JOURNAL OF ALGEBRA 73, 386433 (1981)

Extensions over Hereditary Artinian Rings
with Self-Dualities, |

KUNIO YAMAGATA

Institute of Mathematics, University of Tsukuba, Sakura-mura, Ibaraki 305, Japan

Communicated by P. M. Cohn

Received July 30, 1979; revised October 23, 1980

In this paper we study the finitely generated indecomposable modules over
an arbitrary extension over an Artinian ring with seclf-(Morita) duality. Let 4
be an Artinian ring with self-duality and T an extension over 4 with kernel
Q (see [11, Chap. XIV, Sect. 2]) such that Q, and ,Q are isomorphic to
injective hulls of top(4,) and top(,A4), respectively. Such an 4-module Q
will be called quasi-Frobenius. Then it will be proved that

(1) T is a quasi-Frobenius ring.

(2) If A is of finite representation type and hereditary, then T is also
of finite representation type. In this case, making use of almost split
sequences in mod T, every finitely generated indecomposable nonprojective T-
module is constructed from a finitely generated indecomposable projective A-
module and, simultaneously from a finitely generated indecomposable
injective A-module.

Recently Tachikawa [25] has proved that results similar to the above hold
for a hereditary Artin algebra 4 with the center C and with T its trivial
extension 4 X @ by @Q=Hom(4, E(top(C))), where E(top(C)) is an
injective hull of top(C) in mod C. He also suggested that his results will be
still true for an arbitrary extension T" (oral communication). Here it should
be noted that, even if 4 is a hereditary algebra over a field K, there is a
nontrivial extension T over 4 with kernel Q = Hom,(4, K). This paper
answers his question. Our proofs are quite different from the ones given by
Tachikawa. ’

In Section 1 we first recall the definition of an extension over a ring
according to [11, Chap. XIV]. Let 4 be an Artinian ring with a quasi-
Frobenius module Q and T an extension over 4 with kernel Q. Then some
fundamental relations between indecomposable projective 7T-modules and
indepcomosable injective 4-modules are examined. Using these results it will
be proved that T is a quasi-Frobenius ring which is not necessarily weakly
symmetric, while if 4 is an Artin algebra with the center C and
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Q = Hom(4, E(top(C)), then the trivial extension 4 X Q is always weakly
symmetric.

Let Ind R be the set of isomorphism classes of indecomposable R-modules.
Let @:Ind 4 - Ind T\Ind 4 be the map such that @([M]) is [2,(M)] for
every nonprojective A-module M, and the isomorphism class of a projective
cover of M in mod T for every projective A-module M, where 2,.(M) is the
first syzygy module of M in mod 7. In Section 2, we prove that @ is injective
in general, and @ is bijective if and only if' T satisfies the following property.

(%) For every finitely generated indecomposable right T-module M, the
annihilator 4,(Q) of Q in M is M or injective in mod A.

It is also shown that if 4 is hereditary, then T satisfies (x), and in case
that T is the trivial extension 4 X Q of 4 by Q the converse holds. Therefore,
combining these results we conclude that in the case of T=A X Q, A is
hereditary if and only if @ is bijective. In case A is of finite representation
type, this shows that 4 is hereditary if and only if T=4 X Q is of finite
representation type and the number of indecomposable right T-modules is
two times the number of indecomposable right 4A-modules. Here we note that
in the next paper it will be characterized the Artinian ring with an extension
satisfying the above condition (x).

Section 3 is a preparation for the following sections. We note some facts
about almost split sequences. Some of them are well known, in fact, are due
to the work by Auslander and Reiten {2-4].

In Section 4 we are devoted to a construction of indecomposable modules
over an extension T, in case 4 is hereditary and of finite representation type.
Assume that both A and T have almost split sequences. First we consider a
relation between almost split sequences in mod 4 and in mod 7. It will be
shown that T has property (=) if and only if every almost split sequence in
mod 4 is still almost split in mod T, if and only if every irreducible
morphism between indecomposable modules in mod A is irreducible in mod
T. In particular, these properties are valid for hereditary Artinian rings A.
Next we assume that 4 is hereditary, and for the quiver of 4 we define a
“distance” from the sources to a vertex. After observing the properties of this
distance, we prove that if 4 is of finite representation type and hereditary,
then every indecomposable nonprojective T-module M is isomorphic to w7 (P)
and w'i(E) for some indecomposable projective A-module P and indecom-
posable injective A-module E and some integers m and n, where w, is defined
as follows: For an almost split sequence 0 >Z - Y > X -0 in mod 7, we
denote Z by w,(X) and X by w; '(Z). Then the meaning of w?! is ciear for
any integer ¢. In view of [10], this construction theorem, as a corollary,
implies the well known theorem [7, 12]: if 4 is a hereditary Artin algebra of
finite representation type, then every indecomposable A-module is
isomorphic to (TrD)™(P) and (D Tr)" (E) for some indecomposable
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projective A-module P and indecomposable injective A-module E and m,
n >0, where Tr denotes the transpose and D the usual duality.

In the last section, 5, for a hereditary Artin algebra A of finite represen-
tation type we consider an almost split sequence in mod T such that the
number of indecomposable summands of the middle term is maximal. Next,
for a basic hereditary Artinian ring A4 with a quasi-Frobenius 4-bimodule Q
and of finite representation type we describe the Auslander—Reiten quiver in
mod 7. Here the Auslander—Reiten quiver in mod T is such a quiver that the
vertices are the isomorphism classes of indecomposable T-modules, and for
vertices [X] and [Y] there is an arrow [X]|— [Y] if and only if there is an
irreducible morphism X — Y. As for a basic hereditary Artin algebra of finite
representation type, it is associated with one of the Dynkin diagrams [12]:
A, (n21),B,(n>22),C,(n>23),D, (n>4), E;, E,, Eg, F, and G,. In
our case, if we assume that the quiver of the ring A is one of the Dynkin
diagrams, we will obtaine the Auslander~Reiten quiver in mod T which is
similar to the corresponding Dynkin diagram.

The author wishes to express hearty thanks to Professor H. Tachikawa
and the referee for their many useful suggestions. In particular, Section 5 was
revised according to the referee’s advice.

1. PRELIMINARIES

Throughout this paper, rings will be assumed to be associative rings with
identity elements. For a ring 4, mod A means the category of finitely
generated right A-modules. For a right A-module M we denote the socle of
M by soc(M) and the top M/M rad(4) by top(M), where rad(4) denotes the
Jacobson radical of 4. An injective hull of M in mod A4 is explicitly denoted
by E,(M), but we usually denote it by E(M) for short, unless there is
confusion. Let 4 and T be two rings and Q an 4-bimodule such that there is
an exact sequence

0-Q0-ST-54-0

with a monomorphism x and a ring epimorphism p. Then, T is said to be an
extension over A with kernel Q [11, Chap. XIV, Sect. 2], provided that

k(ag)=1t(g) and  k(qa)=kK(g)!

for g€ Q, a€ A, t €T and a = p(t). Clearly this condition is equivalent to
saying that x(Q)* = 0. Since p is a ring epimorphism, Ker p has the structure
of a T-bimodule as a two-sided ideal in 7, while the p and the given structure
of Q as an A-bimodule canonically induce on Q the structure of a 7-
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bimodule. The condition that x(Q)’ =0 then means that these T-bimodule
structures coincide via k. For this reason, in all that follows, k will be iden-
tified as an inclusion map, if there is no confusion. An extension 0 - Q —*
T-* A4 -0 with a ring monomorphism 1: 4 — T such that p1 =1, seems to
have the simplest structure among the extensions over 4 with kernel Q. Such
an extension is called a trivial extension of 4 by Q [15] and is equivalent to
the extension

0- Q—n—ovA X Q-p—0—>A -0,
where the ring 4 X Q is a direct sum 4 @ Q as additive groups with

KO(Q) =(0, q), pola, g =a

for a € A and g € Q, and with multiplication defined by
(a1, 9)(a,, §;) = (a,a,, 0,9, + q,a,)

for a,,a,€ A4 and q,,q, € Q. Here it should be remembered that for an
algebra 4 over a field and an A-bimodule Q, as is well known, the set of all
equivalence classes of extensions over 4 with kernel @ is in a one-to-one
correspondence with the cohomology group H*(4, Q) of A with coefficients
in Q. In particular, an extension whose equivalence class corresponds to the
zero element in H*(4, Q) is a trivial extension of 4 with kernel Q (cf. [11,
Chap. X1V, Theorem 2.1]).

Now let 0 > Q —»"T—-? 4 -0 be an extension over a ring A with kernel
10,. Since Q*=0 in T, it then holds that Q crad(T) and rad(T)=
p'(rad(4)). Further, a right A-module M can be canonically regarded as a
right T-module by p, so that it holds that MQ = 0. Conversely a right 7T-
module M with MQ =0 can be canonically regarded as an A-module by p.
Particularly, every simple A-module is simple as a T-module and every
simple T-module is also simple as an A-module, because Q — rad(7T) and
rad(T) = p~'(rad(4)), In view of these facts, A-modules will be identified
with the T-modules annihilated by Q, in all but the proofs of (2.2-3) and
(2.8). Since Q is a nilpotent ideal in 7, it is well known that a finite
orthogonal set of primitive idempotents in A can be lifted to 7. Hence, if an
identity element 1, is a sum of orthogonal primitive idempotents e;
(1 < i< n), then there exists an orthogonal set of primitive idempotents e; in
T such that 1,=3"7_, e, and p(e;) =¢,.

Now, let A be a rght Artinian ring and B a left Artinian ring such that
there is a duality between the categories mod A and mod B°, where B° is the
opposite ring of B. Such a duality is called a Morita duality and the duality
functor is characterized as a functor Hom( , U), where U is a (B, A4)-
bimodule which has the properties that U, and ,U are finitely generated
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injective cogenerators and z,U, is balanced, ie., A ~End(;U) and
B ~End(U,) canonically (see [8, 18]). Further, in this case, every indecom-
posable injective right 4-module and every indecomposable injective left B-
module are finitely generated. Let A be a left and right Artinian ring and Q
an A-bimodule such that

Q,and ,Q are finitely generated,
Q, ~E(top(4,)) and 49 ~ E(top(,4)).

