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1. Introduction

The motivation for this article arises from the study of the solutions of A-hypergeometric systems. These systems of
linear partial differential equations have been introduced by Gel'fand, Graev, Kapranov, and Zelevinskii [1,2] as a general
framework including the classical hypergeometric functions.

Given an integer d x n-matrix A = (a;;) € 79" let D, be the (complex) Weyl algebra in the variables x = x, ..., X,
with corresponding differential operators 0 = 94, ..., d, where 9; = Bixl fori =1,...,n. Writing (u;); = max(0, u;) and
u_ = u,; —uforu € Z", the toric relations are defined by

D“ — all+ _ all_

for u € kerA N Z". For a complex parameter vector 8 € CY, the induced A-hypergeometric system is the system partial

differential equations for f (x1, . .., x,) given by all Euler equations E;(f) = B; - f where
n
E,‘ = Z a,»,jx,»a,-
j=1
fori =1, ..., d, and all toric equations O, (f) = 0 for u € ker ANZ". More intrinsically, one considers the A-hypergeometric
Ds-module
My (B) = Da/{E — B, Ia)
where we abbreviate E = Eq, ..., Eg and
Iy = {0y |uekerANZ"Y C Ry =C[01, ..., 0]
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is the toric ideal. The quotient of R4 by the toric ideal defines the toric ring
Sa=Ra/la = C[t, ..., "] CCltF, ..., ).

Afundamental tool for studying Mg (A) is to consider it as the 0-th homology of the Euler-Koszul complex of E = Eq, ..., Eq
on D ®g, Sa, [3]. Considered in a commutative polynomial ring C[x, d], the elements E form a subset of a system of
parameters on Sa[x]. There are two main approaches to understanding the relationship of Euler-Koszul homology (and
hence M, (B)) with the commutative Koszul complex: Adolphson [4] applied grading techniques with respect to the Newton
filtration on S, using ideas of Kouchnirenko [5]; on the other hand, [3] introduces homological methods on the category of
toric modules, a natural Z¢-graded category that contains all face rings of S4 and their Z¢-shifts. Two natural questions arise:

(Q1) Is the Newton graded ring of a Cohen—Macaulay toric ring Cohen-Macaulay?
(Q2) Are the face rings of a Cohen-Macaulay toric ring Cohen-Macaulay?

Closer inspection shows that (Q1) does not quite make sense as stated: speaking of a Newton filtration requires a
distinguished (finite) set of generators on the toric ring in order to form the Newton polyhedron. The (historic) default choice
for S4 is the column set of A. In that case, Okuyama claims a positive answer to (Q1) in [6, Prop. 3.1] and [7, Prop. 3.4] and
derives certain vanishing properties for Euler-Koszul homology. We shall show that these claims are incorrect. However, we
also show that for suitable choices of generating sets the answer to (Q1) is positive, we prove the vanishing of Euler-Koszul
homology on Cohen-Macaulay rings, and we describe an algorithm to compute the Newton filtration induced by arbitrary
(finite) generating sets.

Regarding (Q2) we will show that in general the answer is negative as well, and elaborate on a criterion discussed in [8]
regarding Cohen-Macaulayness of toric rings.

The following notation will be used throughout this note.

Notation 1.1. We let N = {0, 1, 2, ...} be the natural numbers and denote by Q. the non-negative rational numbers.

Let H be an affine semigroup. By this we mean a finitely generated, commutative, torsion-free, cancelative monoid. We
assume that H is positive which means that 0 is the only invertible element. By Hochster’s transformation [9, Section 2], H
may be viewed as a submonoid of N¢ for some d € N. The Grothendieck group ZH of H is isomorphic to Z" where r = rk H
and we can view H C ZH. We write KH for the K-vector space K ®z ZH and identify h € H with 1 ® h € KH if K has
characteristic zero.

Let K be an arbitrary field and K[H] the semigroup ring of H over K. The inclusion H € ZH = Z' (or H C N¢) gives rise
toaninclusion K[H] € K[Z'] = K[t ..., t5'] (or K[H] € K[N‘] = K[t, .. ., t4]). This makes Spec(K[H]) a toric variety
and K[H] a toric ring endowed with a canonical ZH-grading given by deg(t") = h for h € H. Generally, for a subset S C 7¢,
we let K[S] = @, K - t°. We denote by m = my = K[H ~ {0}] the unique maximal ZH-graded ideal which defines the
vertex of Spec(K[H]).

Generally, o7 will be a finite set of semigroup generators for H. Then 7 defines a presentation

Ry = K[(Va)acor] = KIN?] - K[H] = S,y

with kernel I, and we write y; =y, fori = 1,...,nif & = {a, ..., a,}. In the situation of hypergeometric systems, the
given matrix A = (ay, .. ., a,) replaces the generating set «# and we write 9; rather than y;.
Consider the rational projective r-space

P = Po(QH x Q)

containing QH via the embedding gh +— (gh : 1). Since H is positive, there is a linear functional h € Homg(QH, Q) such
that h~1(0) NQ,H = {0} while h(H) > 0. Pick a rational weight vector L: &# — Q and choose 0 > ¢ € Q such thatL(a) < 0
implies & > h(a)/L(a). This can be done since .7 is finite, cf. [10]. The convex hull in Pg < h~1(—¢) of the origin 0 = (0 : 1)

and the points a* := (a : L(a)), a € «, is the («, L)-polyhedron. Its simplicial complex @; of faces not containing (0 : 1)
is the (&7, L)-umbrella, cf. [10, Section 2.3]. The dimension dim(z) of t € bed is its topological dimension as a boundary

component of Aﬁy. We denote by @fj - q)fd the subcollection of faces of dimension k, hence a facet is of dimension r — 1.
We reserve o for elements of @' and 7 for general elements in oL,

The interior (<7, L)-umbrella @*, consists of the faces r € ®L, for which there is no facet o of AL, witht C o > 0. One
may view d'ify as the quotient complex of <D/§ by the subcomplex of faces contained in its boundary as a piecewise linear
(r — 1)-manifold.

Consider the special weight vectors 0 = (0)4ecy and 1 = (1)4c .. Then A}i is the convex hull of &7 and 0, while Af;
is the closure in IP’% of the positive rational cone Cy = Q4 H. One can identify @; with the simplicial complex of a cross
section of the cone Cy. If & is contained in a hyperplane in QH then K[H] is the coordinate ring of a projective variety and
we say that .« is projective.

