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Abstract

We derive a new set of sum rules between the neutrino mass and mixing parameters in vacuum and their effective counterparts
in matter. The moduli of nine genuine lepton mixing matrix elements can then be calculated in terms of the matter-corrected
ones, and the latter can directly be determined from a variety of long-baseline neutrino oscillations. We show that it is possible
to reconstruct the leptonic unitarity triangles and CP violation in a similar parametrization-independent way.

0 2005 Elsevier B.VOpen access under CC BY license.

PACS 14.60.Pg; 13.10.+q; 25.30.Pt

1. Introduction

Thanks to the Super-Kamiokanfd and SNJ2] experiments, both solar and atmospheric neutrino oscillations
are convincingly established. It turns out that neutridofiave masses and lepton flavors are really mixed, just as
expected in some grand unified theories. Two neutrino mass-squared differences and three lepton mixing angles
have been measured or constrained by current neutrino oscillatiofldd&ia A more precise determination of
these parameters has to rely on the new generation of accelerator neutrino experiments with very long baselines
[6], in which leptonic CP violation may also be observed. The terrestrial matter effects in all long-baseline neutrino
experiments must be taken into account, since they can unavoidably modify the genuine behaviors of neutrino
oscillations in vacuum.
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To formulate the probabilities of neutrino oscillations in matter in the same form as those in vacuum, one may
define theeffective neutrino masses:; and theeffective lepton flavor mixing matrixV in which the terrestrial
matter effects are already included. In this common approach, it is necessary to find out the relationship between
the fundamental quantities of neutrino mixing in vacuum &ndV) and their effective counterparts in matter; (
and V). The exact formulas ofi; and V as functions ofn; and V have been achieved by a number of authors
[7-10], and the similar expressions af andV in terms of/i; andV have been derived in RdfL1]. The latter
case is equivalently interesting in phenomenology, because our physical purpose is to determine the fundamental
parameters of lepton flavor mixing from the effective ones, whose values can directly be measured from a variety
of long-baseline neutrino oscillation experiments.

This Letter aims to reconstruct the genuine neutrino mixing mafrand its unitarity triangles from possible
long-baseline neutrino oscillations with terrestrial matter effects. Our work is remarkably different from the existing
ones[7-11]in the following aspects:

e We derive a new set of sum rules betwden, V) and (/i2;, V). It may perfectly complement the sum rules
obtained in Ref[12]. We show that similar results can be achieved in the four-neutrino mixing scheme.

e Our sum rules allow us to calculate the moduli\gf (for « =e, u, r andi = 1, 2, 3) in terms of those of
Vyi. This approach, which results in some much simpler relations betygeid and |V,; |2, proves to be more
useful than that proposed in our previous wfitR]. The sides of three unitarity triangles can also be derived in a
similar way.

e We express the neutrino oscillation probabilities in terms$Vof|2 and the matter-corrected Jarlskog para-
meterJ [13]. The fundamental lepton flavor mixing matrixand its unitarity triangles can then be reconstructed
from possible long-baseline neutrino oscillations straightforwardly and parametrization-independently.

The only assumption to be made is a constant earth density profile. Such an assumption is rather reasonable an
close to reality for most of the presently-proposed terrestrial long-baseline neutrino oscillation expdiinémts
which the neutrino beam is not expected to go through the earth’s core.

The remaining parts of this Letter are organized as follows. In Se2tiare figure out a new set of sum rules
between(m;, V) and (/;, V) and discuss its extension in the four-neutrino mixing scheme. Seti®devoted
to the calculation of V4, |2 in terms of|V,,|2. We also show how to derive the sides of three unitarity triangles
in a similar approach. In Sectioh the neutrino oscillation probabilities are presented in term&/gf? and J.
We illustrate the dependence of different oscillation terms on the neutrino beam energy and the baseline length.
Section5 is devoted to a brief summary of our main results.