In this paper we call such a finitely generated 4-bimodule Q a quasi-
Frobenius module or QF-module for short. (It must be noted that the same
terminology is used in {8], but they do not coincide in general.) Then, since
both Q, and ,Q are injective cogenerators, they are faithful. As is well
known, a bimodule ,U, such that Hom,( , U) defines a duality between
mod A and mod A° is a QF-module. Hence an Artinian ring with a self-
duality has always a QF-module. In fact, it will be shown in the future paper
a QF-module is nothing but the bimodule which defines a self-duality. But
we do not use this property in this paper. Let 1, =3>"7_, ¢;, where {e;} is an
orthogonal set of primitive idempotents in 4. Then we have that Q, =

.60, O0=®].,0Qe, and each of ¢;Q and Qe,; is indecomposable
injective and hence its socle is simple. Therefore, since soc(Q,)~

i_1top(e;4) and soc(,Q)~ @ ,top(de;) by definition, there are two
permutations 7, 7’ on {1, 2,..., n} such that

soc(e; Q) ~ top(e,,;,4) and soc(Qe;) =~ top(de,. ;)

for all . However, it is easily shown that n’ =z~" (cf. |20, p. 8]). Such a
permutation 7 is called the Nakayama permutation by ,Q,. In case 4 is a
quasi-Frobenius ring, 7 is nothing else than the usual permutation induced
from A given in [20]. In case 4 is an Artin algebra over the center C, if we
consider Hom(4, E-(top(C))) as a QF-module Q, then it is well known that
the Nakayama permutation by Q is identity. In the rest of this section, for an
Artinian ring 4 with a QF-module Q we will prove that any extension T over
A with kernel Q is always a quasi-Frobenius ring and the Nakayama
permutation by ;7 coincides with that by ,Q,.

Given a ring R, for a right R-module M and a subset X of R the (left)
annihilator of X in M is usually defined as ¢,,(X)= {m € M|mX =0}, and
for a left R-module N the (right) annihilator of X in N is +4(X)=
{ne N|Xn=0}.

LemMMA 1.1. Let A be an Artinian ring and ,Q, a QF-module. Let
0-Q-"T—-?A4-0 be an extension. Then for an idempotent e in T and
e = p(e), the following statements hold.
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(1) eT/eQ~ed,

(2) (.(Q)=¢eQ,
(3) top(eT)~top(ed) as right A-modules and as right 7-modules,

(4) soc(eT) = soc(eQ,)~ soc(eQ,).

Proof. Obvious from the definitions.

PROPOSITION 1.2. Let A be an Artinian ring and ,Q, a QF-module with
Nakayama permutation n. Then every extension T over A with kernel Q is a
quasi-Frobenius ring, and = is coincident with the Nakayama permutation by
7 T'y. Particularly, in case n is identity, T is weakly symmetric.

Proof. First we show that T is left and right Artinian. For this, we note
that a given 4-module X with a finite (composition) length also has finite
length as a T-module, which is an easy consequence of the fact that simple
T-modules and simple A-modules are coincident. Then that T is Artinian
follows form (1.1-1), because the lengths of A-modules eQ and Qe are finite.
Thus to show that T is quasi-Frobenius we have only to show that there is a
permutation between the set of top(e;T) and the set of soc(e;T), where
{e;}7_, is a complete set of primitive idempotents in T, because soc(e;T) and
soc(Te;) are simple [20]. For this, let p be the canonical epimorphism 7 — A4
and e;=p(e;) for 1 <<i<n Then, soc(e;Q) ~top(e,;4) and soc(e;T)~
soc(e; Q) by (1.1-4). Hence, it holds that soc(e; T) ~ top(e, ;4 ) = top(e,;, T)
by (1.1-3). This shows that 7 is the desired permutation, and also shows that
the last assertion holds.

The following well known lemma is very useful for a study of indecom-
posable modules over a quasi-Frobenius ring.

LEMMA 1.3. Let A be a quasi-Frobenius ring and let X and Y be finitely
generated right A-modules each of which has no projective direct summands,
and P a projective right A-module such that there is an exact sequence

0-Y->P->X-0.

Then the following assertions hold.

(1) P is a projective cover of X if and only if P is an injective hull of
Y.

(2) X is indecomposable if and only if Y is indecomposable.

Remark 1.4. In conclusion of this section, we will make a few remarks
about extensions over hereditary algebras (over a field).

Generally speaking, it is not easy to see whether a given extension is split-
table (i.e., trivial) or not. But, for algebras over a field K, if we restrict ring
morphisms to K-algebra morphisms (i.e., K- and ring morphisms), we can
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show that, even for a semi-simple K-algebra A, there are nontrivial
extensions over 4 with kernel Hom(4, X), as follows:

(1) Let A be an inseparable semi-simple algebra over a field K with
dimg A < 00. Then there is an extension

0 - Homy(4, K)» T-55 40

such that fis a K-algebra morphism and there is no K-algebra morphism
g:A- Twith fg=1,.

Because, as is well known, semi-simple algebras are symmetric. Namely,
A ~Hom,(A4, K) as A-bimodules [21, Theorems 55.6 and 55.10]. Hence
H*(A, Homg(A4, K)) ~ H*(4,A) and so the desired result follows from the
fact that H"(4,A) # 0 for n > 0 [14, Proposition 14}.

(2) For a hereditary algebra 4 over an algebraically closed fieid, all
extensions over A are splittable. More generally, it is known that, for an
algebra A over a field K all 2-cohomology groups H?*(4, —) =0 if and only
if A/rad 4 is separable and A is hereditary [17, Theorem].

2. HEREDITARY ARTINIAN RINGS WITH A MORITA DUALITY

In all that follows, unless otherwise stated, all rings will be left and right
Artinian and all modules will be finitely generated right modules. Let 4 be
an Artinian ring with a quasi-Frobenius module Q and let 7 be an extension
over A with kernel Q. In this section we consider some properties of
indecomposable 7-modules, each of which will be equivalent or close to the
property that 4 is hereditary. In particular, they will imply very important
information in the case of hereditary Artinian rings of finite representation

type.
Throughout this section we fix once for all notations such that

050-5T-%254-0

is an extension over an Artinian ring 4 with kernel Q, where @ is a QF-
module over A4, p a ring epimorphism and « an inclusion map. In this case, it
should be remembered that T is a quasi-Frobenius ring by (1.2). To begin
with, we study indecomposable T-modules without assuming that A is
hereditary.

LEMMA 2.1. For a projective T-module P the following properties hold.

(1) PQ=(,(Q)
(2) PQ is injective as a right A-module.
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(3) soc(Py)=soc(PQ;,)=soc(PQ,).
(4) P/PQ is projective as a right A-module.
(5) For any submodule M of P, (,,(Q) =M M PQ.

Proof. Since T is Artinian by (1.2), P is a direct sum of indecomposable
projectives each of which is isomorphic to a primitive right ideal. Hence,
assertions (1)-(4) are easy consequences of (1.1).

(5) Since {,,(Q) =M N £,(Q), the result follows from (1).
LEMMA 2.2. Let M be an A-module and P a projective T-module such

that there is an embedding j: M — P/PQ. Then there is a finitely generated T-
module M which satisfies the following properties.

(1) There is a commutative diagram

0-({Q)M-4 M -0
Lol
0- PQ =5 P-25P/PQ—0,

where the top row is an exact sequence with an inclusion v, the bottom is the
canonical exact sequence and all vertical morphisms are monomorphic.

(2) (5(Q) <M rad(T).
(3) If T is a trivial extension of A by Q, then it further holds that

((Q) = MQ.

Proof. (1) Let p:P(M)—»M be a projective cover of M in modT.
Then, for a given embedding j: M — P/PQ, we have a morphism f: P(M)— P
which makes the following diagram commutative

PM) M —0
fl P
P 25p/PQ-—0.

Now let M =f(P(M)). Since p'(M)=j(M), there is then an epimorphism
u: M - M, so that the following commutes:

0—((Q)->M-*“ M —0

|

0— PQ %5 P -2, P/PQ—0,
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where the morphisms M— P and v:¢5(Q)— M are inclusions. Then,
Keru=MNKerp’ =M N PQ and so Ker u =M N (,(Q) = (7(Q) by (2.1).
Hence we can conclude that the top row in the above is an exact sequence
and there is an inclusion ¢(@)—» PQ which makes the above diagram com-
mutative.

(2) By the construction, it is clear that Ker u =f(Ker(p’f)) and that
Ker(p'f) is small in P(M). Hence Ker u must be small in M, because the
image of a small submodule of a given module X is also small in the image
of X. Since M rad(T) contains all small submodules of M, we thus have that
Ker u < M rad(T).

(3) Our aim is to find the module M which satisfies all properties
(1)~(3). In this proof we forget the agreement in Section 1 such that the A4-
modules are identified with the 7T-modules annihilated by Q. We denote by
X @ Y the direct sum of given abelian groups X and Y. Now assume that
T=A X Q and 1 is a ring monomorphism with pi = 1,. Then T'=4 ® Q and
P =P’ @® PQ, where P’ is projective in mod 4 such that P’ ~ P/PQ as A-
modules, because the projective module P is isomorphic to a direct sum of
direct summands of 7,. Then M may be regarded as a submodule of the
right A-module P’, so that MT is a T-submodule of P gerenated by M in P.
On the other hand, M @MQ is a T-submodule of P and of course contains
M. 1t therefore holds that

MT=M®MQ, McP, MQcPQ.

Since MQ < (MT)rad(T) and M ~MT/MQ as A-modules, it follows that
top(MT,;) =~ top(M,); and so top(MT;)~top(P(M);). Thus there exists an
epimorphism g: P(M) —» MT such that

PM)-> MT — P

S

JiM = MT/MQ — P/PQ

is commutative, where the middle and right vertical morphisms are canonical
epimorphisms and the composition of morphisms in the bottom is j. Hence if
we put M'= MT (= g(P(M))), then we see that assertion (1) holds for this M
from the proof of (1). Noting that M < P’ and MQ < PQ, we have that

(i(Q) =MT N (,(Q) = (M D MQ) N PQ =MQ,
in view of (1.1).

Now property (2) for his M is clear from the fact that Q < rad(T).
For an arbitrary Artinian ring R and an R-module M, Qz(M) means the
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nth syzygy module for n> 0. Namely, for a minimal projective resolution
-—=P,  -»P,»- 5P ->M-0, we put

n+1

QM) =Im(P,, > P,).

n+1

Dually we define 22;"(M) by a minimal injective resolution of M for n > 0.
We put Q3(M)=M and Q (M) = Q,(M). If the ring R is quasi-Frobenius
and M an indecomposable nonprojective R-module, then it follows from
(1.3) that 2" (Q(M)) ~ M ~ Q(2 '(M)). As we noted in Section 1, this is
an important fact.

ProrosiTioN 2.3. Let M be a T-module without projective summands, P
a projective cover of M and

0-Q,(M)—5P M0

is exact. Then it holds that
(1) PQ, is an injective hull of {4 ,,,(Q), and

0= £g,0n(Q) = PQ~>MQ -0

is exact, where u' and v’ are canonically induced from u and v.
(2) P/PQ, is a projective cover of M/MQ , and

0= Q2p(M)/t g, Q) > P/PQ —5 M/MQ — 0
is exact, where @ and U are canonically induced from u and v.

