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Abstract

We present a characterization of the approximation errors of the Post—~Widder and the Gamma operators
in L,(0,00), 1 < p < oo, with a weight x?0(1 + x)¥~70 with arbitrary real y, yoo. Characteristics of
two types are used — weighted K -functionals of the approximated function itself and the classical fixed-
step moduli of smoothness taken on simple modifications of it.
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1. Introduction

The Post—Widder operator is given by

dv
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and the Gamma operator is given by

_ 1 *© E —v s+ld_v
(GSf)(X)_—F(S—i-l)fo (e

Here f is a measurable function defined on (0, co) and satisfies mild growth conditions at 0 and
at oo, I' denotes as usual the Gamma function and s is a positive real parameter.

For real o« we denote the power function by x*(x) = x* for x > 0. For real yp, y» We denote
the weight that we are going to consider in this article by

(1.2)

nooj .
W) = W, yaoi X) = {ﬁm worsl (13)
Forr e N, 1 < p <ocoand D = 7 we consider the weighted K -functionals:
K, (f.1")p = K(fi1"; Lyw)(0, 00), AC]; ', X" D)
= inf {[w(f = &)ll, + lwx"D'gll, : ¢ € AC},. (0. 00)]. (14)

defined for every f € m,—1 + L,(w)(0, 00) and t > 0. We have denoted by L ,(w)(0, co) the
set of all measurable functions f, defined on (0, c0), such that wf € L, (0, o0). The L ,-norm
over the interval (a, b) is denoted by ||« || p(,p), i-€.

b 1/p
”F”p(a,b):{/ IF(X)I”dx} , FeLya,b)l1=<p<oo,
a

I Flloo(a,py =ess sup [F(x)], F € Lx(a,b).
x€e(a,b)

We assume that the norm is taken on (0, co) when no interval is indicated in its notation.
loc(a b) denotes the set {g : g, ¢....,8% € ACla,b]Va < a < b < b} and
AC|a, b] is the set of the absolutely continuous functions on [a, b]. Above and in What follows,
Loo(w)(0, 00) can be replaced by the spaces C(w)(0,00) = {f : wf € C(0,00)}, where
C(a, b) is the space of all continuous functions bounded on (a, b). When the function g €
CI’OCI(O 00) in (1.4) is such that either f — g & L,(w)(0, 00) or x"D"g & L,(w)(0, c0) we

assume that [|[w(f — )|, + " lwx" D" gll, = +o0.

The followmg spaces of algebraic polynomials will be considered. Let i, j be integers. We set
i = {eix' +- +c]x’ ck € R}if 0 <i < jand 7; ; = {0} if j < i. For the space of all
algebraic polynomlals of degree k € Ng = N U {0}, denoted as usual by mx, we have m = 7 «.
Accordingly, we set m; = {0} for negative integers k.

In [8] we have established for f € L,(w)(0,00),1 < p < oo and a weight of the type
w = xV (i.e. Yo = Yoo = y) the equivalence

lw(f — PsO)llp ~ llw(f —Gs Hllp ~ KE(fo s, (1.5)

which contains a strong converse theorem of type A (in the terminology of [2]). Also in [8]
the K-functional on the right-hand side of (1.5) was characterized in the terms of the classical
fixed-step moduli of smoothness.

By ¥(f,t) ~ O(f, t) we mean that there exists a positive constant ¢ such that ¢! O(f,t) <
U(f,t) < cO(f,t) for all f and ¢ under consideration. In the paper we denote by ¢ positive
numbers independent of the functions f, the parameter ¢ of the K-functional and the parameter
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s of the operators. The numbers ¢ may differ at each occurrence. Whenever necessary to
indicate constants, which preserve their values throughout the article, we use the notation
M, My, M>, N, N>. They will not depend on any of the parameters and in this sense they will be
absolute constants.

Earlier contributions related to the inequalities in (1.5) (in the case Yy = Yy = y) are
summarized in [6]. There are only few results in the case ) # yoo. The book of Ditzian and
Totik [3] contains the direct estimate for weights (1.3) with arbitrary real exponents yp, Voo-
The converse results for the same weights are given as a statement for the equivalent rates of
convergence in terms of weighted Ditzian—Totik moduli (and hence weighted K -functionals).

One of the main results in the paper is a strong converse theorem of type A for the
Post—Widder and the Gamma operators for a weight (1.3) with arbitrary real exponents yp, Voo-
Let us note that the strong converse estimates of type A are optimal. Here we extend the research
of [8], where, as we mentioned, the case yp = Yo is considered. The extension is not trivial and
requires a new idea because the strong converse inequalities of type A heavily rely on precise
determination of the constants in some inequalities connected with the operators (see Section 2).

Theorem 1.1. There are positive numbers N, M such that for every yp, Voo € R, 5 > N()/O2 +
yozo +1,1<p=<ooand f € m + L,(w)(0, 00) we have

1Yo — Vool |, V5 + Ve + 1 1
lw(f — P Ollp < <2+M Y0~ Yool 4 gy Y0 T Voo Ko f— (1.6)
s s 4s ),
and
1 10 — Vool v+ v+ 1
K2 (f, 4—> < (K+M Yo~ Yool 4 py %0 - lw(f — Ps Ollp (L.7)
s/, s s
with
21 —44/2
K=—[=2.966824....
8 —2v2

The same inequalities are true if Ps is replaced by G.

The direct inequality (1.6) is also proved in [3], but with an essentially bigger constant. The
inverse inequality (1.7) is new for Yy # yo. It is established with a very small constant «. Thus,
the ratio |w(f — Ps )l /K 5) (f, 4s)~h p» 1s bounded between two numbers with ratio less than
6 when s is big enough! Note that Theorem 1.1 in the case ) = Yy reduces to Theorem 1.1
from [8].

The relation w(x) < cw(x) for every x € (0, co) implies the inequalities [|w(f — Psf)ll, <
clw(f = Ps Hllp and Ky, (f, 1), < cK (f, 1), (with the same constant ¢). Hence Theorem 1.1
remains true (up to the value of the constants) if the weight (1.3) is replaced by any weight, which
is equivalent to it on (0, co), for example by

W(x) = W0, Yoo; X) = x70(1 4 x)7>770. (1.8)

The latter is more convenient for characterizing the weighted K-functionals with the classical
moduli of smoothness (see Theorem 1.4).

Let us observe that in the case Yy < Yoo We have w = max{x ", x>~} and hence (1.6) and
(1.7) easily follow from (1.5) (with twice bigger constants) because of w < " + ¥~ < 2w.
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It does not seem that such a simple technique will work in the case y9 > Yoo When w =
min{x "0, x¥>}. The approach developed in Section 2 barely distinguishes between these two
cases and provides constants which differ only in the remainder term from those obtained for
w=x” (i.e. Yo = Yoo = y) in [8].

The K-functional (1.4) is characterized in [3, Chapter 6] by the weighted Ditzian—Totik
moduli of smoothness. But it turns out that K (f, "), can also be characterized in terms of
the classical moduli of smoothness, which are generally easier to compute. The second goal of
our paper is to establish such characterizations. As usual, we denote by w, (F, t) 5(s) the classical
unweighted fixed-step modulus of smoothness of order r of the function F' € L,(J), J € Ris
an interval, namely

o (F, 1) py = sup AL F -

O<h<t

We assume that A} F(x) = 0 if the argument of any of the summands of the finite differences
A,’lF(x) is outside J. Set wo(F, 1)py = |IFllps). We use one and the same notation for a
function F defined on R and for its restriction on some subinterval J.

In order to describe various conditions on the exponents y and y in the definition of the
weight w defined in (1.8) (or in (1.3)), we shall use the notation

To(p) = (1/p, 00),

Jp)=i—-1/p,1—i—-1/p), i=1,....,r—1,

T (p) = (00,1 —r —1/p),

Texe(p) ={1—r—1/p,2—r—1/p,...,—1/p}.
Forr € N,i,j € Ny, j < r and a weight w we define the linear operator 2% ;j_1(w) :
Ll,loc(os OO) - Ll,loc(R) by

i j—1(w) f = W(f —Zj-1f)o&, (1.9)

where & (x) = e¢* and

j—1
(LX) =) an(f)x", (1.10)

asay : Li(o, B) > R,n=1i,...,j— 1,0 < a < B, are linear functionals. As usual, in (1.10)
we assume that the sum is 0 if the upper bound is smaller than the lower.
We require .%; j_1 to satisfy the conditions:

() lan (Ol < cllflli@.p) forany f € Li(e, ), n=1i,....J =1
(11) .,gi,j_lf = f for any f € T j—15

and in some cases also one or both of the following conditions:
(i) Z,j—1(x'"H =0ifi > 0;

(iv) Zj1(x7) = 0if j <.

Remark 1.2. For the proofs of the following theorems it is enough to replace (i) with

(i) lan (NI < el fllp@.p) forany f € Lp(a, B),n=1i,....j— L

We prefer to utilize (i) (which implies (i')) in order for a, (f) to be easily computable for a given
f. Simple examples of such operators .Z; ;1 either satisfy (i) or satisfy (i) for p = oo.
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Remark 1.3. The restrictions ¢ > 0 and 8 < oo used above can be relaxed to « = 0 and/or
B = oo at the cost of introducing additional weighted norm conditions.

We give explicit definitions of operators of the form (1.10) that satisfy conditions (i)—(ii) or
(i)—(iv) in Section 6.

Following ideas of [5,8] in the two theorems below we characterize the K-functional
K, (f,t")p by the unweighted fixed-step moduli of smoothness.

Theorem 14. Letr € N, i,j € No,i,j <r,1 < p < ocoand ty > 0. Let also w(x) =
W(X; Y0, Yoo) be defined in (1.8) with vy € Ji(p), Yoo € Tj(p). Finally, let o j_1 be given by
(1.9) as .Z; ;1 satisfies conditions (i) and (ii). Then for every f € L,(w)(0,00)and 0 <t <t
there holds

Ky (fot)p ~ r (i jo1 O PW) 0 pwy + 17 17, -1 P W) £y -
Let us explicitly note that for j < i we have ;zﬂ,j_l(xl/pw)f =(x"Pwf)o&.

Theorem 1.5. Letr € N, 1 < p < oo and a,ty > 0. Let also w(x) = WY, Yoo; X) be defined
in (1.8) with yp, Yoo € R, and the integers i, j be determined by J;(p) U{l —i — 1/p} > o,
Ti(p) U{=j = 1/p} 3 Voo Weset by = 1if yo € Toxc(p), and £y = 0 otherwise. We
set boo = 1 if Yoo € Foxe(p), and Loo = 0 otherwise. Let the integers i’, j' be such that
0<i'"<i—4toand j + s < j' < r. Let & j_y be given by (1.9) with an arbitrary 2 j_,
satisfying conditions (i) and (ii), and also (iii) if Y9 € Toxc(p). Let efzf,-/,j,l be given by (1.9)
with an arbitrary £ ;_1 satisfying conditions (i) and (ii), and also (iV) if Yoo € Texc(p). Then
forevery f € L,(w)(0,00) and 0 < t < 1 there holds

KL (ft)p ~ o (i 1 (X TYP) 1) p(coa)
170w (1 (X)L 1) p—ssia)
+ wr(yr j1 (XTP) £, p—aro0)
1w (i j o TP £ 1) pcasoo)- (1.11)

As is well-known, the Post-Widder operator for integer s is actually the Post—Widder
real inversion formula for the Laplace transform. Thus, Theorem 1.1 in combination with
Theorem 1.4 or Theorem 1.5 gives us the rate of convergence of the Post—Widder real inversion
formula measured by the structural properties of the original function [11, Ch. VII].

Remark 1.6. The hypotheses of Theorem 1.5 cover (with few exceptions depending on the
specific values of p, yp and y) the variety of indices i, j, i’, j* for which (1.11) is true. The
exact ranges of these indices are given in Remarks 5.11 and 5.12. We take advantage of the
possibility to vary them in the proof of Theorem 5.15. Characterization (1.11) is most concise
fori’ =i—{pand j' = j+ €. In each of these cases the polynomial .# is a linear combination
of the least number of monomials. The explicit form of the characterization is as follows.

For yo € Z(p), Yoo € Z(p), i’ =i and j' = j relation (1.11) takes the form

KL(fo ") p ~ op (i jo 1 (XOTYPY£0) pcoonay + 111 1 XY P) £l p—oc0.a)
+ @ (i jo1 (XYY 1) pcaooy + 119 1 (X TVYP) £l p(—a.00)
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andforyy=1—-i—1/p,0<i <r,yx € Jj(p),i" =i — 1 and j' = j it takes the form

KL (1) p ~ o (G jo1 (XTYPY £, 6) pmoonay + 17 1 (e 1 (X TVYPY £,1) p—co.a)
+wr(5yi—l,j—l(xyoo+l/p)fv t)p(—a,oo)
i1 1 (X Fll pasoo) -

And similarly for Yoo € Z5xc(p). Note that the pass from Yy & Toxc(p) to Yo € Foxc(p) not only
changes t"wg to t"~'w; at the left end of the domain but also simultaneously affects the range
for the index i’ of the operator 7 ;1 acting at the other end.

The two quantities w,(F, 1)) + t" | Fllpy and @, (F, 1)) + "l (F, 1) p(J) are not
equivalent with constants independent of F' and ¢ € (0, 1]. This is shown in [8, Remark 1.3] for
any unbounded interval J C R but, of course, the same is true for finite intervals J.

Remark 1.7. If f € w1 + L ,(w)(0, 00) as in Theorem 1.1 and w1 ¢ L, (w)(0, 00), then f is to
be replaced by fp such that fo € L,(w)(0, o0) and f — fo € 71 when Theorems 1.4 and 1.5 are
applied to the K-functional in Theorem 1.1.

Remark 1.8. Theorems 1.4 and 1.5 show the important role of the polynomials from m,_
belonging to the space L ,(w), that is the trivial class 7,1 N L, (w)(0, co) of the K-functional
Ky, (f,t")p. For future reference we recall

Tiy—1 C Lp(x™)(0,1) < yp > —i—1/p forp < oooryy > —ifor p=o0;
70,j—1 C Lp(x7)(1,0) <= yoo <1—j—1/p

for p < coor yso <1 — j for p = o0c;
Ti,j—1 C Lp(W)(0,00) <= v > —i—1/p, oo <1—j—1/p

for p <oooryy > —i, Yoo <1 — j for p = o0.

Thus, if p < oo, then 7,1 N L, (w)(0, 00) # {0} iff i < j, where the integers i, j are deter-
mined by J;(p) U{l —i — 1/p} 3 v, T;(p) U{—j — 1/p} 3 Yeo. Also, if p = o0, then
7Tr—1 N Loo(W)(0, 00) # {0} iff i < j, where the integers i, j are determined by .7;(co0) U
{~i} 3 0, Zj(00) U{l = j} 3 Yoo.

