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1. Introduction

This paper is concerned with the plethysms of the Weyl characters associated to complex clas-
sical Lie groups GL,(C), SO2;4+1(C), Spy,(C) or SO2,(C) by the symmetric functions. Let G be one
of the previous complex classical Lie groups. We write g for the Lie algebra of G. Since we con-
sider only Lie groups and Lie algebras over C in the sequel, we drop the symbol C in G and g and
simply write G = GLyp, SO2n41, Span, SO2n and g = gl,;, $02n41, §P2,, 502n. Given A a partition, we de-
note by sf the Weyl character of the g-module V9(1). The modules V¢ ()) almost coincide with the
finite-dimensional g-modules but there are some exceptions (see Section 2). Consider f a symmet-
ric function of degree d and suppose n > dI(A) where I(A) is the number of non-zero parts of A.
Write P, for the set of partitions with at most n parts. It follows from results by Littlewood [9] that
the plethysm f o si’ of the Weyl character sf by f decomposes on the basis {sﬂ | € Pn} with co-
efficients which do not depend on n. When f = p, is the power sum of degree ¢, we establish that
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the coefficients so obtained are branching coefficients corresponding to the restriction to certain Levi
subgroups (Theorem 4.5.1). Suppose n > ¢I(1) and set

Pe os/\ _Za)\ Msu
¢

For g = gl,,, it is well known, by an algorithm due to Littlewood [7], that the coefficients affﬂ can,
up to a sign, be expressed as a sum of products of Littlewood-Richardson coefficients. They are then
obtained from the ¢-quotient of the partition u. We give a similar algorithm for computing the

coefficients aﬁ’i when g = soony1, $py, O sopy. This algorithm was originally introduced in [6] to

decompose the plethysms p; o 5502"” on the basis of Weyl characters for any integers n > 2 and

£ > 1 (that is, with no restrictive condmons on the rank n). Although similar procedures also exist for
g = spy, or sop; when ¢ is odd, our method failed for the even power sum plethysms on the Weyl
characters of type C, or D,. In the present paper, we show that this difficulty can be overcome by
considering stabilized power sum plethysms, i.e. by assuming that n > ¢I(A). Under this hypothesis,

., e, b . .
one has indeed a ‘:'fz”“ = ai’jfz” and a, 5p2” = (DM (=1t 1aw5,i,2"“. So it suffices to consider the

coefficients a, jfz"“ for which there ex1sts an algorithm in both cases ¢ even and ¢ odd. As a conse-

quence, we obtain that the coefficients ai’i can be expressed as branching coefficients.

e . . 2 . .
In Proposition 5.2.1, we use our expression of the coefficients ak’i as branching coefficients,

to derive explicit formulas giving the decompositions of the symmetric and antisymmetric parts
of V#(1)®2 in their irreducible components when n > 2I(1). The corresponding multiplicities can then
be expressed in terms of the Littlewood-Richardson coefficients and give an alternative to analogous
formulas introduced without a complete proof by Littlewood in [9].

The paper is organized as follows. In Section 2, we recall some basics on the representation theory
of the classical Lie groups. Section 3 is concerned with plethysms f o sf\’ and their stabilization in
large rank. Most of the material of this section can be found in [7-10]. In Section 4, we describe the
algorithm of [6] which permits to compute the plethysms p, osioz“+1 for any positive integer ¢£. We
then state Theorem 4.5.1 which gives the promised expression of the coefficients ai‘i as branching
coefficients corresponding to the restrictions to Levi subgroups. Finally, in Section 5, we express the
multiplicities af:i in terms of the Littlewood-Richardson coefficients.

2. Background on classical Lie groups
2.1. Root systems and Weyl groups

In the sequel G is one of the complex Lie groups Sp,,, SO2n+1 or SOy, and g is its Lie algebra. We
follow the convention of [5] to realize G as a subgroup of GLy and g as a subalgebra of gly where

n when G = GL,,
N = 2n when G = Spy,,
2n+1 when G =507,41,
2n when G = S0j,.
Let dy be the linear subspace of gly consisting of the diagonal matrices. For any i € I, ={1,...,n},
write &; for the linear map ¢;:dy — C such that &;(D) = §;—;+1 for any diagonal matrix D whose
(i, )-coefficient is 6;. Then (&1, ..., &n) is an orthonormal basis of the Euclidean space by (the real

part of h*). Let (-,-) be the corresponding nondegenerate symmetric bilinear form defined on by.
Write R for the root system associated to G. For any o € R we set a = (w @ The Lie algebra g
admits the diagonal decomposition g =h ®qcr go. We take for the set of positive roots:

Rt = {ej —&i with 1 <i< j<n} for the root system A1,

Rt ={ej—si,ej+¢i wnth 1<i<j<n}U{g with 1 <i<n} for the root system By,
Rt ={egj—ej,ej+¢ with 1 <i< j<n}U{2¢ with 1 <i<n} for the root system Cp,
Rt = {ej —¢&i,ej+¢& with 1 <i< j<n} for the root system Dj.
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For any i € I;, we write i=iand li| = |i| =i. The Weyl group W of the Lie group G is the subgroup
of the permutation group of the set J, ={n,...,2,1,1,2,...,n} generated by the permutations

si=(@,i+1)@G,i+1), i=1,...,n—1 and sg = (1, 1) for the root systems B, and Cy,
si=(@,i+ D3, i+1), i=1,...,n—1and sj=(1,2)(2,1) for the root system D;

where for a #b, (a, b) is the simple transposition which switches a and b. We identify the subgroup
of W generated by s; = (i,i + 1)(i,i+1), i=1,...,n — 1, with the symmetric group S,. We de-
note by I the length function corresponding to the above set of generators. For any w € W, we set
e(w) = (—1)!™). The action of w € W on = (B1,..., Bn) € b}, is defined by

-1 -1
w- BB =B B )
where 8" = Bwq if w(i) € {1,...,n} and B} = —Byi, otherwise. We denote by p the half sum of

the positive roots of R™. For any x € J,,, we set x=x and |x| = x if x is unbarred, |x| = X otherwise.

