D() g < (¢ — ) +m) | 2, 9)
where ¢ is a constant depending only on n.
Proof. Given ®,e H_(C), there exists a solution ¥ of the free equation
(O+c,)y=0
¥(t)=,,
having ¢5(¢) e H,(S). Consider next the Cauchy problem:

(O+c)o=f
95(0) = ¢5(0).

This has a unique global C* solution, and by the domain of dependence
properties of the wave equation, ®(z) = ®,, so ¢ satisfies (8) and is the
unique such function. Let U: H(S, , ;) - H(C,) and V:H(C,) — H(S,) be
orthogonal operators as given by Proposition 5. Since ([J + ¢,) o =0 in the
regions {t<p+17} and {r=p+1'}, the integral equation form of the
Cauchy problem implies

'+
KA1, 1) ®(t) = Uel **~4y@, + Uf 040D £]S.) de

r+n
—e 4 U[ e M0 @SS, dn

It follows immediately that K.(¢, t') extends to an isometric affine map
from H(C) to itself. Since

” v et 00150 &

t'+n
<e| 1Sz de

E

<e((r' =)+ )2 S,
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where the constant ¢ depends only on n, (9) holds, and K,(¢, ') ®(t) is
continuous in f with respect to the L,(D(¢, t')) topology. |}

THEOREM 11. Let feL,(M) and ®,eH(C). Then there is a unique
continuous ®: [0, 0) > H(C) such that ®0)=®, and the associated
function @:M—> R satisfies (D +c,)p=f in the distributional sense.
Moreover,

D(2) — DOl s < c(t + )| f1 D(O, 1),

where ¢ is a constant depending only on n.

Proof. Given fe L,(M) and ®,e H(C) we construct ®(¢) as follows.
Choose any sequence of ;& C*(M) supported in D(0, ) and converging to
S1D(0, t) in L,(D(0, ¢)), and any sequence of ¥, e H_,(C) converging to @,
in H(C). Let

¥,(1)=K (0,0 ¥,

as in Lemma 10. Then by Lemma 10 the ¥,(:) converge to some
®(1) e H(C) independent of the choice of approximating sequences, and by

9),
1®(1) — e“ @) e < c(r + 1) £1.D(O, 1)

Choosing an approximating sequence of f; as above that vanishes on C,
and C,_,, (9) implies that ®(¢) is continuous in ¢.

Lemma 10 implies that the C* functions ; associated to the W;(¢)
satisfy

(O+ec)y,=f.

By (9) ¥, ¢ in L,(D(0, t)), and by definition f;— fin L,(D(0, t)). Thus
(O+c,)o=f in the distributional sense on D(0,¢). Since >0 was
arbitrary the theorem is proved except for the uniqueness of ¢.

Any ¢ satisfying the conclusions of the theorem extends to a distribu-
tional solution of the Cauchy problem

(O +c)o+x(DO0, 0))f=0
@°(0) =V,
where for any set A, x(A) denotes its characteristic function, and
V:H(Cy) - H(S,) is the orthogonal operator given by Proposition 5. Thus

the uniqueness of ¢ follows from the uniqueness of the distributional solu-
tion to such a Cauchy problem. |
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COROLLARY 12. Given the hypotheses of the previous theorem, if t<3%
then

‘ 1/2
|®(1)] < IP(O)] -+ 3¢ ( J, 171 csnids)

with the same constant c.

Proof. Since e'* is orthogonal the inequality proved in the previous
theorem implies that

()] £ < I1®O) £+ 2] /1D, 1),

if < 1. Since the measure on C, induced from its inclusion in M is \/E
times the standard volume form v,

. 12
2el 71000, <3e([ 171 CRa) 0

The above yields a local existence and uniqueness theorem for the non-
linear equation.

THEOREM 13. Let F:R—~R be a C' function such that the map
® — F'o® is boundedly Lipschitzian from L, (S) to L,(S). Let ®,e H(C).
Then for some t,>0 depending only on F and |®| g there exists a unique
continuous function ®:[0,1,]->H(C) such that ®0)=®, and the
associated function ¢: D(0, ty) = R satisfies

(O+c,)p+Fop=0

in the distributional sense.

