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1. Introduction

Let m > 2. We consider in [0, co) x R the Cauchy problem for the following m-th order equation with time dependent,
regular coefficients:

m—1 ) ) m—2m—1—j )
Ou— Y aG(OMO™ TN U+ b1 0D U+ Y D b(OAD U =0, ()
=0 =0 k=1

u0,x) =uj(x), j=0,...,m—1.

We assume that the coefficients a;(t) of the principal part are bounded whereas A(t) > 0 may be unbounded. The function
A(t) will describe the behavior of the speed of propagation. We remark that in (1) there are no terms with zero derivatives
inx but 9/"u and bm,w(t)a{"’lu. For the sake of simplicity, we consider (1) in one space dimension, but our arguments can
be easily extended tox € R", n > 2.

It is well known that if the coefficients are sufficiently regular and the equation is strictly hyperbolic then the Cauchy
problem (1) is > well-posed with no loss of regularity. Moreover, denoting by

m—1
E(t) =Y 0u(t, ) Zmrys )
j=0
the energy for the solution u(t, x) to (1), then E(t) < CrE(0) forany t € [0, T], with Cr > 0 (see, for instance, [10]). Indeed,
information on the long time behavior of the energy is interesting for many reasons. For instance, it can provide a basis
to derive Strichartz decay estimates [15]. We refer the interested reader to [14] for dispersive and Strichartz estimates for
solutions of higher order equations with constant coefficients.
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On the other hand, it is interesting to study the behavior of the homogeneous A-energy

m—1
E.(t) =Y A0 0lo7 Fu(e, )2, (3)
j=0
deriving estimates in the form E, (t) < Cd(t)E(0) uniformly in [0, c0), for some function d(t) (see (25)).
The study of the A-energy has been recently developed [11-13] for second-order wave-type equations of the form

Uy — ()%t + b(O)u, = 0, (4)

by assuming regular coefficients with controlled oscillations. If A = 1 and b(t) > 0 then the presence of the damping term
b(t)u, produces dissipative effects on the wave energy

llue (e, 1% + Nux(e, DI,

which can be used as a basis to derive decay estimates [9,16-20]. These decay estimates are a useful tool in the study of
nonlinear estimates [3,5].

On the other hand, if b = 0 and A(t) — oo with A’(t) > 0, then E; (t) < CA(t)E(0) (see [6]). In particular, the elastic energy
llux(t, )17, dissipates with a speed estimated by A (t)~".

In the recent paper [2], we obtained estimates for the A-energy of (4), which take into account effects coming from both
A(t) and b(t). We also derived results in the presence of a drift term b;(t)u, and a small negative mass term —m(t)?u. The
approachin [2] gave hint on how to determinate and study possible dissipative effects for higher order equations of a special
class what we called hyperbolic-like.

As far as we know, it is not yet clear how to determinate dissipative terms for higher order equations written in a general
form. In this paper we delineate a strategy, stating some sufficient conditions which can be tested on different models.

We call the class of estimates that we study hyperbolic-like because the control that we derive for the energy is derived
by estimating the pointwise energy in the hyperbolic zone of the extended phase space [0, co0) x R". This zone contains
frequencies & that are large with respect to some function depending on ¢ related to the speed of propagation A(t). In some
cases, the obtained estimates will represent a dissipative effect in a sense which will be clarified in Remark 10.

1.1. The almost-positivity property

In this paper, we are going to deal with long time integral inequalities. To deal with them we will make use of some
assumption on the coefficients of (1). For the ease of readiness, in the next paragraph we introduce a property which comes
into play in our hypotheses and which generalizes the positivity of a function in a way suitable for our purposes. This property
has been recently introduced in [2].

Notation 1. Letf, g : [0, c0) — (0, 0o) be two strictly positive functions. We use the notation f ~ g if there exist constants
C; and G, such that Cig(t) < f(t) < Gg(t) forall t > 0. If the inequality is one-hand sided, namely, if f (t) < Cg(t) (resp.
f(t) = Cg(t))forallt > 0, then we write f < g (resp.f > g).

In particular f ~ 1 means that C; < f(t) < C, for some constants Cy, C,.

Definition 1. Leta : [0, c0) — R be a continuous function. We say that a(t) is almost-zero, and we denote it by a(t) = 0,
if there exists a constant C > 0 such that

—Cg/ a(t)dr <C, (5)
0

that is, if each of its primitive integrals is bounded. We say that a; : [0,00) — R is almost-positive, and we denote
it by a;(t) >(q O, (or, respectively, almost-negative, a;(t) < 0) if there exists a almost-zero function a(t) such that
a;(t) — a(t) > 0 (or, respectively, < 0).

Clearly, we say that two functions ay, a, : [0, 00) — R are almost-equal and we write a;(t) =) ax(t), if a;(t) — a,(t) is
almost-zero, whereas we say that a; (t) is almost-greater than a,(t) and we write a; (t) > ax(t) if a1(t) — a(t) is almost-
positive.

Remark 1. A continuous function a : [0, c0) — R is almost-positive if a(t) > 0in [T, oo) for some T > 0.

Remark 2. Leta : [0, c0) — R be a continuous function, and let A : [0, c0) — (0, co) be defined by

t
A(t) == exp (/ a(t)dt) ) (6)
0

Then a(t) is almost-positive (respectively almost-negative) if, and only if, there exists an increasing (respectively decreasing)
function g : [0, 00) — (0, 00) such that A = g. Trivially, a(t) =, 0if, and only if, A ~ 1.
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In particular, it is clear that if a(t) >, O (respectively a(t) <., 0) then A(t) in (6) is bounded by a positive constant from
below, i.e. A(t) > C; > 0 (respectively from above,i.e. A(t) < ;).

Remark 3. Let a(t) >« Oand letA : [0, 00) — (0, 00) be as in (6). Let f : [0, o0) — [0, oo) be a continuous function.
Then, for any s < t, we can estimate

t t t t
fA(r)f(r)dr SA(t)/ f(r)dr; A(S)[ f(r)drsf A(D)f(T) dr.

N

Analogously if a(t) < 0ora(t) = O.

2. Main result

First we introduce the instruments to construct the function d(t) which will provide the estimate for the A-energy E; (t)
in (3).

We assume that the equation in (1) is A(t)-scaled uniform strictly hyperbolic.