A partition of length m is a finite weakly increasing sequence of nonnegative integers. The terms
of the sequence are called the parts of the partition. Customarily, we identify two such sequences if
they only differ in the number of zero occurring as parts. However, there are situations where we
distinguish such sequences (see Proposition 3.2.2 and Section 4.4). We hope the context makes clear
what we mean. The length of the partition A is the number of non-zero parts in A and is denoted
by I(A). Denote by Pp the set of partitions with length at most m. By way of the identification
mentioned above, we have Py, C P, if m <n; set P = Um>0 Pm. For A € P, write A’ for the conjugate
partition of A.

For G = Sp,, or SOzp4+1 and A € P, denote by V#(A) the irreducible finite-dimensional repre-
sentation of G of highest weight A. For G = SO, we define V*°27(1) similarly when Ay =0 and
we write V*°2(}) for the direct sum of the two irreducible representations of highest weights
A= (1,A2,...,An) and A = (—X1,A2,...,An) when Aq # 0. This means that V%21 (}) is in fact the
irreducible representation of 0, associated to the partition A restricted to SO5;,.

We shall also need the irreducible rational representations of GL,. They are indexed by the n-tuples

o) =(=vg =V YV V) (1)

where y* = (y1+, y2+,...,yp+) and y~ = (y; ,..., ¥, ) are partitions of length at most p and g,
respectively and such that p 4+ q = n. Write ﬁn for the set of such n-tuples and denote also
by V8 (y) the irreducible rational representation of gl, of highest weight y = (y~, y 1) € P,. For
any y =(y .yt ePy weset |y|=2y + >y

Write sfl” for the Weyl character (Schur function) of the finite-dimensional gl,-module V8% ()
of highest weight A € P,. The character ring of the polynomial representations of GL, is A, =
Z[X1, ..., %, %Y™ the ring of symmetric functions in n variables. Here, each variable x;, i =1,...,n,
can be identified with the formal exponential e®i.

For any X € P,, we denote by sf the Weyl character of V9()). Let R?¢ be the Z-algebra with basis
{s¥ | & € Pn}. For g = s0an41,5py, OF s02q, we have s¥ € Z[x{', ..., x11Mn where H, is the Weyl
group of type B, acting on the Laurent polynomials as the permutation of variables and exchanging x;
in xi_1. These Weyl characters form a basis of Z[xfl, x| thus RS ~ Z[xlﬂ, a1

Consider P a parabolic subgroup of G and L its Levi subgroup. Write [ for the Levi algebra associ-
ated to L. We denote by PZ“ the set of dominant weights corresponding to L. For any partition A € Py
and y € P;", write [V9()) : VI(y)] for the branching coefficient giving the multiplicity of V'(y) (the
irreducible representation of L of highest weight y) in the restriction of V(1) to L.

2.2. Universal characters

For each Lie algebra g =soy or spy and any partition v € Py, we denote by Vg[N(v)¢g[” the
restriction of V8! (v) to g. Set
s0 sp
VQ[N(U)i/gL% = @ VEDN ()")ﬂ)bv'}‘N and Vg‘Zn (v)\l/sg;zfllﬂl — @ Vﬁpzn (A)@bu.kzn.
AePn APy
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This makes in particular appear the branching coefficients bi"k” and bipf”. The restriction map r9 is
defined by setting

5. Z[Xl, .. XN]Sym — Rg
.
s s char(VB‘N(v)¢g[N)
We have then
(s g[N) {53[”(x1,.. % Xy ', x7)) when N=2n,

v [ _
sg”(x1,..4,xn,l,xn ,...,xll) when N=2n+1.

Let 73,52) and 73,51‘1) be the subsets of P, containing the partitions with even length rows and the
partitions with even length columns, respectively. When v € P, we have the following formulas for
the branching coefficients b“"’ and b

Proposition 2.2.1. (See [8, Appendix, p. 295].) Consider A, v € Py. Then:

5°2n+1 __h%0%2n __ v
1. b _bv,k _Zyep,gz) Gy

5p2n _ v
2. b0 = Zyep,fl'” SR

where c]”/ ;. is the n-independent multiplicity ofs in the Schur functions product sA sf;[ .

Remarks. (i) Note that the equality b5°2'1+1 b5°2" becomes false in general when v ¢ P;.
(ii) By the above proposition we have for any v € Py, with m <

r5p2n 9(2n Z Z C}Lyﬁpm and rsuN E[N Z Z C)L)/SUNQ 2)

AE€Pm )/E’Pr(nl D rePm )’EPr(nz)

By Proposition 1.5.3 in [4], one has also for any A € Pp,

P = > DY (s,

VEPm, VCA, |[V|=|A| (mod 2) a=(a1>-->as>0)
A [
5= > > @) (3)
vEPm, vCA, [V|=|A| (mod 2) a=(o1>->a5>0)
where I'(a) = (1 — 1,...,0s — 1] o, ..., ) in the Frobenius notation for the partitions. Observe

that the coefficients appearing in the decompositions (2) and (3) do not depend on the rank n con-
sidered. Moreover they coincide for the orthogonal types B, and Dj.