Progf. (1) It clearly holds that soc(R2,(M))c(, ,,(Q), because
Q crad(T). Since P is an injective hull of 2,.(M) by (1.3), it further holds
that soc(P) =soc(2,(M)). Hence it follows from (2.1) that soc(PQ)c
{a,0n(Q)- But soc(f g, ) (Q)) = soc(PQ), because £, (@) = PQ. Therefore
we have that

50¢(C g 40(Q)) = S0C(PQ).

On the other hand, PQ is an injective A-module by (2.1). Thus we can
conclude that PQ is an injective hull of ¢, .,,(Q). The second assertion is an
easy consequence of (2.1), because £ ,,(Q) = ¢,(Q) N 2,(M).

(2) Since Q crad(T), it holds that top(M)~top(M/MQ) and
top(P) ~ top(P/PQ). Hence top(P/PQ)~top(M/MQ), because P is a
projective cover of M and so top(P) ~ top(M). On the other hand, P/PQ is a
projective A-module by (2.1). Therefore the canonical epimorphism
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i: P/PQ - M/MQ must be a projective cover. As for the kernel of i, let X be
a T-module such that X/PQ=Kera Then X=u"'(MQ) and u(PQ)=
MQ = u(X). Hence X = P + Ker u. Thus we have that

X/PQ ~ Q,(M)/(2(M) N PQ) = 2 (M)/{q,41)(Q)-

ProOPOSITION 2.4. For a T-module M without projective summands the
Jfollowing assertions hold.

(1) MQ=0ifand only if {;_,(Q) is an injective A-module.
(2) R2,(M)Q=0 if and only if M/MQ is a projective A-module.

(3) IfMQ =0 and 2,(M)Q =0, then M is a projective A-module and
0Q.(M) is an injective A-module.

Proof. Assertions (1) and (2) follow easily from (2.3). For (3), {5, (Q)
is injective from (1) and 2,(M) =1 ,,(Q) by assertion. Hence 2,(M) is an
injective 4-module. Similarly we can show that M is a projective A-module.

The above lemmas are general consequences in the sense that they imply
no restrictions for the ring 4. Next we prove some lemmas which are closely
related to hereditary rings.

LEMMA 2.5. For an idempotent e in T and e =p(e), we assume that
M/t,(Q), is projective for any submodule M of eT with MQ # 0. Then every
submodule of eA is projective.

Proof. Let el be a nonzero submodule of ed. Then by (2.2) there exists a
submodule M of eT such that

el, =~ M/(,(Q),-

Hence it follows from the assumption that el, is projective.

Here we recall the definition of torsionless modules. For an arbitrary ring
R, a right R-module M is said to be forsionless provided that there is a
monomorphism from M to some product of copies of R,. In our case, since
we assume that the ring A is right Artinian, every finitely generated
torsionless A-module can be embedded into a finitely generated free A4-
module.

PROPOSITION 2.6. Let M be a nonprojective torsionless A-module and
@7, P, a projective cover of M in mod T, where each P, is indecomposable.
Then it holds that P;Q & 2,.(M)Q for any i and

QM) Q% g, (0Q)-
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Proof. Let u:P—-M be a projective cover of M in modT and
P=@®"!_, P;. It is then that Ker u = Q(M), PQ = (. (@) by (2.1-5) and

(Ker u) QcPQ= Cxer u(Q)

Hence we must show that (Ker u) 0 PQ. For this, it suffices to show that
P,Q ¢ (Keru)Q for any i.

Since M can be embedded into some projective A-module by assumption,
from (2.2) there is a T-module M such that

Oa[ﬁ(Q)—»M—w»M—-»O

is exact. By the projectivity of P,, there is then a morphism v: P— M such
that u = wo. Since v(Ker u) = Ker w={5(@), it holds that

v((Keru) Q)=0.

Now suppose that there is P, such that P,Q — (Ker u) Q. Then v(P;Q)=0
from the above, ie., v(P;) < ((Q). Hence, u(P;) = wo(P;) < w(f5(@)), and
so it holds that u(P;) = 0, because ¢5(Q) = Ker w. But this contradicts that P
is a projective cover of M in mod T. Hence we have that P,Q ¢ (Ker u) 0
for all i.

Making use of the above lemmas, we can now characterize a hereditary
Artinian ring with respect to indecomposable T-modules.

THEOREM 2.7. Let A be an Artinian ring with a QF-module Q and let T
be an extension over A with kernel Q. Then the following statements are
equivalent.

(1) A is hereditary.

(2) MQ is an injective A-module for every indecomposable T-module
M with MQ + 0.

(3) MQ=¢,(Q) for every indecomposable T-module M with MQ # 0.

4) M/t,(Q) is a projective A-module for every indecomposable T-
module M with MQ + 0.

Proof. First we prove that (1) implies all the others. Let M be an
indecomposable T-module with MQ # 0, and let u: P’ - M be a projective
cover of M. Then u(P'Q)=MQ and P'Q is injective in modA4 by (2.1).
Since A4 is hereditary, any factor of an injective module is also injective, and
so MQ is injective in mod 4, which proves (2). Now let P be an injective hull
of M. By the fact just proved above, MQ is injective in mod A and hence we
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have that ¢,(Q)=MQ® X for some submodule X,. Thus we have the
following commutative diagram:

00— X - M — M/X—0

P

0— (u(Q)/MQ — M/MQ —> P/PQ,

where s, ¢, u, v and w are all canonical morphisms. In this diagram the two
sequences are exact. For, we know that

Ker w= (M N PQ)/MQ,
and by (2.1)
(L, (Q)=MnNPQ.

By (2.1) we know also that P/PQ is projective in mod A and hence Im w is
projective in mod 4, because A is hereditary. This shows that the exact
sequence

0 £,(Q)/MQ -5 M/MQ —Tm w— 0

is splittable. Hence there is a morphism v': M/MQ - (,,(Q)/MQ with v'v is
an identity on ¢,,(Q)/MQ. Hence s = (v'v) s = (v't) u, which implies that u is
splittable, because s is an isomorphism. Therefore M~ X @ M, /X. But
XQ =0 and M is indecomposable with MQ + 0. Hence X must be zero. This
means that MQ = ¢,,(Q) and w is monomorphic, that is, M/MQ is projective
in mod A. Thus (3) and (4) are proved.

(2)= (1) Let E be a nonsimple indecomposable injective 4-module.
To show (1) it suffices to show that any factor of E is also injective (see |1,
Corollary 11]). By the definition of the QF-module, there is an idempotent e
in 4 such that E ~ eQ. Then it is sufficient to show that any factor of eQ is
injective. Let e be an idempotent in 7" with e = p(e), and M = eT/el for an
arbitrary proper submodule el of eQ. Then, clearly M is indecomposable,
because top(M) is simple, and MQ+0 for MQ =eQ/el. Hence, by
assumption (2), MQ is injective in mod A, that is, eQ/el is injective in
mod A4.

(3)= (1) It suffices to show that rad(e4) is projective for any idem-
potent e in A. Suppose that rad(ed) is not projective for some idempotent e.
There is then an indecomposable nonprojective summand M of rad(ed).
Then Q2,(M) is indecomposable by (1.3) and, since M is nonprojective in
mod A4, 2,(M) is not annihilated by @, in view of (2.4). Hence, by



EXTENSIONS OVER ARTINIAN RINGS, I 399

assumption (3), we have that Q.(M)Q={(, ,(Q). However, since M is
torsionless in mod 4, this contradicts (2.6). Thus 4 must be hereditary.

(4)=-(1). Let I be a nonzero right ideal in A. Then, by (2.2) there is a
T-module M such that

0-¢(,(0)-M-1I-0

is exact. For a decomposition M = @®}_, M, with M, indecomposable T-
modules, it is clear that £,,(Q) = @]_, {,,(Q). Hence,

I,~M/(,(Q),~ C;') Mi//Mi(Q)A'

By assumption (4), the right hand side is projective and so I is projective in
mod 4. Thus we are done.

LEMMA 2.8. Let A be an Artinian ring with a QF-module Q and T a
trivial extension of A by Q. For a primitive idempotent e in T let M =eT}/el,
where el is a proper submodule of Q. Then, if ¢,,(Q) is injective in mod A4, it
holds that MQ = ¢,,(Q).

Proof. In this proof we again forget the agreement in Section 1 for the 4-
modules (see the proof of (2.2-3)). Since T is a trivial extension of 4 by Q,
there is a splittable ring monomorphism : 4 - T with p1 = 1, by definition.
By this morphism 1, every T-module may be canonically regarded as an A-
module. Then M can be considered as an 4-module, so that it is decomposed
into a direct sum of ¢,(Q) and some A-module X, because £, (Q) is an
injective A-module:

M, =X,®(,(Q),. (1)
Here, X # 0 because MQ =eQ/el #0. Since M has the unique maximal

submodule in mod 7, it therefore holds that M is a T-module generated by X,
i.e., M =XT, while X ® XQ is a T-submodule of M. Hence

M=X®XQ (2)

as right A-modules. Comparing (1) with (2), we conclude that XQ = ¢,,(Q)
because XQ — ¢,,(Q). On the other hand, it is clear that MQ = XQ, thus we
have proved that MQ =(,,(Q).

THEOREM 2.9. Let A be an Artinian ring with a QF-module Q and T an
extension over A with kernel Q.
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(I) The following statements are equivalent.
(1) M/MQ is a projective A-module for any indecomposble T-
module M with MQ + 0.

(2) €,(Q) is an injective A-module for any indecomposable T-
module M with MQ + 0.

(3) 2,M)Q=0 for any indecomposable T-module M with
MQ #0.
4) Q7'M)Q=0 for any indecomposable T-module M with
MQ+0.
(I1) If A is hereditary, the assertions of (1) hold, and conversely if T is
a trivial extension of A by Q.

Progf. (I) Since T is a quasi-Frobenius ring by (1.2), (1.3) asserts that
Q. (2;'(M))~M and Q;'(2,(M))~M for any nonprojective indecom-
posable T-module M. Hence, (1)< (3) and (2)<> (4) are obtained from
(2.4).

(3)=(4) Let M be a nonprojective indecomposable T-module with
MQ+0. The 2;'(M) is indecomposable nonprojective by (1.3). By
assumption, if 2;'(M) Q # 0, then 2,(2;'(M)) Q = 0. But this means that
MQ =0, because M ~ Q.(2;'(M)), a contradiction.

(4)= (3) This is proved by the same argument as in the above and we
omit the proof.

(I} By (2.7) we know that if 4 is hereditary, (I) holds. To show the
converse for a trivial extension 7, we show that (I-2) implies that 4 is
hereditary. Now let ¢ be a primitive idempotent in A4 such that eQ is not
simple. Then it suffices to show that all factors of eQ are also injective |1,
Corollary 11]. Let el be a proper submodule of eQ and e a primitive idem-
potent in T with e = p(e). Let M = eT/el. Then, since M is indecomposable,
MQ =¢,,(Q) by (2.8). Hence, MQ is injective in mod 4, which shows that
eQ/el is injective in mod A4.