In comparison with [8] difficulties of two new types have to be overcome in Theorems 1.4
and 1.5. First, this is the more complex structure of the space L ,(w)(0, co) for some yy, ¥oo
compared to L,(x?)(0, 0o) as the structure of the subspaces of algebraic polynomials in each
of them shows (cf. Remark 1.8). In order to cope with this problem we introduce the operators
Z;,j—1. Despite their effectiveness they, unfortunately, substantially complicate some proofs.
Secondly, the belonging of at least one of 1y, Yoo 10 Zoxc(P) @S Y9 # Yoo involves splitting of
the singularities (see (5.6)), which, in turn, lessen the possibility for using Hardy’s inequalities
(see [9, p. 245, (9.9.8) and (9.9.9)]). Hence, we use appropriate integral representations of the
derivatives (see Theorem 3.4) and modify Hardy’s inequalities. The latter can be seen as a precise
determination of the conditions on the weight w under which the inequality

Iwx @11, < cllwx" g1, (1.12)

follows for x g™ € L,(w)(0,00) and k < r. But in many of the cases considered in this
article the conditions of Hardy’s inequalities are not met. So, under the additional assumption
g € L,(w)(0, 00), we extend in Theorem 4.3 the range of (1.12) beyond the limits provided
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by Hardy’s inequalities. As Remark 4.5 shows, the hypotheses of Theorem 4.3 are sharp for the
validity of (1.12).

The paper is organized as follows. Section 2 contains the proof of Theorem 1.1 based on
several inequalities related to the Post-Widder and the Gamma operators. In Section 3 we
establish a representation of derivatives. In Section 4 we give a number of inequalities for the
intermediate derivatives on which the proofs of the upper and lower estimates of the K -functional
Ky (f,t")p by the unweighted one are based. Theorems 1.4 and 1.5 are proved in Section 5,
which also contains characterizations of the analogues of K, (f, "), on the intervals (0, a) and
(a, 00) with a > 0, as well as for spaces of continuous functions. In this section we show how
several basic properties of K, (f,t"), can be derived from its characterization in Theorem 1.5.
Finally, in Section 6 we explicitly construct operators .Z; ;1 which satisfy conditions (i)—(ii) or

1)—(@v).
2. A characterization of the Post-Widder and the Gamma operator errors

The next theorem is basic for obtaining good upper bounds for the constants in
Propositions 2.6-2.11. The functions from L 0(0, 00) do not need to be bounded at O or
at 0o.

Theorem 2.1. Let£,n € R, 1 < p <00, ¥ € Lo 10c(0, 00). Set w(x) = x5 for0 < x <1and
w(x) = x" for 1 < x < 0. For every complex-valued F € Lp(x_l/pﬁ))(O, o0) denote

G(x):/ F(ux)t/f(u)d—u, x € (0, 00). 2.1)
0 u
Then
lx ™ PBGIl po,00) < O1 +0)Ix ™ VPDF |l p0,00), 2.2)
where
91=max{/ |¢<u>|u*§“d—”,/ |w<u)|u"d—”}, (2.3)
0 u 0 u
1 %)
92=max:/ |u*‘f—u*"||w(u)|d—”,/ |uf—u"||1/f(u)|d—”}. (2.4)
0 u 1 u

Proof. Set wg = XE, Woo = x". Then w = max{wg, weo} iff & < n and w = minf{wy, weo}
iff £ > n. Note that wy and w, are multiplicative functions, i.e. wo(xy) = wo(x)wo(y) and
Woo(XY) = Weo (X)weo (y) for every x, y € (0, 00), but w is not multiplicative when & # 7.

The operator defined in (2.1) is linear. In view of the Riesz—Thorin theorem the statement will
be established if we prove (2.2) for p = 1 and for p = oo.

First we deal with the case p = 1. We have

© dx o oo dx du
/ wx)|G(x)|— S/ / WO F (ux)|— ¥ (u)| —
0 X 0 0 X u

= [ [ o) ronww S 2.5)
0 0 u y u

Let us consider the weight w(y/u) on the right-hand side of (2.5). We have w(y/u) = wo(y/u)
if0 <y <u < ooand w(y/u) = weo(y/u) if 0 < u <y < oco. We aim to get a good
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upper bound for the difference w(y/u) — wo(y/u) in0 <y < 1,0 < u < oo and for the
difference w(y/u) — woo(y/u) in 1 < y < 00,0 < u < 00. We have w(y/u) = wo(y/u)
if0 <y <1,y <u < ooand w(y/u) = wee(y/u) if 1 <y < 00,0 < u < y.
So, it remains to consider the domains 5 = {(y,u) € R2:0 < u < y < 1} and
Qoo ={(y,u) eR*: 1<y <u < oo).

First, let £ > n. Then we have

D/u) = wooly/u) < woly/uy = 22 (4w €
wo(u)

Dy /i) = woly/u) < weoly/u) = 22 (4 u) € 0.
woo(“)

Using these inequalities in (2.5) we get

[T aeorewist < [TEIS [Cagro) 4 [T
0 X 0 0 y 0

wo(u) u Woo (1) u

o0 d
x f B F(y)| =
1 y

%o dy
< 91/ aIFO .
0 y

which proves (2.2) for p =1 and § > 5.
Secondly, let £ < n. Then we have

weo(y) _ woy) _ wo(y) [wo(y) B wo(y)} o) € O

Wly/u) = Woo(U) ~ Woou)  wo(u) [ woeo(u)  wo(u)
. _wo(y) _ Woo(y)  Woeo(y) | [Weo(y)  weo(y)
WO = 20w = wol) el [wo(m woo(m] (- 10) € Lo

Note that the terms in the square brackets are positive. Using these inequalities in (2.5) we get

o0 d
/ DG
0 X

00 d 1 d o0 d o d
0 0 y 0 1 Y

wo(u) u Woo (1) U

Lol dy 1 1 du
+/ / wo(y)IF(y)l—[ }Ilﬂ(u)l—
0 Ju y u

Woo () wo(u)

o ru dy 1 1 du
+ / / weMIFZ [ - ] ) &
1 J1 y Lwo(m)  weol(u) u

o0

d 1 d d
591/ ﬁ)(y)lF()’)|—y+92f wo(y>|F<y>|—y+92/ W NIF )
0 y 0 y 1 y

% d
= (61 +92)/ B()|F ()| =2
0 y

This completes the proof of (2.2) for p = 1.
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Now, let us consider the case p = oco. Let § < 5. For 0 < x < 1, using that wo(y) < w(y)
for every y € (0, 00), we get

W(x)|G (@) = wox)|G(x)]
o d o
5/ wo(X)IF(MX)III//(u)I—u=f wo (ux) | F (ux)| ———
0 u 0

< /oolb(ux)IF(ux)I—W(U)' du 5/00 W] du
0 wo(u) u o wo(u) u

Similarly, for 1 < x < 00 we get woo(x)|G(x)| < 01||WF |0, Which proves (2.2) for p = oo
and &£ <.
Let & > 5. For 0 < x < 1, using that wo(x) < wee(x), we get

|Y ()| du
wo(u) u

NWFlloe < O1|WF|oo-

* d
w)|G(x)| = wo(x)|G(x)] S/O wo (X F (ux) || ()] 714

o du oo du
5f wo(X)IF(MX)IIIIf(u)I—+f Woo ()| F (ux)||¥r (u)] —
0 u 1/x u
1/x 0o
=/ wo(wc)IF(ux)|WI(”)| d_”_|_/ Woo ()| F ()| L |V ()] du
0 wo(u) u 1 Woo () #

1/x

< / 1Y (u)] d_u+/ 1Y @) du 10 F oo
o wolu) u 1/x Woo () 1

< </ [Y ()] d_M+/ [Ilﬂ(u)l _ II/f(u)I] d_u) 1 Flloe
o wou) u 1x Lwoo(u) — wo(u) | u

< O1+0)|WF |-

Similarly, for 1 < x < oo, using that weo (x) < wo(x), we get
W(X)|G(xX)] = Woo(x)|G(x)]

0 1/x

< f 1Y (u)] d_u+/ [Ilﬂ(u)l _ Iw(u)l]d_u 10 F ||
0 Woolu) u 0 wo(u)  woeolu) | u

(01 + ) |0 F || o,

IA

which completes the proof. [J
Remark 2.2. In the proof of Theorem 2.1 for p = oo the case £ < 7, i.e. W = max{x¢, x"}, is
simpler than the case £ > 1, i.e. W = min{ x&, x"}. But for p = 1 we have the opposite situation

— the case & > 7 is simpler than the case £ < n!

Remark 2.3. Note that the differences between the two quantities under the max sign in (2.3)
and (2.4) coincide, i.e.

o0 _t du o0 - du
@)™ — — [ @)u™" —
0 u 0 u

! d o0 d
=|/ |u—5—u—"||w(u>|—”—/ |u—f—u—"||w<u)|—”‘.
0 u 1 u
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In the applications below the above quantity will have smaller order than 6,, which in turn will
have smaller order than 6. Let us also mention the obvious inequality 8, < 61 for every ¢ = 0.

For the applications of Theorem 2.1 in the proofs of Propositions 2.6-2.11 we need some
notation and results established in [8]. For ¢ € R and s > max{0, ¢} we set

{(s —
k1(¢,s) = s =) F(s)/ *WS§

T'(s)
kj(g,s) = 3)‘F(s)f / ( )2] 3y_§d7ye_”v“%, j=23;
Aj(g,s) = jj(sl) (v—s—2j+ 1> —5—-2j+ 1|e_”vs_§d7v, j=12;
r3(L,s) = F(_s;_/ lv—s5 —2le v~ ;dv

Note that the signs of (% — 12?3 and (% — 1) in the definition of 7 and «3 coincide for every
y from the integration range. Hence, the inner integral always has a non-negative value. This fact
will be used in the proofs of Propositions 2.7 and 2.8.

The inequalities collected in the following lemma are established in Lemma 2.2, Proposi-
tions 2.7, 2.8, 2.9 and Remark 2.12 in [8].

Lemma 2.4. There exists an absolute constant My such that for every s > > +8 and ¢ € R we

have
2
+1
1€ 5) = 11 = My 2.6)
1 241
Kz(C,S)—E SMlg P 2.7
1 2+1
Ks(C,S)—g <M P (2.8)
¢—1 0o 2 1
;(S) l(v—s—k?—s5—kle™® “5 <f+M1§ + k=—-1,1,3; (2.9)
dv 241
/ lv—s —kle v 54 1+M1§ + . k=—1,2. (2.10)
[’(S) s

Lemma 2.5. For every s > 0 and k € R we have

_ e 112U ad__ 2
F()_/ [su — s)[su —s — kJ%e . 3s2 + (k* — 4k + 6)s, (2.11)

_ e 1V2 o L12.—su vd_u
F()/ [su s] [(su —s — k) s —k]e"u ”

= 105> + (16k> — 76k + 118)s> + (k* — 10k> + 45k*> — 108k + 120)s. (2.12)
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Proof. Using the definition of I'(s) and its properties we get

/ [su — s*[su — s — ke ‘d—u

F() u
d

_ 12y e 2—vs_v
_F(s)/o [v—=s][v—s5—k]7e "v 5

[['(s +4) —2(2s + k)I'(s + 3) + (65> + 6ks + k>) (s +2)
205 +k)s@s+k)I'(s+ 1)+ (s + k)2S2F(s)]/F(s)
=35> + (k*> — 4k + 6)s

and
* _ 2 e 12 o 112.—su,,s du
TG )/ [su —s]°[(su —s — k) s — ke u .
_ _ AV I Ve VI dv
= I’(s),/ [v s] k) s —k]“e ‘v "

[I(s +6) — 2(3s + 2k) (s + 5) + (1552 + 20ks — 25 + 6k> — 2k)I'(s + 4)
—4(s + k)(55% + 5ks — 25 + k> — k) [(s + 3)
+ (s + k)(155 + 25k — 12)s% + (11k — 1) (k — Ds + k(k — D) (s +2)
— 254+ k)2 +k—1)Q@s+k—Ds(s+ 1)
+(s+ k(s +k—D2T(5)]/T(s)
= 105> + (16k> — 76k + 118)s% + (k* — 10k> + 45k> — 108k + 120)s. [

In the proofs of Propositions 2.6-2.11 we shall apply the following estimates valid for every
§,nek

-£_ -0 € —nlu ™ lu—-1], 0O<u<l;
‘M ! | = {|§ —nluVu—1], 1<u<oo, (2.13)

where u© = max{&, n}+1 and v = min{&, n}. Now, we are ready to establish the main ingredients
for the proof of Theorem 1.1.

Proposition 2.6. There are positive numbers N», M> such that for every yy, Voo € R, s >
NZ(VO2 + yozo + D, 1<p=<oocand f € L,(w)(0, oco) we have

lwPs fllp < k7 (0, Voo )W Il ps 0.1
where
2 2
+ Vst 1
Kl(Vo, Voo, §) < 1+ M> ¥0 — veol +M2V0 Voo .
NG s

Proof. From (1.1) we get the integral representation

s *© —su sdu
F(s)/o fuweMu —

Therefore we apply Theorem 2.1 with & = yo+ 1/p, n = Yoo + 1/p, ¥ (u) = e *“u’s® /I (s)
and get (2.14) with Kik(]/(), Yoo, §) = 01 + 62, where 61, 6, are given in (2.3), (2.4). From (2.3)

(Pyf)(x) =
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and (2.6) we get
0 = s max{/ooe SUyS— Edu /ooe*”’us "du}
I'(s) 0 u Jo u
2., .2 2 2
1 +yZ +1
= max (i1 . 5). k1 (7.} < 1+ My =t L gy, OVt L
s s

In order to estimate 6, we apply the first inequality in (2.13), the Cauchy—Schwarz inequality,
(2.6), the identity «1(—2,s) — 2x1(—1,5) + «1(0, 5) = s~1and get

K 1 d s oo
FS( ) / |u,§ . u—n|efsuus _u < |§ Fs( ) u*/L|u _ 1|67SMM‘S
S

1/2 o du)'2
<|‘§—77|{F() u} {F()/ (u—l)e u;}
< |& —nl k1 Qu, M2 {1 (=2, 8) — 261 (=1, 5) + k10, 5)}1/?
a2+ 1) g =) 170 — ool
< {1+M1 5 } NG =M N

Similarly, using the second estimate in (2.13), we get the same upper bound for the integral on
[1, 00) as the one for (0, 1] and complete the proof. [

Proposition 2.7. There are positive numbers N>, My such that for every vo, Ve € R, s >
N2(y02 + )/020 +1), 1 < p < oo and every g such that x>*D?*g € L ,(w)(0, 00) we have

lw(Psg — &)l <5~ i3 (10, Voor Hllwx>D?gll p, (2.15)
where
1 %0 — Vool i +vd+1
S (10s Yoos §) < = + M, M )
K5 (Y0, Yoo S)_2+ 2 7 + M, .