As suggested by the above decompositions, the manipulation of the Weyl characters is simpli-
fied by working with infinitely many variables. In [4], Koike and Terada have introduced a universal
character ring for the classical Lie groups. This ring is the ring A = Z[xq, ..., Xn, ...]%¥™ of symmetric
functions in countably many variables. It is equipped with three natural Z-bases indexed by partitions,
namely

B ={s8'|reP), BP={si’|reP} and B ={si"|reP). (4)
We have then

S”_Z Z CM, s3° and s Z Z nysx» (5)

LeP yeP®@ reP yepD
sp _ s gl
Sp = > Y. Sr@sh (6)
veP,vCA, [v|=|r| (mod 2) a=(a1>>as>0)
[v|=[2] 5 [
i’ = > (=12 Y. Srwst- (7

veP,vCA, [v|=|A| (mod 2) a=(a1>>as>0)
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In the sequel we will write for short

S0 __ v sp__ v 50 __ A Sp A
b= D> Gy bYA= D Gy BU=) e ad R =) e (8)
o o

yeP®@ yeP®D

We denote by w the linear involution defined on A by a)(s ) = s ! Then we have by Theorem 2.3.2
of [4]
w(sf) =s;7. (9)

Write 7, : Z[X1, ..., Xn, ... ]Y™ = Z[xq, .. xn]sym for the ring homomorphism obtained by specializ-
ing each variable x;, i > n, at 0. Then nn(s ) = s " if A € Pyp. Let w%P2n and 7 °°N be the specialization
homomorphisms defined by setting P2 = rs”zl1 o7y, and %N =r9°N o Ty, For any partition A € P,

one has slpz" = n“pln(ssp) and 550” = N (s;°). We shall also need the following proposition
(see [3] and [4]).

Proposition 2.2.2. Consider a Lie algebra g of type Xn € {Bn, Cn, Dp}. Let A € Pr and u € Ps. Suppose
n>r+sand set

VEm @ Ve = P VeI T,
vePy

Then the coefficients dx_u neither depend on the rank n of g nor on its type B, C or D. Moreover we have

=) choCh Chr

Eo,T
Remarks (i) The prev1ous proposition implies the decompositions sxp X s Zuepd soP and
539 x = ep Ku -0 for any A, u € P, in the ring A.

(ii) The analogous result for g = gl,, is well known: the outer multiplicities ch u appearing in the
decomposition of V8% (1) ® V8% (1) do not depend on n provided n>r+s.

3. Plethysms and stabilized plethysms
3.1. Plethysms on the Weyl characters

Consider f € A and sj the Weyl character for g associated to i € Py. Set s = Y 4czn agx’. As
in the case of ordinary plethysms on symmetric functions (see [10, p. 135]), one defines the set of
variables y; such that

[Ja+eyn=]]0+exf)*

B

Then the plethysm of the Weyl character sA by the symmetric function f is defined by f o sA =
f(y1,y2,...). In the sequel, we will focus on the power sum plethysms Ye where ¢ is a positive inte-
ger. They are defined from the identity 1//5(5 ) =Dp¢ osf = Sx (le .. .,xﬁ). In particular, the map v, is
linear on R9. The characters of the symmetric and antisymmetric parts of V9(1)®2 can be expressed
as plethysms by the complete and elementary symmetric functions hy and e,. More precisely we have

hy os) =char(S*(V®(1))) and ejos] =char(4%(V¢Q)).

From the identities h, = 1(p? + p2) and e; = 1 (p? — p2), we derive the relations

hzosf = 2((s)" +v2(sf)) and ezosf=2((s5)" —vals])). (10)

N =
N =
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3.2. Stabilized plethysms on the Schur functions

A
(RO, uED)

Given (u©@, ..., u D) an ¢-tuple of partitions, we write ¢ for coefficient of sfl" in

the product si[{g) .- ‘si[&f” which is independent of n if n is sufficiently large. For any partition A € P,

the plethysm v, (sf[”) decomposes on the basis of Schur functions on the form

[ [
Yo (Sf n) = Z 8(#)5&«» ,,,,, M(zm)sin- (11)
[pl=LIx]

Here e(u) € {—1,0,1} and p/¢ = (u@, ..., u®V) are respectively the ¢-sign and the ¢-quotient of
the partition w. We now briefly recall the algorithm which permits to obtain the sign €(x) and the
£-tuple of partitions /€. Our description slightly differs from that which can be usually found in the
literature (see [10, Example 8, p. 12]). This is because we have made our notation consistent with
Section 4.

We now regard @ as an n-terms sequence by supplying an appropriate number of zeroes. Set
on=(1,2,...,n) and I, ={1,2,...,n}. For any k € {0, ..., £ — 1} consider the ordered sequences in
the increasing order

I®W=(el,|ui+i=kmod £) and J® =(iel,|i=k mod ).

Set 1 = card(I®) and write 1% = (igk)’ A igf))'

1. If there exists k € {0, ..., £ — 1} such that card(I®) # card(J®) (i.e. the £-core of  is nontrivial)
then () =0.

2. Otherwise (i.e. the £-core of  is trivial), let og € S;, be the permutation mapping I® to J® for
any k=0, ...,¢—1. Then we have e(u) = £(0g) and p/¢ = (u@, ..., u1) where

M<0>=<“‘T+' ‘iel“’))—(1,2,...,r0)ezf0
and for any ke {1,...,£—1}

N
o — (W ’ie 1<’<>> — (1,2, ) €T, (12)

Remarks. (i) Even in the case where w has a nontrivial ¢-core k, the ¢-quotient /¢ =
(u@, ..., u Dy of 1 can also be obtained by the formula in step 2. However, in this case, one
has |u| — ZZf;g) |w®| =|k| >0, so that, under the condition || = ¢|A| for the summation in (11),
one also has C(AM([)) ,,,,, ey =0.