Proof. The hypothesis that ¢ F'-@® is boundedly Lipschitzian from
L, ,(S) to L,(S) implies that there is an increasing continuous function
g:R - R with g(0) > 1 such that

|F'o P, ‘F,O‘pz”zs g(M) |®, "(D2”2.1
if|D1]5,15 1Pl <M.
We use Theorem 11 and an iteration procedure to prove the theorem, as

follows. Choose M > |®y| s+ 1, let k= g(M), and choose ¢, such that
[F'o¥lla<coif W], <M. Choose a positive number 7, <  such that

3ecott? <272 (10)
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and
3c(2k? +4cd) P <, (11)

where ¢ is as in Theorem 11.

Let ¥,eH_(C) be a sequence converging to ®, in H(C) with
1% e<i®ol; and ¥, ~¥l,<2 “*D. Let D,eC*(M) be a
sequence of functions with 0 < D;< 1, D;=0 outside D(0, t,), and D;=1in
D(27 %1y, (1 =27%) 1,). Let @, satisfy

(D +Cn)(p1=0
01(0)—_“1‘1

and for j>1 let ¢, satisfy
(O+¢,)p;+DF'o9; =0
®,0)="¥;
Theorem 11 assures us that this can be done in any region D(0, ¢).

We claim that

1@, ()l <M

holds for all j and all € [0, #,], and that {®;(7)} is uniformly convergent
in H(C) in the interval [0, ¢,]. In fact, it is enough to show that

[D;(1)—®;_ (< 277 for te[0, 1] (12)

We prove this by induction. Since (U +c,)(@,— @)= —D,F'°¢,,
Corollary 12 implies that if t€ [0, t,] then

. 12
[®5(1) = @y ()l e < W2 — Wl g+ 3¢ (L) ||DzF’°‘D1(S)||§d5>
<2734 3ecoty.

By (10) this implies that (12) holds for j=2. If j>2, Corollary 12 implies
that if 1€ [0, ¢,] then

1®;(6) —®;_ (D)l

l 112
<2(j+1’+3c<J0 D F" e j1(3)—Dj~1F’°d)j2(s)H§ds> :
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Suppose that (12) holds for j— 1. Using the properties of the functions D,
it results that

J, IDJF @, 1(5) = Dy o @, s(s)l ds
<2 [ NF @, 1(s) = F'o @y _y(s)I5+ (D= D) F'o®,_o(s)] 3 ds

<2[ K2UD, () =@, o(5)) I dy+4-27 V1]

<27Y(2k* + 4cd) 1.
Thus

[®,(6)—®,_ (D)l g <27V + 277 3¢(2k> + 4cd) 1y

J

and applying (11) it follows that (12) holds.

Since the @;: [0, #,] - H(C) are continuous and uniformly convergent
functions with ®;(0) converging to ®, in H(C), the limit ®(z): [0, to]—
H(C) is continuous and ®(0)=®,. The uniform convergence of the
continuous functions ®,(z) implies that the ¢; converges in L,(D(0, £,)) to
a function ¢. Since ®+— F'-® is boundedly Lipschitzian from L, ;(C) to
L,(C) the functions F'- ¢, converge in L,(D(0, t,)) to F'o¢. The formula

(O+c,) o+ F'op; ;=0
thus implies that

(O+c)o+Feop=0

holds in the distributional sense on D(0, ¢,).

It remains to show that ¢ is unique. Note that any ¢ satisfying the
conclusions of the theorem extends to a (locally) finite-energy solution of
the Cauchy problem

(O+c¢,)o+x(DO, 0))Fo0=0
@°(0) =V,

on {0<t<1ty+p} The uniqueness of finite-energy solutions to such a
Cauchy problem implies that ¢ is unique. ||

In order to prove that global solutions exist if the function F is bounded
below and sufficiently regular, we first prove a lemma extending Proposi-
tion 3.
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LEMMA 14. Let F:R—->R be a C® function such that the map
@ — F'o® is boundedly Lipschitzian from L, (S) to L,(S). Let ®,e H(C).
Let ¢: D(0, ty) = R be the function with ®(0)=®, and