ExampLE 2.10. Here we note that if 7 is not a trivial extension of 4 by
0, then assertion (II) in (2.9) does not hold in general, even if T is weakly
symmetric.

Let T be a serial quasi-Frobenius algebra over a field such that 1. =¢, +
e, + e;, where {e;} is an orthogonal set of primitive idempotents such that
each composition length |e,T| is 4 and

top(e, rad(T)) = top(e, T),
top(e, rad(7)) ~ top(e; T),
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and

top(e, rad(7)) ~ top(e, 7).

Let Q=rad(T)’, A=T/Q and ¢;=¢;+ Q in A. Then @*=0in 7T and T is
an extension over 4 with kernel Q, but not of course trivial. For, if
T=AX Q, rad(T)=rad(4) @ 2 as additive groups and so rad(7)’=0, a
contradiction. Further, 4 is a serial quasi-Frobenius algebra with a
Nakayama permutation
123
”‘(231)

by ,4, and it is not difficult to see that
e,0~ed, e;0~e A, e;0~e,A,
Qe, = Ae,, Qe, ~ Ae,, Qe, ~ Ae,.

This shows that Q, ~A4, and ,Q~ ,4. Hence Q is a QF-module. On the
other hand, since T is serial, by Nakayama’s theorem [20, Theorem 17] all
indecomposable right T-modules are factors of primitive right ideals in 7.
Using this fact, we can easily check that each property in (2.9,1) holds.
Furthermore, clearly A is not hereditary but T is weakly symmetric.

Example 2.10 is generalized as follows.

PropoSITION 2.11. Let A be an Artinian ring and Q a QF-module and
let 0 Q> T— A— 0 be an extension of A with kernel Q. Assume that T is
a serial ring. Then for every indecomposable T-module M with MQ + 0 it
holds that M/MQ is projective in mod 4.

Proof. Let M be an indecomposable T-module with MQ #0. By
Nakayama’s theorem there is an idempotent e such that eT -/ M -0 is
exact. Since f(eQ)=MQ#0, it holds that eQ & Ker f= Q,(M). Hence
0,(M) < eQ because the set of right ideals of T is totally ordered, so that
£2,(M) is annihilated by Q. Hence the conclusion follows from (2.4-2).

In conclusion of this section, we apply our theorems to the representation
theory of Artinian rings. Especially properties (3) and (4) in (2.9,1) are
remarkable, which will give a correspondence between indecomposable A4-
modules and indecomposable T-modules which are not annihilated by Q. To
say it more explicitly, for an Artinian ring R we denote by Ind R the set of
isomorphism classes of finitely generated indecomposable right R-modules.
Now let A be an Artinian ring with a QF-module Q and T an extension over
A with kernel Q. Then Ind 7T\Ind 4 is the set of finitely generated indecom-
posable right T-modules which are not annihilated by Q. We define a map ¢

481/73/2-9
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from Ind 4 to Ind T\Ind 4 as follows. (i) ®(|M]) = [2,(M)] for a nonpro-
jective indecomposable module M in modA and (ii) @(|M]) is the
isomorphism class of a projective cover of M in mod T for a projective
module M in mod 4 (cf. (2.4)). Then we have

Theorem 2.12. Let A be an Artinian ring with a QF-module Q and T an
extension over A with kernel Q. Then it holds that

(1) @ is an injection.
(2) @ is bijective if and only if ¢,,(Q) is injective in mod A for every
indecomposable right T-module M with MQ + 0.

(3) If A is hereditary, @ is bijective. Moreover, in case T is a trivial
extension of A by Q, the converse holds.

Proof. (1) Let P(A) be the set of isomorphism classes of indecom-
posable projective right A-modules. Then it is clear that @ is injective on
P(4) by (2.1) and on Ind A\P(4) by (1.3). Moreover, since T is quasi-
Frobenius, it is clear that Q,(M) is nonprojective in mod T for
[M] € Ind A\P(4). Hence ®(P(4))M ?(Ind A\P(4)) =@. This shows that
@ is injective on Ind 4.

(2) @ is a bijection if and only if for [M] € Ind T\Ind 4 there is an
[N]€IndA4 such that M ~Q.(N), ie., [2;'(M)] € Ind 4, which means
condition (4) in (2.9). Thus we are done.

(3) This is an immediate consequence of (2.9-II) and the above result

(2).

COROLLARY 2.13. Let A be an Artinian ring of finite representation type
with a QF-module Q and T an extension over A with kernel Q. Then, if A is
hereditary, T is of finite representation type and the number of isomorphism
classes of indecomposable right T-modules is two times the number of
isomorphism classes of indecomposable right A-modules. In case T is a
trivial extension of A by Q, the converse holds.

Proof. This is obvious from (2.12).

ExaMpLE 2.14. In (2.12-3) the condition that T is a trivial extension of
A by Q cannot be removed. For example, we consider the rings 4 and T
given in (2.10). Then, since both T and 4 are serial, it is easy to see that
n(7T) =12 and n(4) = 6 (see [20, Theorem 17]), where n means the number
of isomorphism classes of indecomposable modules. But neither A4 is
hereditary nor 7 is a trivial extension of 4 by Q.

Remark 2.15. In the case T=A4 X Q, (2.13) has already been proved in
[25] as noted in the introduction.
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3. ALMOST SPLIT SEQUENCES OVER A QF-RING

In this section we remark some results for almost split sequences, which
will be used in the following sections. We are concerned with setting up a
principle of construction of indecomposable modules over a quasi-Frobenius
ring.

We first recall definitions from [2]. Let 4 be an Artinian ring. Let
F:0-»X—->Y—>Z-0 be a nonsplittable exact sequence in mod 4 with X
and Z indecomposable modules. £ is called almost split if any morphism
f:X—- W in mod 4 which is not a splittable monomorphism can be extended
to Y, or equivalently any morphism g: W — Z in mod A which is not a split-
table epimorphism can be factored through Y. A nonsplittable morphism
SJ:X-Y in modA is called irreducible provided that if f= hg for some
morphisms g: X—- W and A: W-Y in modA, then g is a splittable
monomorphism or 4 is a splittable epimorphism. The ring A is said to have
almost split sequences if there are almost split sequences in mod 4

0-X-X'-5X"-0,
0-Y">Y >5Y->0

for any indecomposable noninjective module X and any indecomposable
nonprojective module Y. For an almost split sequence 0 > X - Y- Z -0 we
denote X by w,(Z) and Z by w '(X). For an indecomposable module M, let

wi(M) = w (] (M)),
w,"(M)=w, " (w;""(M)) forn>0

if the right hand sides are well defined. By the uniqueness of the almost split
sequences, it holds that for any indecomposable module X, X ~ w 'w (X) if
X is not projective and w,(X) is defined, and X ~ w,w; '(X) if X is not
injective and w} '(X) is defined. If there is no confusion, w” will be denoted
by w” for short.

The following lemma is very fundamental and it is proved in [3]. (See
(2.4), (2.15) and (3.1) in [3].)

LeEmMMA 3.1. Let A be an Artinian ring with almost split sequences. Then
the following statements hold in mod A.

(1) For indecomposable modules X and Z, a nonsplittable exact
sequence 0 > Z -" Y =" X - 0 is almost split if and only if both u and v are
irreducible.

(2) For an indecomposable nonprojective module X and a nonzero
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morphism u:Y - X in mod A, u is irreducible if and only if there is an
almost split sequence

05 wX)»Y®Y - X0

such that f=u @ u’ for some morphism u': Y' — X. In this case, there is an
irreducible morphism w(X)- Y.

(3) For an indecomposable noninjective module X and a nonzero
morphism u: X - Y in mod A, u is irreducible if and only if there is an
almost split sequence

0-X LYoy >0 'X)>0

such that f=u ® u’' for some morphism u': X - Y'. In this case, there is an
irreducible morphism Y - w~'(X).
(4) For a nonzero morphism u: X - Y,
(i) if X is injective, u is irreducible if and only if the following
diagram is commutative:

X5 Y
|
x-Z X/soc(X),

where p is the canonical epimorpohism and m is a splittable monomorphism.
(ii) if Y is projective, u is irreducible if and only if the following
diagram is commutative:

X Ly
1
rad(Y) 25 v,

where k is the inclusion and m a splittable monomorphism.

The following is a special case of [3,4.11].

LEMMA 3.2. Let A be a quasi-Frobenius ring and P an indecomposable
projective A-module. Then the exact sequence

E: 0- rad(P) 5 P @ (rad(P)/soc(P)) - P/soc(P)— 0
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is almost split, where u(x)=(x,x+soc(P)) and v(y,z+soc(P))=
(y — z) + soc(P) for x, z € rad(P) and y € P. Moreover, rad(P)/soc(P) does
not contain a projective submodule.

For a module M over an Artinian ring 4, L(M) denotes the upper Loewy
length, that is, it is the smallest number # such that M rad(4)" =0. Let 4 be
an indecomposable quasi-Frobenius ring with L(4A)=2. Then it is well
known that 4 is serial and so nonprojective indecomposable modules are
simple. This is a trivial case. The following lemma gives information for a
quasi-Frobenius ring 4 with L(4) > 2 [5, Lemma 4.3].

LEMMA 3.3. Let A be an indecomposable quasi-Frobenius ring with
L(A4) > 3. Then L(P) > 3 for every indecomposable projective module P.

The construction of indecomposable modules considered in this paper is
closely connected with irreducible morphisms between indecomposable
modules. For an Artinian ring 4 with almost split sequences, a set {M,};., of
finitely generated indecomposable modules is called an w-generating set for a
given class C of finitely generated indecomposable modules provided that for
any module M belonging to C there is some M, such that M ~ w"(M,) for an
integer n. Further the set {M,},., is called an w-basis [16] in case that it is
an w-generating set for the class of all finitely generated indecomposable
modules and that it is not w-generated by any proper subset. It is the
problem that we find an w-basis for an Artinian ring of finite representation
type. As example, w-bases are known for those Artinian rings of finite
representation type that are serial rings [3, 20|, algebras with squared zero
radical [19], hereditary algebras [12] and algebras of local—colocal represen-
tation type [16}. For the others, see [9, 13].

Before stating the main result in this section, we recall notation from [27].
Let A be an Artinian ring with almost split sequences. For an indecom-
posable module M, E (M) is defined for any integer n> 0 as follows (for
n £ 0 it is similarly defined);

(i) EoM)={[M]},

(i) [X]€E,, (M) if and only if X is indecomposable and there is an
irreducible morphism X — Y for some [Y]| € E, (M), where | | denotes the
isomorphism class of a given module. Let E (M) = {{X]|[X] €E, (M) and X
is not projective or injective}. For two sets E;, E, of isomorphism classes of
indecomposable modules, the ordered pair (E,,E;) is called reflexive
provided, for any irreducible morphism X, » X, between nonprojective,
noninjective and indecomposable modules X;, [X,] €E, if and only if
[X,] EE,.