Proof. The following integral representation is obtained in the proof of Proposition 2.5 in [8]:

2 L xd_v
(Pyg)(x) — g(x) = F()/ / ) e’ (D> g)(xu) Loty

Therefore we apply Theorem 2.1 with &€ = yo + 1/p, n = yoo + 1/p, F = x?>D?g,

V(u) =

d
- i)e_”vs—v forO<u <1,
I'(s) v

1 v _y g dv
w(u)—m/;u (;—1)6 UT forl <u < o0

(and hence G = P;g — g) and get (2.15) with Kik(yo, Yoo, §) = $01 + 562, where 01, 6, are given
in (2.3), (2.4). From (2.3) and (2.7) we get

2 2 2
+P 11 +p2 1
s61 = max a6, ), ka1, 9)) = 5+ M §+ Lot retl

[\

N
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In order to estimate s6, we apply the first inequality in (2.13), the Cauchy—Schwarz inequality,
(2.7) and get

1 du s s v/ du dv
£ _ -0 - _ =& _ -0 1) ey 2
S/o |u u ||1ﬁ(u)|u—F(S)/0/l |u u |(su 1>ue v 5
s soruls o v du _, ,dv
F(s)// u“|u—1|<——1)—e v
1/2
du dv
_ —2/1, _ e VS —
=18 n|{F(S)f / su 1) " }
e L
o) u e v 5

= & — n| {kap, $)}1/? {Kz(—Z, 5) — 22 (=1, 5) + K2(0, 5)} /2
a2+ 1'% (10m, )2 10 — Vool
fMZT-

Similarly, using the second estimate in (2.13), we get the same upper bound for the integral on
[1, 0o) as the one for (0, 1] and complete the proof. [J

< 1& —nl

1
<|%'—n|{ + M .

Proposition 2.8. There are positive numbers No, M> such that for every Yo, Voo € R, s >
N2(7/02 + yozo +1), 1 < p < oo and every g such that x*D*g € L ,(w)(0, 00) we have

22 313 *
x“D°g x°D’g k3 (Y0, Voos 5)
w|Pg—g- )| =l Dl (2.16)
2s 3s » )
where
. 1 Y0 — Vool vi+vd+1
K3 (Y0, Voo, §) < 3 + M 7 + M, p )

Proof. The following integral representation is obtained in the proof of Proposition 2.6 in [8]:
1 2 -2.3 3
(Psg)(x) — g(x) — 35 "X @)(D*e)(x) - —s X7 (x)(D7g)(x)

f / (xu) (D“g)(xu)—e v %”

Therefore we apply Theorem 2.1 with&§ =y + 1/p,n =Yoo + 1/p, F = X4D4g,

Lo w3 d
1#(“)—%/0 (1—E>e v — for0 <u < 1,

6F(s)

—v,.s dv
Y(u) = —l)e vV — forl <u<oo
61°(s) v
(and hence G = Pyg — g — 5571 x2D%g — 1s72x3D3g) and get (2.16) with k5 (0, Yoo, 5) =
5201 + 5205, where 01, 0, are glven in (2.3), (2.4). From (2.3) and (2.8) we get

2 2 2
2+l 1 +y2+1
526, = max {ic3 (&, 5), k3(n, $)) < < + M 5+ <Lyttt
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In order to estimate 526, we apply the first inequality in (2.13), the Cauchy—Schwarz inequality,
(2.8) and get

szfllu‘f—u‘”llwund—”: 6;;) /S/U/S’u_ S (L1 e &
IE—nlép(s)f/ u M|u—1|(__ ) e vvsd_v
S|§_"'{6;(s)/o /1 A“_zu(i‘lfdu ey’ dT}
Ao [T (- e 2}

= 1§ = nl 3 @ue, )} {i3(=2. 5) = 2ue3(=1,8) +#3(0, )}/
4u 2+1}‘/2{10M1}“2 10 = 7!
< My———.
s Vs
Similarly, using the second estimate in (2.13), we get the same upper bound for the integral on
[1, co) as the one for (0, 1] and complete the proof. [

1
<|§'—77|{ + M,

Proposition 2.9. There are positive numbers Ny, My such that for every yo, Yo € R, s >
Ng()/o2 + yozo +1),1<p<=<ocoandevery f € L,(w)(0, c0) we have

lwx>D*Ps fllp < 5250, Voo W | p. (2.17)
where
2 2
- + +1
2 (o, yoor$) < V2 4+ M 0T Yoel gy Yo TV L
s s
Proof. The following integral representation is obtained in the proof of Proposition 2.7 in [8]:
_ du
X @)D Py f)(x) = F( ) / FOwlsu —s =¥ =5 = 1]e™""u* —

Therefore we apply Theorem 2.1 with & = yo 4+ 1/p, 1 = Voo + 1/p, ¥ () = [(su —s — 1)> —
s — 1le™"u’s* /I'(s) and get (2.17) with A% (¥, Yoo, 8) = 57101 + 57165, where 6}, 6, are given
in (2.3), (2.4). From (2.3) and (2.9) with k = 1 we get

2 2
_ + 9?41
57101 = max {1 (&, 5), M(n, )} < V2 + M15+

IA

2 2
+9vZ +1
«/§+M2—VO Yo 0
S

In order to estimate s~'6» we apply the first inequality in (2.13), the Cauchy—Schwarz
inequality, (2.6), (2.12) with k = 1 and get

d
F()/| —u '7|‘(su s—1r—s— ‘_Suus—u
s u
s—1 1
d
<16 =75 M — 1 (su—s—l)z—s—l‘e_“‘uf_u
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N oo 1/2
<|&—n| {FS( ) / u e Suys d_u}
N 0 u

S572 [} (su — S)2
I'(s) Jo 52
1/2 3 5 1/2
4p? +1 1053 + 5852 + 48s
5|€—n|{1+M1 2 } { . }
s s
10 — Vol
Similarly, using the second estimate in (2.13), we get the same upper bound for the integral on
[1, 0o) as the one for (0, 1] and complete the proof. [J

172
2 o .d
[(su—s—l)z—s—l] e“‘ué—u}
u

<M

Proposition 2.10. There are positive numbers Ny, My such that for every yp, Voo € R, s >
Nz()/o2 + )/020 +1), 1 < p < oo and every g such that x>*D?*g € L ,(w)(0, 00) we have

lwx*D*Pyglly < 533 (0, Voo )wx>Dgll, o18)
where
2 2
— Yo T +1
2510, Yoor $) < V2 + Mzh’(’TSVOOI n Mz%,

Proof. The following integral representation is obtained in the proof of Proposition 2.8 in [8]:
SS
I'(s)
Now, we proceed as in the proof of Proposition 2.9 using (2.12) with k =3. [

x ) (D*Pyg)(x) =

/ )2 (D*g)(xu)[(su — s — 3)> — s — 3le™""“u’ d_u
0 u

Proposition 2.11. There are positive numbers Ny, My such that for every yp, Voo € R, s >
Nz()/o2 + )/020 +1), 1 < p < oo and every g such that x>*D?*g € L ,(w)(0, 00) we have

lwx? D3 Pegllp < VsA5(0. voor )llwx> D3¢l (2.19)
where
%0 — Vool vi+vd+1
M0, Voo 8) < 1+ My ﬁ‘” + M0 Fa—
Proof. The following integral representation is obtained in the proof of Proposition 2.9 in [8]
3 3 st OO 2,12 - du
X (x)(D7Psg)(x) = / ()" (D g)(xu)[su — s —2]e™""u’ —
F(S) 0 u

Now, we proceed as in the proof of Proposition 2.9 using (2.10) instead of (2.9) and (2.11) instead
of 2.12). O

Remark 2.12. If the Post—-Widder operator P is replaced by the Gamma operator G, then
Propositions 2.6-2.11 remain unchanged except Proposition 2.8, where (2.16) is to be replaced
by

K*(y()v}OOvs) 4 4
3 D
D) ”wX g”p~

X2D2g B 2X3D3g
25—1) 36-D—-2)

”w<ng—g— <
14
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The reason is a different integral representation, namely

X*@(D*)(x) 27 () (D) (x)
2(s — 1) 3(s — D(s —2)

1 R VAR 3 du dv
- __1) 4ph G evyst1 &
6I'(s+1) /0 /1 (vu () (D g) (xu) u v
The only modification in the proofs is the necessity to change the signs of £ and 7 to the opposite,
because the integral representations connected with G are naturally of the type

(Gs8)(x) — g(x) —

o0 ~ d
/ FO ' 0g(y) =
0 y

So, a change of the variable # = y~! in the above integral has to be made before applying
Theorem 2.1 and the inverse one y = u~! afterwards.

Proof of Theorem 1.1. We apply the proof of [8, Theorem 1.1] given in [8, Section 3] by simply
replacing «;, A; there with /< A* from Propositions 2.6-2.11 (and Remark 2.12) proved in this
article as the parameters of the K¥ ; ’s and A* ’s are Y, Yoo and s. For the convenience of the reader
we sketch the proof below.

The direct estimate is derived via a standard argument by means of Propositions 2.6 and 2.7
from the estimate

lw(Psf = FHllp = lwPs(f = lp + lwPsg =l + lwlf —&lp

and taking the infimum over g € ACIIOC(O, o0) such that g, x2D2g € L p(w)(0, 00).
To establish the converse inequality we first note that

K2 | f 1) < lw(f — P2A)Il, + 1w 2D*P2 |
w ’ 4S = K p 4S X K P
)4

1
< (L+aDlw(f = Phllp+ llwx* D> Pl (2.20)
In order to estimate the second summand above we use that

1
S WD P [l < (P f= P = X*DPPLf = o 2x ’D*p? f)

p
2 1 3793 p2
+ lw P (Psf—f)||p+@||wx D PEflp- (2.21)

In view of Proposition 2.6, the second summand on the right-hand side of (2.21) is estimated
by the L ,-norm of w(f — Ps f). To achieve this for the first summand, we apply consecutively
Proposition 2.8 (with g = PY2 f)and 2.10 (with g = P; f), the relation

lwx*D*Ps fll, < lwx*D*P2fllp + lwx*D*Ps(f — Ps Pl (2.22)

and Proposition 2.9 (with f — P f in the place of f). Similarly, to the third summand of (2.21)

we apply Proposition 2.11 (with g = P, f) and again (2.22) and Proposition 2.9 (with f — Py f

in the place of f). Thus we arrive at the estimate

P2 KIS + 130 as T2
2 —4iirs —4/3)05s71/2

1 212 p2 K
Ellwx D7P; fllp < lw(f — PsHllp. (2.23)
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The number N > N, from the hypotheses of the theorem is chosen in such way that the inequality
dcEAs + 43035712 <2
is satisfied. The converse inequality of the theorem follows from (2.20) and (2.23). O

3. An auxiliary derivative representation

A basic tool in the proof of the lower estimates of the K-functional K[ (f,t"), by the
unweighted fixed-step moduli of smoothness is a representation of the derivatives of a function
g € AC;{;I(O, 00) such that g, x" ¢ € L,(w)(0, 00). To establish it we use the following
assertions about the limit behaviour of the function at 0 and infinity.

Lemma 3.1 (c¢f. [8, Corollary 4.3]). Let 1 < p < oo.

(@) Let G € ACip(0,1) and G, xG" € L,(xV)(0, ) withy < —1/pif p <ocory <O0if
p = o0. Then limy—94+9 G(x) = 0.

(b) Let G € ACjpc(1,00) and G, xG' € L,(x¥)(1,00) withy > —1/pif p <oocory > 0if
p = 0. Then limy . G(x) = 0.

Proof. Let p = 1,y < —lorl < p < 00,y < —1/p in assertion (a). The condition on G’

(and Holder’s inequality if p > 1) imply G’ € L{(0, 1); hence G € ACIO0, 1]. The assumption

|G(x)| = ¢ > 01in a neighborhood of the origin would imply x” € L, (0, 1), which contradicts

y < —1/p (or y < —1 for p = 1). Hence, there exists a sequence {&,} such that £, — 0+ 0

and G(§,) — 0 asn — oo, which in view of the continuity of G implies lim,_ 049 G(x) = 0.
In the remaining case 1 < p <00,y = —1/pweset G = |G|? € L1(x~")(0, 1). From

G'(x) = p|G()|P7'G'(x) sign G (x),

x VPGP~ e L (0, 1) with p’ = p/(p—1), x'71/PG" € L,(0, 1) and H6lder’s inequality
we get G e L1(0, 1). Hence, G satisfies the hypotheses of assertion (a) for p = 1,y = —1 and
then limy_, 040 G(x) = 0. The proof of assertion (a) is completed.

Assertion (b) is verified similarly. [J

Remark 3.2. Lemma 3.1 is not true for the remaining values of y and p. For instance, for y = 0,
p = oo counterexamples are given by G(x) = 1 or G(x) = sinlogx.

From Lemma 3.1 we derive:

Lemma33. Letl < p<oo,reN, peNyp<r.
(a) Let g € ACI 10, 1) and g, x"g") € Lp(x7)(0, 1) withyg < —p — 1/pif p < oo or

loc

Yo < —pif p=o0. Then
1im+0x@—f’g“)(x)=0, =0,1,....,r —1. 3.1

X—>

(b) Let g € ACF](I, oo) and g, x" g € L,(x"*)(1, 00) with yoo = —p — 1/pif p < 00 or

loc

Yoo > —p if p = 00. Then

lim x*?g®w) =0, ¢=0,1,...,r—1.
X—>0Q

Proof. The hypotheses of assertion (a) and Proposition 4.1 imply

xkg® e L,(x™)(©0,1), k=0,1,...,r (3.2)
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Now, Lemma 3.1(a) with G = g™ and y = yp +m form = 0,..., p implies lim,_, 00
g™ x)=0form =0,...,p. Thus we get (3.1) for £ = p.
Next, for£ =0, ..., p — 1, p > 0 by Taylor’s formula at 0 as g("’) e C[0, 1] we get

_ 1 1 [ y\p—t—1
Xt pg(f)(x) — —_/ (1 _ _) g(ﬂ)(y) dy.
p—2—D!x Jy X

Now, in view of limy_,040g® (x) =0 we get 3.1)for£ =0, ..., p — 1.
Further, for{ = p+1,...,r — 1, p <r — 1, using

(x5 @) = (€= p)xt 71N + g O ), (3.3)

1/
(+78“ M) = €= o= p— a2 D)
+2(£ _ p) XE*pflg(e)(x) + x@*ﬂg(@*{“l)(‘x)

and (3.2) fork = €—1, £, €+1, we get that (x“ g “=V), x (x*2g¢D)" € L,(x"*)(0, 1).
Consequently, by Lemma 3.1(a) with G = (xe"’g(l’l))/ and y = yo + p we get

t—p (0—1 !
lim (x—/’g(—>(x))=o, C=p+1,...,r—1. (3.4)
x—0+40
Now, (3.1) with £ > p follows by induction from (3.3), (3.1) with £ = p and (3.4). This
completes the proof of assertion (a).
Just similarly we verify assertion (b) as we use Lemma 3.1(b) and Taylor’s expansion at
a>1. 04

The next theorem contains the derivative representation that we shall extensively use. In its
formulation we follow the convention that a sum is O if the upper boundary is smaller than the
lower.