Lett € cbfﬁ. We call the cone C; = Q.7 over 7 a face cone in general and facet cone if 7 is a facet. We abbreviate
H, = HN C, and &4, = & N C;, and we denote by m, the maximal ZH-graded ideal K[H, \ {0}] in K[H.]. For a facet

o € ®-/ 7! we denote by £, the unique linear form on QH such that max £, (A',) = 1and ¢;'(1) N A!, = 0.
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2. A necessary criterion for Cohen-Macaulayness of toric rings

In this section, we discuss Cohen-Macaulayness of affine semigroup rings following Hoa and Trung [8,11]. We give a
simplified proof for one of their results and use it to find a negative answer to Question (Q2).
The following result is classical and a special case of Proposition 3.6.

Lemma 2.1. The set of ZH-graded primes in K[H] is in bijection with ®°,. Each t € @°, corresponds to a prime ideal
p: =K[HC]. O

Definition 2.2. Let H be the set of h € ZH for which there exists # C H, 0 ¢ 4, such that , # f forall t € @‘;;,r_z while
h+ % C H.

For example, if H = 2N + 3N C Nthen H = Z, where k € H is witnessed by %, = {3 — k} and the equation
k+ (3 — k) = 3 € H. Note that these relations encode cosets t* + K[H] in H<138> (K[H]) = K[ZH]/K[H] which are non-zero
fork < 1.

Note that H O H and if r > 2 then H C Cy. Indeed, for all h € H and for any r € ®% ~* thereisab € % N C, with
h 4+ b € H. So any linear functional that is non-negative on H and vanishes on C, must be non-negative on h.

Part (3) of the following result (cf. [8, Cor. 2.2],[11, Lem. 4.3]) states a necessary condition for K[H] to be Cohen-Macaulay;
our contribution is a simplified proof. When combined with the topological description of the Cohen-Macaulayness of K[H]
from [8,11], this characterizes Cohen-Macaulayness of K[H].

Proposition 2.3. Let # C H with0 & % # @ and put b = (t’ | b € #) C K[H].

(1) HL(K[H]) € K[H]/K[H] and H}(K[H]) C H} (K[H]).

(2) For h € ZH \ H with h + % C H, h induces a non-zero element in Hb] (K[H]). In particular, K[I:I]/K[H] Sy 5 Hg (K[H])
with % as in Definition 2.2. _

(3) If K[H] is Cohen-Macaulay of dimensionr > 2 then H = H.

(4) For K[H] of dimensionr = 2, H/H = H} (K[H]).

Proof. Any ZH-graded element of Hnﬂ(K[H]) is the coset modulo K[H] of an element (t"1—c191 . . th—%%) where
ai,...,ar € o generate H and where ¢; € Nand h; € H with h; — ¢cia; = h;j — ¢a; for all j. So hy — cya; € H with
% = {ay, ..., a;} which proves the first inclusion.

As K[H] is a domain, H) (K[H]) = (e K[H + Zb]) /K[H] while HL(K[H]) = (e, K[H + Za]) /K[H]. Pickb € .
Then0 # b =Y, ksawith k, € Nimplies H 4+ Zb 2 H + Za for any a with k, > 0. Thus, (1), K[H + Zb] contains
(e KIH + Za] and the first claim follows.

By definition (K[H] + K[H] - t") /K[H] is b-torsion. Applying RI7, to the short exact sequence

0 — K[H] — K[H] + K[H] - t" - (K[H] + K[H] - t")/K[H] — 0
yields
LL(K[H] + K[H] - t") — (K[H] + K[H] - t")/K[H] — H] (K[H]),

=0 sth4K[H]

which proves the second claim.
By definition, K[H]/K[H] is b-torsion. Applying RI to the short exact sequence

0 — K[H] — K[H] — K[H]/K[H] — 0
yields
0 = I(K[H]) — K[H]/K[H] — H, (K[H]),

which proves the second claim.

For the third claim assume that K[H] is Cohen-Macaulay with dim(K[H]) > 2.Let # C Hwith0 & % # (). Then b # 0
and hence dim(K[H]/b) < r = dim(K[H]) as K[H] is a domain. Since b is monomial, it is Z%-graded. So by Lemma 2.1 any
associated prime of b is of the form p, with T € ®%,. Hence there is an inclusion

K[H:] = K[H]/p: — K[H]/b.

Now let h € H and consider a # corresponding to h in Definition 2.2. Then b contains a non-zerodivisor on K[H,] for every
T € 032;“2. On the other hand, b kills K[H,;] € K[H]/b, so dim(r) < r — 3. This being so for all associated primes of b,
height b > 2. As K[H] is Cohen-Macaulay, 2 < height b = depth b and hence H; (K[H]) = 0. It follows from (2) that we
therefore must have h € H and so H = H as claimed.

Finally, assume that r = 2. Then any % as in Definition 2.2 meets every C;, T € 452;,0, and in particular the extremal rays
of Cy. This means that b is m-primary and hence ]K[I:I]/]K[H] - Ht}l(]K[H]) by (2). Then the last claim follows from the first
inclusionin (1). O
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Fig. 1. The (¢, 1)-polyhedron for Example 2.5.

Remark 2.4. In fact, H is a subsemigroup of ZH and if r = 2 then K[H] is the ideal transform of K[H] relative to m, cf. [12].

Investigating cases where the criterion of Proposition 2.3 applies to facets, but not all, of H, we found the following
example showing that the answer to Question (Q2) is negative: the facet rings of a Cohen-Macaulay toric ring are not
Cohen-Macaulay in general, even in the projective case.

Example 2.5. Consider the affine semigroup H generated by

o G 0600

Note that £ = (1, 0, 0) equals 1 0on 7, so H is projective. The linear form £; = (0, 0, 1) defines the face t; € cpg’; spanned
by &' = {a1, a,, as, a4} (Fig. 1); the corresponding submonoid H,, of H is No/’. With 2 = {ay, a4},

2a3 — ag = 2a, — a; = (1,2,0) € H,, ~ Hy,

and so K[H, | is not Cohen-Macaulay, as is well-known.