(ii) Set n =q¢ + r where q and r are respectively the quotient and the remainder of the divi-
sion of n by £. Then we have card(J®)=q+ 1 for any k € {1,...,r} and card(J®) = q for any
ke{0,r+1,...,¢£—1}. Hence in (12), we have ry, =q+ 1 for any k€ {1,...,r} and r, = q for any
kef{O,r+1,...,¢—1}

Example 3.2.1. Consider u = (1,2,3,4,4,4,6,6) and take ¢ = 3. We have u + pg = (2,4,6,8,9,
10,13,14). Thus I® = (3,5), IV = (2,6,7), I® = (1,4,8) and J© = 3,6), JV = (1,4,7),
J@ =(2,5,8). Then @ =(1,1), uV =(1,2,2) and u® = (0, 1, 2). Moreover

(123456738
{21356 47 8)
Hence e(n) = —1.

Proposition 3.2.2. Consider . € P, such that e(u) # 0 and set /€ = (u @, ..., u® V). Let v € Pyyq be
the partition obtained by adding in ju a part 0. Then £ (v) = &(10) and we have v/£ = (v, ..., V=) where



C. Lecouvey / Journal of Combinatorial Theory, Series A 116 (2009) 757-771 763

O = €D & = k=D forany ke {2,...,¢ — 1} and vV = (0, @) is obtained by adding a part 0
in 9. On the other hand, if i € P, is such that e(it) = 0, then we have £(v) = 0 where v = (0, ).

Proof. Let us slightly abuse the notation and write I® (), J® (), I® W), J® W), k=0,...,¢—1,
for the sequences defined from @ and v by applying the previous procedure. Then, we have

1P =muI®w+1), 19w =>1"Dw+1), 13)
1Oy =([1%Y@w) +1) fork=2,....,6—1.

Here by (I%*~D(u) + 1), we mean the sequence obtained by adding 1 to the integers of 1%~ (u). We

have also I;+1 = {1} U (I, + 1). This gives

{1<”<v>={1}u(1<°’<u>+1), JOw) =P +1),

14
JOV) =%V +1) fork=2,....6-1. (14)

Set n=¢q¢+r as in the previous remark. We will assume that r £ £ — 1 so that g and r+1 are respec-
tively the quotient and the remainder of the division of n + 1 by £. The case r =¢ — 1 is similar. We
have then card(J® (u)) = card(® (u)) = q+1 for k€ {1,...,r} and card(J® (u)) = card(I® (n)) = ¢
for ke {0,r+1,...,£ —1}. By (13) and (14), this implies that card(J® (v)) = card(® (v)) =q + 1
for ke{1,...,r+1} and card(J® (v)) = card(I® (v)) = q for k€ {0,r + 2, ..., ¢ — 1}. Thus &(v) # 0.
Let us write op(¢) and op(v) for the elements of S, and S,y described in the algorithm above
such that e(u) = €(op()) and &(v) = e(op(v)), respectively. We have ogp(v)(1) =1 and for any
k=2,....,n+1, oo(v)(k) = op(t)(k—1)+1. Thus (i) = £(v). We then easily deduce v©@, ... p¢D
from (12) and (13). O

Remarks. (i) The decomposition (11) does not depend on the rank n considered provided n > ¢I(}).
In fact, we have aﬁ”fj = ai’fl’:” for such an n. Indeed, it follows easily from Proposition 3.2.2 that

ai’!i[" = 8(u)c?ﬂ(0) """" u(E-D) does not depend on n so long as n > max{l(x),l(})}: if n > I(%), Propo-

sition 3.2.2 implies that (i) is not modified when parts equal to O are added to w; moreover if
s(1) # 0, the partitions u®, k € {0, ..., £—1}, are also not modified up to a cyclic shift of the indices
and an adjustment of the number of parts equal to 0. Thus it suffices to show that, under the as-
sumption n > ¢I(1), the inequality n > max{l(u), [(A)} holds for all i appearing in (11) with non-zero

coefficients a(u)cﬁu(o) RO, When e(u) # 0 in (11), we must have by classical properties of the

integer k € {0, ..., £ —1} such that I() < £-1(u®). Thus I(n) < £-1() and the assumption n > € -I(1)
suffices to guarantee that n > max{l(un),l(})}.

(ii) When n > ¢I(1), we write for short af\"i[ = S(M)C?M‘O) ) Then a
I(u) < @),

t,gl

wp 0 only if

,,,,,

Proposition 3.2.3. Consider f € A with degree d and A € Py. Then the coefficients of the expansion of f o sfl"
on the basis of Schur functions do not depend on n provided n > dI(A).