Theorem 34. Let 1 < p < oo, r € N, u,v,k € Nyasu <v <randk <r,a > 0,
and x € (0,00). Let also g € AC[(;I(O, 00) be such that g, Xrg(’) € L,(w)(0, 00), where
w(x) = W0, Voo; X) is defined in (1.8). If k < u we assume yo <1 —u —1/pfor p > 1or
vo < —uforp=1,andif v <r weassume Yoo > —Vv — 1/pfor p > 10r yoo = —v — 1 for
p = 1. We set

T 0T
br,n(gs a) = ng (a)

{=n

forn=p,...,v—1,u <v;, i =max{u, k} and v = max{v, k}. Then

® S Xk V*kil (_1)nxrfk7n71 X )
gv ) =) ———bra(g,a)+ / y'g" (y)dy
= (n—k)! w2 nl(r—k—n—-—10"Jy
p

—p—1 n,r—k—n-—1 X
(=1D"x
+ / y'g" (y) dy
a

W, nlr—k—n—1)!

r—v—1 _1)n+1xr—k—n—1

v (
+ Z n(r—k—n-—1)!

=0

o0
/ y"'g" (y)dy.
X

3
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Proof. First, let us note that the integrals in the representation of g®(x) with 0 or co as an
integration boundary are finite in view of Holder’s inequality.

Let us denote respectively by S, x(x), m = 1, 2, 3, 4, the four sums on the right-hand side of
the formula of the theorem. We need to show that

S1(X) + S2.(x) + S3.6(0) + Sax (@) = g® ), k=0,...,r—1. (3.5)

Let us observe that the convention for the sum notation implies

S1k(x)=0, k>vorpu=v, (3.6)
Sx(x) =0, k=>upu, 3.7
S3x(x) =0, k>vorpu=nv. 3.8)

In the proof we extensively use the following formula obtained via integration by parts:

n r—1 ntl=r+1o(0) (y) n
gOMdy=n! Y (182N 3.9
/g y'g(y)dy =n l:r—n—l( ) Ay p—— (3.9

3
Using (3.9) with = x and £ — 0, Lemma 3.3(a) with p =  — 1 > 0, interchanging the

order of summation, reordering the summands in the inner sum by settingm =r —k —n — 1
and considering separately the cases £ < u and £ > u, we get

N o e e N R
S2,k(x)=g (x)‘i‘; mZ::O(_l) < m ) mg (x), k<pL. (310)

Similarly, by means of (3.9) with = x and £ = a, interchanging the order of summation in

the double sum containing g (x), and reordering the summands in the inner sum by setting
m=r—k—n—1,wegetfork <vandu <v

r—1 | min{fv—k—1,0—k} 0 —k Kk
Su=>1 3 (—D’"( . ) 59 00 — 8400,

=it m=fi—k (£ —k)!
Hence
S S m t—k (_x)é—k 10
S3(x) = ZXZI; |:m=M_k(—l) < N )} ot x)
r—1 [ v—k—1 0 —k Nk
+ =n" < m ):| %g(l)(x) — 81k (x),
{=v Lm=p—k !
k<pu<v, 3.11)
and

© r—=1[v—k-1 {—k (_x)sz ®
S3.u() =g (x)+£; X:% (—1)’"< " ) oo d @ = S,

p<k<v. (3.12)
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As in the proof of (3.10), using now (3.9) with & = x and  — oo and Lemma 3.3(b) with p = v
we getforv < r

r—1 [ -k -k 7 (_x)z—k
S4’k(X)=z:f; m:XG:—k(_l) ( m > mgw(x)'
Hence
r—1[ ¢—k 0 —k T/ .\e—k
Sax) =) | D (—1)’"< " ) %g%c), k<, (3.13)
l=v Lm=v—k a .

and
Sap(x) =g®x), k= (3.14)

Now, (3.10), 3.8) if u = vor (3.11)if u < v, and (3.13) imply (3.5) fork =0,...,u — 1,
w > 0;(3.7), (3.12) and (3.13) imply (3.5) fork = w, ..., v — 1, u < v; and, finally, (3.6)—(3.8)
and (3.14) imply (3.5) fork =v,...,r —LLv <r. O

Remark 3.5. The case v < u under the hypotheses of the theorem is covered by the case u = v.
Let us observe that if v < u, then the space L, (w)(0, 0o) is rather narrow; in particular, it does
not contain any non-zero polynomial of degree less than r. For u = v the formula of the theorem
takes the form

r—k—1 (— l)nxr—k—n—l

®) vy )
gV = ) n!(r_k_n_l)!/o V' () dy

n=r—p

r—p—1 (- 1)n+1xr—k—n—l

oo
L n!(r—k—n—l)!/x yerody, k<u,

n=
and

r—k—1 (_l)n-l-lxr—k—n—]

o0
gV =) n,(r_k_n_l),/ Y'gPndy, p<k<r
n=0 . tJX

Also, let us note that if we do not impose any restriction on the weight w at 0 (i.e. we set u© = 0),
we get representations which do not contain integrals of the form f(f y"g"(y) dy. Similarly, if
we do not impose any restriction on w at infinity (i.e. we set v = r), we get representations
without integrals of the form || xoo y1gM () dy.

4. Inequalities for intermediate derivatives
In the proof of the characterization of the K -functional K (f, "), we use several inequalities

for the intermediate derivatives. The following inequalities are well-known (see e.g. [1, Ch. 2,
Theorem 5.6]):

= @ 18P ptasr = ¢ (I8l ptas + G = @ 18 pia) @.1)

for every g € er,[a, blandk =0,1,...,r,and

18¥ N0 = ¢ (gl + 187N 4.2)
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for every g € W;(]) and k = 0,1,...,r, where J = (—o0,o0) or J = (—o0,a) or J =
(a, 00), a € R. The constant ¢ in (4.1) and (4.2) depends only on r. Through the arguments used
in the proof of [8, Proposition 4.1] (see also [4, Lemma 1]) on the basis of (4.1) we establish

Proposition4.1. Let r € N, 1 < p < oo, w(x) = W), Voo; X) be defined in (1.8) with
Y0, Yoo € R and J be any of the intervals (0, a), (a, 00) or (0, 00), where a > 0. Then for
every g € ACZ’O_CI(J) such that g, x" g e L,(w)(J) we have

Iwx el = ¢ (I8l + 1w 8 llpn ) k=01,....m, 4.3)

where the constant ¢ depends only on yy, Yoo and r.

To establish the characterizations of K{, (f, t"), given in the Introduction we shall need several
improvements of the inequality of the last proposition with the first term on the right missing.
These inequalities are either consequences or modifications of Hardy’s inequalities.

For the proofs we set

n
V&1 ) = 2" /é Vg™ (y) dy (4.4)

form e Nyn e Ng,0 < &,np <ooand g € AC,’ZC_I(O, oo) provided that the integral is well
defined.

Proposition4.2. Let 1 < p <oo,r € N, j e Ny, j <r,a > 0and wx) = w(p, Voo, X)
be defined in (1.8). Let also g € AC;O_CI(O, 00) be such that g, x g € L ,(w)(0, 00). The
following assertions hold true:

@Ifyw<1l—r—1/p, then

8@l 0w < el ¢ 0w, k=0,....r = 1.
®) If yo <1=j—=1/p, v € Tj(p), j > 0, then

7 e® ooy < WX 8 p0.00yy k=0,...,j—1.
© If Yoo >—j—1/p, j <, then

1" 8 pace) < e ™ gV lpaoe), k=jooor =1,
(d) If v0, Voo > —j —1/p, j <7, then

1Ol 0.0 < clwx' s llpo.cer k=Joeeeir =1
The constant c is independent of g.

Proof. Letyp <1 —r — 1/p. By Theorem 3.4 with u = v =r wehavefork =0,...,r — 1

r—k—1 (_])nxrfnfl

X
IOESY Wk 1)!/0 V'8 (y)dy.

n=0

Now, since yp +r —n—1 < —1/pforn =0, ...,r — 1, Hardy’s inequality implies

”XyOl//r,n(O, 3 ')”p(O,a) = C||Xy0+rg(r)”p(0,a): k,n=0,...,r—1,

where ¥, , (0, x; x) is given by (4.4). Hence (a) follows.



1826 B.R. Draganov, K.G. Ivanov / Journal of Approximation Theory 162 (2010) 1805-1851

To prove (b) we get by Theorem 3.4 with u = v = j the representation

r—k—1 (_l)nxr—n—l

ey = 3 T S— /0 Y'g” () dy

n=r—j

1 (_1)n+1xr—n—l

> = g
n,(r

d

! r;)n!(r_k_n—l)!/); y'g"(y)dy

fork=0,...,j— 1. Since yV=*"""1 ¢ Ly(a,o0) forn >r — jandalsoyy <1—j—1/p,
we get by Holder’s inequality forn > r — j

X7V 0. @i )l pa.co) < ¢ 1x"8" 0w < 1x” 8 p0.0)- 4.5)
Since yoo +7 —n —1 < —1/p forn > r — j, Hardy’s inequality yields forn > r — j
17 Y (@, =5 Dl pacor < € 1" g7l pia,co)- (4.6)
Relations (4.5), (4.6) and Minkowski’s inequality imply forn > r — j

”Xyoollfr,n(O, 3 ')”p(a,oo) =< ”Xyocl/fr,n(ov a,; ')Hp(a,oo) + ||Xy°°1ﬁr,n(a, 3 ')”p(a,oo)
clwx" gl po.c0-

IA

Thus (b) is established for j = r. To finish the proof for j < r we also need to observe that, since
Yo+r—n—1>—1/pforn <r—j—1,j <r,Hardy’s inequality implies forn <r —j—1,
j<r,

X7 Y0 (-5 005 )l piaooy < € X7 & piaoo)-

Assertions (c) and (d) are established like (a) and (b) respectively using the representation
from Theorem 3.4 with v = j and withk > j. [

Combining inequalities given in the last proposition, we get:

Theorem 4.3. Let 1 < p <o0,i,j € No,r e N, i, j <rand w(x) = Wy, Yoo; X) be defined
in (1.8). We set

0 ifve Jdi(p),vs € 7j(p),j <i;

fr=1—-i—1/p, vo € Zj(p)U{l —j—1/phi>0,j=<i;
fvedip), vo=1—j—1/p,0<j =i
froedi(ppU{l —i—1/phvec € Tj(ppU{l —j—1/phi<].
If m <r, then for g € ACr_l(O, o0) such that g, x"g" € L, (w)(0, 0o) we have

loc

~ S~

Iwx*e® 10,000 < WX’ 87 p0,0cy, k=mm+1,...,r—1. 4.7
The constant c is independent of g.
Proof. If yp, Yoo > —max{i, j} — 1/p and i, j < r, then Proposition 4.2(c) and (d) imply
wx*e®lp0.000 < w87 llpo,00)s k= maxfi, j},....r =1, 4.8)
which verifies the assertion of the theorem in the following cases:

® 0, Voo € H(P);
ey=1—i—1/p,yooe Ti(p)U{l—j—-1/p},0<i<rj=<i
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¢ W€ TP Voo=1—j—1/p0<j<r;
e W€ Ji(pU{l—i—1/p}veo€ Ti(p)U{l—j—1/pli<j<r.

Next,if yo <1 —i —1/p, Yoo > —j — 1/p and j < i, then Proposition 4.2(a) and (c) with
r =i imply

Iwx“g®llp0.00) < clwx'8Vllp0.00)s k= joeenni =1, 4.9)
which together with (4.8) yields the assertion of the theorem in the cases:

i VOE%(P)J >07VOO€%([))’
<€ Ji(p)hvo=1—-j—-1/p,0<j<i.

Finally, if y9, Yoo < 1 —j—1/p, j > 0, then Proposition 4.2(a) and (b) with r = j =i imply

Iwx*g®llp0.00) < clwx’ el 0,00y, k=0,...,7—1, (4.10)

which verifies the theorem in the case Yy, Yoo € Z;(p). Inequalities (4.10) and (4.8) with
0 < i = j < r imply the theorem for Yy, Yoo € Z;(p), 0 < i < r; inequalities (4.10) and
(4.9) with i = r imply the theorem for yy € J7(p), voo € Z;(p), 0 < j < r; and inequalities
(4.10), (4.9) and (4.8) imply the theorem for yg € Z;(p), yoo € Zj(p),0 < j <i <.

Thus the proof is completed. [

Remark 4.4. Let us note that in terms of )y, Yoo the condition m = r is equivalent to Yy =
l—r—1/p,otyso=1—r—1/p,oryse <1 —1r—1/p < pp.

Remark 4.5. Theorem 4.3 is exact in the following sense. The inequality (4.7) is not true for
k = m — 1 provided that m # 0. Indeed, let ¢ € C*°(R) be a fixed function with support
in [1, 2]. For arbitrary § € (0, 1) we set g1 5(x) = x" '¢(x7%) and gr.5(x) = x" 1p(x%).
Let y € R be arbitrary. We observe that g; s, X’girg € Ly(w(l —m —1/p, y))(0, c0) and
82,85 X’ggg e L,w(y,1—m—1/p))(0, 00) for 1 < p < co. Moreover, we have

k —
Iw(d —m = 1/p. Vx e M p0.00 ~ 877, k=0,....m—1,

k _
Iw(t = m = 1/p. )% e Y poioey ~ 8717, k=m,....n,

k _
w1 —m—1/p)x* 8% lp0.0e) ~ 677, k=0,....m—1,

k _
Iwy. 1 —m=1/p)x* g% p0.00) ~ 877, k=m, ...
If yp or Yoo are in Jxc(p), then gy s or g2, 5, respectively, with 8 — 0 provides a counterexample
to (4.7) with k = m — 1. A counterexample in the remaining cases with m > 0, which are
described by yo > 1 —m — 1/p, Yoo € (), is provided by g = x™ L.

Remark 4.6. In view of Theorem 4.3 and Remark 4.5 we can decrease the order of the derivative
k (starting from r — 1) in (4.7) until three conditions: Xk & L,(w)(0,00), o +k # —1/p
and Yoo + kK # —1/p are satisfied. In all the cases considered in Theorem 4.3 we have
-1 NLy(W)(0,00) Crp_rand yo +k, yoo +k #—1/pk=m,...,r — 1.

Remark 4.7. Let us observe that if 9 < yo, then Theorem 4.3 follows from the assertion for
Y0 = Yoo, established in [8, Corollary 4.2], because in this case we have w ~ max{x ", x>~}
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Now, we proceed to the analogue of Proposition 4.2 and Theorem 4.3 in the case when there
exist monomials x* with k € {m,...,r — 1} in L,(w)(0, 00).