(U+c)o+Fop=0
as in Theorem 15. If te [0, t,], then

HOWIG+ | F@0)=3190)I3+] F-()

Proof. First we note that if ®+— F'o® is boundedly Lipschitzian from
L, (S) to L,(S), then ®— Fo® is continuous from L, (S) to L(S),
because

1
IFo®, — Fo@yl, < | (@, - @) F'o (@, + (@~ )] d

1
<[ 10— @ | F o (@, + 1~ @)
<P, 19,]) @, — @],

where g is bounded on bounded sets.
Next, let ¢;: D(0, 1,) » R be the approximating functions constructed in
Theorem 13. By Lemma 10 these extend to C* functions on M satisfying

([:l +Cn) (P1=0
¢1(0)=Y1

and for j>1

(O+c)o;+D;Fop, =0
D(0)=Y,.

By Lemma 2 and Proposition 3 we have

HO,(03+ [ Foa,(0)

=110,0)13+ [ Fe®0)+]  8.0,(Fc¢,~D,F g, )
C D(0,1)
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Since the ®,(s) converge uniformly in H(C) for se[0,7] and F is
continuous from H(C) to L,(C), it is enough to prove that

Ijzj ar(pj(Flquj_DjF,O(pjf])_)0'
D0, 1)

Note that
L1 < 116,09, [0, 1+ 7] xSI, | (F' o 9, — D,F’ =, )| D(O, 1)
Since the (p_].s(r) converge uniformly in H(S) to a solution of
(H+c,)o+ (D0, 1)) F'o@=0,

the norms [0,¢; [0, t+7n]xS||, are bounded uniformly in j. Since the
®,(s) converge uniformly in H(C) for se[0,¢] and F’ is boundedly
Lipschitzian from H(C) to L,(C),

(F"e@;—D;F'>q, ,)|D(0,t)|,—0,
proving the lemma. ||
THEOREM 15. Let F: R —> R be a C* function, bounded below, such that
the map ® — F'-® is boundedly Lipschitzian from L, (S) to L,(S). Let

®,cH(C). Then there is a unigue continuous function ®: [0, o) - H(C)
such that ®(0) = ®, and the associated function ¢: D0, o0) - R satisfies

(O+c)p+Fop=0
in the distributional sense.

Proof. This follows straightforwardly from Theorem 13 and Lemma 14,
by the method used for the Cauchy problem [7]. |

The global solutions of the Goursat problem obtained above allow us to
invert the wave operators £, : H(S) - L, ,(C) described in Section 6 if in
fact H(C)= L, ((C).

THEOREM 16. Suppose n=3. Let F-R— R be a C® function, bounded
below, such that the map ® ~ F'o® is boundedly Lipschitzian from L, ((S)
to L,(S). Suppose further that for any ¢° e H (S) there is a unique C* solu-
tion @ on M of the equation

(O+c,)o+Fop=0

with @° as its =0 Cauchy data. Then the map Q _; H(S) —» H(C) given by
Theorems 8 and 9 has a boundedly Lipschitzian inverse.
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Proof. By Theorem 15, given ® € H(C) there is a unique continuous
®:[—7n, 0)—>H(C) such that ®(0)=® and the associated function
@:D(—n, ) — R satisfies

(O+c)o+Feop=0

in the distributional sense. As in the proof of Theorem 13 we note that ¢
extends to a global finite-energy solution of the Cauchy problem

(U+ec)o+ (DO, ) Fep=0
@3(—n)= Vo,

where V:H(C) - H(S) is orthogonal. The theory of the Cauchy problem
implies that the map W:H(S)— H(S) given by

W(eS(—n))=¢%(0)

is boundedly Lipschitzian. Consequently the map WV:H(C)— H(S) is
boundedly Lipschitzian; we claim it is the inverse of 2 _: H(S)—» H(C).

It suffices to show WFQ_ is the identity on H_(S), since H_(S) is
dense in H(S). Let ¢SeH_,(S) and let ¢ be the C? solution on D(—m, o)
of the equation

(O+c)p+Fop=0

with ¢ as its t =0 Cauchy data. Then by definition Q_¢5=¢|C _,. As
above, solving the Goursat problem with 2 ¢° as Goursat data, we
obtain a solution y: M — R of

(O +c)¥ + (D0, ©0)) Frop=0
Y (=n)=VQ _¢°.