Hypothesis 1. We assume that the m roots 7;(t) of

p(t, A(t)7) = ;
P(t,7)=——"S=1"— a;(t)r! =0, (7)
Ao™ ; !

are real-valued and that they verify the following condition:

0<C=a®=]]@®-uw)? c=o. (8)
i£l

In particular, from (8) and from the boundedness of the coefficients a;(t), it follows that the speed of propagation of the
equation in (1) is given by A(t).

Remark 4. We remark that the roots 7;(t) in Hypothesis 1 are the eigenvalues of the matrix

0 1 ... 0
A =| ) 6 : 9)
0 - 0 1
ap(t) ai(t) --- am_1(t)

We also assume a sufficient condition to exclude effects coming from the first derivatives of the roots of (7) on the long-
time behavior of the energy. We notice that, by virtue of (8), the regularity of 7;(t) will follow from the regularity of the
coefficients a;(t) (see later in Hypothesis 4).

Hypothesis 2. We assume that the roots t;(t) of (7) satisfy the following condition:

T,‘/(t)

— = 0, f k #i. 10
70— @ % foraiA (10)

We may now construct the m scalar functions f;(t) which will determinate the estimate for E; (t) in Theorem 1.

Definition 2. Let V; be the m-th order Vandermonde vector related to zj, that is,
Vi = (1, T, ..., 1:jm_l)T,

and let
Coeff[p] := (o¢—1, ..., 01, Qp),

where Coeff[p] is the vector of the coefficients of a polynomial p(t) = Zzzol oy T 17K It follows that p(t;) = Coeff[p] - V;.
We put

Wi(t) := Coeff[Pi](t),
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where P;(t, ) is the polynomial in T given from
P(t, 7)
Pi(t,7) = ——— = (r —ul(t)).
' T — %(t) 1;[
Moreover, we define

an(t) := Coeff'[P;](t), where Coeffﬁ[p] = ((m—Dap_1,(Mm—2)aym_o,...,01,0).
Remark 5. It is easy to check that W;(t) is a left eigenvector of A(t) related to 7;(t), whereas V;(t) is a right eigenvector of
A(t) related to 7;(t). Since

Wi(t) - Vi(t) = 8Pi(t, Ti(D)),
if we put \7j(t) = V;(t)/P;(t, 7j(t)), it follows that

N(t) == (Wi (0), ..., W),  N-'(@) = (Vl(t), L Vm(t)), (11)
is a diagonalizer for A(t), namely,
NOAGON"'(t) = D(t) == diag(z;(¢), .. ., Tm(L)).

The diagonalizer N(t) is bounded as A(t), and uniformly regular thanks to (8), being det N(t) = +/ A(t).
Moreover, let Ag be the m x m diagonal matrix defined by

Ay :=diag(m—1,m—2,...,1,0). (12)
It follows that W;(t) - Ag = W/ (¢).
We refer the interested reader to [7,8] for more details concerning the construction of the diagonalizer in (11).

Definition 3. Let us define m scalar functions f; : [0, c0) — R as the inner products

f(©) 1= (/O /MW O + (bna (60 ) - Ti0), (13)
foranyi = 1, ..., m, where the vector (b,,_1(t)) depends on the coefficients of the terms of order m — 1in (1) and it is
given by

(bm—1(8)) = (—bo,m—1(f), —b1m—a(t),..., _bm—l,O(t)) .

We remark that the functions f;(t) depend only on the coefficients of the terms of order m and m — 1in (1).
To state our assumptions on the coefficients of the equation in (1) we introduce some auxiliary functions.

Hypothesis 3. Let A € G2 be a strictly positive function, with A ¢ L' and A(0) = 1. We define

t
A(t) ::1+/ A(T)dr, (14)
0
)
n(t) = A0 (15)
and we assume that
20 (0)] ] B
o) <nt)t, fork=1,2. (16)

We remark that the function n(t) in (15) plays a fundamental role in our approach, and its properties are related to the speed
of propagation A(t).

Remark 6. It is easy to prove that

Ko _ o

= : 17
CEET0 n(t) (17)

We assume that the coefficients b; ; of the terms of order j 4 k in the equation in (1) are bounded by n(t)™0+9_ Since we
have in mind to use a ¢? diagonalization procedure, we also assume a similar condition on an(t), aj//(t), and on b}’k(t) for
j+tk=m-—1.
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Hypothesis 4. We assume that the coefficients a; € €2 and bj ,_1_; € C' are real-valued, whereas the coefficients bj x € €
forj + k < m — 2 may be complex-valued. Moreover we assume the following:

a”®)] < n(®f, fore=0,1,2, s
|bj(.ln17—li—j(t)| <, fore=1,2, (19)
(] S n@©™ 0 foranyj+k <m—2. 20,

Hypothesis 5. We assume that

Q) <@ Sn(t), foranys > 0. 1)
n(t)

Remark 7. In fact, property (21) is very natural. In particular, it trivially holds if n(t) is monotonic. Indeed, if n(t) is
decreasing then 7/(t) < 0 and (21) is trivially satisfied, whereas if 5(t) is increasing then n/(t)/n(t)? is integrable, since

o0 /

s n()? n(s) — n(0)
In particular, 0 < 7/(t)/n(t)*> — 0ast — oo therefore (21) follows (see Remark 1). Analogously if '(t)/n(t) < O or
n'©)/nt) >@ 0.

We are now ready to state our first result.

Theorem 1. Let us assume Hypotheses 1-5. Let f : [0, c0) — R be a function with constant sign, such that

fi(t) <@ f(t), foranyi=1,...,m. (22)
Moreover, let us assume that there exists r € [0, 1) such that
b n'(t)
—bp_1,0(t) < ) + A =r)n) <@ f@©. (23)
Then the solution to (1) satisfies the following energy estimate:
E,(t) < Cd(t)E(0), (24)

where d(t) is given by
t
d(t) = exp (2/ f(o) do) . (25)
0

The proof of Theorem 1 will be divided in several steps (see Sections 4 and 6).

Remark 8. Condition (23) means that the estimate in (24), which is related to the function f (t) satisfying (22), is hyperbolic-
like. That is, the decay function d(t) is related to the contribution coming from the functions f;(t) deriving from the
diagonalization procedure. Then we assume condition (23) to exclude possible perturbations coming from the low-
frequencies (see Section 6).

In fact, theranger € [0, 1) in condition (23) canbe enlarged tor € [—q, 1) forsome g > 0, if we have additional information
on the structure of the equation in (1), more precisely if a part of the symbol of the equation vanishes at higher orderasé — 0
(see Remark 14 in Section 6).