Proof. The subspace A% of polynomials in A with degree d is generated by the Newton polynomials
Pg = DPg, - Pg,» such that g; e N and By + --- + B =d. So it suffices to prove the proposition for
f = pg. Since, the map g+ go sf[" is a ring homomorphism from A to A,, we have pg osi’[” =
pg, © sflﬂ X o+ X Pg, O sg[”. By Remark (i) above, the expansion of pg, o sf[” stabilizes for n > Bil(A)
and makes appear Schur functions indexed by partitions with no more than B;l(A) non-zero parts.
Using classical properties of the Littlewood-Richardson coefficients, we obtain that the decomposition
of pg osiJ ' involves Schur functions associated to partitions with at most Zle Bil(x) = dl(*) non-zero
parts and stabilizes for n > dl(A). O
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3.3. Stabilized plethysms on the Weyl characters

Lemma 3.3.1. Consider A a partition, £ a positive integer and g an orthogonal or symplectic Lie algebra with
rank n.

o The coefficients of the expansion of the plethysm py o sf on the basis of Weyl characters do not depend
on n provided n > £1()).

e In this case, these coefficients coincide for g = sopp41 and g = sooy,.

e Foranyn > ¢l(}), set

S50 l,s50 sp l,sp _sp
prosy™ =" ayslsi™ and pgos;t = ayrsp
WePn HePn
We have

0,50 _ =l so 0,9l s
D SR G VR I S S G

VEPm, [VIK|A| SeP, |5|=L|v]
£,5p sp _L.glypsp
akﬂ_ Z Z rxvavﬁbéu

VEPm, [V|<[A] seP, |8|=¢|v|

[
Proof. We have n > ¢I(1). Hence, the decomposition s Zver wi<in (& 1) r5° reON (s5'N)

holds. Since ¢ and r5°N commute, this gives

[A=1v] l,gl [
SON 50 glson (OIN
peos; Z (=1 2 Z a5 o (s )

VEPm, [VIKIA| 3eP, [8|=¢lv]|
1211 L.glpso so0
= Z Z (=12 Z r)» vav R p,sp. N
WEPn VEPm, [VI<|A| 8eP, |8|=¢|v|

Indeed, we have 1(§) < £I(v) < £I(}) < n, thus r5°N(s§I’V) =3 bg‘;LsZ"N This yields the desired ex-

pression for the coefficients ai’j’f. In particular they do not depend on n and coincide for g = s02p41

and g = sopp. The proof is similar for g =sp,,. O

Proposition 3.3.2. Consider f € A with degree d and A € P,. Then the coefficients of the expansion of f o sf
on the basis of Weyl characters do not depend on n provided n > dI(1). In this case, these coefficients coincide
for g =s02,41 and g = soyy.

Proof. The proposition follows from Lemma 3.3.1 by similar arguments to those of Proposi-
tion 3.23. O

Observe that we have

rgowg:@[/gorg

for g = sopn41, 5Py, and sop, where ¥, is an operator on A in the left-hand side whereas v, is an
operator on R? on the right-hand side. According to the previous lemma, we have then the decom-
positions

L, gl sp L,sp sp S50 {,50 _so
plosx_zaxusu’ peos, _Za/\usﬂ and pgosj Zalu Sy -

We shall need in Section 4.5 the following lemma:
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Lemma 3.3.3. Consider f € A and 1 € P. Then

o w(fos])=fow(s})if|rliseven,
o w(fos))=w(f)ow(s}) if Al is odd.

Proof. From Example 1 of [10, p. 136] we have for any positive integer ¢, w(p¢ o &) = p¢ o w(g)
if g is homogeneous of even degree and w(py o &) = w(pr) o w(g) if g is homogeneous of odd degree.
Since v is linear, this shows that w(pos]) = peow(s}) if [A| is even and w(pgos}) = w(pe) ow(sy)
if |[A| is odd. Indeed, according to (6), sf is a sum of homogeneous functions of degrees equal to |A|
modulo 2. The lemma then follows since the maps w and f + f o sf are ring homomorphisms
of A. O

Remarks. (i) Since w(py) = (—1)*"Tp,, one has by the previous lemma ai’jf = aﬁ’,ij,
and ai’_i’f = (—l)eflai’,ii, otherwise. This can also be verified by using the explicit formulas of
Lemma 3.3.1.

(ii) The coefficients af’jf are rather complicated to compute by using formulas of Lemma 3.3.1. We
are going to see in the following section that they coincide with branching coefficients corresponding
to restriction to certain Levi subgroups.

if |A| is even

4. Power sum plethysms for Weyl characters of type B,

4.1. Statement of the theorem

In Theorem 3.2.8 of [6], we have described an algorithm for computing the plethysms p; o si“z"“
for any positive integer ¢ and any rank n. It notably permits to show that the decomposition of
De osf\oz“+1 on the basis of Weyl characters makes appear branching coefficients corresponding to the
restriction to a Levi subgroup of so0p,41. Surprisingly, similar algorithms for sp,, and so, only exist
when ¢ is odd. In particular, the coefficients of the decomposition of p; o sipz” and py osf\"z” on the
basis of Weyl characters are not branching coefficients in general when ¢ is even. As we are going to
see, this is nevertheless the case for the stabilized forms of these plethysms.

Theorems 3.2.8 and 3.2.10 of [6] can be reformulated as follows:

Theorem 4.1.1. For any partition A € P, and any positive integer £ we have
peos; =Y " e(W)[VOrT () VI ()]s (15)
HEPn
where
e &(n)e{—1,0,1},

e gy . is the Lie algebra of a Levi subgroup G ;. of SO2n41,
o V¢ . is a dominant weight for G ;..

Moreover, e(u), Gg, and vy, are determined from w and ¢ by an algorithm which can be regarded as an
analogue in type By of the computation of the ¢-quotient 1 /X.

We now recall the algorithm which permits to determinate &(u), Gg,,, and y,, in the above
theorem. Set

Ja={a,...,1,1,...,n} and L,={n—1,...,1,0,1,...,n}.