By unit propagation speed we have i = ¢ on D(0, o), hence by the defini-
tion of W we have WVQ _o¢ =¢S5 |

8. RELATIVISTIC SCATTERING

The covariance of the wave operator (O + ¢,,) with respect to conformal
transformations makes possible a simple transformation of equations on
M, into equations on M that is particularly illuminating as regards
temporal asymptotics. This in turn facilitates the development of differen-
tial geometric aspects of the solution variety of nonlinear wave equations
in M. In this section we illustrate the foregoing results by application to
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the simplest non-trivial case of conformally invariant scalar equations of
positive energy. These cases appear to be prototypical from certain physical
standpoints and of considerable interest in their own right.

To avoid inessential complications of a notational rather than analytical
character we treat the scalar equation

Oof+Af1=0 (13)

with 1> 0 and a single unknown function f: M, — R, where n=3. The
more general case in which f has several components, i.c., the equation

Oofi+(,P)of=0; 1<j<n,

where f:M,— R” and P is non-negative homogencous polynomial of
degree four in n variables, follows by straightforward adaptation of the
methods given here for the one-component case.

In particular, the coupled conformally invariant equations

Of+fg*+i°=0
Og+ f’g=0
are covered: in relation to f, g here plays the role of a mass, which in

suitable contexts it will approximate.
If : M — R is a solution of the equation

(O+1)e+ip’=0

and f: M, — R is defined by /= pp|M,, where the function p is given by
Eq. (3), then fis a solution of (13). Given f: M, — R, we define its Cauchy
datum at time x4 to be (f, @ f5)(xo) = f(x0. ) D Tof(xg, -). A sufficiently
regular Cauchy datum f, @ f, determines a Cauchy datum @@ &' e H(S);
the explicit formulae in the case x,=0 are

£1(0, 2 tan(p/2)w) = p®(0, p, w)

(14)
£2(0, 2 tan(p/2)w) = p*®'(0, p, »).

A Cauchy datum f,@f, is said to have finite Einstein energy if
p®=® @ P', as determined by the above formulae, lies in H(S).

PROPOSITION 16. A Cauchy datum f,® f, has finite Einstein energy if
and only if any one of the following holds:

(1) The solution of Egq.(13) with the given Cauchy datum has finite
Einstein energy Cauchy data at all times and in all Lorentz frames.
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(2) There exists a unique solution ¢: M — R of the equation
(O+1)e+i¢*=0

such that ¢ e H(S) and f = pp|M,, where p is defined by Eq.(3) and M,
is identified with its image under the embedding 1: My — M.

(3) The expression

[ (AP 41D =471

is absolutely convergent and finite.

Proof. The only non-trivial point, apart from ones readily derivable by
methods earlier indicated and the expression in Theorem 5.6(iv) of [6],
used in (3), is the G-invariance of the solution variety. Invariance under
Einstein time evolution follows from basic differential equation existence
theory [7]. Invariance under transformations in G leaving the surface S,
fixed follows from invariance of the Sobolev spaces on S* under
diffeomorphisms, together with the computation of the action of such on
the first time derivatives. But this subgroup of G together with Einstein
time evolution generates the full group, since it includes altogether both the
cover of the maximal compact K [6], which is a maximal subgroup, and
Euclidean space translations. ||

The basic connection with relativistic scattering may be formulated as
follows. The results of Strauss [9], who first treated scattering for this
equation and applied conformal invariance to show the existence of
temporal asymptotes at + oo, are thereby extended and given a certain
completeness.