Remark 9. Condition (22) means that the function f (t) represents a control on the possible strong influence coming from
fi(t) to the long-time behavior of E; (t). It is clear that the choice of f (t) is not unique. The estimate in Theorem 1 is as better
as f (t) will be smaller, provided that it satisfies (22) and (23).

Remark 10. We remark that, in general, f(t) may be a positive function; in such a case, d(t) is an increasing function.
Nevertheless, from (24) we get

d(t)
)\,(t)Zk

o' *agu(t, )% < € E(0), foranyk=0,...,m— 1.
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In particular, if A(t) is increasing or, more in general, if A'(t) /A(t) > 0, and

A (t)
t) <@ {——, forsomel=1,...,m—1,
f( ) —=(a) )\(l’)
then ||8[’"_1_k8)’fu(t, «)||fz is bounded by a decreasing function foranyk = ¢, ..., m — 1.

In such a case, the dissipative character of our model is described by d(t) and (24).
Remark 11. In particular, thanks to (21), from the right-hand side of (23), it also follows that

"(t
£ > k'zl(—(t)) +en), (26)

for any k > 2, for any € € (0, 1 — r). Indeed, the right-hand side of (23) corresponds to (26) fork = 1ande = 1 —r.
Remark 12. It is clear that (23) implies that
f(t) + bm—],O(t) Z(a) 0. (27)

3. Examples

Itis clear that condition (22) in Theorem 1 depends on the functions f;(t) in Definition 3, which are related to the structure
of the equation in (1). These functions f;(t) are not easy to compute, in general. In the following we first present some
examples in which we check condition (23) in Theorem 1 but we do not consider (22). Then we present two models for
which we explicitly compute f;(t) and f (t) which satisfy (22).

Example 1. Let A(t) = (1 + t)?, thatis, A &~ (1 4 t)P*!, for some p > —1. We remark that A(t) is strictly decreasing for
p € (—1,0) and constant A = 1 for p = 0. We can compute

_ pt1l @ _ 1

O 9% 0 @ 1+t

Condition (21) trivially holds since 1’(t) <, 0. Let us assume that

n(t)

- ¢
bn-10(t) =@ (A +07",  f() =@ 1+¢
for some u, ¢ € R. Condition (23) holdsif —u < =14 (1 —=1r)(p + 1) < g forsomer € [0, 1), that is, if
>-1 ifu>1,
o>—un ifpu<l

It is easy to check that (23) is equivalent to (28). Indeed, if w > 1and ¢ > —1, then the left-hand side of (23) holds for any
r € [0, 1), whereas the right-hand side holds for some r € [0, 1), since —1+4 (1 —r)(p + 1) — —1asr — 1.0n the other
hand, if u € [—p, 1) and ¢ > —pu, then (23) holds for

> —p and { (28)

‘1 _
r=1-— Tlf’ which satisfiesr € [0, 1), dueto u € [—p, 1).
p

An analogous reasoning holds for Examples 2 and 3.

The function d(t) in (25) is given by d(t) = (1 + t)?*. We remark that ¢ may be strictly negative if & > 0. On the other
hand, ifp > 0 and ¢ < (m — 1)p then Remark 10 is applicable.

Example 2. Let A(t) = e/, thatis, A & X, for some p > 0. Then
n'(t)
— N T 0
n(t)
Condition (21) trivially holds since n'(t) = 0. Let us assume that

bm-1,0(t) 2@ K, f) > @,
for some u, ¢ € R. Then condition (23) holds if —u < (1 — r)p < ¢ for some r € [0, 1), that s, if

n(t) =@ p»

>0, ifu>0,

pz—p and {goz—u ifu < 0.

The function d(t) in (25) is given by d(t) = e®’!. We remark that ¢ may not be negative. Remark 10 is applicable if
¢ < (m—1)p.
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Example 3. Let A(t) = e'e® ~!, that is, A(t) = e® ~1. Then
'(t
o _ ;
n(t)
Condition (21) holds (see Remark 7). Let us assume that
bn—1,0(t) =@ 1e', f®) 2@ @e,
for some p, ¢ € R. Then condition (23) holds if —u <1 —r < ¢ forsome r € [0, 1), that is, if

n(t) = e,

¢ >0, ifu >0,

#z-1 and {(p>—p¢ if u < 0.

The function d(t) in (25)is givenby d(t) = e2¢¢' ' We remark that ¢ may not be negative. Remark 10 is applicable if ¢ < m—1.

3.1. A third-order equation model

Let us consider the equation in (1) for m = 3, and let us assume that the three roots of (7) are «, 1, —1, where « is a real
parameter, and o # %1 so that (8) is satisfied. This gives

Ut — @A (OUgy — A(0) gy + A (6) e + b2 0 (O)Uye + b1 1 (YA + Do 2 (DA Uy + bo 1 (DA DUy =0 (29)
with initial data (u, u, ug)(0, x) = (ug, U, tz)(x). We study the A-energy for the solution in (3), that is,
Ey. = uge (¢, )% + A0 [up(t, )% + A0 g, I (30)

For the coefficients we assume conditions (18)-(20), so we are now able to compute the functions f;(t) in (13). The
diagonalizer for the matrix A(t) in (11) is constant, therefore (10) trivially holds, and

g _ 7 1 2
Wi =(-2,0,0), Vi=-— (1, o, a),
1—a?
~ 1
n
W= (=20,1-a,0), V,=—(1,1,1),
; =(20,1-0,0) 2 2(1_0[)( )
" -
W = Qa, —(1 L0, V3=—(1,-1,1).
3= Qo,—(1+®),0) 3 2(1—|—a)( )

Therefore, since (b, (t)) = (—bp2(t), —b11(t), —bao(t)), if we put f, = f_ and f3 = f,, then the functions f;(t) in (13) can be
written as

= — 22O b6+ abii© + atbaote 31
fl()—(]_az)[ A(t)+ 0,2(t) +aby1(t) + o 2,0()], (31)

. 1 A(t)
f=(t) = m |:(1 =+ 3a) m

The structure of the f;(t) greatly simplifies if we consider a special model. Let us apply on the left-hand side the first-order
operator

L3¢, A(£)0x, t) = 8 — oA ()dx + a(t), (33)

— by o(t) £ bq1(t) — bo,z(f)i| . (32)

where « # =1, to the second-order wave equation with time-dependent speed of propagation and damping
U — M) ug + b(D)ue = 0,

where b(t) is real-valued, bounded, with |b’| < n and |b”| < 2. From

(3 — A ()3 + a(t)) (37 — A(£)*3] + b(1)d;) u = 0, (34)
if we put a(t) := —b’(t)/b(t) then we get (29) with
b'(t)

bao(t) = b(t) — D)

b1,1(t) = —ab(t), (36)
b'(t) B A(t)
b(t) WO

bo2(t) =
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and by 1 = 0. By computing the f;(t) as above, using (35)-(37), we immediately derive that

0 1,20
filty = 0 fe(®) = 2 (3 0 b(t)>. (38)

We are now able to check condition (22) in Examples 1-3.