We now test whether (1, 2, 0) € H. Inspection shows that @2}1 ={ry,..., T4} Where
71 3 a1, Gy, 43, A4, T2 3 41, 0s, T3 3 g4, Ug, T4 3 0s, g

are defined by the functionals
£, =1(0,0,1), 6 =1(0,1,-1), 43 =(1,—-1/4,0), £,=(1,0,-1).

So any set % to be used in Definition 2.2 must contain an element b € Nas + Nag. Consider a relation (1,2,0) + kb € H
with k € N. Note that £;(as) = £¢1(ag) while ¢;(t;) = 0 and so as and ag must appear with opposite coefficients. Moving
the as- and ag-terms to one side, one obtains a relation (1, 2, 0) + k(as — as) € H;, wherenow k € Z.AsH; N Zl_l 1) =o'
we find that (1, 2, 0) + k(as — as) = (1,2, 0) + k(0, 3, 0) € &’ which is clearly impossible. It follows that (1, 2, 0) & H
and so H! (K[H]) is zero in degree (1, 2, 0).

We now show that K[H] is actually a Cohen-Macaulay ring. To this end consider the ideal J of K[H] given by

J = (o1, Yays — ¥2¥6, Y3¥5 — Y1Vs)- (2.2)

Obviously, | is contained in the toric ideal I, and | + (y1, ¥4 + ¥s, ¥s) is m-primary since its residue ring is spanned by the
monomials

L, Y2, Yi Vs, Vi o Ya¥s, Y5

Hence dim(K[H]/J) = 3 and so I, is a minimal prime of J. Below we will show that R, /] is Cohen-Macaulay. This implies
that every associated prime of | is of dimension 3. Thus, ] = I, provided that the two ideals have the same degree. The
simplicial volume of <7U{0} is 7 and equals the degree of I .,. On the other hand, deg(R ., /]) = deg(R.,/(J+ V1, Ya+Ys, ¥6)))
is also 7, and it follows that ] = I .

We proceed to showing that J is a Cohen-Macaulay ideal. The following is certainly Grébner folklore but we don’t know
a reference.

Lemma 2.6. Suppose ] is an ideal in a polynomial ring R = K[y1, ..., yn] and let < be a term order on R. Write in< (J) for the
initial ideal of ] under <.If y, is not a zerodivisor on R/ in<(J) then y, is a non-zerodivisor on R/J.

Proof. Let G be a reduced <-Grobner basis for J and suppose y,f € J for some f € R.

Iff — f’ € ] for some second element f’ € R then y,f € J if and only if y,f’ € ] while of course f € J ifand only if f’ € ].
In particular, we may assume that f is equal to its <-normal form relative to G.

As yof € J we have in<(y,f) € in<(J). The hypothesis implies that in<(f) € in<(J). Hence either f = 0, or f can be
<-reduced relative to G. As f is in normal form,f = 0. O
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The lemma implies that y; is a non-zerodivisor on R, /]. Indeed, one may verify by hand that the four generators

Voy3 —YiVa, V2=V Yi—YaVa, Y —Yia

of I,,» together with the two further generators of ] in (2.2) form a Grébner basis for J under the graded reverse-lexicographic
order. Since the initial terms of J do not involve ys the desired conclusion follows.
It hence suffices to show that the two-dimensional quotient

S"=Rw /(U + (¥6)) = K[H, 1[y51/ (¥3Ys5, Yays)
has vanishing 0-th and 1-st local cohomology with respect to the maximal ideal m’ = (y;, ..., ys) of S’. The decomposition
(y3¥s, ¥ays) = (y5) N (3, y4) in K[Ho, 1[ys] gives a short exact sequence

K[H, 1[ys] K[H 1lys]  K[He, 1lys] K[H, 1[ys]
— — —
(V3Ys5, ¥4Ys) (¥s) V3, ¥4) V3, Y4, ¥s)

Note that K[H;, 1[y51/(¥3, ¥a) = Kly1, 2, y5]/(y§) so that the two rightmost displayed rings are complete intersections. As
K[H,,]is a domain, the long exact local cohomology sequence with support in m’ reads

0— HY(S)—> 00—
0— HL(S) — H], (LHfl]["S]) ®0— H), <7K[H”]D’5]) S

(¥s) "\ V3, Y4, ¥s5)

Our claim then follows if we can show that

H], (K[H, 1lys]/{(ys)) — HY (K[Hy, 1[ys1/(V3, Ya. ¥5))

is injective. However, H;, (K[H 1lys1/(ys) = K- (y%/y1,y§/y4, 0), generated by the indicated 1-cocycle in the Cech
complex to y1, ya, ys on K[H, 1[ys]/(ys). Modulo y3 and y4 this becomes the class of y2/y; in the Cech complex of y; on

K[Hc, 1/ (X3, X4) = K[y1, yz]/(yg), and that is clearly non zero.
Of course, all claims made are corroborated by computer results.

3. An algorithm to compute the Newton filtration

Arational polyhedron 0 € A C Cy defines a Newton filtration k- ANH, k € Q, on H and hence on K[H]. This filtration is
separated if A is bounded; it is exhaustive if k- A N H generates H for some k. We shall impose both conditions and assume
that & = A N H is a finite set of generators of H. To recover the Newton polytope A = Al from & we shall use Grébner
methods.

The main goal of this section to develop an algorithm to compute the associated graded ring to such a Newton filtration
on K[H]. This algorithm is based on Grébner bases and represents our computational tool to approach Question (Q1).

We start with a formal definition of the Newton filtration relative to <. Recall that £, is the linear functional associated
to the faceto € @7

Definition 3.1. For h € H its (Newton) «7-degree is

deg,, (h) = max{{,(h) |0 € @)} € Q.

Note that deg ., (h) is the rational number k for which h is precisely on the boundary of k- A, and that deg_, is subadditive

onH:

deg_,(h+h) < deg,, (h) + deg_, (W) forallh,h € H.
The «/-degree defines the increasing Newton filtration N, = N on H by

NyH ={h € H | deg_,(h) <k} forallk € Q.
Definition 3.2. Let H C Z¢ be any affine semigroup with increasing Q-indexed discrete exhaustive filtration F, such that
Fi + F; C Fi;;. We let degy (h) denote the smallest i with h € F;(h). The graded associated semigroup grf (H) is the set

{[h] | h € H} L {—o0}
subject to the rules

—00 ifh = —ocoorh’ = —o00
[h] + [W] = { —o0 if degg(h +h') < degg(h) + degg(h)
[h+ K] otherwise.