Proposition 4.8. Let 1 < p <o0,i € Ny, j,r eNasi < j<r,a >0, wkx) =w©Ho, Yoo; X)
be defined in (1.8) and the linear operator Z; j_ given by (1. 10) satisfy conditions (i)—(ii).
We set & = min{a, o} and B = max{a, B}. Let also g € ACloc (0, 00) be such that g, x" g™
€ L,(w)(0, 00). The following assertions hold true:

@ If o€ Ji(p)and yoo > —j — 1/p, j <, then

X" (e = % j-10Plp0a < cIWx" gV p0o00s k=0,...,r = 1.
®) If vo € i (p), then
X8 = Zir 10V lp0w = I8 o5, k=0....r =1

(© If yoo € T (p), then

X7+ (g = Z0,j-18© lp@oor < x> ¢V p@ooy, k=0,....r =1
WIfv<1l—-i—1/pi>0 and y € Tj(p), then

x> (g = Z.j-18“ lpacor < cIwx" ¢ lpo.ocy k=0,.or = 1.
© If o € Ji(p) and y € T;(p), then

Iwx*(s = Z.j-19 Pl p0.00) < Wk 8V lp0.00)s k=0,...r = 1.
The constant c is independent of g.

Remark 4.9. Note that in the hypotheses of items (a), (d) and (e) above we have mw,_1 N
L,(w)(0, 00) C 7; j—1; in the hypothesis of (b) we have 7,1 N L, (x")(0, B) = i r—1; and in
the hypothesis of (c) we have ,_1 N L, (x">*)(a, 00) = mo, j—1 (cf. Remark 1.8). Consequently,
by property (ii) of .Z; ;1 the left-hand side of each of the inequalities above is 0 whenever g is
a polynomial of degree less than » which belongs to the respective weighted L ,-space.

Proof of Proposition 4.8. Proposition 4.1 implies that it is sufficient to prove the assertions only
for k = 0. Each of the hypotheses of (a)—(e) imply yp < 1—i—1/pfori > O0and yoo > —j—1/p
for j < r. Then by Theorem 3.4 with u =i, v = j, k = 0, and property (ii) of £ ;_1 we get

—%j-18 = Rg — % j—1(Ry), .11
where
r—1 r—n—1
— (D" ARG
(Rg)(x)—n;n!(r_n_l),fo Y'g" () dy

r—i— ]( )™ n—1 x )
n r d
+ Xr:]n,(r_n 1),/ "8 () dy

n

XJ: M/ g(i’)(y)dy'
Ir —n—1)!

n=0
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First we shall prove (a) and (b). Since yy € 7;(p) we get by Hardy’s inequalities that
X %rn (0, <5 Il po gy <X 8N 05, n=r—i i>0, (4.12)
I Yrn(a, s 0.5 <cllx?el 05, n<r—i-1, (4.13)
where the functions ., are deﬁned_in 4.4).
Next, since "0t —"~1 ¢ Ly0,B)forn <r—j—1landalsoys > —j—1/pforj <rwe
get by Holder’s inequality
X7 Wrn(a, 00 )l o) < X8 pacey, n<r—j—1,j<r (4.14)
Relations (4.13) and (4.14) imply

X7 Wrn (-, 005 M pop) < Wx’ 8 po.oey, n<r—j—1,j<r (4.15)
Now, inequalities (4.12), (4.13) and (4.15) imply

X" Rel 05y < cwx" eV lpo.00)s  J < (4.16)
and (4.12) and (4.13) imply

X7 Rgl p0.5) < X ¢ p0.5yr J=r- (4.17)
Further, using property (i) of .%; ;_; and Holder’s inequality we get

X2 ;-1 (R p0,a) < clIRgl1@.p) = IRglp(.p) = IX""Rgll 10, 5)- (4.18)

Now, relations (4.11), (4.18) and (4.16) imply (a), and (4.11) and (4.18) and (4.17) imply (b).
Assertions (¢) and (d) follow from (4.11) and the estimates

17V (0, 5 Ml p@.coy < cllwx 8" lpo.oc). n=r—ii >0,

X7 Yrn (@, llp@ooy < cllx”™ 8 N p@oey. n=r—j
X7 Yrn (-, 005 @) < cllx?* gV p@oey. n<r—j—1,j<r
X7 % i—1(R) l pa,00) < € X" REl p(@,o0)s

which are verified as above.
Finally, assertion (e) follows directly from (a)—(d). O

5. A characterization of K/, (f, t"), by the unweighted fixed-step moduli of smoothness

Let J € R be an open interval. Forr € N, FF € L,(J) and t > 0 we denote the unweighted
K -functional by

K" (F. 1) ps) = inf{||F — Gllpy + 171G psy : G € ACH(J)} .

loc
For r = 0 we set K°(F, to)p(J) = || F|lp(J)- As is known (see e.g. [1, Ch. 6, Theorem 2.4])

K"(F, 1) pyy ~ @r (F, 1) p(sy- (5.1)

We shall also need the following characterization of another K-functional, which is a simple
modification of the one above.
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Lemma5.1. Forr e N, 1 < p < 00,0 <t < tg, anopeninterval ] CRand F € L,(J) there
holds

loc

inf{||F — Glpy + NG py + 111G 1 pisy 1 G € Ac’—l(J)}

~ @ (F, 1) iy + 1" 1 (F, 1)y

The assertion of this lemma can be established as in [8, Lemma 5.2].

We shall prove the upper and lower estimates of the K-functional K, (f,t"), separately as
for each of them it is necessary to distinguish between two main cases: j < i andi < j, where
i, j are determined by .7;(p) > yo and J;(p) 3 Veo. According to Remark 1.8 the trivial class
mr—1 N L,(w)(0, 00) of the K-functional K, (f, "), is {0} for j < i, whereas fori < j itis

i, j—1 7 {0}.
5.1. Upper estimates

The following theorem establishes the upper estimate of K{,(f,t"), by the unweighted K-
functionals. Although it is valid for all real yyp, Yoo, it Will be used in the case yp, Yoo F#

l—r—1/p,...,—1/p.

Theorem 5.2. Letr e N, 1 < p <00, 1y > 0, wx) = W0, Yoo; X) be defined in (1.8) with
Y0: Yoo € R. Then for f € L,(W)(0,00), ¢ € w1 N Lp(w)(0,00), F = (x"/PW(f —¢q)) o &
and 0 < t < tg there holds

KL(f. 1)y <c (K'(F, 1) pw) + 17 I Fll pw)) -

Proof. First, let us observe that since K, (f,t"), = K[, (f —¢q,1")p, itis enough to establish the
theorem with g = 0.

In all the proofs in this section we follow a standard K -functional argument: in order to prove
the assertion of the theorem, it is enough to show that for every function G € AC;O_Cl (R) such

that G, G e L ,(R) there exists a function g € AC ! (0, 00) such that

loc

IW(f = Dlpo,00) < cIF = Gllpmwy (5.2)

and
Iwx" 80,000 = ¢ (I1Gp + 16l p)) - (5:3)

Indeed, from (5.2) and (5.3) we get for every # such that 0 < ¢t < fpand G € ACr_l(]R) such

loc
that G, G") € L ,(R) the estimate
KL(f 1) < IW(E = @) lp0,00) + 17 I1wx" g1 po0,00)

¢ (IF = Gllpa + 116 @y + 1" I Fllp@)) -

IA

IA

Taking the infimum on G in the above inequality we get the assertion of the theorem.
Let G € AC) ' (R) be such that G, G € L,(R). We set g = x~'/Pw=1(G o log) =

W=l o log, where W = (x 1/Pw) o &. Then by a change of the variable we see that (5.2) is
valid as an equality with ¢ = 1.
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To prove (5.3) we write
—1
wx"g” 1l p0,000 = IWx" (W™'G) 0102)” [ p(0,00)

.
wY m (WG olog

=1 p(0.00)
,
<) IWW OOl m (5.4)
(=1
with appropriate integers 1, ¢. To estimate |W(W~1G)®)|| p@® for £ =1, ..., r we first apply

the Leibniz rule and get

L —k X n
-1 © _ -l © (k)
W (x)Gx)™ =W (x) ]; |: Obe,k,n <1 m ex> :| G™(x)

n=
with some numbers by k. n = be x.n (Yo + 1/P, Yoo + 1/p). Next we only need to observe that
S (155)
be kn ( ) <c¢, xé€R,
= 1+e*

anduse (4.2)togetfor =1,...,r

4
WO O llpm < ¢ 316w < e (1G1@ + 167 1,m) - (5.5)
k=0

Inequalities (5.4) and (5.5) imply (5.3) and complete the proof. [
To solve the cases when one or both of the y’s belong to 7. (p), we treat the singularities

separately by splitting the interval (0, oo). For J an interval of the type (0, a) or (a, 0o0) with
0<a<ooandy € R we set

Koy (fot)py = K(fot"s Lp(x")()), AC) ! x" D")
- inf{llxy(f —lpwy + I D gllp) g € AC;O_CI(J)} .

According to [7, Lemma 7.1] (see also [1, Ch. 6, Lemma 2.3]) for A > 1, every f € Ly(w)
(0, 00) and 0 < ¢ < 1y there holds

Ky(f 1) p ~ Kl (f 1) p0,4) + Koo (fs 1) p(1/4,00)- (5.6)

Theorem 5.3. Letr e N, 1 < p <00,a,tp > 0,0 <1t < 1y, wx) = WY, Yoo; X) be defined
in (1.8) with yo, Yoo € R. For f € L,(w)(0, 00) we set Fo = (" VP (f —qo)) o & and Fx =
(x> TVP(f = goo)) 0 &, where go € mr—1 N Lp(x7°)(0, 1) and goo € 7—1 N Lp(x?*)(1, 00)
are arbitrary. Let Ly = 1 if yg € Toxc(p), and £y = 0 otherwise. Let oo = 1 if Yoo € Toxc(p),
and Lo, = 0 otherwise. Then we have

KL (fit")p < ¢ (K" (Fo, ") p(—oo,a) + 1" 0K (Fo, 1) p (o0,
+ K" (Foos 1) p(easo0) + 17K (Foo, 1°°) p(—aro0))-



1832 B.R. Draganov, K.G. Ivanov / Journal of Approximation Theory 162 (2010) 1805-1851
Proof. Let A = e > 1. In view of (5.6), K7y, (f.t")p0.a) = K} (f = q0.1")p(0.4) and
K)’(Voo (fit)p/a,00) = K)’(yoo (f = goo» ") p(1/4,00), it is enough to prove the inequalities

Ko (f:17)p0,4) < € (K7 (Fo, 1) p(-oo,a) + 17O KO (Fo, 1) p—00,)) (5.7)
with Fy = ("7 f) o & and

Koo (Fo ) p1/a00) < € (K (Foor ) p—asoe) + 17K (Foo 1) pcace))  (5.8)

with Foo = (x7>TV/? f) o &. The proofs of (5.7) and (5.8) are quite similar and we shall give
only that of the former.

For every G € ACZOC (=00, a) such that G, G € L ,(—00,a) weset g = x "~ /P(G o
log). Just as in the proof of Theorem 5.2, the inequality (5.7) with £o = 0 follows for an arbitrary
real yp from the relations

X7 (f = &lp©.4) = I1Fo — Gl p(—c0.a) (5.9

and
104 = ¢ (161 oo + 16V I

which are verified as in the proof of Theorem 5.2.
Letyg = —i—1/p,wherei € Ngandi < r. In view of Lemma 5.1 and the equivalence (5.1),
relation (5.7) with £y = 1 follows from (5.9) and

1 0.4 = ¢ (16 poc.a + 16 pi-co) -

To verify the inequality above let us observe that » —i > 1 and we actually have with appropriate
integers my j

X" g 0,40 = IxYPx" ™ (x'(G 0102) | p0,4)

P ()— LG olog)®
Z (e X (Goloe) o
p

—1/[7 - (k)
Z() g_r)'ngkG olog

,
c Z fol/p G® o logH
k=1

p(0,4)

IA

p(0,4)

;
¢ > NGP pooay <€ (||G/||p<foo,a> 16 poon)) -
k=1

where at the last step we have applied (4.2). [

Remark 5.4. Let us note that actually (5.7) and (5.8) hold with £y = 0 for any yy € R and/or
£ = 0 for any y, € R. In particular, for any yp, ¥ € R we have
K\fv(fv tr)p <c (Kr(FOa tr)p(foo,a) + tr”FO”p(foo,a)
+ Kr(F007 tr)p(—a,oo) + tr||Foo||p(—a,oo))~
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5.2. Lower estimates

In the proof of the lower estimates of K|, (f, "), by unweighted K -functionals, we shall use
the following assertion, which is verified directly.

Proposition 5.5. Let the linear operator £ j_1 be defined by (1.10) and satisfy condition (i)
and let m; j_1 C L,(w)(0, 00). Then Z; j_1 : L,,(W)(0, 00) — L,(w)(0, 00) is bounded.

We also need a combinatorial identity, which follows from Vandermonde’s convolution
formula (see [10, Ch. 1, (5¢)]). For the sake of completeness we give its short proof.

Lemma 5.6. Let n,m € N. Then

min{n,m}
m—k (M) (M +m—k—-1!
Z =D (k) (n —k)! N

k=0

Proof. The identity follows from

0= (x"xm)™ i( ) ) m=D) (m)®

k=0
R () [ et ) [ ]
i (n—1)! (n —k)!
. min{n,m} I m+m—k—1!

First, we shall prove the lower estimate of K, (f, t"), by means of unweighted K -functionals
for Y05 Yoo g %xc(p)

Theorem 5.7. Letr e N, 1 < p < 00, 1y > 0, w(x) = W(x; Y0, Yoo) be defined in (1.8) with
Y0 € Zi(P), Yoo € Tj(p). For f € L,(w)(0, 00) we set

F=u""w(f—% 1) o8,

where £, j_1 is given by (1.10) and satisfies conditions (i) and (ii). Then for £ =0, 1, ..., r and
0 < t < tgy there holds

T KN Yy < c KL (f 1))
Proof. We follow the standard K -functional argument used in the proof of Theorem 5.2. Let

g€ AC;; 1(0,00) and g, x" g™ € L,(w)(0,00). We set G = (x'/Pw(g — % j-18)) o &.
Let j <i.Then % ;_; = 0 by definition. First, just by a change of the variable we get

[F = Glly® = IW(f = &)l pw©,00)- (5.10)
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Next, for £ = 1,2, ..., r we have with some integers ng

L
16y = 10 P wg) 0 )l = | nexé® (M Pwe)® o &)
k=1

p[R)
£
<c ) I Pwe) O po.0o)
k=1
= ¢ (Iwgllpo.c0r + 177G Pw) D llp0.00)) (5.11)

where at the last step we have used Proposition 4.1 with J = (0, 00). Inequality (5.11) is also true
for £ = 0 in view of (5.10) with f = F = 0. To estimate the term ||X’_1/p(xl/pwg)(’)np(o,oo)
we apply the Leibniz rule to get

r r—k r—k—n
PN Pw () g () = wix) Y [Z di (1 fr x) } Fg®(x)

k=0 Ln=0
with some numbers di , = di.n (Yo + 1/p, Yoo + 1/p). Next, since

% X r—k—n
()
= 1 +x

we get by means of Proposition 4.1 with J = (0, co)

<c

— &

x>0,

r
PG Pwe) .00y < €Y 1wk 8@l p0.00)
k=0

< c(Iwgllp.00) + 1Wx" 8”1l p0.00))- (5.12)
Theorem 4.3 implies
Iwgll po.00) < ¢ IWx" 8"l p(0.00)»
which together with (5.11) and (5.12) gives the inequalities
IGON,®) < clwx g llpo,00), €=0,1,....7. (5.13)
Finally, (5.10) and (5.13) imply for £ =0, 1,...,rand 0 <t <ty
KT (F Y pw) < 7 F = Gllpm + 1G9 ,@)

IA

¢ (IWC = @) lp0.0o + 1 1Wx 8 lp0.00))

which proves the theorem in the case j < i by taking the infimum over g.
To establish the assertion for i < j, we, first, observe that Proposition 5.5 implies

IF—Gllpyw) < IW(f =& po.,00) +IIWZL: j—1(f — & p0,00)
cllw(f — &l p©,00)-

Next, we establish the estimates

INIA

1G QN p@) < cllwx"g"lpo.o. €=0.1.....r,

just in the same way as in the proof of the first part as we replace g with ¢ — .7} ;_1g and use
Proposition 4.8(e) instead of Theorem 4.3. [
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To treat the cases when one or both of the y’s belong to the set Z,..(p), we shall prove several
lower estimates, which correspond to the terms in the upper estimate of Theorem 5.3.