2. New sum rules between V and V

In the basis where the flavor eigenstates of charged leptons are identified with their mass eigenstates, the leptor
flavor mixing matrixV is defined to link the neutrino mass eigenstatesi, v3) to the neutrino flavor eigenstates
(ve, vy, vr):

Ve Ver Ve2 Ve V1
v )= Vur V2 Vus vo |. (8]
Vz Ver Ve Vis v3

A similar definition can be made fo¥, the effective counterpart of in matter. The strength of CP violation
in normal neutrino oscillations is measured by a rephasing-invariant qudnfityvacuum) orJ (in matter), the
so-called Jarlskog paramef{és]:

IM(Vei Vo Vi Vi) = 1Y (eapyeiji).  IM(Vai Vg Vil Vi) = T D (€apy€ifi)- @)
y.k y.k
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where the Greek subscripts, 8, y) and the Latin subscriptg, j, k) run over(e, i, t) and(1, 2, 3), respectively.
The effective Hamiltonian responsible for the propagation of neutrinos in vacuum or in matter can be written as

1
25 25 ¢ 25 25
whereD, = Diag{m%, m2,m3} andD, = Diag{ﬁzl, r?zz, m3}, E is the neutrino beam energys, and M, denote
the corresponding genuine and matter-corrected neutrino mass matrices in the chosen flaver badig, (for
i =1, 2, 3) stand respectively for the neutrino masses in vacuum and those in matter. The devidfiofrarh

H, results non-trivially from the charged-current contribution to e forward scattering14], when neutrinos
travel through a normal material medium like the earth:

Hy=——(MM)=—(vD?Vv"),  H,=_—(M,M))=_—=(VD?V"), ®)

H,—-H, = %QU = Diag{«, 0, 0}, (4)
wherea = +/2GgN, with N, being the background density of electrons. Subsequently we assume a constant
earth density profile (i.ely, = const), which is a very good approximation for most of the long-baseline neutrino
experiments proposed at present.

Eq. (3) implies that(M, M)" = VD VT and(M, M])" = V DZ*VT hold, in whichn = 0, +1, +2, etc. To be
explicit, we obtain

3 3

(MyM)s =3 (" Vi Vi), (MuM])o0 = > (2 Vi V). (5)
i=1 i-1

Y

wherea and 8 run overe, 1 and . The simplest connection betweem, M) and (M, M)" is their linear
relation withn = 1; i.e.,

MM =MM! +2,, (6)
as indicated by Eq¢3) and (4) With the help of Eqs(5) and (6) one may easily find

3 3

D (@ Vai Vi) = Y (mf Vai Vi) + Adaedep. (1)
i=1 i=1

whereA = 2Ea. In thea # B case, Eq(7) reproduces the sum rules obtained in RE2]. A new set of sum rules
can be achieved, if the square relation
~ =2 2
(W1, 820)% = (M M) + (M, 1) 2, + 2, (M, M]) + 22 ®)
is taken into account. Resolving E&) by use of Eqs(4) and (5) we arrive at

3 3

Z(”h?‘?ai ‘N/E,) = Z{mlz[m,z + A(Sqe + 5@/3)]Vai VE,} + Azaaeaeﬂ- (9)
i=1 i=1

Egs.(7) and (9) together with the unitarity conditions

3 3
> Vi Vi) = (Vai Vi) = 8up. (10)
i=1 i=1

constitute a full set of linear equations 4f; V;;l. or Vy; Vgl. fori =1, 2 and 3. We shall make use of these equations
to derive the concrete expressionsiff Vgl. in terms ofm;, i1; and Vg, Vgi in the next section.
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It is worth remarking that the sum rules in £§) are completely different from those presented in R@f3,15—
17], where the relationship betweéfj 1 detH, andH ldetH, has been used. Our new result can appreciably
simplify the calculations ofV,; |2 in terms of|V,;|? (or vice versa), as one may see later.

Egs.(7) and (9)may be generalized to include the mixing between one sterile neutrjih@rid three active
neutrinos ¢., v, andv;). In this caseV is redefined to link the neutrino mass eigenst&tgsvy, v2, v3) to the
neutrino flavor eigenstatésy, v,, vy, v):

Vs Vio Vi1 V2 Vs Vo

Ve | _ Voo Ver Ve2 Ves V1 (11)
vy Vio Vi Vi Vis v |’

Vg Vio Vi1 V2 Vi3 V3

andV can be redefined in the same manner. The matiizesD, ands2, in Egs.(3) and (4)are now rewritten as
D, = Diag{m§, m%, m3, m3}, D, = Diag{m§, m%, m3,m3}, 2, =Diag{A’, A, 0,0}, (12)

in which mo denotes the sterile neutrino’s mass, atid= v2GgN, E with N, being the background density

of neutrong[18]. Different from A, A’ measures the universal neutral-current interactions 0f,, andv, with
terrestrial matter. Bot and A’ are assumed to be constant throughout this work. Then two sets of sum rules can
respectively be derived from the linear and square relations given in@&@gad (8)

3 ~ ~
Z( ~'2Vai ng‘) =

i=0

(P Vi V) + A'Sasbyp + Adaede.