Let n be the bijection from J, to L, defined by n(x) =x+ 1 if x <0 and 7n(x) = x otherwise. For
each element w € W (the Weyl group of so02,41), denote by W the bijection from J, to L, defined by
W =1 o w. This means that w(x) = w(x) if w(x) >0 and W(x) = w(x) + 1 if w(x) < 0. In particular
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w is determined by W. For any x € Ly, set x* =X+ 1. The map x — x* is involutive from L, to itself.
Since w(x) = w(x), we have also

WE) = W)™ (16)

Hence, W is determined by the images of any subset U, C J, such that card(U;) =n and x € U,
implies x ¢ Up,.
For any k=1,...,¢ set

I®=(iel,|pi+i=kmod ¢) and J® =(xeL,|x=k mod ¢). (17)
Note that (J®)* = Jl=k+1 we also we keep the notation I, ={1,2,...,n} and p, =(1,...,n) from
Section 3.2.3.

Remark. Set n = q¢ +r where q and r are respectively the quotient and the remainder of the division
of n by ¢. Then we have

S forr+1<k<t—r t
card(] ) - {Zq +1 otherwise when r < 2’
Gy _ J2q+2 fore—r+1<k<r L
card(] ) - = 2q+1 otherwise when r > 2’
l
card(J®)=2q+1 forany ke {1,...,¢} when r=3. (18)

4.2. The even case { =2p

For any k=1,...,p, set s = card(I®), r, = card(I®) + card(1*~*D) and define X% as the
increasing reordering of 1) U J¢—k+1 Set

(K (h
X(k):(lg),...,lﬁz)). (19)

1. If there exists k € {1, ..., p} such that card(X®) + card(J®) then e(u) = 0.

2. Otherwise we have card(J“¢ %Dy = card(J®) = r; since (J®)* = JU=*k+D_ Let wy be the
unique element of W such that wg maps X® to J0=*+D for any k =1,..., p. Define o =
T(max J® —k). For any k=1,...., p, consider u® € 7, defined by

i + i] + sign(i)k — 1==ign@
M(’o:(sign(i)ulll 1 gg() Z ’ieX("))
— (1, )+ +1,...,00+1). (20)
Remark. With g and r as in (18), we can write for any k=1, ...,p
_fg—1 forr+1<k<p L
Olk—{q for k <r whenr<2,
L
ar=q foranyke{l,...,p}whenr}i.

Note also that in step 2, ry € {29, 29 + 1, 2q + 2} according to (18).
We have then with the above notation:

s =8W0), Gy =Gl x - xGly, and yeu=(u",... .u?)epf .

Example 4.21. Put n =6, £ =2 (thus p = 1) and consider u = (2,5,5,6,7,9). Then pg =
(1,2,3,4,5,6) and u + ps = (3,7,8,10,12,15). Hence I® = (3,4,5) and IV = (1,2, 6). Moreover
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JM =(5,3,1,1,3,5) and J® = (4,2,0,2,4,6). Then W sends XV =(6,2,1,3,4,5) on J@. This

gives
wo_(654321123456
"2 53120132465
by using (16). Hence
W (6334327123455
°=“\56 423113246 5)

We have e(u) =1, a1 =2 and y; ;= (V) where
u®=(=7,-3,-1,4,5,6) — (1,2,3,4,5,6) + (3,3,3,3,3,3) = (=5, -2, -1, 3,3, 3).
Observe that Gy, ~ GLg.

4.3. The odd case £ =2p + 1

In addition to the sets X®, k=1,..., p, defined in (19), we have also to consider IP+D. Set
rp+1 = card(IP*V) and write [P*+D = (i§p+l), e iﬁﬁ:’ll)). Observe that (JPTD)y* = JP+D Let x(P+D

be the increasing reordering of P+ U [(P+D,

1. If card(IP+V) # I card(JP*V) or if there exists k € {1,..., p} such that card(X®) # card(J®)

then e(u) =0.
2. Otherwise, we have card(J®*V) = 2card(IP*D) = 2r, ;1. Let wo be the unique element of W

mapping X® to JU=k+D for any k=1,...,p and XP*D to JP*D, Define
mit+i+p.
M(P—#—l) — (lﬁ ‘ ie 1(P+1)) —(1,...,rpy1) € ,Prpﬂ

and for any k=1,...,p, u® as in the even case. Set Z = (IP+D XM X((P)} We have then
with the above notation

() = &(wo), Gey =Gl X -+ X GLy, x SOr,,;41 and
Yeu = (M(pﬂ)’ TN M(p)) c pg&u.

Remark. With g and r as in (18), we have when &(w) # 0 is satisfied rpy1 = J card(J?P*+V) =q if
r<pandrpii=q+1whenr>p+1.

Example 4.3.1. Put n =6, £ =3 (thus p =1) and consider u =(1,5,5,6,7,9). We have u + ps =
(2,7,8,10,12,15). Thus IV = (2,4), I® = (1,3), I3 = (5, 6). This gives XV = (4,2,5,6) and X? =
(3,1,1,3). Moreover, /(U =(5,2,1,4), J® =(4,1,2,5) and J® = (3,0, 3,6). In particular a7 = 1.
Then

o 10-1 7-1 12 15
pV= (g =142 -5 =242 5 —342. 5 —4+2)=(-2.-2.3.3)

and pu® = (H! — 1,81 —2)=(0,1). By using (16), one obtains

Go_(654321123456

“\5 23420121543 6)
Hence

woo (6833321123455

°“\6 34512215436
and £(u) = 1. We have Gy , ~ GL4 x SOs.
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4.4. The stabilization phenomenon

We begin this paragraph with further remarks:

Remarks. (i) Suppose (p) # 0. In the even case, we have G¢ = GLyy X --- x GLy,. In n is odd and
n>p+1, Gy, is not a direct product of linear groups since Gy, =--- x SO2r, 4141 due to remark in
Section 4.3.