Example 4. Following Example 1, let A(t) = (1 + t)? for some p > —1. Let b(t) = by(1 + t)~! for some by > —(p + 1),
thatis, a(t) = —(1 4+ t)~'in (33), so that

bao(t) = 1L+f’ where u = by + 1> —p.

It follows that f(t) = ¢(1 4 t)~!, where
¢ =max{—1, (3p — bo)/2}
satisfies (22). Since ¢ > —1 is a necessary condition to apply Theorem 1, we have to assume

3 3p—bg
p>—Z, by e [—(p+1),3p+2), sothaty = CE

It remains to check ¢ + w > 0 in condition (28), that is, by > —(3p + 2). Therefore (23) holds for by € [—(3p + 2), 3p + 2)
ifpe (—-2/3,—1/2]andforby € [-(p+ 1),3p + 2) ifp > —1/2.

We remark that d(t) = (14t)* %0 in (25). In particular, let p > 0. The exponent is negative if by € [3p, 3p+ 2). We remark
that if p = 0, that is, the speed of propagation A = 1 is constant, this means by € [0, 2). According to Remark 10, ifp > 0
and by > —p, then we obtain the dissipative estimates

lun(t, )12 < C(1 46~ PE©), ifby € [p,3p+2), and
luxe(t, )17 < C(1+1)"PHOE©),  forany by € [—p, 3p + 2).
We notice that Remark 14 is applicable in the special case « = 0, since b; 1 = 0in (36). In such a case, we can also consider

bo € [-2(p + 1), —(p + 1)), but we cannot have a dissipative effect in the sense of Remark 10.

Example 5. Following Example 2, let A(t) = eP* for some p > 0. Let by o(t) = b(t) = u for some u € [—p, 3p), that
is,a =0in(33)and f(t) = ¢ = (3p — w)/2 satisfies (22). One can easily check that in this case condition (23) holds.
We remark that d(t) = e®P~#" in (25). The exponent is always strictly positive, but according to Remark 10 we obtain the
dissipative estimates

lue(t, )IIZ < Ce™#PYE(0), ifu € [p,3p), and
luw(t, )% < Ce” P+ E(0), forany u € [—p, 3p).
As in Example 4, Remark 14 is applicable in the special case « = 0.

Example 6. Following Example 3, let A(t) = e'e® ~1. Let b(t) = bge' for some by € (—1, 3), thatis,a = —1 in (33). Since
by < 3, the function f (t) = ge' where ¢ = (3 — by) /2 satisfies (22). One can easily check that condition (23) holds.

We remark thatd(t) = eB-boe' jp (25)is anincreasing function. According to Remark 10 we obtain the dissipative estimates
lun(t, )% < Ce®"VE(0), ifby €[1,3), and
(e, )% < Ce®0*DE(0), forany b € (—1,3).

As in Example 4, Remark 14 is applicable in the special case o = 0.

3.2. Afourth-order equation model

Now we consider a fourth order equation. Let the four roots of (7) be o, —«, 1, —1, where « is a real parameter, and
o # *1 so that (8) is satisfied. This gives

2 3—j )
dfu — (14 A7 07u + A Ofu+ Y Y bju(®AD) ofu = 0. (39)
j=0 k=1
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The diagonalizer for the matrix A(t) in (11) is constant, therefore (10) trivially holds, and we get

Wf = (—3a, —2,,0), V= —ﬁ(l,a, o?, o),
8 y 1 23
W; = Ga, -2, —«a, 0), Vy, = m(], —a,a”, —a’),
8 2 2 5 1
W3 = (=3, —2a°, 1,0), W:m(l,l,l,l),
§ 2 2 5 1
W, = GBa*, —2a°, —1, 0), V4:—m(1,—1,1,—1).

As in Section 3.1, we present a model for (39), which comes from the composition of a wave-type equation and a wave-type
damped wave equation. For the sake of simplicity, let A(t) = e for some p > 0, as in Example 2; we consider

(87 — ™02 (97 — '3 + ) u =0, (40)
where 1 € R. Eq. (40) can be written as in (39) if we put
bso = wu, bia = —(’1 +4p), boo = —4p*

and by 1 = bo3 = bao = b1,1 = b1.0 = bo,1 = bo,o = 0. Straightforward calculations give a very easy expression for the
functions f;(t) in (13):

5p —
.szba%=% .Mﬂzﬁaﬁ:pzﬂ.

Therefore we can take f(t) = ¢, where ¢ = max{5p — u, p}/2. Due to the simple structure of Eq. (40) we can apply
Remark 14 with ¢ = 1, that is, we can take r € [—1, 1) in (23). It is easy to check that (23) holds for any u© > —2p; the
function d(t) in (25) is given by d(t) = e®P~®t if € [—2p, 4p] and by d(t) = e if ;1 > 4p. According to Remark 10 we
obtain the dissipative estimates

(€, IIF < CEPEQ©),  luga(t, )17, < CeE©),  [lupalt, )
if w > 4p; otherwise, we have the following ones:

lue (£, 1|2, < Ce™“PE(0), if u € [3p, 4p],

lteec(t, )% < Ce™“PUE), ifu € [p. 4p), and

e (£, )NI% < CePHICE(), if u € [—p. 4p).

< Ce >PYE(0),

4. The hyperbolic-like estimate
Here we describe the philosophy which leads to focus our attention on the function f (t) in (22). We will use the following.

Notation 2. If v = (v, ..., vy) is a vector in C™, then we denote by diagv or diag(vy, ..., vy) the m x m diagonal matrix
M = (My) with entries M;; = v; and M = O for any i # j. On the other hand, if M = (Mj) is a square matrix, then we
denote the diagonal part of M by DiagM, that is, (DiagM);; = M;;, and (DiagM);; = 0 if i # j.