Theorem 58. Let r € N, i,j €e No,i,j <r,1 < p <00, a,/p > 0,0 <t < 19
w(x) = W0, Yoo: X) be defined in (1.8) with yy, Y~ € R. For f € L,(w)(0,00) we set
Fo= (x"TYP fyo & and Fao = (x7>FV/P f) 0 & We have:

(a) For yo € J;(p) and either yso > —i — 1/p,i <r or Yoo € R, i = r there holds
1" KN (Fo, t9) peooa) < cKL(fitD)p, £=0,1,...,r;

(b) Foryp =1—i—1/p,i > 0and either Yoo > —i —1/p,i <7 or Yoo € R, i = r there holds
1" K (Fou t9) pcooa) < CKE(fitD)p, £=1,...,7;

(¢) For yoo € J;(p) and either yo € R, j =00ryy <1—j —1/p, j > 0 there holds
1" K (Foos 1) pcaoo)y < €KL (fi 1)y, €=0,1,...,7;

(d) For yoo = —j — 1/p, j < randeither ygp € R, j =00ry)s <1—j—1/p,j > 0 there
holds

" K (Foor 1) pcaroe) < KL (fit)p, €=1,...,7.
Proof. We follow the method used in the proof of the previous theorem. For the proof of (a) and

(b)weset G = (x"+1/Pg)o&, where g € AC,’;CI(O, o0) is such that g, x" g € L,(w)(0, 00).
First, by a change of the variable we get

1Fo — Gllp(—o0.a) < ¢ IW(f — &l p(0.00)- (5.14)
Assertion (a) follows from (5.14) and
1GN p—coa) < Wi 8" N p0.0c), £=0,1,...,1. (5.15)
To prove (5.15), we first get, as in the proof of (5.11)—(5.12),

1GONpoom < e (X 8lp0.a) + X8V lp0.a).  €=0.1.....r, (.16

where A = e“. The inequality

Ix"gllpo.4) < ¢ lx" gDl p0.a) (5.17)

is trivial for i = 0 and follows for i = 1, ..., r from Proposition 4.2(a) with k = 0, r =i
because in this case yp < 1 —i — 1/p. Consequently, if i = r, (5.16) and (5.17) imply (5.15) for
yo <1 —r —1/p and any real ys.
Ifi < r, we use Proposition 4.2(d) with k = j =i to get for yp, Yoo > —i — 1/p
1 8D p0.0) < clwx” g p0.00)5

which together with (5.17) yields

Ix7 gl p0.4) < ¢ Iwx" g™ 1l (0,00

and hence by (5.16) we get (5.15) for i < r as well. Thus the proof of assertion (a) is completed.
Assertion (b) follows from (5.14) and

16PN p—coa) = WX 8 p0.ocys €= 1oeour: ©-15)
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To establish the above inequalities, we get for £ = 1,2, ..., r as in the proof of (5.11)

16  p(-o0,) < € (||x1—1/f’(x1—"g>’||p<o,A> + ||xf—”f’(x1—fg)<”||p<o,A)) . (519

Note that if » = 1, then i = 1 and the last inequality implies directly (5.18) for £ = r = 1 and

any real Y. So let us assume that r > 1.
Ifi <r,then yy, yoo > —i — 1/p and Proposition 4.2(d) with j = i implies

g Ol p0.0) < cIwx" 8 po.oe) k=1isoor =1 (5:20)
Hence we get (5.18) fori = 1. Fori > 1 the Leibniz rule gives form =1,...,r
AP (1 g )
xl-i=1/p m
= Z( 1y "( )(z tm—k—2)xkg®(x). (5.21)

In view of (5.19)—(5.21) to establish (5.18) with yy = 1 —i — 1/p, it is enough to prove the
inequality

min{i —1,m}

Xl—i—l/p Z ( l)m k( )(l +m k 2)’ k (k)
k=0 p(0,4)
<clx" 7 po.a) (5.22)
form =1, ..., r. To accomplish this we apply Theorem 3.4 withyu =i —1>0andr =v =1
to getfork =0, ...,i — 1 the representation

l 1 i—1 x
ko) (y — oD X @)
x'gPx) =g (a)( y— (i_k_l)!/a g (y)dy

i—k—

+ kZ] (_l)n.xlinil /x n (l)( )d
Wi—k—n—1n), 7 &8 VY

n=1
xi-1 i—k—1 n,i—n—1 X
2D (=D"x / "o (v)d
) ey +;n!(i—k—n—l)! ey,
Now, taking into consideration Lemma 5.6 withn =i — 1, we getform =1,...,r
) min{i —1,m}
N () G m =k =2 W)
k=0
i—1 X .
:Zpi—l,m,nx_n_l/p/ Y'g® () dy,
n=1 0
where
,0' — min{iiflym}(_l)m-‘rn—k <m) (l +m - k - 1)'
e = k/) nlii—k—n)
i - D!
= (— 1)m+n w (5.23)
n—1 n!

as the last equality follows from [10, Ch. 1, (5a)]. Finally, Hardy’s inequality implies (5.22).
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Fori = r, (5.18) follows from (5.19), (5.21) and (5.22), and, consequently, no restrictions are
imposed on Y. Thus the proof of (b) is completed.
For the proof of (¢) and (d) we set G = (x?>*1/Pg) o &, where g € AC’fl(O, o0) is such

loc
that g, x"g" € L,(w)(0, 00).
Just as above we get

[ Foo — Glip(—a,00) = ¢ IW(f = &)l p0,00)- (5.24)
Assertion (c) follows from (5.24) and the inequalities
16 p—ooa) < cIwx" 8" Ip.oey.  €=0.1.....7
They are verified as in the proof of (a) as the estimate
17> gllp1/a.00 < € Iwx" g llpo.00)

follows in the case j = 0 from Proposition 4.2(c) with k = j = 0 and hence no restrictions on
yp are imposed, and in the case j > 0 from Proposition 4.2(b) with k = 0.
Assertion (d) follows from (5.24) and

16D p-ac0) < clWx" 87 p0cys €= 1,-0eur (5:25)

To prove the last inequalities we get as in the proof of (5.11)

1G9 pacer = ¢ (1072078 p17.00 + 1 ™G lpa/a00) - (5:26)
If r =1, then j = 0 and (5.26) directly implies (5.25) for ¢ = r = 1 and any yy € R.
Let r > 1. The inequality
7 O lpasace) < ™8 lpasace. k=j+1....r (5.27)
is trivial for k = r and for k = j 4+ 1,...,r — 1 (and hence j < r — 1) follows from
Proposition 4.2(c) with j 4 1 instead of j since Yoo > —j — 1 —1/p. From (5.26) and (5.27) we
get (5.25) for j = 0 and any real yy. For j > 0 by the Leibniz rule we have form = 1,...,r

. —j=1/p 1
FP T g (e = T 3 1y (m) G+m—k—1)xe®x). (5.28)
(J—D!' & k

Now, in view of (5.26)—(5.28) to establish (5.25) it is enough to prove

min{j,m}

i (M .
xS () G m = k= e ®
k=0 p(1/A,00)
<clwx gMpooy, m=1,....m, (5.29)

with 1 < j < r. To do this we apply Theorem 3.4 witha = /A, u = jandv=j+1<rto
getfork =0, ..., j the representation

J -
©*g® (x) = (0g)(x) ——— + (Reg) (x).
(j —k)!
where
r—l 4 r—j—1 X
A O a o D / r—j=1,r)

— _ + d 5.30

(08)(x) ;@_D!g WD+ ooy )y, (5.30)
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and

r—k—1 (_anr—n—l

(Rig) (x) = Z nl(r—k—n—1)!

n=r—j

X
/ y'g" () dy
0

2 (_1)n+1xr7n71

r—j— 00 "
n r

dy.

+ n;) n!(r_k_n_l)!/x ¥ (y)dy

Using the representations above and taking into account Lemma 5.6 with n = j, we get

min{;.m}

—j—1/ _ym—k (VY . k (k)
x—i=1p kzz;) (—1) (k)(]—i—m k= 1)1 xFg® (x)

r—1 . X
=) p},m,nx"-""_l_””fo "8 () dy

n=r—j
r—j—2 - 0
+ P}/,m,nxr_’_”_l_””f y'g" () dy, (5.31)
n=0 X
where
min{r—n—1,m} .
p;mn = Z (_1)m+n—k (I’I’l) (G+m—k—1)!
=0 k) nlr —k—n— 1)
. _ .
B (_1)m+n<J+m+n r)( ’ > (5.32)
n r—n-—1
min{j,m} .
- (G+m—k—-1)!
/,/ — _1 m+n—k+1 <m> ’ 533
£imn Z =D k) n\(r —k —n—1)! (5.33)

k=0
as to calculate p},m,n we again used [10, Ch. 1, (5a)].
Since x" /7"~ 1=1/P € L,(1/A, 00) forn > r — jand also yp < 1 — j — 1/p, we get by
Hoélder’s inequality
X7 Y0 (0, 1/A5 )l p1/4,00) < € ||Xy0+rg(r)”p(0,1/A)a n>r—j (5.34)
where v, , is defined in (4.4).
By Hardy’s inequalities we get
X7 Yrn(1/A, 5 ) psace) < x> e N pa/a00), n=r—J, (5.35)
and
17 Yrn (-, 003 )llpi/a.c0) < x> e pajace), n<r—j—2. (5.36)

Inequalities (5.34) and (5.35) imply

7V (0, 5 )l pa.s0) < € IWx" 8 Ip.oc), 0 =7 — . (5.37)
Finally, (5.31), (5.37) and (5.36) imply (5.29). This completes the proof of assertion (d).
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Remark 5.9. If y /=g, x"/=1g" e L(1, 00), then we have by Lemma 3.3(b) and (3.9)
(= < i
Q00 = = [y
(r—Jj—=DtJs
for Qg given in (5.30). The above condition does not follow from the hypotheses of Theo-
rem 5.8(d) when p > 1.

Theorem 5.10. Letr,j e N,i e No,i < j <r,1 <p <o0,a,tp >0,0 <t < tyand
w(x) = W(Y0, Voo; X) be defined in (1.8) with vy, yoo € R. For f € L,(w)(0, 00) we set

Fo=(x"TVP(f = Zi1f) o0& and Foeo= (x"TVP(f — L i1f)) 08,
where £, ;1 is given by (1.10).

(a) Let £, j—1 satisfy conditions (i) and (ii). Then for yy € J;(p) and either yoo > —j — 1/p,
j <rorysx €R, j=rthere holds

" K (Fo, t9) pmooa) < ¢ KL(fit")p, £=0,1,...,r.

(b) Let Z; ;1 satisfy conditions (i)—(iii). Then for yo = 1 —i — 1/p, i > 0, and either
Yoo > —j—1/p, j <rorysx €R, j=rthere holds

" K (Fo, t9) pcooa) < cKL(fitD)p, £=1,...,7.

(c) Let £ j_1 satisfy conditions (i) and (ii). Then for yoo € J;(p) and either yp € R, i = 0 or
yvo<1—i—1/p,i > 0there holds

1" K (Foos 1) p(caoo) < ¢ KL (fi 1)y, €=0,1,...,7.

(d) Let £ j—1 satisfy conditions (i), (ii) and (iv). Then for yoo = —j — 1/p, j < r, and either
welR i=00ry<1—i—1/p,i> 0there holds

" K (Foos 1) p(caoe)y < ¢ KL (1), €=1,...,r.

Proof. Let g € AC"I(O, 00) be such that g, x"g") L,(w)(0,00). Wesetg =g — % j_18.

loc
Let us note that §®) = g® fork > jand g, x" g € L ,(w)(0, 00).
For the proof of assertions (a) and (b) we set G = (x v+1/p g) o &. First, by a change of the
variable and Proposition 5.5 we get

1Fo — Gllp(—o0.a) = ¢ IW(f — &Il p(0.00)- (5.38)
Assertion (a) follows from (5.38) and

16 N p—coa) < cIWx" g po.crs €=0,1,....r (5.39)
By (5.16) we have

16Ol p oo = e UXElp0.a) + X8V lp0.a).  €=0.1....m, (5.40)

where A = e?. Next, respectively by Proposition 4.8(a) and Proposition 4.8(b) with k = 0 we
have

X781 0.4 < clwx gl po.00)s  J <1, (5.41)

Ix7°&llpo,4) < clx™ &0, J=r (5.42)



1840 B.R. Draganov, K.G. Ivanov / Journal of Approximation Theory 162 (2010) 1805-1851

where B = max{A, 8}. Now, (5.40)—(5.42) imply (5.39). Note that for j = r, (5.39) follows
from (5.40) and (5.42) and hence no restrictions are imposed on Y.
Assertion (b) follows from (5.38) and

IGO p—oo.a) < € IWx" 8 p0.00), €= 1.....r, (5.43)
which are verified just similarly as (5.18). Indeed, by (5.19) we have

1G9 poer = ¢ (X207 @ po.m + 1 PG DV lp0,) . (544)
where A = e“. By (5.21) there holds form =1, ..., r

AP O g ()

l —i—1/p m
- = 2)v Z( D™ k( >(’ +m—k—-2)!x g(k)(x) (5.45)
Next, by (5.22) we have the estimate
min{i—1,m}
Xl*l.*l/p Z ( 1)m k ( ) (l +m k 2)| k=~ (k)
k=0 p(0,A)
<clx"VPg 0.0, m=1,....r. (5.46)

Further, by Theorem 3.4 withyu =i — landr =v = j wehavefork =0,...,j — 1

Jj—1 n

k() ry _ X .
x"gW(x) = Z mb],n(é’a A)

n=max{i—1,k}

J—k—1 n,j—n—1 X
(=1D)"x/ j
+ > — /Oy"g(-’)(y)dy

M O nl(j—k—n-—1)!

j—max{i—1,k}—1 (_anj_n_] N .
g () dy. 5.47
T ;;) n!(j—k—n_l)g/Ayg (y)dy (5.47)

Using this formula with k¢ = 0 and properties (ii) and (iii) of .Z; ;_1 we get

Jj=1 _n
X _
(L)) =)~ bjn(g, A) + (L 1 R (),
n=i
where we have set
j—1

_ . 1)ty -1 X )
R =y ST /0 ¥189 () dy
n=j

el nl(j—n—1)!