ProposiTION 3.4.  Let A be an indecomposable quasi-Frobenius ring with
almost split sequences and L(A) > 3. Let E, be a set of isomorphism classes
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of indecomposable nonprojective A-modules M, (i€1), and let
E,= U,e; E.(M,) for any integer n. If (E,,E,) is a reflexive pair, then it
holds that

(1) (E,,E,_,) is reflexive for any integer n.

(2) E,UE, is an w-generating set for ., E,

Progf. (a) We will note that every almost split sequence has a nonpro-
jective middle term. For this, suppose that 0 - w(X)-> Y —->X -0 is an
almost split sequence such that Y has an indecomposable projective
summand P. Then L(P) > 3 by (3.3), hence rad(P)/soc(P)+ 0. Moreover
there is an irreducible morphism P— X by (3.1). Again by (3.1), since P is
injective, X must be isomorphic to a direct summand of P/soc(P). However,
since P has the simple top, P/soc(P) is indecomposable. Hence X is
isomorphic to P/soc(P). Therefore, from the uniqueness of almost split
sequences and (3.2), we know that Y =~ P @ rad(P)/soc(P) and rad(P)/soc(P)
is not projective, so Y is not pro_lectlve It follows from this fact that if E, is
not empty, then neither E,, , nor E,_, is empty. Hence, in fact, it holds that
E, is not empty for every integer n, because E, # @ by assumption.

(b) We will show the following properties by induction on »n > 1.

(1),: (E,,E,_,) is reflexive.

(2),: E, has E,UE, as an w-generating set.
For this, first of all we will observe that for every n> 1 and |X]| € E,,Jrl
there exists [Y,| €E, with an irreducible morphism X -7Y,, ie.,
[X] € E,(Y,)- By the definition of E,, there is |Y] EE, with [X] € E(Y).
Here, if Y is nonprojective, there is nothing to prove. Now then, assume that
Y is projective. By definition there is [Y;] € E,_, with [Y] € E(Y,). Since ¥
is indecomposable projective, it follows from (3.2) that there is an almost
split sequence 0> X > Y@ Y’ > Y; - 0 (cf. the proof of (a)). In particular,
Y, is nonprojective and Y’ has a nonprojective indecomposable summand
Y,. Hence |Y;] €E,_, and so |Y,] € E,. Moreover, [X] € E,(Y,) clearly.

Now, (1),, (2), and (2), hold clearly. Assume that assertions (1), and (2),
are valid for all integers k such that 0 < k< n. Let [X] €E,,, and Y, be an
indecomposable nonprojective module with |[X] € E,(Y). From the above
observation there exists [Y,] € E, with [X]€E (Y,). Since A4 is quasi-
Frobenius, X is noninjective and so there is an irreducible morphism
Y,—»w '(X) for i=1,2 by (3.1). Then by the induction hypothesis (1), we
have that [w~'(X)] €E,_,, because |¥,] € E, and » '(X) is nonprojective.
Hence [Y,] € E,, because Y, is nonprojective. This shows that (1), holds.
On the other hand, by the induction hypothesis (2),_,, there exists [M] in
E,UE, such that w '(X)~w™M) for some integer m and hence
X ~ w(w™ (X)) =~ 0™ (M). This shows that (2),,, holds.

For n < 1 we can similarly prove (1), and (2),.
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4. CONSTRUCTION OF INDECOMPOSABLE MODULES

The aim of this.section is to find an w-basis for every extension over a
hereditary Artinian ring of finite representation type with kernel Q a QF-
module. First we study some relations between irreducible morphisms in
mod A and in mod 7.

THEOREM 4.1. Let A be an Artinian ring with a QF-module Q and T an
extension over A with kernel Q, and consider the following properties:

(1) (,/(Q) is injective in mod A for every finitely generated indecom-
posable T-module M with MQ + 0.

(2) Every irreducible morphism between indecomposable modules in
mod A is irreducible in mod T.

(3) Every almost split sequence in mod A is almost split in mod T.

Then the implications (1)= (2)= (3) always hold. Moreover if A has
almost split sequences, then the implication (3)= (1) holds.

Proof. (1)=(2). Suppose for a contradiction, that f:X-Y s
irreducible in mod 4, but that f=hg in mod 7, where g: X—> W is not a
splittable monomorphism and A: W — Y is not a splittable epimorphism.
Since XQ =0 in mod T, g(X) < (,,(Q), so that g =1ig’, where g': X - ¢,,(Q),
and i:{,(Q)— W is the inclusion. Similarly, since h/(WQ) = 0, we have that
h=h'p, where p: W— W/WQ is the projection and h': W/WQ - Y.

/\/\

2yQ) —> W ——— W/Wa.

Now f'= (hi)g' in mod 4, so the irreducibility in modA4 of f and the
assumption that A is not a splittable epimorphism imply that g’: X - ¢,,(Q)
is a splittable monomorphism. Similarly, the factorisation f'= h'( pg) implies
that h': W/WQ - Y is a splittable epimorphism. Next we will show that X is
injective and Y is projective in mod A, which of course contradicts the
irreducibility of f (cf. (3.1)).

Now let W= W, @ W,, where W, has no direct summands annihilated by
Q and W,(Q =0. Then

(@)=t (DD W,
and {,, (Q) is injective by assumption. Let

(@) =gX)® W'
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for some module W’. Since g(X) has the exchange property (cf. [26]), we
have that

((Q)=gX) W @ W,

for some W\ <, (Q) and W3 < W,. If X is not injective in mod 4, it must
be that W} = ¢, (Q). On the other hand, clearly soc(W,) = ¢}, (Q). Therefore
(g(X)® W) N W, = 0. Consequently, we have that

W=W, +,(Q)=W,+(eX)D?, (Q) @ W)
=W, @gX)@ W;.

This shows that g is a splittable monomorphism, which contradicts the
assumption for g. Hence X is injective in mod A. Moreover, since W/WQ =
(W./W,Q)® W, and W,/W,Q is projective in mod A by (2.9), it will be
shown that Y is projective in mod 4 by the similar argument. Thus we
conclude the proof.

(2)= (3). This is an immediate consequence of (3.1-1).
(3)= (1). Let M be an indecomposable T-module with MQ + 0, and

suppose that ¢,,(Q) is not injective in modA4. Let X be a noninjective
indecomposable summand of ¢,,(Q) and

00X Yowr'(X)-0

an almost split sequence in mod A. Then by assumption, E is also almost
split in mod 7. Hence, for an inclusion h: X - M, there is a morphism
g: Y- M such that s = gf. Since g(Y) Q =0, g induces a morphism g’: Y -
{,/(Q) such that g = kg’, where k: ¢,,(Q) — M the inclusion. Let i: X - (,,(Q)
and j: £,,(Q) — X be the canonical injection and projection, respectively. Thus
the following diagram is commutative:

Since ki = h =gf = k(g'f), i = g'f- Hence 1, =ji = (jg') f. This shows that f
is a splittable monomorphism, a contradiction.
Combining (4.1) with (2.9), we have
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COROLLARY 4.2. Let A be an Artinian ring with a QF-module Q and T
an extension over A with kernel Q. Then

(1) If A is hereditary, then all properties in (4.1) hold.

(2) If A has almost split sequences and T is a trivial extension of A by
Q, then each property in (4.1) implies that A is hereditary.

In the following we assume that 4 is a hereditary Artinian ring with a QF-
module @ and T an extension over 4 with kernel Q.

LEmMMA 4.3.  For an indecomposable projective T-module P, it holds that

(1) Iftop(P) is an injective A-module, then PQ is a simple injective A-
module.

(2) If soc(P) is a projective A-module, then P/PQ is a simple
prajective A-module.

Proof. We prove only (1), then (2) will be obtained by the dual
argument. Let K be a submodule of PQ such that PQ/K is simple and let
S = PQ/K. We must show that K = 0. Since 4 is hereditary, S is an injective
A-module by (2.1). Let P’ be an injective hull of S in mod T. Then since P'Q
is injective indecomposable in mod A (2.1), S =P’Q and hence P’/S is a
projective A-module. Consider the following commutative diagram:

0— PQ/K - P/K - P/PQ—0

|k
0— § 5 P 2 pJSs-—0,

where u, v, u’ and v’ are canonical, and f, g are morphisms induced from the
injectivity of P7. It then holds that f(P/K)=2u'(S). For, suppose that
Sf(P/K)=u'(S). Then it is clear that u is a splittable monomorphism, that is,
inmodT

P/K ~ PQ/K ® P/PQ.

But the right hand side is annihilated by Q, so that (P/K)Q =0. Hence
PQ c K, which contradicts the choice of K. Consequently, v'f# 0 and hence
g # 0 by the commutativity of the above diagram. Since A4 is hereditary and
both P/PQ and P’/S are indecomposable projective 4-modules, g is then a
monomorphism. Hence g induces a monomorphism g:top(P)—
(P'/S)/g(rad(P)/PQ) in mod 4. Since top(P) is injective in mod 4, g is split-
table, and so g must be an isomorphism because (P’'/S)/g(rad(P)/PQ) is
indecomposable. This implies that g is an isomorphism. Thus f is an
isomorphism. Since P’ is projective in mod T, P/K is aso projective in
mod 7. Since P is indecomposable, this implies that K = 0.
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LEMMA 4.4. Let eA be an indecomposble projective A-module such that
top(ed ) is injective in mod A, and let f: M — eA be an irreducible morphism
in mod T with M an indecomposable T-module. Then either

(1) MQ=0 and fis irreducible in mod 4, or

(2) M is prajective in mod T such that f induces an isomorphism from
M/MQ to eA.

Proof. 1If MQ =0, then M is an A-module. Hence it is clear from the
definition of irreducible morphism that f is irreducible in mod 4. Assume
that MQ # 0. Then f is not monomorphic, because (e4d) Q = 0 regarding e4
as a T-module. Therefore f is epimorphic by the definition of irreducible
morphism. Let P be an indecomposable projective T-module with
P/PQ ~ eA. Then there is a morphism g: P— M such that p = fg, where p is
the canonical morphism P—ed. By (4.3-1), PQ=soc(P). Since P is
injective, it follows that p: P — P/soc(P) ~ eA is irreducible, and then clearly
g is a splittable monomorphism. Since M is indecomposable, g is an
isomorphism and (2) follows at once.