(7 Vei Vi) =

IIMw
szmw

{ l2[m12 + A’ (8as + 8sp) + A(Bae + Seﬂ)]voti VE,} + A/Zaasasﬁ + Azsae‘seﬂ' (13)
i=0

Of course, one may also make use of the relation betwagm/ )3 and (M, M3 to derive another set of sum

rules betweerim;, V) and (i, V), although the relevant calculations are somehow lengthy. It is then possible to
establish a full set of linear equationsi)ji ‘751‘ or Vyi VI;;. fori =0, 1, 2 and 3 in the four-neutrino mixing scheme,

from which both the moduli o¥/,; and the sides of six unitarity quadrangles©f19] can be derived in terms of,

A’ and the neutrino mass and mixing parameters in matter. Such an idea and its phenomenological consequence
will be elaborated elsewhere.

3. Moduli and unitarity triangles of V
Now let us calculate the moduli 8f,; by using Egs(7), (9) and (10)n the conventional three-neutrino mixing

scheme, assuming thgt,; |2 can directly be determined from possible long-baseline neutrino oscillation experi-
ments. Those three equations are rewritten, irnthes case, as follows:

Ve |? Vi1 |2 0
01 Va2l? | =01 | Va2l2 | = | A ] bae. (14)
|Vasl? |Vasl? A2
where
1 1 1 1 1 1
01= m? m3 m3 , O1=|m3 m3 m3|. (15)

m3(m3 4+ 2A84e)  m3(m3+ 2A84.) m3(m3+ 2A84.) my my  mh
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With the help of the relationshii5]

3 3
Znﬁ?:ZminrA, (16)

we solve Eq(14) and obtain the following exact results:

A13Ars - 2 A1zAng - 2 Andis - 2
V2= 2222s + TR VP 4+ S Ve
| Veil A13A12| el o A |Ve2l Aq A | Ves|
AppAas - A1z AnAz
Veal? = Vel + Veal? + |V 2
A21A23 A21A23 A A
AzpAsz - AzzAz - A32A31
Veal? = —=={Vaa? + = Voo * + === |Via|%; (17)
A32431 A32431 A32431
and
Va2 21AA31| 2 22 A32| 2 23533| 2
o ApAz A2 " ApAz
V0% = A11A31| 2 A2 32| 2 A13A33|‘~/ 2
w2l = A A M A P Apdgy W3
2 1421 2 A12Az) 2 A13423 - 2
= V.35 18
| M3| A1/ | I | ArsA | 1% | A13A23| M3| ( )
and
2 21431 2 ApAsp 2 23433 2
|V7:l| = | T | | T | T | 5
A A A21431 A21431
2 A4z o A12A23 2 A13dsz - 2
|V‘[2| | T | | T | |Vr3| ,
A12432 A12423 A12432
A1 - A1242 A3z -
|Veal? |Verf? Veal® + Vesl?, (19)
A13A23 A13A A134A92

in which the neutrino mass-squared differenggs= m? — m? and A;; = m? — 2 are defined. One can see that
these results are more instructive and much simpler than those obtained ja(Rdbecause we have introduced
a new set of sum rules in E(P).

Next we calculate/y; V;i in terms of V; \7/;‘1. (for a # B). The former can form three unitarity triangles in the
complex plane, which were originally named ag with («, 8) = (i, ), A, with (o, ) = (7, ), and A, with
(o, B) = (e, ) in Ref. [20]. Their effective counterparts in matter are then referred tfxeas&ﬂ andA.. Taking
account of Eqs(7), (9) and (10)one may easily write down a full set of equationngfVé‘l. with a # B:

(7 "'*
V V,Bl i ‘fal‘f
02| Vy2 V,BZ =03 Vangz , (20)
VaSVgg \7,)[3‘753
where
1 1 1
02: m% m% m% .