In the dictionary between semigroup operations and semigroup ring operations, sums equal to —oo encode zerodivisors in
the associated graded ring.
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If the filtration in question is the Newton filtration to <« we denote the associated graded semigroup by gr® (H) rather

than gr¥ “ (H). In contrast to filtrations induced by an additive weight, the Newton filtration may have an associated graded
object whose generators are not immediately obvious.

Example 3.3. Let H = N« with & = {(1,0), (2,2), (0, 1)} € Z? soH = N(1, 0) + N(0, 1). Although (1, 0) + (0, 1)
equals (1,1) € H, the corresponding sum is —oo in the associated graded semigroup gr< (H). To see this, note that
deg_,((1,1)) = 1/2 < 2 = deg,_,((1,0)) + deg,,((0, 1)). This also implies that grf1 (H) cannot contain a generating
set for gr/ (H) and in particular the cosets of (1, 0), (2, 2) and (0, 1) are not generators of the graded object.

The following fundamental fact is stated, but not proved, in [5, (6)]. It puts the above example in perspective and
determines the additive structure of gr¥ (H). In consequence, it describes the ring structure of gr¥ (K[H]), which as ZH-
graded K-vector space can be identified with K[H]. In particular, one finds that gr* (K[H]) contains a copy of K[H, ] for all
T € @1, cf. Section 4. For convenience of the reader we provide a proof.

Lemma 3.4. The equality deg_, (h + h') = deg_, (h) + deg_, (h’) holds if and only if h, h’ share a 1-facet cone.

Proof. Ifh € H, witho € @'/~ thendeg_, (h) = £, (h) and hence £,/ (h) < £, (h) forallo’ € @%/~".Ifin addition h & C,/

thenh/¢, (h) € A, ~ o’ and hence ¢,/(h) < ¢, (h).Nowleth € H,,l' € Hyr,andh+h € C,» forsomeo, o', 0" € o1

Then
deg, (h+ 1) = Lo (h+ 1) = Lor(h) + Lo (W)
< Ly (h) + £y (h") = deg,, (h) + deg,, (h).

If h, " € CJ then one can choose 0 = ¢’ = ¢” so that the «/-degree of h, i’ and h + I’ is evaluated by the same linear
functional ¢,~. So equality in the above display follows in this case. If conversely either h & C,» or ' & C,» then the
inequality is strict by the remarks before the display. O

Let o7’ DO o be a second set of generators for H. It defines a free presentation of the monoid H,
Qog: Fopr = @ N.-ey »H, ey d (3.1)
deal’
where {ey | @’ € &/} is the distinguished monoid basis of F,s = N“'. The equalizer of ¢,

Ecyr ={(0,q) €Fopr X Fopr | 007 (D) = 0 (@)},

defines an equivalence relation ~, , on Fo» by [p~,_, ql < [(p,q) € E.]. Of course, the set of cosets with induced
additive structure is precisely H. (
Let L = (Ly)a <. be the vector of Newton degrees relative to o7:

Ly = deg,, (a). (3.2)

The corresponding linear formdeg; = Y,/ Lo ey, on QF ., defines an additive degree and an increasing filtration L, = Lff
onF_ by

LyFoyr = {p € Foy | deg;(p) <k} forallk € Q. (3.3)

The equalizer E s is equipped with an induced L-filtration via the inclusion E_,» C F_ x F_. This endows H with a
second rational increasing filtration besides the <7-Newton filtration: the filtration given by the degree function

deg (¢ (p)) = min{deg,(q) | p~,_, q}. (3.4)

In order to keep the notation straight we denote this second incarnation of H with the corresponding filtrationby F .,/ / ~o

Both the «-Newton filtration and the filtration L are equivalent to one with index set N; in particular, their index sets are
well-ordered.

By (3.2), the additivity of deg; on F,,» and the subadditivity of deg_, on H imply deg; (p) > deg_, (¢, (p)) forallp € F,.
Thus, ¢ (LkF.7) S NiH and

Le(Forr/ ~p_,) S NeH (3.5)
for all k € Q which yields a morphism of filtered semigroups

Pttt (Fegr |~y L) = (H,NJ).
To (3.1) corresponds the K-algebra morphism

@ K[Fy] — K[H], Y >t @), (3.6)
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whose kernel is the toric ideal

Ly =" =y (p,q) € Eor). (3.7)

The L-filtration on F ,,» induces an L-filtration on K[F -] that descends to the filtration on K[F ,/]/I ., given by the L-filtration
onFer/~y_, from (3.4). By (3.5) we hence have a morphism of filtered K-algebras

0%, 4t (K[Fo) /Ly, L) — (K[H], NZ). (38)
Note that
gt (K[Foy/1/1er) = K[Forr1/ g8 (L) (39)

While (3.6) is a surjection with kernel I+, (3.8) is not necessarily an epimorphism of filtered algebras. In particular, it may
fail to induce a surjection of associated graded algebras; for the most elementary example see Example 3.3 with o7 = &',
The following result describes precisely which sets <7’ produce an isomorphism in (3.8). In this proposition, and hereafter,

we make use of the fact that A};,k = Ai‘f, (cf. Notation 1.1 and (3.2)) and hence qﬁ:j = d>f;‘, for all k.

Theorem 3.5. For <7’ O < the following conditions are equivalent:

Foreacho € @:j_], o/, contains a generating set for the monoid H,,.

(1)

(2) Foreacht € (DJK, /] contains a generating set for the monoid H,.
(3) The surjection (3.6) maps L (F ) onto Ny (H) for allk € Q.

(4) The morphism (3.8) is an isomorphism of filtered semigroups.

Proof. It is clear that the last two conditions are equivalent. As faces are the intersection of the facets they are contained in,
the first two conditions are equivalent as well.

Pick h € H with deg_, (h) = I, and let C, be any cone in (D;’;_l that contains h. If condition (1) holds then there is a
relation h = Za’em«g kyd’ and by Lemma 3.4 we have

deg (h) = ) kydeg, (d)= ) kydeg(ey) =deg | Y  keew

et} aeot) ad et}

Hence, h € ¢, (LF) and (3) follows.