J—i n n—1 X
(=D / " ()
+ dy.
> WG —n_n1/, 7% (y)dy

n=0
Hence fork =i,..., j — 1 we have
L N Uil S Jj=1 _ %"
L i = —— b; LA Rg)————.
ML 0P ) ;(n_k)! jn(8 )+n;an< O
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From (5.47) and the last relation we getfork =i,...,j — 1
J—k—1 n.j—n—1 x Jj—1 n
—1)"x/ : - nlx
kg® (x) = ( ne(y)dy — Rg)———. (548
dehw =3 e [ e SR 649
Hardy’s inequality implies forn < j —i — 1
X7 % (A =5 Dl po.a) < € lx”H g9 p0,4). (5.49)

where v/} , is defined in (4.4). By property (i) of . ;_; and Holder’s inequality we have

lan(R)] < IRl < ¢ IRlloot@p) < ¢ 1™ 8V 0.5)- (5.50)
where 8 = max{A, B}.
Relations (5.48)—(5.50) imply
I8 0.8 < X e 0.5, k=ir..ii—1. (5.51)

Now, if j = r, (5.44)—(5.46) and (5.51) imply (5.43) for any y~. For j < r we have yy,
Yoo > —j — 1/p and hence Proposition 4.2(d) with k = j gives

V0+kg(k) I

llx 05 <clwx gl po.00y, k=jo.ooir—1. (5.52)
p(0,B8)

Relations (5.44)—(5.46), (5.51) and (5.52) imply (5.43) for j < r.
For the proof of assertions (c) and (d) we set G = (x"*+1/Pg) o &. Just as above we get

[ Foo — Glip(—a,00) = ¢ IW(f = &)l p0,00)- (5.53)
Assertion (c) follows from (5.53) and
16 p—ace) < cIwx" 8" Ip.oey €=0.1.....7
They are verified as in the proof of assertion (a) as the estimates
1x7>&llpasac0) < cIx"** 8 p@oo), i =0,
1x7*&llp/a.00) < ¢ Iwx" 8" po.0c) >0,

where @ = min{1/A, a}, follow respectively from Proposition 4.8(c) and Proposition 4.8(d) with
k = 0. Note that in the case i = 0 no restrictions are imposed on y.
Assertion (d) follows from (5.53) and

IGON pcarcr) < cWx 8l po.oys £=1,...,1.

Following the proof of Theorem 5.8(d) with g instead of g in (5.26)—(5.28) we see that for the
validity of the above inequalities it is enough to prove the estimates

min{/,m}

. m -
PR e (k ) G m =k =Dl xkg®
k=0 p(1/A,00)
<clwx g lpooey. m=1,....r (5.54)

withl < j <r.
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By Theorem 3.4 with u =i andv = j + 1l wehavefork =0, ...,

n

J
g® ) = Z o oy (8 1/A)
—k— n,.r—n—I1 X
(—=D)"x no(r)
:Z P —n—1)!/0 Y8 () dy

r—max{i,k}—1 n,r—n—1 X
(—1)x
+ D L, ey

nl(r—k—n-—1)!

r—j—2 n+1,.r—n—1 00
(=D""x
+ ) Y'g" (y)dy.
n= X

5 nl(r—k—n-—1)!
By means of this formula for k = 0 and properties (ii) and (iv) of .%; ;_1, we get

j=1 _n
(Z1j-19)() = ) = b8, 1/A) + (L1 Re) ),

n=i

where we have set

. r—1 _1)tyr—n—1 x
(Rg)(x) = Z h/(; Y'g"(y)dy

r—i—1 —n—1 X
Ly e
- d
+ Z T R () dy

XJ: M/wyng(r)(y)dy_
= r —n— 1!

Hence for k = 0, ..., j there holds

k k & x" i . onlx"
H LW = Y Db A+ Y an(Re)——
n=max{i, k}( =k n=maxli,k} (n —&)!
Consequently, we have fork =0, ..., j
k=) j . Jj—1 nlx"
0 = Qo0 _k),+<ng><x>— D mRe)
n=max{i,k}
where Qg is defined in (5.30) and
r—k—1 —n—1 X
. (_l)nxr n /
R = n () d
(Reg) (x) _Z_n!(r_k_n_l)! P dy
n=r—i
r—max{i,k} n,r—n—I1 X
(=D"x / "o
d
+ n:Z_j P — R () dy

r
r—j=2 n+1,.r—n—1 00
(=" x
> , / Y'e" (y)dy.
= nlr—k—n—-—10"J,
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Hence, taking into consideration also Lemma 5.6 with n = j, we get

min{j,m}

X~V ,; (—1ymk ('Z)(Hm—k—l)!x"g(")(x)

r—1 X
= p},m,nxrfff”’lfl“”/o "8 (y) dy

n=r—i

r—i—1

X
+ > P},m,nxr_’_"_l_””f]/Ay"g(’)(y)dy

n=r—j

r—j—2 ) 00
+ Z p}/’m’nxrfjfnflfl/p / yng(r) (y) dy
n=0 x

j—1
+ Z £ an(RE) X" (5.55)
n=i
where p;mn and ,0;/ m.n are given in (5.32) and (5.33), respectively, and
p/.// B n‘mln{anM}(_l)m_k <m> (GG+m—k—1)!
Jm.n ’ = k (n—k)!
j —n—DI(G =D
=(—1)’”(]+m. =D ), (5.56)
(j—n—-1!
as to calculate p;.”m , we used [10, Ch. 1, (5¢)].
Let us observe that (5.35) and (5.36) are valid. Next, as in the proof of (5.34), we get
X7 Y0 (0, 1/A; )l p1/4,00) < € ”XyOJrrg(r)”p(O,l/A)» n>r—i i>0,
which together with (5.35) implies
X700, lpi/a.00) < € lwx" 8" N p.0c), 1 =7 —i i >0. (5.57)

Further, property (i) of .%; ;_1, and the inequalities of Minkowski and Hélder imply for n =
iyo..,j—1
lan(R9)| < ¢ Rgliw.py < ¢ I Rgllootap) < ¢ IWx" 8" llpo.00)- (5.58)

Now, (5.55), (5.57), (5.35), (5.36) and (5.58) imply (5.54). Let us note that for i = 0, (5.57)
is not used and in (5.58) we actually have

lan (R < ¢ Ix7 " g pa.00)

where @ = min{l/A, «¢}. Hence no restrictions are imposed on yp. Thus the proof of (d) is
completed. [

Now we are ready to prove Theorems 1.4 and 1.5.

Proof of Theorem 1.4. The theorem follows from Theorem 5.2 withg = .%; ;1 f, Theorem 5.7
withf =0and¥{ =r, F = szi,j_1(xl/pw)f for both theorems and (5.1). O
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Proof of Theorem 1.5. The upper bound for K,(f, "), is implied by Theorem 5.3 with go =
Lij-1f Fo = i (XY fLqoo = L j1 f Foo = pr jo1(x">T1/P) f and (5.1). The
lower bound for KV (f, t"),, follows from Theorems 5.8 and 5.10 with Fy = <% jr_1 (x " t1/P) £,
Foo = Ay j_1(x veo+t1/P) £ and (5.1). The proof of the lower bound branches to four cases
corresponding to £g = 0 or 1 and £, = O or 1.

Let us consider, for example, £y = 0,£fo = 1. Then yy € Ji(p) and yoo = —j — 1/p,
0 <i <iand j+1 < j < r.If j/ < i (which is possible only if j < i) we apply
Theorem 5.8(a) and if i < j’ we apply Theorem 5.10(a), in both cases with j’ instead of j and
Fo = j_1(x""1/P) f, and get

" K (TP £ ooy S cKE(f ) p, €=0,1,...,7. (5.59)

If j < i’ (which is possible only if j < i) we apply Theorem 5.8(d) and if i’ < j we apply
Theorem 5.10(d), in both cases with i’ instead of i and Foo = @7/ j_1(x veot1/P) £ and get

T K (A 1 (TVPY £ pcaoo) S cKE(f 1) p, €=1,2,...,7 (5.60)

Combining (5.59) with £ = 0 and ¢ = r and (5.60) with £ = 1 and £ = r we get the lower bound
for K[, (f,t")pin(1.11). O

Remark 5.11. The exact ranges of the integer parameters i’ and j’ under which the assertion of
Theorem 1.5 is valid are as follows:

0<i'(sr) ifj<i—(—[1/pht, or (5.61)
0<i’'<i—(1—[1/pDto ifi—(1—[1/pDto<j: and (5.62)
©<)j <r ifj+0—[1/phlss <i, or

JA U =11/pDbos < j/ <1 ifi < j+(1—[1/pDloo,

where [£] denotes the integer part of the real number &. Below we give the arguments for i as
the considerations for ;' are similar.

(@) For p = land y9p = —i,i € {1,...,r}, relation (1.11) holds with i’ = i as well. This is
verified analogously to the assertion of the theorem as we take into consideration the case
p = 1 in Theorem 3.4. If we combine the case i’ = i with the cases 0 < i’ < i — £
considered in Theorem 1.5 we verify that the theorem is true for the range of i’ given in
(5.62).

(b) If j < i—¢o, then forevery i’ > i—€y we have s j_1 (x 7= FVP) f = (xV=+1/P f)o&, as the
case i’ =i — £y is considered in Theorem 1.5. Hence the restriction i’ < i — £ is redundant
and Theorem 1.5 holds for every i’. Thus (5.61) is verified in all cases except £p = 1, p = 1
and j = i. In the latter case for every i’ > i we have & ; _1(x"=T) f = (x’>*!f) o &, as
the case i’ = i is considered in (a).

(c)Letl < p <00, € Ji(p), Voo € Tj(p)U{—j—1/p}i < jorp =1y = —i,
ief{l,...,r}, Yo € Jj(HU{—j —1},i < j.Thenfor f = x' € L,(w)(0, oo) we have
K (f,t")p =0but o ;_1(x ve+1/P) f is not an algebraic polynomial for i’ > i and hence
wk(Hyr j—1(x7>TVP) £, 1) p(—a,00) does not vanish for any k € No.

DLletl <p<oo,yo=1—i—1/p,iefl,...,r}, Yo eyj(p)u{—j—l/p},i—l < J.
For0 < & < 1 and b = min{e ™, «} we set f5(x) = b~ %x!~1+% for x € (0, b), and fs5(x) =

;{_:%) ("_]1:”5) bi—*=1(x — b)¥ for x € [b, 00). Thus, fs € ACi_l(O, 00). Then, on the one

loc



B.R. Draganov, K.G. Ivanov / Journal of Approximation Theory 162 (2010) 1805-1851 1845

¢ 8171/P ¢ with ¢ independent of 8. And, on the other hand, in view of | f3(x) — x| < ¢8
for x € [b, B] we have wk(d,-/,j_l(xm“/”)fa, 1) p(—a,00) = ctkfori’ > i and any k € Ny
with ¢ independent of §.
Items (c) and (d) (with k = r and § < ¢t ~DP/(P=D) above show that (1.11) cannot be true for
i’ outside of the range given in (5.62)for 1 < p <00,y =0;p=1,4p=1and 1 < p < o0,
£o = 1 respectively.

hand, we have by Theorem 5.15 K%, (fs, 1), < ¢ KL (f5,1)p < et/ llwx! £l p0.00) <

Remark 5.12. The indices i of <7 j/_; and j of @/ ;_ are, in general, the only possible choices
in (1.11). The only exception for the first operator is the case p = oo and yo = 1 — 1,
i € {1,...,r}, when (1.11) is also valid with .2_; j_1(x"°) f instead of & j_1(x"°) f as
Z;_1,j7—1 (in the definition of <7 _; j_1(x 7)) satisfies conditions (i) and (ii) (with i — 1 in the
place of i and j = j’) but not necessarily (iii). Indeed, let (Z_; j_1 f)(x) = 111/:_11_1 ap(f)x"
satisfy (i)—(ii) with i — 1 in the place of i and j = ;j’. Then the linear operator (% j_; f)(x) =

fl:il an(f)x" satisfies (i)—(iii) and hence % j/—1 defined through it satisfies (1.11). On the
other hand, we have

i (X f =iy () f =ai—1(f) € Loo(R)

and the right-hand side of (1.11) remains the same under this replacement. Note that yy €
Toxe(00) and, thus, £y = 1.

Similarly, the only exception for the index j of .27/ ;_ is in the case p = 0, Yoo = —J,
j €10,...,r — 1}. Here &7 j_1(x">)f can be replaced by <7 ;j(x">*)f in (1.11) as &y ;
satisfies conditions (i) and (ii) but not necessarily (iv).

5.3. Characterization of K;V (fo ") p(0,a) and K;V (f, 1) p(a,00)

Similar characterization is valid for the analogues of K (f,t"), on the intervals (0, a) and
(a, 00), where a > 0.