We perform the Fourier transform with respect to x of (1) and we introduce the Cauchy problem for the ordinary
differential m by m system with parameter &

A (t)
A(t)
with initial data U(0, &) = Uy(&), where we put

m—1
8. U = ir(H)EA()U + Ag U+ Z(i,\(r)g)*"“”*f)Bm_]_j(r) U, (41)
j=0

U= ((O&)™ M, (A0E)" 0, ..., iMOEN"T, 9" '), (42)
Uo(§) = ((E)"'Io(§), (E)"*T(§), ..., m—1(£)) (43)

with A(t) and Ap as in (9) and (12), and the matrices B,,_;_;(t) are given by

Br_1-i(t) = ((0), (0), ..., (0), (b)),

where (0) is the null vector, and (b;(t)) are the vectors
(bj(®)) = (=boj(t), —=b1j-1(t), ..., =bj0(t),0,...,0).
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Hypothesis 1 corresponds to say that the system in (41), is uniformly strictly hyperbolic. In fact, the eigenvalues of the matrix
A(t) are given by 7;(t) (see Remark 4). Moreover, it is clear that the A-energy given in (3) for (1) is given by ||U(t, -) ||§2 where

U is as in (42). Analogously, it holds ||U0||f2 < E(0), with Uy as in (43).
Our aim is to prove that

&(t, &) < Cd(t)&o (%), (44)
with d(t) as in (25), uniformly with respect to £ € R, where &(t, &) is the wave type pointwise energy given by

m—1

E(t. &) = Y _(uOIEN* ™ |3, )1, (45)

=0

whereas & (t, &) is the Klein-Gordon type pointwise energy given by

m—1
Eo(€) =Y (1+EP™ 51, (46)
j=0

Indeed, by integrating this inequality with respect to & and by Plancherel’s Theorem, the estimate (24) immediately follows
from (44).

In order to prove (44) we divide, for some constant N > 0, the extended phase space [0, c0) x R" into the pseudo-differential
and the hyperbolic zone, defined by

Zpa(N) = {(t, §) € [0,00) x R: A(t)[§] < N},

Znyp(N) = {(t, ) €[0,00) x R: A(t)|§] = N}

Since A : [0, 00) — [1, 00) is strictly increasing and surjective, the separating curve is given by
0:(0,N] = [0,00), 6 =A""(N/IE]).

We put also 6y = oo, and i) = 0 for any || > N.The pair (¢, £) in the extended phase space is in Z,q(N) (resp. in Zyyp(N))
if, and only if, t < O)¢| (resp. t > Hjg).

In Zyyp (N) the profile of the pointwise energy &(t, &) will be exactly described by the function d(t) in (25). On the other
hand, in Z,q(N) we will only look for conditions which guarantee that the same function d(t) appears in the estimate from
above of the pointwise energy &(t, £). For this reason, we say that we are studying hyperbolic-like estimates.

5. The hyperbolic zone

In Zyy, (N) we use a ©? diagonalization procedure. We want to prove the a priori estimate

U eF <20y, P, > 8, (47)
d(Oe))
with d(t) as in (25). Let N(t) be the diagonalizer for A(t) introduced in Remark 5 and let V (¢, £) = N(t)U(t, &). Then (41)
becomes

m—2
3V = IMDEDOV + Bo(OV + Y (M0)E) "By 1 (D) V, (48)
j=0
where
o M o
Bo(t) = (N O+ S N +N(t>Bo(t>> N7H(), (49)
Bin-1-j() = N(O)By_1-j(OONT'(t), j=0,...,m—2. (50)

Thanks to Hypotheses 3 and 4, it is clear that || B || < nand [| Bl < n?, whereas IBm—1-ll S n™ 7 forj < m — 2. Indeed:

the function A’(t)/A(t) is bounded by 7(t) and its derivative is bounded by #(t)? by virtue of (16),

the matrices N(t) and N~!(t) are bounded (see Remark 5), and their derivatives are bounded by 7 (t) thanks to (18),
the matrix By (t) is bounded by #(t) and its derivative is bounded by 7(t)? by virtue of (19),

the matrices B,,_1_;(t) are bounded by n(t)™ 7 by virtue of (20).
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To derive our estimate in Zy, (N), we need to control the diagonal part of B (t) in (49). Thanks to Remark 5, it is clear that
the rows of the matrix N (t)Aq are given by the vectors Win(t), fori = 1, ..., m, whereas each row of the matrix N(t)By(t)
is given by the vector (b,;,_1(t)), since all the entries in the last column of N(t) are 1. Therefore we get

O/ () /R EIWE(E) + (b1 (1))

(A O nerap + N(t)Bo(f)> N~Y(t) = (ACINAGY

At) ) n:
A O /M)W () + (bn—1(1))
whose diagonal entries are given by f;(t) as in (13). Let f (t) be as in (22); since f (t) — fi(t) >(q) 0, it follows from Definition 1
that there exist m almost-zero functions f; ,(t) such that

fis(®) =) — fi(t) — fiw(t) = 0.
Here we use the notation f; ,, (t) and f; s(t) to distinguish between weak and strong components of each difference f (t) —f; (¢t).
We can now construct the second diagonalizer K(t, £), that depends on the not diagonal entries of B (t):

Ki(t,§) = 1; Ki(t, &) = (EA®)(ri(t) — Tj(t)))71 (Bo(t))y ifi#]. (51)
Thanks to (18)-(20), we derive
Cn(t) C C
Ky (¢, £)] < —-2 = <=,
EIAE) 1A — N
that is, K (¢, &) is uniformly regular and bounded for a sufficiently large N. We replace V(t, £) = K(t, £)W (¢, &) in (48) and
we get

foranyi # j,

W = D()IA()EW + Fo(O)W + ] (£, E)W, (52)
where
Fo(t) = DiagBo(t) = diag(f;(1)), (53)
and J(t, &) satisfies (see [2])
n(t)°
Sl =c¢ : 54
W, 1 < &30 (54)
Now let
t t
D(t, &) = exp (/ Diag(N/(a)Nl(a))da> diag (exp (/ (itj(0)A(0)E + fiu(0)) da)) .
Ol Ol

Thanks to (10), we obtain (see [4]) that each entry of the diagonal matrix Diag (N’(t)N(t)‘1) is a almost-zero function. Since
7j(t) are real and fj ,, () =(q O, the matrix D(t, &) is uniformly regular and bounded, i.e. ||D(t, &)]l, ID~1(t, &)|| < C.By
making the substitution W (t, ) = \/d(t)d(0j¢|)~'D(t, £)Z(t, &), we obtain in Zpy, (N),

{a[z =G(OZ +](t, §)Z, t > O,
Z(Be), &) = KBy, N~ (0 UGy, §),

where G(t) is a diagonal matrix with negative entries —f; s(t) andf(t, £) = D7I(t, &)] (¢, £)D(t, &) satisfies again (54). It is
easy to prove that |Z(t, §)| < C|Z(6j, £)[, and this concludes the proof of (47).