Here we will recall the definition of the quiver of 4 from [12]. Let I"be a
set in a one-to-one correspondence with the set of isomorphism classes of
indecomposable projective right 4-modules, and we denote by P, an
indecomposable projective module corresponding to a vertex v € I. For
v, v, €1, d,, ,, denotes the multiplicity of top(P,,) in composition factors
of top(P,, rad(4)), and d; ,, is the multiplicity of top(P} ) in composition
factors of top(rad(4) P} ), where ( )* = Hom,( ,4). Then the quiver -Z(A4)
of 4 means the set (I, d), where d stands for the set of d,, , for v, v, € 1.
We use the symbols ’

o dibgy)

o TN ford,, ., #0,
vi vy
and
. o
o——0 simply ford,, , =d; ., =1
v vj

That is, the quiver means the oriented valued graph here.
The following proposition shows fundamental relations between the quiver
of a hereditary Artinian ring and almost split sequences in mod 7.

PROPOSITION 4.5. Let A be a hereditary Artinian ring with a QF-module
Q, T an extension over A with kernel Q and (I', d) the quiver of A. Assume
that both A and T have almost split sequences. Then for any vertex v € I,
w7 (P,)~>w;'(P,) for d, .+ 0, and there is an almost split sequence E , .
in mod T for any integer n such that
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0~w';(Pv)~( @ w;*’(Pv,)"v")@( ® w;(Puu)“v"))@P

dy,pr#0 dyr, 0

- i '(P,)-0

Sfor some integers {,,., {,. (>0), where P is zero or indecomposable projective
right T-module. In particular,

(1) iftop(P,) is noninjective in mod 4, w; '(P,) ~w, '(P,) and E, , is

O*Pr—’( @ w,:‘(Pv/)“’v")@( ® (Pv/,)"v”’)w;‘(a,)ao

deg#0 durp #0

(2) iftop(P,) is injective in mod 4, [, , is

0P -+ @ w;'P)"®P -w;'(P)-0,

dpp#0

and there is an almost split sequence in mod T such that

0-rad(P,)~» @ (Pl_,)(l’;w) ®P,-P, -0,
dv.l"io
where P, is zero or indecomposable projective in mod T and P, is indecom-
posable projective in mod T such that P,/P,Q~P,.

Remark. If A is a hereditary Artin algebra, it will be seen from the proof
and |4, Sect. 2] that

— —_— !
(.=t =d,,. and {on=dy yu

Proof. 1t should be noted that if 0> X —»Y—>Z—0 is an almost split
sequence in mod T such that Y has a projective summand P, then P is
indecomposable by (3.2).

(1) The case top(P,) is noninjective in mod A: Let X be an indecom-
posable nonprojective 4-module. Then, since P, is noninjective in mod 4, by
(3.1) there is an irreducible morphism P,— X in mod A iff there is an
irreducible morphism w,(X)— P, in mod A iff there exists a vertex v’ € V'
such that w(X)~ P, and d,, . # 0, or equivalently, X ~w '(P,.). On the
other hand, in case X is indecomposable projective in mod 4, again by (3.1)
there is an irreducible morphism P, — X in mod A4 iff there is a vertex v" €I
such that X ~ P, and d,. , # 0. Thus we have an almost split sequence E, ,
in mod 4 such that for some integers ¢,.,¢,. > 0,

0~P,.~( ® w;I(PU,Wv”)@( @ (PU”)“v“’)—»w;‘(PL.)ao. (i)

dp ' #0 dpr p #0
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By (4.2) we know that E,, is also almost split in mod 7, so that
w;'(P,)~w;'(P,) in particular. Furthermore it follows from (4.2) that
w;'(P,)~w;'(P,), because P,, is not injective in mod A.

(2) The case top(P,) is injective in mod A: By (3.1), for a nonpro-
Jective indecomposable T-module X, there is an irreducible morphism P, — X
in mod T iff there is an irreducible morphism w,(X)— P, in mod 7. Since X
is nonprojective in mod 7, w,(X) is nonprojective in mod T. Hence, if there
is an irreducible morphism f: w(X)— P, in mod T, w,(X)Q =0 by (4.4)
and f is irreducible in mod 4, so that w,(X)~ P, for some v’ € V with
d, . # 0, or equivalently X ~ w; '(P,).

Conversely assume that f: P,, — P, is irreducible in mod 4 for v’ € I' with
d, ,# 0. Then f is also irreducible in mod 7 by (4.2). Hence by (3.1) there
is an irreducible morphism P,— w;'(P,.) in mod T. Therefore, by (3.1),
wy '(P,) appears in the middle term of the almost split sequence

0P, -M->w;'(P,)—0

in mod T. Thus we know that there is an almost split sequence E , in mod T
such that

oapﬁ( @ w;'(PU,)“M)@Pﬁw;'(Pv)—»o (ii)

dz',l"¢0

for some integer ¢, > 0, where P, is zero or indecomposable projective in
mod 7. Moreover, by the same reason as in (1) it holds that w;'(P,)~
wy'(P,) for d, . +0.

Next we consider the second sequence. Let P, be a projective cover of P,
in mod T. Then P,~ P,/P,Q by (2.3). Since top(P,) ~ top(P,) and top(P,)
is injective in mod 4, it follows from (4.4) that P,Q =soc(P,) and hence
P, ~ P,/soc(P,). Hence there is an almost split sequence in mod T such that

0 - rad(P,)— P, ® (rad(P,)/soc(P,)) = P,— 0.

Further, since no indecomposable direct summand X of rad(P,)/soc(P,) is
projective in mod T by (3.2) but there is an irreducible morphism X - P, by
(4.4) it holds that XQ =0 and X ~ P, for some v’ € I' with d,, ,, # 0 in view
of (3.1). Conversely we easily see that for any v’ € I' with d, . #0, P,.
appears in rad(P,)/soc(P,) as a direct summand by (3.1) and (4.2). Thus we
have the almost split sequence in mod T

0> rad(P,) - ( ® (PU«)““) @ Py~ P, 0.

dpp#0
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The rest immediately follows from (i} and (ii), in view of (3.1) and (3.2).

To show that a given set of isomorphism classes of indecomposable
modules is an w-basis, it is convenient to define “a distance ¢ from sources”
for every vertex. Let A be a hereditary Artinian ring and .2(4) = (I, d) the
quiver of A. We assume that .Z(4) does not contain any quiver with cyclic
orientation. Let {v”|v'? € I, 1 i< s} be the set of sources in .2(4) and,
for v €T, I',(v) be the set of vertices such that v’ € I'(v) if and only if there
are arrows with v — .-« — v’ — ... — ', where — denotes — or «. Now we
define a mapping

8 M(v) X I'(v)- 17, 1igs, veT,
as follows; for v,, v, € I'(v)

(1) Thecased,, , +#0:

@ _ ...,

(v, v,)=1 iff there are arrows v -V, DU, — 1,

(v, v,)=~1 iff there are arrows v — ... — v, v, — - — 0.

(2) The cased, , =0:weset ¢ (v,,v,)=0.

1,02

Let forver
dw)= Y o,y
vy, vrel(v)
and

d(v) =Max{d'(v) | 1 <i<s).
Then ¢ defines a mapping
d:I'- N,
where N denotes the set of nonnegative integers. For, &(v'?)=0 for any
1 <i<s, and for v a nonsource there is i such that there exist arrows with

v 5 ... 5pv. Hence 9'(v) >0 by definition, and hence we have that
é(v) > O for all nonsources v in I.

LEMMA 4.6. For any vertices v,, v, € I such that d,, , + 0, it holds that
9(vy) — 0vy) = 1.

Proof. Since dl,l_v2
two possible cases such that for a source v

# 0, there is an arrow v, - v,. For the arrow there are
M

vP— .o —v, o0, or 00— o —p, 0.
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However, in any case, it is easily seen from the definition that

d'(v,) — 1 = 0'(v,). Hence it holds that &'(v,) — &'(v,) = 1 for any source v*”

such that v — ... — v, for j= 1, 2. Thus we have that d(v,) — d(v,) = 1.
For any integer n > 0 and vertex v € I, we set

n,=30(v) +n if d(v)is even,
=10@)—1)+n if &(v)isodd.

Then we have

LEMMA 4.7. Assume that both A and T have almost split sequences. Let
X and Y be nonprojective indecomposable T-modules and assume that there
is an irreducible morphism Y — X. Then for any integer n > 0,

(I) The following statements are equivalent.
(1) X~w;"(P,) for some v € I such that o(v) is even.
(2) Y~wi"(P,)for somev' €T such that 6(v’) is odd.

(1) Let
E,= {|w;"(P,)]|vET, d(v)is even)
and
E, = {{o;"(P,)]|vE T, &) is odd).
Then (E,, E,) is reflexive.
Proof. Assertion (II) is obvious from (I).

(1) (1)=(2). By (3.1) there is an aimost split sequence in mod T
05w " (P)-> YO Y >wr™(P,)-0,
where Y’ is a T-module. It follows from (4.5) that either
(i) Y~w;™P,) ford, . #0,
or
(i) Y~w;"t (P,.) ford,. , #0.

First we assume case (i). Then, by (4.6), 2(v’) — d(v) =1 and so d(v') is
odd. Hence we have

ne=4E@) ~ D +n=400) + n=n,

As a consequence, it holds that ¥ >~ w;"'(P,.) for d(v’) odd.
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Next we assume case (ii). By the same way as in the proof of (i), we then
know that &(v"”) is odd and n,” = n, — 1. Hence it holds that Y ~ w;™"(P,.)
for d(v") odd.

(2)=(1). By (3.1) there is an almost split sequence in mod T such
that

0> w;™ (P ) X®X >0 '(P,)-0,

where X’ is some T-module. Using this fact the implication (2)= (1) is
proved by the same argument as in the (1) = (2), and we omit the rest.

Now we can prove the main theorem on a construction of indecomposable
T-modules {(cf. (5.3)).

THEOREM 4.8. Let A be a hereditary Artinian ring with a QF-module Q
and T an extension over A with kernel Q. Assume that A is of finite represen-
tation type. Then the set of nonisomorphic indecomposable projectie A-
modules and nonisomorphic indecomposable projective T-modules is an w,-
basis. Similarly the set of nonisomorphic indecomposable injective A-modules
and nonisomorphic indecomposable injective T-modules is also an w,-basis.

Progf. We my assume, without loss of generality, that 4 is an indecom-
posable ring. Since A4 is hereditary, T is also of finite representation type by
(2.12). Hence, in particular, T has almost split sequences. If L(4) =1, 4 is
semi-simple Artinian, so that T is clearly serial quasi-Frobenius ring with
L(T) = 2. Therefore nonprojective indecomposable 7-modules are nothing
but simple 4-modules. Hence the assertions for this case are trivial. Now
assume that L(4) > 2. Then L(T) > 3 clearly. Hence we can apply (3.4) for
the ring 7.