Let B, denote (—d4,)"? 4, the (negative) self-adjoint Laplacian on
L,(R?), and let D(B,) denote the Hilbert space completion of the domain
of B, in L,(R?) with respect to the inner product {Bg-, By->,. Let Hygne
denote D(B,) @ L,(R?), the space of Cauchy data having finite Minkowski
energy. Let W(¢) denote the strongly continuous one-parameter orthogonal
group on H,,;., describing time evolution for the free wave equation on
M,, namely

Wt) = cos .tBo By 'sin tBO).
— Bysin tB, cos tB,

Then:

THEOREM 17. Let f be any solution of (13) having finite Einstein energy,
and let @ be the solution of (30 +1)p+ A@>=0 such that = pp|M,.
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Define f, (so-called “in” and “out” fields) by

fi=po. M,

where @, are the solutions of the free conformal wave equation on M
having the Goursat data @|C .. Let u(xy)=f(xq, )@ Tof(xo,-) and
Uy(xg)=f1(x0, )® Tof1(xg, ). Then the u, satisfy the equations

w (=) + [ W08 (s, ) ds
uA(l)=u(t)—Ji W(t—s)0® if(s, -)°) ds,

where the integrals converge absolutely in Hyyy, .

Proof. That the restrictions ¢ |C, are well-defined elements of H(C)
follows from Theorem 9, in which these are given by €, ¢°(0). The only
point not covered by earlier results or methods is the convergence of the
integrals, which is implied by the convergence of

[ Isin—5) Bofts, Vlads, [ lIcostt—s) Bofts, )l ds

Since |sin x|, |cos x| < 1, it suffices to show that
1/2
J (J f(s, x)® d3x> ds < .

Let M(s) be the submanifold of M defined by the equation {x,=s}, and
identify M(s) with S®— {p=n} by means of the coordinates (p, ®). Then
a calculation, as in [ 1], shows that on M(s),

1

d*x = (cos p+cost)(1+cos pcost) 'p3sin’p dp A dw.

Noting that on M, M,
(cos p+cost)(1+cospcost) <,

it is enough to show that

1/2
j (J p3(p6> ds < o0,
M(s)

where the measure on M(s) is the restriction of the standard volume form
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on S°. By formula (3) defining the function p, for some ¢ > 0 the supremum
of p on M(s) is less than c(|s| +1) 7", so it suffices to show

172
[ <[ q06) (Is| + 1)~ ds < 0.
M(s)

In fact we will show that |¢|M(s)|,,, hence by Sobolev’s inequality
lo| M(s)|¢, is bounded as a function of s.

First suppose that ¢ is C2 Then Lemma 3 shows that if i: M(s) > M is
the inclusion map then the integral

E(p)=] %00 nsdo+ (o™ +ie* —1dp, do))v

is independent of s. If M(s) is given by {t=h(p), p <n}, then
i*dt=Hh(p)i*dp

and a calculation like that in the proof of Proposition 4 shows that

Eg)= o7~ 0 d0+(1-h")0.0))+10'),

where 4 is the Laplacian on S° transferred to M(s). Since M(s) is a Cauchy
surface, |A'} <1 and

E(@)= o M3,

Using the Sobolev inequality, a calculation of the Cauchy surface
{t1=0} shows E(¢) is bounded by g(l¢ 5(0)| ;) for some continuous func-
tion g. Thus

o | M(s)l|3,, <kE(e)
<kg(ll¢(0)]l ).

Next, an arbitrary solution  of (17) with finite Einstein energy can be
approximated by C? solutions to conclude that

Iy I M3, <kg(l*(0)ll5). B

The above theorem makes use of the wave operators £, to describe
temporal asymptotes of solutions of (13) with finite Einstein energy. The
existence of solutions to the Goursat problem allows us to invert the Q. ,
obtaining a continuous scattering operator.
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THEOREM 18. There is a boundedly Lipschitzian map 2 H — H such that
if f is a solution of (15) having finite Einstein energy, and ¢ , € H are defined
as in Theorem 17, then X _ = ¢ ,. Moreover, X has a boundedly Lipschit-
zian inverse.

Proof. As in Theorem 17 we have ¢, |C, =Q, ¢*(0)eH. Let U, :
H(S,) — H(C, ) be the ortnogonal maps given by restricting solutions of
the free wave equation with given Cauchy data at 7 =0 to the cones C, (as
in Proposition 5). Then we have

U,o, =Qi¢s(0)

so by Theorem 16 the map X=U,'Q2,Q 'U_ is well defined and
bounaedly Lipschitzian from H to itself, and 2o _=¢_ . The same
argnments apply to 2~ '=U"'Q_Q'U.. |
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