(55)

Remark 13. Itis now clear that the functions f;(t) introduced in Definition 3 came into play in Zyy, (N). Moreover, we remark
that the estimate given in (47) holds also from below, that is,

[U(t E)Iz”ﬂlU@ P, t>0
’ d(elél) 11> s = Yigls
if fi(t) = f(t) foranyi = 1, ..., m. Moreover, if g(t) is a function with constant sign such that g(t) < fi(t) for any
i=1,...,m, then one can easily prove that

t
IU(f,%‘)IZZeXP</ Zg(U)dG) U@ 1P, £ = O

Olg|

6. The pseudo-differential zone

Having in mind (47), we can conclude the proof of our claim (44) for any (t, §) € [0, c0) x R" if we prove it in Zyq(N),
thatis, forany [§| < N and t < .
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Here we present a strategy to derive (44) in Zpq(N), in which we reduce our problem to a system of one Volterra-type integral
equation and m — 1 integral inequalities. This strategy is particularly successful due to the special structure in (1), that is,
there are no terms with zero derivatives in x, but 9"u and bm_lyo(t)at'"_lu

Since in Z,q(N) we can estimate A(t)|£| < Nn(t), we put

V= (@)™, ()", ..., o7 ~'a)
andV = «/d(t)ﬁ\7 with d(t) as in (25), and we study the Cauchy problem

0V = AL EW,  V(0,8) =Vo&) = ("o, "W, .. B ) (56)
with
(m—1)n'/n in 0 0 0
0 (m—2)n'/n in 0 0
0 0 (m—=3)'/n in 0 d
A = . . . . . - 55 Ims
: : : - - : 2d
0 0 0 o0 in
Bo/n™"! Bin™? B/ Bn2/n Buo
where I, denotes the identity m by m matrix and
Bm-1(t, &) == iEA()am-1(t) — bm—1,0(0), (57)
m—1—j
Bi(t. &) = ig()EMO)™ = Y i T Pp A, j=0,....m—2. (58)
k=1

Our purpose is to prove that the fundamental solution E(t, £) to (56), that is, the solution to
OE = A, §)E, E(0,§) =In, whereE(t,§) = (Eji)jk=t,..,

is bounded. Indeed, since |U(t, §)| < |V(t, &)| forany t < 6 and |V0(§)| < &y(&), our claim (44) immediately follows if
lE(t, &)l < C, uniformly in Z,q(N). We can write the integral equations

m is an m by m matrix,

m—{ t /
Eqk= % (Slk + i/ % Eerq(7) dT) , foranyf=1,...,m—1, (59)
0
()(t g) ./d(a ﬁ(cf E)
fork =1, ..., m where we defined

t
O(t, &) == exp </ (IEM(T)am-1(T) — bm1,0(7)) dr) .
0

We want to write a Volterra-type integral equation for Ep,_1 k, independent of the other E; :

Enralt6) =it ) + Bt .6 By (1. £) . (61)
By using (59) and (60) and integr(;ting by parts we get
En_1x(t, &) = \Z% <5m—1.k+i8mk | O(t, S)dr)
i J”% 0.6 ﬁ) ( n’fjf;’m S oo s>) do dz
= %2) (Sm—1,k + 18m®1(t, 0, §))
+ij% o[@wr,o,s)\/@ <mzo e B, s>)

where we put

t t T
O4(t,0,8) = @(0,5)4/ @(r,g)dTE/ exp (/ (IEA(E)am—1(5) — bm—1,0(5)) ds) dr.

o
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By using (59) for Ej;1 . for any j < m — 3 and integrating by parts again, we obtain

Em— lk(t 5) j% (am—l,k"_ifsmk@l(tvoag))
t
i "2() 01,0, 8) (") P20, €)1 4(0, &) do
d(t
J"% O1(t.0.8) Zﬂj(o,@ (3erati [ Bauar) do
j=0
n() (5 1O (t, 0, £)8 +in§() (t, 0, £)8 )
= —YF/—— m—1,k J1(L, U, mk 2 i, U, ji+1,k
a0 < J j+
d
j% Ormalt.0,) Y (g)tsm_l,kw,swa
—j(% 0 (Z@zja T, 8) (V)nf 3]E,+2k<r)dr)

where we put

@l,j(t7 o, S) = @1 (tv g, E) ﬁj(09 g),
t
@zyj(t, T, 5) = / @w’(t, o, .i:) do.

Using again (59) for Ej;, «, for any j < m — 4 and integrating by parts, we get

( ) ) 'm—3 m—4
Emn_1x(t, &) = L <5m—1,/< +i01(t, 0, &)dmi +1i Z O,(t,0,8)811k — Z O3(t, 0, &)8i12k

NG =0 =0
\/ﬂ% O1m—2(t,0,§) \/@Erﬂ_l,k(a, &)do

_ \/% Oy ms(t, T, g)J:Em 1k(7) dt

—ij% ;(203,@ 0.§) J;_, Hak(o)do)

where we put
t

@3‘]'(1',0',%') sz @2_]@,‘(,5)(1‘(.

o

It is clear that we can iterate the procedure, so that we obtain (61), where

77() m—2 m—2—£
flt.§) =~ <6m 1k +i61(t, 0, S)amw;z ( FZO Ort1,i(t, 0,840 ) | - (62)
and
) VA &
gt.r.8) = Z' Ot mo1-e(t, T, ). (63)
We have in mind to estimate Em—],k(t7 &) == |Em—1.(t, &)|. Since A(t)apm_1(t) is real, it holds |@ (t, §)| = y (t), where
t
y(©) = exp (— / bm_l,o(r)dr>, (64)
0

is a positive function which does not depend on £. We remark that ©(t, 0, £) = fot O(t,&)y(r)drsince®(0,£&) = y(0) =
1, and that

01t 0, £)] Sy(a)"/ y (1) dr.