Let .Z(4)= (I, d) be the quiver of 4. Then top(P,) denotes an arbitrary
simple 4-module for v € I'. On the other hand, from the proof given in [27,
Theorem 1] we know that for any v € I, there is a sequence of arrows in
mod 4 such that

P —_»Xl—_» _)Xm(v)~1—{ﬂ_’top(Pv)3 (1)

where each f; denotes an irreducible morphism and X, an indecomposable A-
module. Let n be an arbitrary integer greater than m(v) for every v € I, and
with the notations given in (4.7) before we put

Ey = ([w77(P,)] | &(v) is even},
E,

=l {(E(X)]| [X] €EE,}, forie 7, )
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where each E, is taken in mod T. Then, it is easily seen from (4.7) that

E, = {{o7"(P,)]| 6(v)is odd} (3)
and the ordered pair (E,, E,) is reflexive. Now let

E= U E,

ieZ

Then for every vertex v, clearly [P,] €EE, for k=n, or n,+ 1. It follows
from this and (1) above that for these k

[tOp(Pv)] € Ek~m(v) :

This shows that E contains all isomorphism classes of simple 7-modules.
Therefore we know that

{J {E«(S)|S is simple in mod T} c EUP, (4)
i>0

where P denotes the set of isomorphism classes of indecomposable projective
T-modules. (See (3.4) before for the notations.) On the other hand, since T is
of finite representation type, the left hand side in (4) consists of all
isomorphism classes of indecomposable T-modules by [27]. Hence we have
that

EUP = (J {E/(S)|S is simple},
i>0
and it is the set of all isomorphism classes of indecomposable 7-modules. As
a consequence, since E,\E, is an w-generating set for E by (3.4),
E,UE, UP is an w-basis. This shows that the set of isomorphism classes of
indecomposable projective 4-modules and of indecomposable projective 7-
modules is an w-basis, in view of the above (2) and (3).

The case of the indecomposable injective modules is also proved in this
way.

Let A be a hereditary Artin algebra of finite representation type. Then it is
well known that every indecomposable 4-module M is isomorphic to
(Tr,D)™ (P) and to (D Tr,)" (E) for some nonnegative integers m and n,
where P and E are indecomposable projective and indecomposable injective
in mod A4, respectively, Tr, a transpose and D the usual duality functor
[7, 12]. However, taking account of the fact {2] that D Tr,(X) =~ w,(X) and
Tr, D(Y)~ w; '(Y) for every indecomposable nonprojective module X and
for every indecomposable noninjective module Y, we can now obtain this
result as an easy consequence of (4.8):
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COROLLARY 4.9. Let A be a hereditary Artinian ring of finite represen-
tation type and with a QF-module. Then, for every indecomposable A-module
M, there is an indecomposable projective A-module P and an indecomposable
injective A-module E such that

M~ w[™P) and M~ w%(E)
for some nonnegative integers m and n.

Proof. Let Q be a QF-module and T an extension over 4 with kernel Q.
For an indecomposable 4-module M, by (4.8) there is an indecomposable
projective 4-module P such that M ~ @ ™(P) for some m > 0. We will prove
by induction on m that M ~ w; ™ (P) for some m’ > 0.

Now, for an indecomposable 4-module isomorphic to w;°(P) = P, there is
nothing to prove. For a given m > 0 assume that every indecomposable A4-
module which is isomorphic to w; *(P) (0 < k < m) is isomorphic to w *'(P)
for some k' > 0. Let M be an indecomposable A-module which is isomorphic
to w; """V (P) but not isomorphic to w;"(P) for 0 < n < m. Then clearly M
is not projective in mod 4. Hence there exists an w (M) in mod A4, so that
w, (M)~ v (M) by (4.2). Since M ~ w, " "(P), it then follows that

w, (M)~ w (w7 ™ (P))~ w;™(P).
This also shows that w;"(P) is an A4-module. Therefore w; ™(P)~ w; ™ (P)
for some m’ > 0 by induction hypothesis. Thus we have that
M= w7 (w;"(P) = w; "™ "(P),

which is a desired result.
The case of injective modules is proved in a similar way.

5. AUSLANDER—REITEN QUIVERS

Let A be a hereditary Artin algebra with a QF-module Q and T an
extension over A with kernel Q. In this final section we are concerned with
the number of indecomposable direct summands of the middle term of an
almost split sequence in mod T and the Auslander—Reiten quiver of T.

Following Refs. [6] and [22], we use the following notations. Let 0 » Z -
Y -5 X — 0 be an almost split sequence over an Artinian ring R and

Y= @ 7,

1<i<a(X)

481/73/2-10
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where each Y, is an indecomposable module. We denote by a(R) the
maximal number among the a(X), where X ranges over the indecomposable
nonprojective R-modules.

In Ref. [12] it is shown that the quiver of a hereditary Artin algebra 4 of
finite representation type is a disjoint union of the following Dynkin
diagrams.

Ay o o,
1 2 n—1 n
(1,2)
Bn: ° © (n>2),
1 2 n—1 n
2,1
Cn: o o 0 (n>3)5
1 2 n-1 n

E, o o ° 6 ng8),
2 3 4 5 n—1 n
(1,2)
F4: ° o,
(1,3)
Gz: o o,
where o o means o——o Or o«—o,

In the proof of (5.1) below, we determine for any Artin algebra A
associated with any of these Dynkin diagrams, an almost split sequence in
mod T whose middle term is a sum of a(7) indecomposable summands.

PROPOSITION 5.1. Let A be a hereditary Artin algebra with a QF-module
Q and T an extension over A with kernel Q. Then it holds that
(1) a@)<a(l)<ad)+ 1
(2) If A is indecomposable and the quiver of A is one of the Dynkin
diagrams, then we have the following table.
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the quivers of 4 a(4) a(T)

A, / 1

A, 1 2
A,(n>2) 2 2or3

B, 2 3
B,(n>2) 3 Jord

C,(n>2) 2 3
D,(n>4) 3 Jord
E, E., Eq 3 3or4
F, 3 Jord

G, 3 4

Proof. (1) The inequality a(4) < a(T) is clear by (4.2). To show the
other, we first consider the case that there is an injective and projective right
A-module. In this case, it is clear that A is serial, because 4 is hereditary by
assumption. Let P be an indecomposable projective right 7-module, and let
p: P> soc(P/PQ) be a projective cover in mod T. Since soc(P/PQ) is
projective in mod A4, it then follows that P'Q = P’ rad(T). Let /: P’ > P be
the canonical morphism determined by the projectivity of P’. Then f(P'Q) is
injective in mod 4 and f(P'Q)cPQ, so that f(P'Q)= PQ. Hence
S(P’)rad(T) = PQ. Thus we know that P is serial, i.e., T is serial, in view of
the fact that P/PQ and PQ is serial. Hence a(4)< 2 and a(T) <2 by (3,
4.12).

Next we consider the case that any projective A-module is not injective.
Let F: 0> Z —» Y- X— 0 be an almost split sequence in mod T. Then there
are three posibilities: (a) X@ =0 and X is nonprojective in mod 4, (b)
XQ =0 and X is projective in mod 4, and (c) XQ # 0. In case (a), E is an
almost split sequence in mod 4 by (4.2). In case (b), 2,(X)Q@=0, and
0.(X) is injective and hence not projective in mod 4 by (2.4). Hence 2,(E)
is an almost split sequence in mod 4 by (4, 5.1] and (4.2), where 2,(E)
denotes the short exact sequence in the top of the following canonical
diagram (27 '(F) is also similarly defined):

0 0 0

l l l
R(E):0—0Q(Z)— Kerp — R2,(X)—0

l l l

0— P, —P,®P— P, —0

PIJv PJV POJ>
E:0— Z — Y X
| ! !
0 0 0

— —0
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where p,: P,— X and p,: P, —» Z are projective covers in mod 7" and p is the
canonical morphism defined by p;. In case (c), 2;'(X) Q=0 and 2;'(X) is
nonprojective in mod 4 by (2.9) and (2.4). Hence 25 '(E) is also an almost
split sequence in mod 4. Thus we know that the middle term of E in case
(a), 2,(E) in (b), and 27 '(E) in (c) have a(4) summands at most. Hence
the result follows from [4, 5.1] and (3.2).

(2) We will examine a(4) and a(T) for each quiver of 4. Let (I, d) be
the quiver of A. Since every almost split sequence E in mod 4 is still almost
split in mod T by (4.2), £ is of the form

0-0iP)~ ( @ W) )e ( @ wie.) )

dpp#0 dyrp#0

- w77 '(P,)~0,

where ¢, =d, ,. and {,.=d, .. by (4.8), (4.5) and its Remark. Hence, for
each quiver of 4, a(4) will be easily obtained, i.e.,

a(4)=Max

Z dv,v' + Z dv,uu|U er;.
-

v

On the other hand, it also follows from (4.2) that o(T) > a(4), ie.,
a(Ty=a(4) + 1 by (1) if and only if there is an almost split sequence in
mod T whose middle term contains an indecomposable projective 7-module
and has at least a(A4) + | direct summands. Thus, in order to know a(T), we
have only to check almost split sequences in mod T' with projective
summands in the middle terms. For v; € I', P; denotes a projective cover of
P, in mod T. For B,, C,, F,, and G, it suffices to consider the orientations
with

otab) fora>b

because of the self-duality of 4. We make use of (4.5).

@) A:2)=o  a)=1

Since indecomposable 4-modules are P, only, no almost split sequence
exists in mod A, and since T is serial quasi-Frobenius, the almost split
sequence in mod T is only

0->pP,-T->P, -0

(i) Ay 2(4)=o—0.  ad)=1, al)=2.
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Since top(P,) ~ top(P, ) and they are injective in mod 4, by (4.5) there is an
almost split sequence

0-rad(P,)»P,® P,—P, —~ 0.

Hence a(7T) > 1 and so a(7T) = 2.
(i) (a) A, (n>3):

N vy r3 ty

Z(A) = o—0—30—> -++ —50, ad)=2, a(T)=2.

In this case, 4 is serial. Hence a(7T) =2 (see the first part of the proof
of (1)).
(b) A, (n=3)

k-1 Uk Vr+1 Un
€ >0 e (o]

2d)=o
a(d)=2, a(T)=3.

Since top(P,) ~ top(P,,) and these are injective in mod 4, by (4.5) there is
an almost split sequence in mod T’

O-rad(P)-»P,®P, ®P, —P,—0.
Hence a(7) > 3 > a(4) (=2) and so a(T) = 3.
(€) A,(n>3):
vy Uk—1 Uy Uk 41 Uy
j(A) — 0 fea « o aee o’

a(4)=2, a(T)=3.
This is a dual statement of (iii(b)).
(iv) By

vy (2,1) v,

Z(A) = o——o, a(A)=2, a(T)=3.

Since top(P,) ~ top(P,,) and they are injective in mod 4, by (4.5) there is
an almost split sequence in mod T’

0-rad(P)»P,®P, ®P, > P, —0.