Theorem 5.13. Letr e N,i e Ng,i <r,1 <p<oo,y € R a,ty >0and0 < t < ty. Let also
f € L,(x")O,a) and o7 r_1 be given by (1.9) as £, 1 satisfies conditions (i) with B < a and
(ii). Then we have:

(a) For y € J;(p) there holds
Ky (£ ) p0.ay ~ @ (i1 (XY TP) £.) p(—corloga)
1111 V) fllp(-o0,toga) -
(b) Fory =1—i—1/p,i >0, if Z.,—1 also satisfies (iii), there holds
Koy (f 1) p0.ay ~ @ (et (X7 TP) £10) p—octoga)
+ 1" o1 (1 (XY TYPY ) pi—oslog a)-

Proof. The upper estimates of K )’(V (f>1") p(0,a) by moduli on (—o0, log a) follow from (5.7) with
Zir—1f,a andloga in the place of go, A and a respectively and (5.1). The lower estimate in (a)
for i < r is verified as in the proof of Theorem 5.10(a) in the case j = r, whereas for i = r it
is verified as in the proof of Theorem 5.8(a). The lower estimate in (b) for i < r is verified as in
the proof of Theorem 5.10(b) in the case j = r, whereas for i = r it is verified as in the proof of
Theorem 5.8(b). [
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Theorem 5.14. Letr e N, j e Nog, j <r,1 <p <oo,y € Ra,tp > 0and 0 <t < 1.
Letalso f € L,(x")(a, 00) and A j_1 be given by (1.9) as £y j_1 satisfies conditions (i) with
o > a and (ii). Then we have:

(a) For y € Jj(p) there holds

K)r(}/(ﬁ [r)p(a,oo) ~ U)r(%,j—l()(y—‘rl/p)fa t)p(loga,oo)

+ 119, j—1 (X TVP) Fll poga,co)-

(b) Fory = —j —1/p, j <r, if £, j—1 also satisfies (iv), there holds

K)r(y(ﬁ [r)p(a,oo) ~ wr(%,j—l(xy+l/p)fv t)p(loga,oo)
+t w1 (o 1 (XY TVYP) £, 1) poga,c)-

Proof. The upper estimates of K )’(y (f+1") p(a,00) by moduli on (log a, co) follow from (5.8) with
£, j—1f,a and loga in the place of gg, 1/A and —a respectively and (5.1). The lower estimate
in (a) for j = 0 is verified as in the proof of Theorem 5.8(c), whereas for j > 0 it is verified
as in the proof of Theorem 5.10(c) in the case i = 0. The lower estimate in (b) for j = 0 is
verified as in the proof of Theorem 5.8(d), whereas for j > 0 it is verified as in the proof of
Theorem 5.10(d) in the case i = 0. [

5.4. K-functionals of continuous functions

Consider the space
CW)[0,00) ={f :wf € C(0,00),3 115110(Wf)(X)},

where w(x) = W()0, Yoo; X) is given in (1.8). For functions f € C(w)[0, oo) we may define a
slightly different functional than (1.4) imposing the additional restriction g € C(w)[0, 00) on
the functions g on which the infimum is taken. Denote this K-functional by

K(f,t"; C(w)[0, 00), ACI ', x" D).

loc >

Let us note that Theorems 1.4 and 1.5 with p = oo hold for this K-functional too. This fact
follows from the equivalence

K(f,t"; C(wW)[0, 00), AC} "', x"D")

loc >

K(f, 1" C(W)(0, 00), AC- L, %" D")

loc

IA

IA

cK(f,1"; C(w)(0, 00), ACI 1, x" D),

loc

valid forr € N, yp, Yoo € Rand f € C(w)[0, 00). The first inequality is obvious — an infimum
on a narrower class is taken in the second K -functional. The second inequality follows from the
results of Sections 5.1 and 5.2. First we observe that the modified Steklov function of F' (used
in the proof of (5.1)) has a limit at —oo provided F has a limit at —oo. Hence Theorems 5.2
and 5.3 give the same upper bounds for K (f, t"; C(w)[0, 00), AC[DZ,I, x"D") as the quantities
in Theorems 1.4 and 1.5.

The same observations are true if wf has a limit at oo, or has simultaneously limits at 0 and
at oo.
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5.5. Properties of Ki,(f,1")p

Let us point out several properties of the weighted K-functional K, (f, "), which follow
from the estimates in Sections 5.1 and 5.2. The analogous properties of K )’(y( fot") p0,a) and
K)’(V (f,1") p(a,00) can be verified in a similar way.

Theorem 5.15. Letr,m e Nym <r, 1 < p <00, tyg > 0 and w(x) = Wy, Voo, X) be defined
in (1.8) with yp, Yoo € R. For f € L,(w)(0, 00) and 0 < t < ty there holds

Ky (fit")p <cKy(fit™)p.
Proof. Letus set Fo = (x"V/P(f =% m-1/))o& and Foo = (X" VP (f = Lo min(j.m)-11))

o&, where i and j are determined by .7 (p)U {1 —i —1/p} 3 yp and F;(p)U{—j —1/p} 3 Vo,
and the operators .Z}, ,, are defined by (1.10) and satisfy the conditions of Theorem 1.5 (with

r=m).Letlg=1ifyy=1—m—1/p,...,—1/p, and £y = 0 otherwise; let also £, = 1 if
Yoo =1—m—1/p,...,—1/p,and £o = 0 otherwise. As is known,
oy (F, t)p(l) < 2" "y (F, t)p(J)7 F e Lp(J)v (5.63)

where J C R is an interval. Then by Theorem 5.3 or Remark 5.4 (with g0 = % ,,—1f and
doo = 20, min{j,m)—1f), (5.1) and (5.63) we get
K\';;/(fv tr)p =c (wm(FO’ t)p(—oo,a) + tm_ZOwKO(FO, t)p(—oo,a)
+ o (Feo, t)p(—a,oo) + tmiloowioc (Foo, t)p(—a,oo))-

The above inequality proves the theorem in view of Theorem 1.5 withr = m, i’ =0, j' =m, i
and j replaced respectively by min{i, m} and min{j, m}. [

Similar considerations yield the following Marchaud-type inequality.

Theorem 5.16. Letr,m e Ny m <r, 1 < p <00, typ > 0and w(x) = WV, Yeo; X) be defined
in (1.8) with vy, yoo € R. For f € L,(w)(0, 00) and 0 < t < ty there holds

o Kr T
Ky (fit")p <ct™ (f —W(Z
t

-
)
il Edt+ WSl po,00) | -
Proof. By Theorem 5.3 with m in the place of 7, g0 = goo = 0, €0 = s = 0 (in view of
Remark 5.4) and (5.1) we have

K2(f, 1™ < c(om (TP f) 0 &, 1) pi—oo.a)
+ o (X7 TYP £) 0 &, 1) p—ao0) + " IW 1 p0.00))- (5.64)

Further, let i, j, i/, j/, sz,-,j/,l and @/ ;_1 satisfy the conditions of Theorem 1.5. Then by
property (i) of £ js_1 and £} ;1 we have

o (XL 11 )0 D) p—oo.a) < ct™IIXTP L i1 ) 0 )™l p(—o0.a)

<
< ct"| flli@p < ct"™IWfllpo,00)
and, similarly,

O (TP L i 1) 08,8 p—aroe) < ™ IWF Il p(0,00)-
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Consequently, by (5.64) we get
K:Vn(fa tm)p < C(wm(JZ{i,j/—l(XYO+l/p)fa t)p(foo,a)

+ m (yr 1 (TYP) .0 p—asoe) + " IW L1l p0.00) ) - (5.65)
Next, as is known for F € L,(J), J € Risaninterval, and 0 < ¢ < 19, the Marchaud inequality

0w (F, 7)pu
on(F, 1) py <ct™ (/t rTHp() dr + ||F||p(1)> (5.66)

holds. Applying it to (5.65), we get by Theorem 1.5 and Proposition 5.5 the assertion of the
theorem. [l

As is well-known, for p < oo we have lim; .o K" (F, t), = 0 for any F' € L,(R), whereas
lim;—,0 K" (F, 1) = 0 for F € Loo(R) iff F is uniformly continuous on R. Then Theorem 1.5
yields the following assertion.

Theorem 5.17. Let r €¢ N, 1 < p < 00, Ww(x) = W), Yoo, X) be defined in (1.8) with yy,
Yoo € Rand f € L,(w)(0, 00).
(a) For p < oo we have lim; o K[, (f,1), =0.
(b) We have lim;_.o K}, (f, t)oo = 0 iff (Wf) o & is uniformly continuous on R.
Also, by Theorem 1.5 we can derive the saturation class of K| (f, 1), from that of the

unweighted fixed-step moduli. Let / € R be an interval and BV (J) denote the set of all
functions defined on J, which are equivalent to a function of bounded variation on J.

Theorem 5.18. Let r € N, 1 < p < o0, w(x) = W}, Yoo; X) be defined in (1.8) with
Y0, Yoo € Rand f € L,(w)(0, 00).

(a) For p > 1 we have KI,(f,1), = O(t) iff f € ACI 10, 00) and wx” f©) € L, (0, 00).

loc

(b) We have KI,(f, 1)1 = O@t) iff f € AC];.*(0,00) and wx" f"~D e BV (0, 00).

Proof. We set Fy = (x"*VP(f — %, 1)) o & and Foo = (x?TV/P(f — L j-1/)) 0 &,
where . .1 and % j_ satisfy the hypotheses of Theorem 1.5. In view of Proposition 5.5 we
have Fy € L,(—00,a) and F, € Lp(—a, 00) with fixed a > 0.

Let p > 1. As is known, ,(F, 1),y = O@") iff F € AC),.'(J) and F") € L,(J).
Using this fact, Theorem 1.5, Remark 5.4 and (5.1) we get that K} (f, 1), = O@) iff Fy €
ACI (=00, a), F"” € Ly(—00,a) and Fy, € AC} ! (—a, 0), F;? ; L ,(—a, 00). Next, we
have Fy € ACZOC (—o00,a) and Fy € ACZOC (—a,0) iff f € AC (0 00). Also, as in the
proof of (5.4)~(5.5) and (5.11)~(5.12) we verify that F\’ € L ,(—oo, a) and FY) € L,(—a, o0)
iffwy” f) e L p(0, 00). Thus assertion (a) is proved.

Let p = 1. As is known, o, (F, )15y = O(t") iff F € AC}, *(J) and F'~D e BV (J).
Hence by Theorem 1.5, Remark 5.4 and (5.1) we get that K| (f,t)1 = O@) iff Fp €
ACI2(—00,a), F' ™" € BV(=00,a) and Fo € AC} 2(—a,00), F&V € BV(—a, ).
Again we have Fj € AC,OL (—00,a)and Fy € AClr 2( —a, ) iff f € AC (0 00). Further,
since &% € BV (—00, a) for § > 0 and ((1 +(§’)V)(k) € W (—00,a) C BV( 00, a) for every
y € Rand k € No, we have F' ™" € BV(—00,a) iff ((XV0+1f) 0 &)V ¢ BV(~00,a)
iff (xwf)o &)V e BV(—o0,a)iff wy” fO=D e BV(0,e%). Just similarly, we get that
FI™Y e BV(—a, 00) iff wy” 7~V € BV(e~9, co). This proves (b). 0O
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6. The linear operator .%; j_1
6.1. Operators Z; ;_1 that satisfy conditions (i) and (ii)

Leti, j e Ngpasi < jandxp, ..., x;—; € (0, 00) be fixed distinct points. We define the linear
operator .%; j_1 : L1,10c(0, 00) = m; j_1 by

(G 1)@ = (Liv1 1) (x),

where
j—i
i L= 3" lit1, k(%)
k=1
(Lip1,F)(x) = {F(m) =Y FOwlisy, j,k<xo>} =
= 1= > liv1jx(x0)
k=1
j—i
+ ) Pl ja (), 6.1)
k=1
X —xp) (0= ) (6 = Xppr) - (6 — xj—g)
liv1,jc(x) = =
X, (o —x1) - (o — Xe—1) (X — Xg1) -+ - (X — Xj—)
and

IF)() = Lo f)(x) = f FO)dy. a0,

The denominator in (6.1) 1 — ,j(;ll lit1,j,k(x0) is not O as can be verified by assuming the
contrary and applying Rolle’s theorem.

The definition of .i% j—1 directly implies that it satisfies condition (i) with ¢ < min{xp,
...,xj—1}and B > max{xo, ..., x;—;}. Next, let us observe that L; 1 ; F is the only polynomial
in R @ 7;41,; which interpolates the function F € Cj,c(0, 00) at the j — i + 1 positive distinct
nodes xo, ..., x;—;. Hence L1y ;F = F forany F € R ® m;11,; and ﬁ,j_lf = f for
any f € m; j_1. Thus the linear operator 922, j—1 satisfies conditions (i) and (ii). Consequently,
Theorem 1.4 holds with % ;_1 = .,22,-,]-,1.

Let us also mention that for p = oo and f € C(w)(0, o0) we can use in Theorem 1.4 (cf.
Remark 1.2) the following modification of the Lagrange interpolation polynomials:

j—i
(L j1Hx) =) ) lij—1x(x).
k=1

6.2. Operators £, j_1 that satisfy conditions (i)—(iv)

For [«, B] C (0, 00) let xg, x1, ..., x, € [a, B] be r + 1 fixed distinct points. The functionals
{f;;" f(y)dy};_, and the polynomials { &} (x)/ P¢(x¢)},_,, where

,
G = [[a—x), €=12...r
m=0

m;@
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form a normalized bi-orthogonal system in 7,_; because @1’5 € 1 and

/*" 20 g, = el = Pelxo) _
x  Pelxe) Py (xe)

Hence the bi-orthogonal expansion L Lile, B] — m,—1 given by

~ D, (x)
72 ¢ / d
(ZfHx) = 2 1@( 5 fdy

is a bounded linear operator and preserves the polynomials from 7, . Writing &;(x) as the
r—1 ~

Taylor polynomial of degree r — 1 at 0 we get 7 &) =D _pan(f)x", where

r (n+1)()
an(f) = ZM(X) / () dy. (62)

Because of the properties of 2 the linear functionals d, given by (6.2) satisfy
an(x) = 8uks kon=0,1,....r—1. 63)

Now for i, j € Ng, j < r, we define the linear operator Z’j_l : Li(a, B) — mj j—1 by

. j—1 @(?H»l)()
(i1 P0) = Zanmx Z(Z o / f(y)dy) 6.4)

n=i \{=1

with the convention that the sum in (6.4) is 0 if j < i. The following lemma is an immediate
consequence of (6.3).

Lemma 6.1. We have:

@) L j—1f = fforany f €mij_1;
(b) Zij—1f =0forany f € mp,i—1 ®7j 1.

Obviously, .,ZZ, j—1 satisfies condition (i). Lemma 6.1 shows that it satisfies conditions
(i1)—(@v) as well. Thus the linear operator .,22, j—1 satisfies conditions (i)—(iv) and, consequently,
Theorem 1.5 holds with .Z), , = N,w.

Let us note that in the characterization of the analogues of Ky (f, "), on the intervals (0, a)
or (a, oo) we must fix the numbers xg, x1, . .., x, respectively in subintervals of (0, a] or [a, 00).

Let us now explicitly give the operator Z,j_l forr =1 and r = 2. Let xq, x1, x2 be fixed
positive distinct numbers. For r = 1 we use the operator Z only inthe casei =0, j = 1 and it
is given by (see (6.4))

- 1 X1
(Foof)(x) = —— f £ dy.
X1 — X0 Jx,

For r = 2 there are three different operators of type £, which are given by

(Z0.0f)(x) = do(f), (Loaf)(x) =ao(f) +ai(f)x, (L1 =a(f)x,
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where
X0 + x2 i Xo + X1 2

ao(f) = — f(y)dy — f(y)dy,
X0

(x1 — x0)(x1 — x2) Jxy (x2 — x0) (x2 — x1)

2 x 2 &
a = d dy.
a) = G =) / fo) y+(x2—x0)(x2—x1)/x0 FOdy

The same pattern can be followed in constructing other operators of type .Z. Let {g¢},_, ! be
the normalized Legendre polynomials for a given interval [«, 8] C (0, 00), i.e.

B
/qk(y)CIe(Y)d)’=5k,e, k,e=0,1,...,r — 1.
o

Starting with the normalized bi-orthogonal system { f p qk(y) f(y)dy, Q(}k r—o We get the
operators

. j—=1 [r— (n)

(Zj a1 hHx) =Y Z () / qe ) f()dy ) x"
n=i \{=0
j—1

r—1r— k) 0 (n) 0
_ ZZ (k),qf ()/ Ef(y)dy | 2

n=i \k=0 {=0

Then, Lemma 6.1 holds with ,ji,j_l in the place of .ZZ, j—1 and, thus, .ji’j_l satisfies conditions
(D—@v).
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