g
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In particular, |@4(t, 0, £)| < I'(t), where we put
re) = /[ y(r)dr. (65)
0
Then we can estimate

t
1015t 7, 5)| < B, )] y(©)" / y(0)do = % (t, 7, £),

T

and, analogously,

t
Ot r. 0l = [ OF, 0.8 do0 = 0F 7. 6)
T

forany £ =2,...,m—1andj < m — 1 — £. This gives us
n(t) i gt
e Ol = (14 1 + Cmax0f,(£,0.6)) = £t §), (66)
where the maximum is takenover £ =2,...,m—landj <m—1— ¢, and
n(t) Vd@) |, .
lg(t, 7,8 < Op m_1_¢(t, T, 8)=1g"(t, 7, §). (67)
Vd@©) n(r) ; fmoi=t

Therefore, to prove that E,_1 «(t, §) is bounded (with respect to (t, £)) in Z,q(N), we can apply a Gronwall-like lemma to
the following inequality:

t
Eb (6 8) < it 6)+ f gt T, &) EL_ (T, &) dr. (68)
0

In order to do this, since the kernel g*(t, t, £) depends on both t and t and on the parameter &, we look for two positive,
continuous functions q(t) and ¢y (t, &), with q(t) bounded, such that

fi(t,€) < Gunq(t), foranyt <@z andk=1,...,m, (69)

gi(t, T, 8) < q(t) gn(t, &), foranyt <O, (70)
t

/ (On (T, ) dr < Gy, forany ¢ < O 71)
0

Indeed, thanks to (69) and (70), from (68) we obtain
t
En (6, 6) < q(0) (ck,N + f (T, E)Er (T, 6) dr)
0

and therefore, using (71), it follows that E,’i_L «(t, &) is bounded by virtue of the following Gronwall-type estimate (which
follows as corollary of Theorem 1.5 in [1]).

Lemma 1. Let u(t), q(t), ¢(t) be continuous, non negative functions in [0, co). If

u(t) < Cq(t) + q(t)/ b(o)u(o) do, (72)
0

t
4(t) exp ( / 4(0)b(x) dr) <c, (73)
0

forsome C, C’ > 0, then u(t) is bounded.

Let us assume that we found q(t) and ¢y (7, &) such that (69)-(71) hold, so that E;;_; i is bounded. Then the boundedness
of Eg(t, &) forany £ = 1, ..., m — 2, follows if

t m—~¢ t /d
n(®) <1+/ %dr)ga forany¢=1,...,m—2. (74)
A/d(t) o n(@)m-
Condition (74) immediately follows from
‘(t
FO-m-0T0 _cht)y =00, £=1,....m—2, (75)

n(t)
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which is a consequence of (26) (see Remark 11). On the one hand, by virtue of Remark 2, from (75) it follows that

n(e)ym*

<CA(Mt)™© =0 ast— oo.
d(t)

On the other hand, thanks to (75), using the notation in Remark 3 we put

’ t
at) = () — (m — ) 1O >0 0, A®D)=exp < / a(r)d) OB
00 ; PO

so that we get

n@®O"" [t V@

dt) Jo n(oym-1-¢

t t
dr < CA(t)’e/ N AT dr = CA(t)’ef AMD)A@) T dr < Ce™!
0 0

Moreover, if Ey—1  is bounded as well as E;j ; forany j = 1, ..., m — 2, then E(t, ) is bounded too if
t tJd
140) (@) |,3](a &)l do | <Cy, foranyt <@ (76)
Vd(t) y (o) n(a)m 1=

We are now ready to prove Theorem 1.

Proof of Theorem 1. It is clear that the proof of Theorem 1 follows if we construct two functions q(t) and ¢y (7, £) which
satisfy (69)-(71) and if we prove (76). Letr € [0, 1) be as in (23). We claim that

szSN ()
TV

verify (69)-(70) for any § € (0, 1 — r). Indeed, in such a case condition (71) holds since

q(t) = ADT, on(@E) =gAM@ T Vd(D),

(|S|A(l’))17(r+6) N1-@+8)
1—(+9) = 1—(r+68)

t
HG f M) A(D) " dr <
0

Moreover, the boundedness of g(t) follows from the right-hand side of (23), which implies AA™" < /d.
Let us prove (69)-(70). Thanks to (19) and (20), we can estimate g;(t, &) in (58) by

m—j
1Bi(t,8) < C Z(Iflk(t))kn(t)"‘*”" < GIEIAMDnO™ ', (77)
k=1
foranyj =0, ..., m — 2. By using the left-hand side of (23) we get

t t
M AG) Ty ()7 / y(r)de < C / MO A@) T dT < %A(t)l—’.

Since A(s) |£| < N forany s < 6|, we can estimate
|$| < Nr+5 |$|1—(T+8) A(S)_(r+8),
so that we obtain
OFj(t. 5. £) < Gy & )" T A P AWM,

foranyj =0, ..., m — 2. Moreover, we remark that 1 + I"(t) < CA(t)'" using again the left-hand side of (23), therefore
we can estimate

n(t) A(t) _r
——(1+T ) <C—=A({t) <q(t
m( () NG ) q(t),

in (66). Since § > 0, thanks to (21) we can estimate

t t
/ (D) A(r) " de < Ca—aln(S)HA(S)f(‘S*B”/ n(D)A(r) " dr < CSTZMYI(S)HA(S)%, (78)

N
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for any k > 1 and for any §; € (0, §). Therefore we can estimate

Of o1 (6. T, 8) < Cusw ] A0 (1) A(T) ™,
forany4=1,...,m— 1and
O; (. 0,8) < Cusn I A0 < NGrs A,
forany{ = 2,...,m—1andj = 0,...,m — 1 — £. We remark that in the estimate above we could use |S|]’(r+5) <
N1+ A ()™ +1since 1 — (r +8) > 0.
Conditions (69) and (70) immediately follow.