Conversely, assume condition (1) fails and let, for suitable o € @;‘;71, h € H, be an element not contained in N7 .
Then any relationh = ) . ky@ involves at least one a’ € <’ outside C,. Ash € C, buta’ & C,, Lemma 3.4 asserts that
deg_, (h) is strictly less than deg; (3", kaeq). This being so for all presentations for h, h cannot be in ¢, (LiF.,) and (3)
cannot hold. O

Algorithm 3.9 computes the Newton filtration relative to «# by enlarging «#* O .« until the conditions in Theorem 3.5
are fulfilled. The approach is to compare not the filtrations L, and N or the corresponding graded objects but the defining
relations of the latter and to systematically add generators to <’ to reach equality of these relations. While Lemma 3.4
determines the relations of H, the relations gr’(E,,) have been studied in general in [10] from where we shall extract
Corollary 3.8 for our purposes. In Lemma 3.11 it will turn out that the above equality of relations enforces condition 3.5.(1)
which will justify our procedure.

The following is a reformulation of [ 10, Thm. 2.15] which is valid for general L. Recall that Lemma 2.1 contains the special
caseL = 0.

Proposition 3.6. For any « and any L = (Ly)ae v, any ZH-graded prime ideal in gr* (K[F ., 1/1.y) is of the form
I' =lyeosidteny + Wa la € o, d" & 7)
for some © € @, In particular, the radical of gr*(I;) is (), gLr—1I5. O
o

The following corollary adapts Proposition 3.6 to our special choice of L and yields the core of our procedure. Its first part
relates relations in gr'(E ) to those of H defined by 1-facets in Lemma 3.4. Its second part serves to determine all 1-facets
from a Grobner basis in Steps 1 and 2 of our algorithm.

Definition 3.7. We call an L-leading term of E ., an element p € F,, such that deg; (p) > deg;(q) for some (p, q) € E'.

Corollary 3.8. For a}, a, € </, the following conditions are equivalent:

(1) Forsomek > 1, k(ea/] + ea/z) is an L-leading term of E .
(2) The elements a}, d, do not share a 1-facet cone.
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If ay, ap are actually in <7, the following conditions are equivalent:

(3) One has deg_,(a;) = 1 = deg_,(ay), and a4, a, do not share a 1-facet cone.
(4) For some k > 1, k(eq, + eq,) is a 1-leading term of E,, but neither keq, nor ke, is a 1-leading term of E ., forany k > 1.

Proof. By (3.7) and (3.9), condition 3.8.(1) holds if and only if 4% is nilpotent in gr'(K[F ]/I ). By Proposition 3.6 this
happens exactly when t1t% is contained in ﬂred,;/ IL. This is in turn equivalent to (a})*, (a5)* € T fornot € &L, = @1 .

By definition, deg,, ((a')") = 1foralld’ € &’ and hence (a)* € 7 is equivalenttoa’ € C; forallt € @', = @}, This
proves equivalence of 3.8.(1) and 3.8.(2).

By the equivalence of conditions 3.8.(1) and 3.8.(2) above, the first condition in 3.8.(4) means that a,, a, € o for no
o€ 4532;,’71. On the other hand, the second condition means that neither t* nor t% is nilpotent in gr!' (K[H]), which in turn,

by Proposition 3.6, is equivalent to deg _, (a;) = 1 = deg_,(a,). But under this latter condition, a;, a, € o fornoo € @32;,“1

is equivalenttoay, a; € C, fornoo € @:j‘l. The equivalence of 3.8.(3) and 3.8.(4) follows. O

We now state the algorithm and explain how to carry out its steps in practice, and then prove termination and correctness.

Algorithm 3.9 (Newton Filtration on an Affine Semigroup).

INPUT: o7 C Z% such that H = N/ is positive.
OuTPUT: H D &' D of and L = (Ly)qe . Such that (3.5) is an equality for all k.
1. Compute the set % of e;, + e,, where ay, a, € < such that k(eq, + €4,) is a 1-leading term of E, for some k > 1
but neither ke,, nor ke, is a 1-leading term of E, for any k > 1.

2. Determine all o € cpl’;_] by the rule: a;, a, ¢ o iffe;, + e, € 2.

. Foreacho € @;‘;71, compute the linear form ¢, thatequals 1ono.
4. For every pair a;, a, € « with deg,,(a;)deg, (a;) < 1 update £ to include e,, + e, if a1, a, do not share a
1-facet cone.
. Initialize &' = & and L = (Ly)geq by Ly = deg,, (a).
. Remove from # all L-leading terms of E ;.
7. For each ey, + ey, € % do the following:
7.1. Update &’ to include by + b,.
7.2. Update L with Ly, 5, = deg_, (b1 + by).
7.3. Update % to include ey + e, whenever d}, d; € ' do not share a 1-facet cone.
8. If # # ¢ continue with Step 6.
9. Return <’ and L.

w

[e)S)]

Remark 3.10. (1) By the correspondence (3.7) between E s and I ./, the set of all L-leading terms of E .,/ is computable by
Grobner basis methods in rings of polynomials. Such computations may be carried out with standard programs such
as [13,14].

(2) By the second part of Corollary 3.8, Step 1 adds expressions eq, + €4, to the queue 2 where a;, a, € « are in different
facets of the 1-umbrella of . The conditions in Step 1 translate to yq,ya, € v/ (Ir) # Ya,, Ya, Which may be tested via
decompose in [13] or with radical in [14]. Alternatively, in large examples, one can use the estimate in Lemma 3.14
to test this membership.

(3) The condition a € o is, via Definition 3.1, equivalent to deg_, (a) = £, (a).

(4) Step 4 adds expressions e,, + e, to the queue % where a;, a, € « are in different 1-facet cones and at least one of
them is in the interior of A?,. Starting with the first passage of Step 6, the queue % indicates pairs {a}, a}} for which
[d}]+ [a,] = —oc in gr (H) but not in gr' (Frr / ~, ).

(5) By (3.9), the L-leading terms of an L-Groébner basis of I, give a presentation of gr (K[H]) = gr*(K[F ]/l ), cf. (3.13)
in Example 3.15.