(ii) When £ = 2, we have always card(XV) =n = card(J@). Hence &(u) # 0 for all partitions L.
Observe that it does not mean that the expansion (15) is infinite. In fact all but a finite number
of the branching coefficients [V*°2+1(X) : V8% (yy ;)] vanishes in this situation. Indeed, we have
G,y > GLy in this case. Thus the coefficient of sffz”“ is not equal to zero if and only if VBK”()/L'M) is
isomorphic to an irreducible component of the restriction of V%°2+1(}) to GL,. Since the number of
such components is finite and the map w > ¢, is injective, the expansion (15) is finite.

(iii) We have seen that the non-zero parts of the £-quotient /¢ does not depend on the number

of zero parts in w (see Proposition 3.2.2). This notably implies the stability of the coefficients ai"i’g .

The situation is more subtle for the coefficients aﬁ’jf. Indeed, the dominant weights y; , given by the
previous algorithm do not stabilize in general when the number of zero parts in @ increases. Let us
consider for example u = (1,5,5,6,9) and ¢ = 2. By adding parts 0 to u, we obtain successively for
the dominant weights

(-1,2,4,4,5), (=5,—4,—-4,-2,-2,1), (—1,2,2,2,4,4,5), etc (21)

This is not incompatible with Proposition 3.3.2 which asserts that v, (sffz”“) stabilizes in large rank.

In fact, this only means that, when no assumption is made on the size of n, there can exist non-zero

. 0,50 . o
coefficients a;, 21 in the decomposition

S02n41Y __ £,502n41 $02n+1
Ve (sy )= 2: Gow Su
WEPn

l,s50

such that a = 0. In the rest of this paragraph, we are going to see that the dominant weights u for

2o
which y, , do not stabilize are such that ai’jf =0, that is their contribution to (s} >

in large rank. Moreover, we are going to characterize precisely these weights.

) vanishes

Suppose first £ =2p is even. Consider u € Pm such that (i) # 0. Set yp = (uV, ..., uP).
Write v for the partition of P, obtained by adding ¢ parts 0 in y. For any k € {1, ..., p}, set u® =
(Mg‘) ,/Lif) ) where /JL@ (respectively ,uff)) is the sequence formed by the s; leftmost (respectively

rx — Sk rightmost) components of ©® (see Section 4.2 for the notation).

Lemma 4.4.1. We have &(v) = (). Moreover if we set y,., = vV, ..., v(®)), we obtain
X k
V0 = (10 +1— 5,0+ 15, 1Y)

forany k € {1, ..., p}, that is v® is obtained by inserting in u®) two components equal to oy + 1 — sp. In
particular

p

Vel = Vel +2 ) o +1—sl. (22)
k=1

Proof. Let us slightly abuse the notation by writing I® (w), J® (), I® W), JOW), k=1,...,¢, and
X® ), X© ), k=1,...,p, for the sequences defined from p and v by applying the procedure of
Section 4.2. We define o (1) and oy (v), k=1, ..., p, similarly. We have I® 1) = {k} U I® () + ¢
for k=1,...,¢. We have also for k=1,...,£—1, J®W)={k} U {k— £} U tJ® ) where t J® (1) is
obtained by adding ¢ to the positive integers of J®)(v) and —¢ to the integers less or equal to 0.
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Similarly, J© (v) = {£} U {0} U ! J® (). In all cases, this implies that card(J® (v)) = card(J® () + 2
and o (V) = () + 1 for any k e {1, ..., ¢}. Thus card(X® (v)) = card(J® (v)) for any ke {1, ..., p}
and we have &(v) = &(u). So it makes sense to consider yp, = (v, ..., v®). It then follows by
a direct application of the formulas (20) that

k k
0 = (,U«( Do+ 1= s o+ 1 - s, M(+))

and thus |yeu| = Vel +23 0 lax+1—sl. O

When ¢=2p + 1 is odd and y; , = (@, ..., u®, P+, we can define v similarly. Then, one
proves that s(v) = &(u). We have y,, = vV, ..., v® vP+D) with

v(k):(,u() ap+1—sg, ak+1—sk,u+) forany k=1,...,p (23)

and v®*D = (0, uP+D), Hence (22) still holds. With the notation of Sections 4.2 and 4.3, we obtain
the following stabilization theorem:

Theorem 4.4.2. Consider (4 a partition such that e (it) # 0. Let £ be a positive integer. Then for any partition A
1. aﬁi“ #Oonlyifsk:ak+1foranyk:1,...,p.
2. In this case we have ak H = e(U)[V=°2+1(X) : V8tu(yy )] and this coefficient does not depend on the
number of parts 0 in A and L.

Proof. Suppose there exists k € {1, ..., p} such that s # oty + 1. Write w(a) for the partition obtained
by adding a¢ components O to u. By (22), we have then |y @l > |Ve,u| + 2a. Thus, for a suffi-
ciently large, one has |y, u ()| > |A|. For such a, we will obtain [V5°2n+1 () : Vg‘fﬂ(yg w)]1=0. Hence
e()[Vom+1(1) : Vu ()] does not coincide with a non-zero coefficient aA 5% When sk =op+1

l,s0 al 50
A T 080,00 1)

foﬁak) (0a.y1) fOr any nonnegative integer a. 0

50

for any k=1,..., p, we obtain from (23) that a,’ Since the coefficients aML must

stabilize by Lemma 3.3.1, this implies that ‘1)\ u =a

Remarks. (i) There exist efficient recursive procedures to compute the branching coefficients
[VSo1(}) : V8er(yy )] (see [2]). By the previous theorem, they permit to derive the coeffi-

£,s0
cients a,’ e

(ii) One can check that condition 1 of Theorem 4.4.2 is satisfied in Example 4.2.1 but fails in (21)
where s1 =1 and o1 = 2.