Now we prove (76). On the one hand, using (27), by virtue of Remark 2, we can estimate the function y in (64) by y < Jd.
On the other hand, thanks to (77) and (27), using the notation in Remark 3 we put

A/d(t)
y®) '

t
a(t) = f(6) + bn1(t) 2@ 0. A(t) = exp ( / a(r)dr)=
0
so that we get

y(@) ['/d(o) '“wa O\ 4y < c 2O [* Vo)
VAo Jo y(o) Jon(cr)m 1= - Fd(t y(o)

clf EA(0)do < C;N
0

/\

&1 1(0) do

IA

This completes the proof of Theorem 1. O

Remark 14. In the same assumptions of Theorem 1, let g € {1, ..., m — 2} be such that

{amk =0 forany2 <k<q,

bix=0 foranyl<k<gq "

that is, we have no term with a number of x derivatives lesser than or equal to g, but 9/"u, bmq,o(t)at’"’]u and
Am_1(OAE)™ B,

Then we can enlarge the range r € [0, 1) in (23) tor € [—q, 1). Indeed, thanks to (79) it follows that g; = 0 for any
m — q <j < m — 2 and we can refine estimate (77) to the following:

m—j ' .
Bi(6, )] < € Y (EREN O™ < (E[A0)* ()™~
£=q+1

= [§17 T AOAOO™ T < NTTETT A AD O™, (80)
foranyj=0,...,m— (g + 1). We can now follow the proof of Theorem 1.
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Appendix. The complete m-th order equation

In (1) we considered an equation with no terms with zero derivatives inx but 9;"u and bp,_1 o (t) 8["’1 u.Inorder to consider
the Cauchy problem for the complete m-th order equation

My — Z GOAO™IHTTu+ D b0 ok =0,
Jj= Jj+k=m—1
8’u(0x)_u](x) j=0,...,m—1,

(A1)

we should manage very carefully the new terms, since their influence is not easily controlled in Zpq (N) (see (77) in Section 6).
In particular, here we state a rough condition which allows to exclude any influence coming from them to the energy
estimate. Nevertheless, it is reasonable to expect that in some cases the A-energy in (3) should be modified to obtain good
results (for instance, if we consider the Klein-Gordon equation).
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If we consider the Cauchy problem (A.1), then we can follow the proof of Theorem 1, but we should replace (77) with the
following:

1Bi(t, &)] < CIEILON@®)™ " + |bjo(D)]. (A2)
We now look for three functions q(t), ¢n (7, &), ¥ (7), with q(t) bounded, such that (69) and (71) hold together with
gt T.8) < q(t) (On(T.§) + ¥ (1)), foranyt <O, (A3)
t
q(t) exp </ q(D)Y(7) dr) <C, foranyt < 6. (A4)
0

In fact, thanks to (69)-(A.3) and (71)-(A.4), using again Lemma 1 in Section 6, the boundedness ofErjn_]Ak(t, &) would follow
from (68). We remark that q(t) and v (1) are independent of the parameter N, as well as the constant C > 0in (A.4).

If we prove that E 1.x(t, &) is bounded, then the boundedness ofEr‘ (¢, &) still follows from (26) forany £ = 1, ..., m—2,
whereas (76) holds 1f we replace (27) with the stronger condition:
F (&) + bm_10(t) =g €n(t). (A.5)
Indeed, thanks to (20) and (A.2), it is sufficient to estimate
t tJ/d
r® (1 n n(o )da) (A6)
Vd(t) 0 J/( )

In order to construct the new functions q(t), ¢n(7, ), ¥ (r) we should take into account the influence of |b; o(t)| in (A.2)
on the functions @E,j(t, s, £). Moreover, we should consider all constants in our estimates since, in general, the product

q(t)¥ () in (A.4) would be not integrable. We will compensate the possible increasing behavior of the exponential in (A.4)
with the decreasing behavior of the function q(t).

Let us assume that 7(t) is monotonic or, more in general (see Remark 7) that
i o _
im sup <
t—o00 T]( )2
Let p > 0 be such that

(U'(t) + bmq,o(f)n(f))
n(t)? '

(A7)

(A.8)

p > —liminf

t—00

Let M; > 0 be defined by

i bjo(t)]
:= lim sup
t—o00 T](t)m =h

Thanks to Hypothesis 4, p and M; are finite numbers. Conditions (A.7)-(A.9) imply that for any € > 0 there exists
T = T(¢) > 0such that

n'(t) n'(t)
o =Y o

for any t € [T, o). We remark that if (A.8) holds for some p € (0, 1) then the left-hand side of (23) holds for any
r € [0, 1 — p). Otherwise, we assume that the left-hand side of (23) holds for r = 0, that is,

n'(t)
n(t)

In both cases, in the following it willbep > 1 —r.

(A.9)

m-1,0(t) =0, bjo(6)] < (M; + €) n(t)™7,

+ () + bn-1,0(t) 2@ O. (A.10)

The subzone Z,q(N) N {0 < t < T} is compact, therefore we can assume with no loss of generality t > T in Zyq(N). We can
now estimate

t t
n(S)A(S)WV(S)‘l/ y(r)dr 5/ n(T) AP de < #A(t)”“,

N

forany t > s > T, thatis,

. M; .
OF(t.5.8) < Oy E[ )™ T A AWM T + p’Tf ()™ T A TP Ay
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Thanks to (A.7) we can estimate
/ Ok AP b < () A6 / A P dr < Zn9F 4w,
for any k > 1, therefore
Of 1o (6,7,8) < Guan [ET A (0 AT + W (D) A@D) PO AP,

forany ¢/ =1,...,m—2,and
O ;(t,0,8) < NCus A1)’ + G ADP*,

foranyl{ =2,...,m—1andj=0,...,m—1—£.Sincep > 1 —r, if we define
m—2
Mm—l—(
My = 3,
= P

then we have proved that we can estimate

n(t)
d(t)
for any €; > 0. Therefore, if we take

git, T, 6) < VAd(@) AP (Crsn [EI T A~ PHAHD 4 (M, 4 €9) A(T) " PF)

n(t)
t) = —= A(H)PTS,
(t) 0] ()

Y (1) = (My + €)y/d(t) A(r)" P9,
ON(T, &) = Cusn v/d(T) [E]'7TF) A(r)-retrio=D,

then conditions (A.3), (69) and (71) are satisfied. Moreover, q(t) is bounded and condition (A.4) holds if we replace the
right-hand side of (23) with the stronger condition

n'(t)
ft) 2@ ) + (p+ M, + &)n(t) (A.11)

for some ¢ > 0. Indeed, it holds:

a(t) exp ( / q(r)wmdr) j%A(t)P“exp ((M +e) / n(f)dr) j%A(t)P*MP““l

We remark that (A.5) follows from (A.8) and (A.11).
Summarizing we have the following.

Theorem 2. Let us assume Hypotheses 1-4 together with (A.7). Let us assume (A.10) and let M be the minimum of the sum p+M,
over the parameters p > 0 which satisfy (A.8). Let f : [0, 00) — R be a function with constant sign which satisfies (22). If f (t)
satisfies

fO @ ”(—()) + (M + (o), (A12)

for some € > 0, then the solution to (A.1) satisfies the energy estimate (24).
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