Our first task is to assure convergence of the algorithm. To this end fix a facet o € @32';71. Any increasing sequence of

subsets o7, = @0 C @! C /* C ... C H, leads to a stabilizing sequence of semigroups

N, = N/l C N/} CNez? € --- C H,. (3.10)
Namely, one obtains an increasing sequence of K[N.2Z, ]-modules

K[N] = K[N#] € K[N#'] € K[N&?] € - -+ € K[H,]. (3.11)

Essentially by Gordan’s lemma, H,, is finitely generated. Since .« contains elements on the extremal rays of C,, K[H, ] is a

finite integral extension of K[« | and hence a Noetherian K[.<7, ]-module. Thus, (3.11) stabilizes and hence so does (3.10).
By finiteness of db;;,r_l, it follows that eventually any new element b; + b, of &’ suggested by Step 7 is already in Nz, for
someo € ®1 7
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Suppose the algorithm has reached this stage and let e,, + e;, € %. By Remark 3.10.(2) and Step 4, by, b, do not share a
1-facet cone. By Lemma 3.4, with @’ = by + b;,

deg; (ep, + ep,) = deg,(ep,) + deg;(ey,) = deg,, (b1) + deg,, (b)) > deg,, (a").
By the stability hypothesis on (3.10), a” € N«7, for some o € 45:2;71 and one can write @’ = Za,edé kya where

deg, (ex) = Y kodeg,(ex) = ) ky deg(ey) = degy(eq)

dest) deddy
by Lemma 3.4 again. Thus, (e, + ep,, Za/egq; kyeqy) € Eg with L-leading term ey, + ey, in contradiction to Step 6. We
conclude that # = 0 and the algorithm terminates.
We now prove that the algorithm computes what we want. So we assume that % has been reduced to the empty set and

we let from now on .oz’ denote the stable value of the generating set for H that forms the output of Algorithm 3.9.

Lemma 3.11. If % = ) then for a}, a,, € o/’ the following are equivalent:
@)) eq +eq is an L-leading term of E .
(2) d}, @, do not share a 1-facet cone.

In particular, No7! = H,, forallo € @17,

Proof. In order to show the announced equivalence it suffices by Corollary 3.8 to show that condition 3.8.(1) implies
condition 3.11.(1). So assume that k(ea/] + ea/z) is an L-leading term of E ,/, k being minimal in that respect. By Corollary 3.8,
a; and a), do not share a 1-facet cone and hence eq + g, Was added to # at some point in the algorithm. This is obvious
from Step 7 if not both a3, @ are in < and from 2 and 4 in Remark 3.10 otherwise. As % = ¥}, e, + ey, was eliminated from

the queue in Step 6 and hence must be an L-leading term of E - itself.

To prove the second claim, let a € H,. Since &' generates H, one can write a = ), kya'. Of all such expressions
pick one for which des,gL(ZP, cop’ Kar€a) is mi{/lim.ized. Suppose a;, a; make a contribution to the sum and 3.11.(2) and hence
3.11(1) holds. Then @} + a5 = ) v ,» kava” with deg(ey +eq) > deg; (3 ey kar€a). SO Dy oy karewr — ey, —eq +
Y acwr kareq maps toaunder ¢, in display (3.1) but has smaller L-degree than ) .+ kyey. By contradiction, there must
beao € @' for which C, contains all terms in Y wew ked and soa € Nz, asrequired. O

Corollary 3.8, Theorem 3.5, Lemma 3.11, and the arguments after Remark 3.10 combine to the main theorem of this
section.

Theorem 3.12. Algorithm 3.9 terminates and is correct. O

The following bound for the torsion order k in Corollary 3.8 can be useful in practice, cf. Remark 3.10.(2).

Definition 3.13. We denote by M (.«7) be the largest absolute value of a maximal minor of a matrix A whose columns are a
ZH basis representation of the elements of 7.

Lemma 3.14. For any p € F.y, if kp is an L-leading term of E_, for some k > 1 then also for k = M (/).

Proof. Proposition 3.6 spells out when t” is nilpotent in gr'(K[H]). We may reduce to the cases p = e, where a* ¢ o for
anyo € ®5/ 7' and p = ey, + eq, Whered, d € o fornoo € @5

In the first case, a* lies in the interior of Aﬁzf and we choose o € <sz‘;71 with a € C,. Then there is a subset #Z C & of r
linearly independent elements such that ! = {b* | b € #} C o and a € Q. %. Let B be a matrix whose columns are the
elements of 4, denote the adjoint matrix of B by B, and let k = det(B) # 0. Then ka = BBa implies that ka = ), _, kyb
for some k, € Z. Since ka € Q% and since % is linearly independent it follows that each k, € N. Rewriting this as
kL.a" = ", ., ksLyb", the above conditions on a* imply that

deg; (keq) = kL; > Z kyLp = deg; (Z kbeb) .

bex bex

Thus, (keq, Y kves) € E., and ke, is an L-leading term of E..,.

L1ﬂ€+Lzali _ ajtap
L1+Lp L+l

AL . As above, choose a linearly independent subset % C « such that a; + a, € Q. 4. This time, an equality

The proof of the second case is analogous: the convex combination of at and dj lies in the interior of

Lyt + Lyds
(L + LK% e e = Y kb= 3kl
L+l be be %

with k, € N, implies that deg; (k(eq, + eq,)) > deg; (3", kves) and hence that k(eq, + eg,) is an L-leading term of E,,.
By Definition 3.13, M (/) > det(B) = k which completes the proof. O
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Fig. 2. <’ as generated by Algorithm 3.9 applied to Example 3.15 and its central projection onto the (=7, 1)-umbrella.

Example 3.15. Consider the affine semigroup H generated by (Fig. 2)

B

We follow the steps in Algorithm 3.9. Using SINGULAR [ 14], we compute a 1-Grobner basis
Y2y3 — Y1Ya, yg;)’s - }’%J’e, Y3Yays — Ya¥e, yiys — Y1Ys,
VY5 —Ya  YiVs—YVa  Vi—V
of I, and thus a Grébner basis
Yoy3s —Ya,  YaVs —YiVe.  YaVaVs,  YiVs. VY3 Y. N (3.12)

of gr'(l,). Obviously, eq, + eq; € 2 after Step 1 while e;, + e, is not added to 2 since y§ is a 1-leading term. To complete
Step 1, compute M (/) = 6 and reduce all 6-th powers of y;y; and y, with respect to the Grébner basis (3.12) to find

B = {eq, + €q3, €q3 + g5, €qy + €45}
By the rule in Step 2,
‘qu = {01, 02, 03} = {{az, as, as}, {ay, as, ag}, {as, as, ag}}

and the corresponding linear forms from Step 3 are

Z_]Z] Z_]]l = (0.1, 1)
1= 3537 35 2 = 35373s 3= s 1y .