(ii) Assume that e + 1 =sy for all k and put g® = (LFEER |5 ¢ j0) (1. 5). We have
then for 1 <k < p, u® =[a®, @¢*+D] in the notation [y ~, y*] of (1) and uP+V = g®P+D if ¢ is
odd. The effect of enlarging n by one and considering v = (0, ) will be ¥V = (0, g®), p® = k-1
for 2 <k < £ as in the type A case in terms of the ®, but in terms of the ©®. This gives

You =BV, 50 [7?, 5 D],.... [2P, gEPD], mgP+),
Ye.v ([(0 M(E)) M(f—l)]’ [ﬁ(])’ E(Z—Z)], o I:Ia(p—l)7 ﬁ(l—p)]’ ,E(p))

where the rightmost component appears only when ¢ is odd. By using the decomposition of the
branching coefficients yy , = [V5°2+1 (1) : V86r(yy )] and yp,p = [VO2+1 (L) : Vv (i, )] in terms
of the Littlewood-Richardson coefficients obtained in Theorems A1 (1) and (3) of [5], one can then
prove the equality ¥y ;, = y¢,v. This notably means that the use of Lemma 3.3.1 in the proof of The-
orem 4.4.2 is not properly needed. The stabilization phenomenon emerges in fact naturally from the
algorithms of Sections 4.2 and 4.3.
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4.5. Coefficients aﬁﬁ " and restriction to Levi subgroups

By combining the results of Sections 3 and 4 we derive the following theorem which ex-

l,s50 Zygp . . . .. .
presses ;" and a,’, as branching coefficients corresponding to restrictions to Levi subgroups.

Theorem 4.5.1. Consider ). € P, and £ a positive integer. Let g be a symplectic or orthogonal Lie algebra with
rank n. Then we have:

1. afﬁﬂ" =e(U)[V=o+1(X) : V8Lr(yy )] for any n > LI(A) where £(u), ge, and yy,, are determined by
the algorithms of Section 4,
2. aﬁjf =e(U)[Vom1 (V) : VI (y, w)] forany n > LI()') if |A| is even, and

3. aﬁjf_( D e(u)[VEomet (1) : VI (yy )] for any n > 1)) if [1] is odd.

Proof. Assertion 1 follows from Proposition 3.3.2 and Theorem 4.1.1. By remark following Lemma 3.3.3,

05
one has a; Lp =al; 5 if 1] is even and a;’}} bep _ (_qye-1 l,”, otherwise which proves assertion 2. O

In the sequel, we will assume for simplicity £ > 2 and n > max(£l(1), £I(1")).
5. Splitting V 9 (1)®? into its symmetric and antisymmetric parts
5.1. Decomposition of the plethysms p; o sf

Consider a partition A € Py,. According to Theorem 4.5.1, we have with the notation of Sections 3.2
and 3.3

[Yl [H
p2°5£ = Z 5(1‘)5?#(0),#(1))5& ,
MEPn
p2osi®= ) e([Vor () VIh(y)]si? and paosy’ = (=DM pyosit (24)
HeEPn

for any n > 2|A|. Here we have written for short y,, for y,, and Vg[n(y,t) instead of V921 (y,,) (see
Remark (ii) of Section 4.4). Since n >m and y, = (y~,y™") belongs to 73,1 we have the following
decomposition (see [2]):

[V“Z”“(A) VE‘n(yM) Z C5§Cy e (25)
8,6€Pn

5.2. Symmetric and antisymmetric parts of V 8 (1)®?

Consider A € Pp. By Propositions 3.2.3 and 3.3.2, for any rank n > 2|A| the plethysms h; o sf and
ey 05} stabilize. Set

hzosk_ Z m s# and ezosk_ Z mw
HEPn HEPn

where & = gl, s0 or sp respectively when g = gl,;, soy or sp,,. Recall that hy o sf and e o sg are the

characters of S2(V9(A)) and A2(V®())). By using (10) and Theorem 4.5.1, we obtain for any rank
n> 2

1
[+
my, w= E(Cx » ie(pc)cw(m M(1)>)
1
M = S (A e[V ) Ve (),
1
mj'“lf = 5(d‘;, s EEDHeu)[VEom (1) 1 vt (y,0)])
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where the coefficients dff , are the multiplicities appearing in Proposition 2.2.2. Observe that the val-
ues of e(u) appearing in (10) and Theorem 4.5.1 may not coincide. Now these mult1p11c1t1es can be
expressed in terms of the Littlewood coefﬁaents [1]. Namely we have d;\ L= £, nc[S scs 0 En' In

particular we recover the equality d = d % since c(’{n = Ca/ for any partitions 8, n and y. By
using (25), this thus permits to express the multiplicities appearmg in the symmetric and antisym-
metric parts of V¥(1)®2 in terms of the Littlewood-Richardson coefficients. Note that formulas for
computing the plethysms hy osf\’ and e; osi4 were introduced without a complete proof by Littlewood
in [9].

Proposition 5.2.1. With the above notation we have for any rankn > 2|A|

gl.+ _ 1 4 by
Min =35 (G FEWIC, 0 )

1
+ ISV L £
m —5( D GheConCia EEW ) CB»EC)/*.)ﬁ)’

8,6,nePn 8.6€Py
+_ 1 4
m;P, _§< Z ChreChnCEy = (=DMew) Z Cgfé‘v“)
8,6,0€Pn 3,6€Pn

where y,, = (y~, ¥y and yr = (k™).
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