Hence a(7T) > 3 > a(4) (=2). So a(T) = 3.
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(v) (a) B, (n>3):

Up—2 Vo1 (2,1) vy

2(14)=i1 o« o, a(d)=3, a(T)=4

The top(P,_,) is injective in mod 4, and hence there is an almost split
sequence

0-rad(P,_,)»P,_,®P, ,®P, ®P,»P, —0.
Hence we know that a(T) =4.
(b) B, (n>3):
v Up-2 vp—1 (2,1) v,
ZA)=o » »o, ad)=3, a(T)=3.

Every indecomposable injective 4-module has the top with length 2 at
most. Hence, in case rad(P;) = P;Q,

|top((rad(P;)/soc(P,))| = |top(P; Q/soc(P; Q) < 2.

On the other hand, the radical of every indecomposable projective A-module
has the top with length 2 at most. Hence, in case rad(P;) 2 P,Q,

| top(rad(P;)/soc(P)))| = |top(rad(P;/P,Q))
= 'top(Pv,')I <2

Thus, in any case, rad(P;)/soc(P;) has at most two indecomposable direct
summands. Hence a(T) < 3 in view of (3.2), so that a(T) = a(4).

i) C,(n>3):

vy (2,1) v; v Up

F(A)=o N o, a(d)=2, a(T)=13.

The top(P,) is injective in mod 4 and so we have an almost split sequence
by (4.5)
0-rad(P)-» P, ®P,®P, » P, 0.
Hence a(T) > 3 > a(4) (=2) and so a(7T) = 3.
(vii) D, (n>4), Eq, E,, Eg:
(a) The case .Z(A) contains

U3 U3

o]
0¢——0—0 or 0——0¢—0,
v, vy vy vy v vy

a(d) =3, a(T) = 4.
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Assume that Z(4) contains the first quiver. Then top(P,) is injective in
mod 4 and we have an almost split sequence

O0-rad(P)-»P,®P, &P, &P, »P, >0

Hence a(T) >4 > a{d) (=3), so that a(T)=4. The other case can be
obtained by the dual argument.

(b) The case .Z(4) contains
U3

0——30——30,
Uy vy vy

a(d)=3, a(T)=3.

This is proved by the same argument as for (v(b)).
(viii) (a) F,:

v vy (2,1) u3 V4

2(A) = o—r0——s0 o, a(d)=3, o(T)=3.

This is also proved by the same argument as for (v(b)).
(b) Fyg

vy vy (2.1) vy vy

2(A) = oe—o————r0 o, a4)=3, a(T)=3.

The top(P,) is injective in mod A and hence we have an almost split
sequence

0-rad(P,))-» P, ® P,®P, ®P, »P, > 0.
Hence a(T) > 4 > a{4) (=3), and so a(T) =4.
(ix) G,

v; (3,1) v,

Z(A) = o——0, a(d)=3, a(T)=4.

The top(P,) is injective in mod A and hence we have an almost split
sequence

0- rad(P,)~ P, ®P, ®P, ®P, - P, —0.

Hence a(T) >4 > a(4) (=3). So a(T) =4.
Remark 5.2. In Ref. [6] it has been proved that a(4)<3 for a
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hereditary algebra 4 of finite representation type. It is also given there an
example such that 4 is a quasi-Frobenius algebra with Loewy length 3 and
of finite representation type such that A/rad(4)* is hereditary and that it
satisfies that a(4)= 4. But this example is incorrect. In fact, there does not
exist a quasi-Frobenius ring 4 with Loewy length 3 such that 4/rad((4)* is
hereditary. To show this, assume that 4 is an indecomposable quasi-
Frobenius ring with L(4) = 3, and suppose that 4/rad(4) is hereditary. Let
P be an indecomposable projective A-module with L(P)= 3. Then, since
P/soc(P) is a projective module over 4/rad(4)?, rad(P)/soc(P) is projective
in mod 4/rad(4)*. Let S be a simple summand of rad(P)/soc(P) and P' a
projective cover of S in modA. Since P’/soc(P’) is a module over
A/rad(A4)?, P’/soc(P') is simple. For, S is a factor of P’/soc(P’) and is
projective in mod 4/rad(4)?. Hence the canonical morphism P’/soc(P’) — S
splits and so it must be an isomorphism, which implies that the composition
length of P’ is 2, because soc(P’) is simple. This means that L(P’) = 2, but
this contradicts (3.3).

Next we observe a construction of the Auslander—Reiten quiver of 7. Let
A be a hereditary Artin algebra, @ a QF-module, and T an extension over 4
with kernel Q. We conclude this paper by noting how to construct the
subquiver of the Auslander-Reiten quiver of 7" which contains all indecom-
posable projective 4-modules or all indecomposable injective A-modules.
Here we recall a definition of the Auslander—Reiten quiver. Let R be an
Artinian ring with almost split sequences. A quiver is said to be the Auslan-
der-Reiten quiver T of R (or the quiver for mod R) if it satisfies the
following condition: the set of vertices are in a one-to-one correspondence
with the set of isomorphism classes of indecomposable R-modules, and there
is an arrow from a vertex i to another vertex j iff there is an irreducible
morphism from M, to M;, where M, is an indecomposable R-module
corresponding to the vertex k. For two vertices i, j and the corresponding
modules M;, M,, let M;,—»M (resp. N— M;) be a minimal right (resp.
minimal left) almost split morphism (cf. [3]). We denote by d; the
multiplicity of M; in direct summands of M, and dj; the multiplicity of M, in
direct summands of N. Then we use the symbol

o (dyd )

i J
if d;; # 0 or equivalently d}; # 0. As usual, the symbol
o——30
i j
stands for

,1)
Q——0,
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Now then, a construction of the Auslander—Reiten quiver of T is given by
the following method: we first draw the Auslander—Reiten quiver I', of 4
(for example, this is always possible for a hereditary algebra of finite
representation type [12]). I', is a subquiver of the quiver I'; for mod T by
(4.2). Next double I', by applying 2, so we have a subquiver 2,(I,) by
[4, 5.1]. Then fit the two together, and locate the T-projectives using (3.2). It
follows from (2.9) that the quiver obtained by this method is the Auslan-
der—Reiten quiver of T.

As examples, we will observe hereditary algebras 4 over a field K with the
following quivers:

o

(1) Ay oe—o—>p0, (2) Dyt oe—0—0,
5. NS
3 D42 o .
@ b

For a T-module M, we denote its dimension type by (dim M/MQ)/dim MQ
for MQ+#0, and dimM for MQ =0, where dim stands for the usual
dimension type for A-modules (cf. [12]). Now, following the method
mentioned above, for (1) and (2) we have the Auslander—Reiten quivers I',
which are given in Figs. 1 and 2, respectively. For (3), 4 is not of finite
representation type and so the subquivers I';, containing A-projectives is
disjoint from the subquiver I', containing A-injectives. However, both
2,(T,)UT,, and I, U RLT,,) are connected and, locating T-projectives
we have the subquivers ', and I, , respectively. Those quivers are given in
Fig. 3.

Here it should be noted that the subquivers without T-projectives of I';. in
(1) and (2), and I, in (3) are of types similar to that of graphs (without
orientations) of the given quivers .Z(4). To say this more explicitly, we recall
some definitions. Let R be an Artinian ring with almost split sequences. The
stable Auslander-Reiten quiver T', of R [23] is the full subquiver of 'y with
vertices corresponding to the stable indecomposable R-modules, that is, to
the indecomposable modules on which w} is defined for n € Z. For a
subquiver Iy of [y, let . be the set of connected subquivers S of I'; such
that every subquiver

(dy.d;

e (M,

(d3.dg)

(M,] [M;] < §

satisfies that M, # w (M,). .¥ is clearly a partially ordered set by inclusion.
Then a maximal element in . is called a section of I’y (in the sense of
Bautista). Now then we have the following result. It is essentially the same
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statement as in (4.8). In fact it will be shown by making use of (4.7) as in
(4.8) and so we omit the proof.

PROPOSITION 5.3. Let A be an indecomposable hereditary Artin algebra
with a QF-module Q and T an extension over A with kernel Q. Let Q, and
Q, be the subquivers of T, consisting of A-projectives and A-injectives,
respectively, and let _1 and I_' be the connected subquivers of T, which
contain A-projectives and A- mjectzves, respectively. Then Q, is a section of
I‘, , and every section of T , has the same graph as Q, for i=1, 2.

Again, as for the above examples, [, in (1) and (2) are of type A, and D,
in Fig. 4, respectively, and I'; (i = 1, 2) in (3) are of type D, in Fig. 5.

Remark. Let A be an indecomposable hereditary Artinian ring with a
QF-module Q, and T an extension over 4 with kernel Q. If we write

o——0
i i

simply instead of

(d(,',d}i)

,

then we can also know the types of the subquivers, of the stable
Auslander—Reiten quiver of 7, which contain the A-projectives or A4-
injectives. For example, according to the diagrams A,, B, (n>2), C,
(n>3), D, (n>4), E, (n=6,7,8), F,, and G,, associated with 4, the
stable quivers for mod T are of type 4,,, A, (n>2), A, (n>3),D, (n>4),
E, (n=6,7,8), A,, and A,, respectively.

1) A3 D e—O—0
100 110
~ 7 T
T, 111 P 010
o~ o
110 ooL
~ 7 N 101
nT(I‘A) 010 /,—15
7 ™S 10
011 010
100
PSRN
100 110 g% P
T, S 7 ST ST o
T /OO\> 0017 S \‘égg/om\’
N 001 7
010 011

FIGURE 1
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0 1 0
100 o1 110
r 1 N\ 1 / 0 \ 1 e 1N g
A 0007 7, 11177 111 T 121 T 7 010 7T 010
o/ NS N o
001 10 011
0 1
0 100 o1
110 9 2
010 010
1 1 0 1
1 0 000 101 101 ‘101
ap(T,) o0 00" 0 S, 6 T8 %
010 020 o0 [olo
0 1
o 01 100
011 [0 (¢
010 010
FIGURE 2(i)
r, o
100
0
10
0 1
0 ! 0 100 0
lOO o1 110 0 n
\ / 010 \ 010
\ 1 / \ / 1 1L/ 0 1/
101 1 o 000 101/ 1o ol
"T_’ooo’*nl"’nl_'lzl_*mo olo ~ o0 6 T o o7
ot 010 7 020 010 010\/
AN . :
\ 0 /oo 100
001 110 011 ) 5
010 010
) R
111 000
o] 1 /
010 \ 0w
\ o
001
0
011

FIGURE 2(ii)
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A (n>1}):
n P

B_ (n>2):
n =

C_ (n>3):
n =

FiG. 4. Stable Auslander—Reiten quivers of extensions over heriditary Artin algebras of
finite representation type.
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VAVAYAVAVAVAVAN
NAVAVYAVAVA VAV

n-2

E_ (6<n<8) :
N

FiG. 4—Continued.
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