Note that 2a, = 3ay, and hence a; € C;, N Cy,. According to Step 4, we update
B = {eal + €qy, €a, + €q5, €q3 + €q5, €q, + ea5}~

In Step 5, we compute .«7-degrees of oz’ = .7 to obtain the weight vector

2
L={=-,1,1,1,1,1).
3

Using SINGULAR [14], we compute an L-Grobner basis

Yoy3—Ya,  Yi—VYi  YiV3—VVa,  YViV3—Va

ViVs —Vi¥e.  Y3YaVs —Va¥s,  Y3Vs —YVi¥s
of I ,» and thus a Grobner basis

Yoy, Vi—Vi ViV V5 YiVs,  VaVaYs,  V3Ys
of grt (I /) that reduces 2 in Step 6 to

B = {eq, + €q;, €43 + gy, €q, + €4}

Following Step 7, we set

2 2 3
a;:a1+a3:<1), ag:a3+a5:<1>, ag:a4+a5:(1)
0 1 1
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and update
o = o U{dy, ay, g},
2 4 45
L: 75131a]7171»157s777 b
3 3’3’3
B = {eq, + €qs, €a; + us, €ay + €4y, €4y + €qy, ay + Eqg,
eq, + €qs, €ay + €qq, €ay + €qy, Cas + €4y, €ay + €eg, €4y + €44 ).

The next Grobner basis

V1V3, YaYs, Y3Ys, YaVa — Y1V7, Y23, V3 — V5, YaVs, Y3Vss Y2Vs — V1Yo, (3.13)
YsY7, Y3Y7, Y1Va — Y2Y7, YV, Y3Ya, Y1¥ss YiVs — Ya¥o, Y1VsVs — Ve,
Y1Va — Y3, Y159, Y2Y5¥e — YsVe. Y1V — Yo Vs — ¥sYsVe

of grt(I,,7) in Step 6 reduces 4 to zero and the procedure terminates. The relations (3.13) define a presentation of gr< (K[H])
as quotient of K[y, ..., ¥9l.

4. Cohen-Macaulayness of the Newton graded toric ring

In this section we investigate Cohen-Macaulayness of the Newton graded ring gr (K[H]). For 1 < k <, let

Ac=MAH) = P KIH;

L 1,k—1
T€EP

in particular,

A = QB K[H,].

1r-1
oEP

By Lemmas 3.4 and 2.1, for t € @1, K[H ~ C;]is an ideal in gr* (K[H]) and therefore
gr’ (K[H]) - gr” (K[H])/K[H ~ C;] = K[H,] € gr (K[H])

are maps of K-algebras. In particular, for o € @:z;,r_l,

m-K[H,] = m, (4.1)
and hence, for1 <k <,
H,(A) = @ H, KIH,]
2 1.k—1

T€P

for all i. By [5, Prop. 2.6], there is an exact sequence
0— gr’(K[H]) > A, > A1 —> -+ —> A1 — 0 (4.2)

in the category of gr® (K[H])-modules. This sequence expresses gr< (K[H]) as the product of the rings K[H, ] over facets
o € %/ 7" modulo the identification of border rings.
Applying the local cohomology functor RI7, to (4.2), one obtains a convergent spectral sequence

EPY = H(A,_p) = HPH(gr (K[H))). (4.3)

It follows that if each K[H.], T € q'b}z{, is Cohen-Macaulay then the spectral sequence collapses on the E;-page and
gr< (K[H]) must also be Cohen-Macaulay as was already shown in [5] with a slightly different argument.

The local cohomology approach facilitates the search for examples where K[H] is Cohen-Macaulay but where gr< (K[H])
is not Cohen-Macaulay and where hence not all of the K[H,] can be Cohen-Macaulay themselves. First, observe that the
multi-degrees of A, and hence those of R, (Ay) are contained in

x= U oo

2 1,k—1
T€ED

Next, suppose that K[H] is of dimension r = 2. Then the spectral sequence degenerates into a long exact sequence of
ZH-graded modules which, since each K[H, ] is a domain, starts with

0 — H!(gr” (K[H])) — H}(A;) - H(A)) — ---
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2 o=(0,3) 4 5 6 8 f2
Fig. 3. The (¢, 1)-polyhedron for Example 4.1.

Thus, if one can find a Cohen-Macaulay ring K[H] where the multi-degrees of H;(Az) are not contained in Q; then
H!(gr¥ (K[H])) cannot be zero and therefore gr< (K[H]) not Cohen-Macaulay.

In order to arrive at such example one can start with a two-dimensional cone Cy of a semigroup H where K[H] is not
Cohen-Macaulay. Then one strategically adds new elements outside Cy to H to make H = H, cf. Proposition 2.3. We illustrate
the idea with an example:

Example 4.1. Let H be the affine semigroup generated by

o= {(2) (D)) ()

(Fig. 3) so that K[H] is the coordinate ring of the pinched rational quartic. As is well-known, H! (K[H]) is the one-dimensional
vector space spanned by the class of the 1-cocycle (y%/y1 , y%/y4) in the Cech complex to y; and y,, cf. Example 2.5. The multi-

degree of this generator equals (1, 2) and {(1, 2)} = H \ H.

We are interested in a new element @’ € Z?~.Cy such that the toric ring K[H'] of H' = H+Na’ becomes Cohen-Macaulay.
Note that it will be a domain regardless of the choice of a’. By Proposition 2.3.(4), @’ has to be chosen such that (1, 2) + Na’
does not meet H'. If, for instance, a’ = (0, k) with k > 3 then pairs of elements in Cy N Z? that differ by a multiple of a’ are
either both inside or both outside of H. With such @’ we have therefore (1, 2) € H' — Na’ and hence (1, 2) & H'. One verifies
that H' = H’, or equivalently

H"lw (K[H']) = (K[H' — Na;] N K[H" — Na'])/K[H'] = 0,
and hence K[H’] is Cohen-Macaulay. However the summand K[H] of A, (H’) is not Cohen-Macaulay.

It is natural to wonder whether the spectral sequence (4.3) always degenerates at the E1-page. This would be tantamount
to the equivalence

[Vt € 43; : K[H,] is Cohen-Macaulay] < [gr® (K[H]) is Cohen-Macaulay].

The purpose of the following example is to show that this is not the case.

Example 4.2. Let H be the affine semigroup generated by (Fig. 4)

o= {an ... a) = {(9(2)(_11)(_21)(_22)(})}

There are two facet cones C, = Qa; + Qa3 and C,y = Qa; + Qag where
K[Hy'] Z K[y1, 2. Y61/ 03 = )
is a complete intersection. On the other hand, the coordinate transformation (kq, k3) — (kq, k; + ky) in Z? reveals that
K[Ho1 = K[y1, Y2, 3, ¥al/ V3Y1 = Va» V3Y2 = Y2, V3 — V3, YaV3 — Yay1)
which is not Cohen-Macaulay since H‘lo (K[H, ) is the one-dimensional K-vector space generated by the Cech cocycle
(r2/y1) ® (v4/y3) € K[H, — Na;] © K[H, — Nas].
Let T = ¢ N ¢’, then the natural map H;U (K[Hs]) — H;z (K[H.]) induced by the map K[H,, ] - K[H;] of K[H, ]-modules
is injective since
Hy, (K[H.]) = K[H, — Nayl/K[H:] = K - (02/y1) ® DK - (r2/yD*
k=1

as one immediately verifies. It follows that in the spectral sequence (4.3) the only potentially non zero differential
dﬁ” : E?’1 — E}'1 is in fact injective. Thus the E,-page has only terms on the diagonal p+q = 2 and it follows that gr*/ (K[H])
is Cohen-Macaulay while the summand K[H, ] of A,(H) is not.
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Fig. 4. The («¢, 1)-polyhedron for Example 4.2.

Remark 4.3. Using the commands dim and depth in SINGULAR [14], one can verify that K[H] in Example 3.15 is
Cohen-Macaulay while gr (K[H]) is not. By Proposition 2.3, K[Hy,] is not Cohen-Macaulay because a, — a; = (1,0,0) €
I:I[,2 \ H,,. Here we choose # = {a,, a4} in Definition 2.2 and observe that a, — a; + a4 = a;. However, one can verify as in
Example 2.5 that a, — a; is not an actual obstruction to the Cohen-Macaulayness of K[H].

From [5] the following implications are known:
K[H.] is Cohen-Macaulay Vt € q'):z{
= gr” (K[H]) is Cohen-Macaulay
— K][H]is Cohen-Macaulay.

The examples in this section show that neither implication can be reversed in general. In particular, the proofs for [6,
Prop. 3.1] and [7, Prop. 3.4] are faulty. However, the statements of these propositions themselves are correct by |3, Cor. 9.2]
which is based on vanishing theorems for Euler-Koszul homology on toric modules.

In the sequel we give a Newton filtration proof for [6, Prop. 3.1] and [7, Prop. 3.4]. This generalizes the approach of [15,
Thm. 1.2] in the case of normal H.

By positivity of H there is a linear form £: ZH — Z such that (&) € N~ {0}.

Lemma 4.4. For asuitable ¢ € N~ {0}, the affine hyperplane P; = £~ 1(q) intersects the one-dimensional faces of Cy in elements

of H.
Proof. Let ¢ = Iem(¢(«)) > 0.Then £(qa/{¢(a)) = q and qa/£(a) € Na. Thus P, N Na # @ for alla € < and the claim
follows. O

Note that natural multiples of the q from Lemma 4.4 also satisfy the conclusion of the lemma. As H is Noetherian, there
is ¢: QH — Q with ¢£(H) > 0, satisfying Lemma 4.4 with g = 1, for which
o ={heH]|Lh) <1}

is a finite set of generators of H. Thus, A', = Gy N £7'([0,1]) and @} ~" = {Cy N £71(1)} is a singleton. In this case,

Algorithm 3.9 terminates trivially with «#/ = .« returning the Newton weight vector
L = (deg(0)acer = (£(@))acer -

Then, by Lemma 3.4,
g (K[F.r)/Ler) = gr (K[H]) = K[H].

For any other set </’ of generators for K[H] with corresponding presentation K[F_/] — K[H] one can define a positive
weight vector L' on &' by L, = deg_,(a’). Then cpfz,’f*l is the same singleton {Cy N £71(1)} as 05;;,“1, grt’ (K[For /1) =
K[H].

The preceding arguments can be summarized as follows.

Proposition 4.5. On any presentation (3.6) of a positive semigroup H, there is a strictly positive weight vector L such that
gt (K[Fr1/lr) =K[H]. O

We return to the A-hypergeometric system M, (8) defined in the introduction where A is an integer d x n matrix and g
a complex d-vector. The leading actor in the homological study of the A-hypergeometric system is the Euler-Koszul complex
K.(Sa, B) whose 0-th homology module is Ma(8) [3]. For a Z¢-graded R,-module N, K,(N, B) is by definition the Koszul
complex of the d commuting left Ds-endomorphisms E — 8 on Dy ®g, N defined by E; o y = (E; — deg;(y))y for all 7°-
homogeneous y € M and by C-linear extension.
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Corollary 4.6. Assume that the columns of A € C%*" span a positive affine semigroup NA such that ZA = 7% and that
Sa = C[NA] is a Cohen-Macaulay ring. Then the Euler-Koszul complex K, (Sa, B) is acyclic for all B € C¢.

Proof. By Proposition 4.5, there is a strictly positive weight vector L on d such that grt (R, /I4) = S,. Choose a rational ¢ > 0
and set deg; (x;) = ¢ — deg;(9;) for all j. One obtains an induced filtration on D4 with Ly(Rs) = Li(Da) N R, satisfying
ert(Ds) = C[x, 8], and so

gr' (D4 ®k, Sa) = Clx] ®c Sa. (4.4)

The L-symbols E of the Euler operators E — 8 form a system of parameters on (4.4), cf. [2]. As S, is Cohen—-Macaulay
by hypothesis, the Koszul complex of E on (4.4) is a resolution. The latter being the L-graded Euler-Koszul complex
ert (K, (Sa, B)), acyclicity of the ungraded complex K, (Sa, 8) follows. O

Remark 4.7. Note the “limit case” ¢ — oo, which corresponds to the weight filtration on D, given by (1, 0). This
filtration has been curiously overlooked as a an elementary tool to show exactness of the Euler-Koszul complex for
Cohen-Macaulay Sg.
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