m3[m?2 + A(Sue +8ep)]  m3[m3 + A(Sue + 8ep)]  m3[m3 + A(Sqe + 8ep)]
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1 1 1
O2= | mi 3 i} (21)
my w5 g
We solve Eq(20) and arrive at
VoV = (Ag1 + 533)531‘7 LV (Aga+ 533)532‘7 LV
pnlVel AZlASl pnlVel A21A31 nevVe2s
VoVt = (AA32+AAll)A~21‘~/ V5 4 (A11+ Azz) Az SV
(A1 + A Azz - (Ai+ A Az~ -
|10 T il VAN VA ARt e e AN (22)
for A,; and
VoAV _312531~ ~ 511532‘7 ~
AT ApAz T Apag 2P
Axshor - - Aphz - -
V‘L’ZV:Z: 72 :2 Vr3V:3,
A23A21 A23A21
Andos - - Azshor - -
V3V = VsV + V1 V% 23
3Ve3 A31A23 3Ve3 A31A23 1Ve1 ( )
for A,; and
Vv 2312531~ ~ A4z - ~
AT AppAg T Appag 2T
AxsAz -~ - ApAz - -
VeZV,fz:i e2 :2 Ve3V:37
A23A2 A23A21
A1z - - Aszzhp -~ -
VaVie= ——"2V,V* + VV* 24
B3T Agrdas T Agidgs Hnt (24)

for A;, whereA;; = m? — m? denote the neutrino mass-squared differences in matter. These results are exactly
the same as those obtained in Hé&D], although a different approach has been followed. E2), (23) or (24)
allows us to establish a direct relation betweeand J defined in Eq(2). A straightforward calculation yields
J A21A31A30 = J Ar1 Az1 A3, Which has been derived in Refé2,21]in a different way.
For the sake of completeness, let us list the expressions of two indepengeint terms of their effective

counterparts in matter.

da= g wilE s i) an= 3/l s0-2) @)

where[11]

¥=Apn+ Az — A,
5= A1As1— A[Az1(1— |Veal?) + Az1(1 - [Vesl?)].

1 273 — 9xy — 27AA~21A~31|‘7@1|2
COY§ — arccos .
5[3 2(x2 - 37)3%/2 ]

I L
Il

(26)
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Three independeni,j can be expressed as

o . 2./ R
A3z = §x + §z,/x2 — 3y — Ass. (27)

Note thatA;; = A;; + A ;; = A;; + A;; holds. Thus bott;; andA;; are fully calculable, oncélz, Azg, A, [Ve1
and|V,z| (or |V,3|) are specified.

Note that the afore-obtained results are only valid for neutrinos propagating in vacuum and interacting with
matter. As for antineutrinos, the corresponding results can simply be obtained through the replatemevits
andA = —A (andA’ = — A’ for the four-neutrino mixing scheme).

4. Long-basdine neutrino oscillations

The matter-corrected modylV,;|? and the effective Jarlskog parametecan, at least in principle, be deter-
mined from a variety of long-baseline neutrino oscillation experiments. To be concrete, the survival probability of
a neutrinoy, and its conversion probability into another neutrinoare given by15]

~ ~ ~ 2 . ~

P(vg = vo) =14 (|Vei V3| “sir? F;),

i<j
ﬁ(\)a — vg) = —4Z[R6(Vm‘ Vﬁj ‘N/;J ng) sir? ﬁ‘j,’] —8J H(sinﬁji), (28)
i<j i<j

where(a, B) run over(e, ), (i, ) or (z, ), ﬁji = 1.27AjiL/E with L being the baseline length (in unit of km)
andE being the neutrino beam energy (in unit of GeV), ahblas been defined in ER). The Re Ve, Vg, V.5 V)
termin P (v, — vg) can be expressed as
|2

[ 1, ~ - -~ -~
Re(Vai Vi Vil Vi) = §(|VakV§k\2 — Vi Vi) = Vs Vi [9) (29)

with o # B andi # j # k. Then we rewrite Eq(28) as follows:

~ S ek 22 m T ok 22 E 1 Tk [2en 2

Plvg = vy)=1— 4(|Va1 ;2’ sir? Fo1+ |Va1V;3’ sir? F31+ ‘Va2V;3| sir? F32),

~ = o2 = =k (2 = =k |2 =

P(vy = vg) = =2[| Va1 V1| “S1+ | Va2Via| “S2 + | Vaa V3| “S3] — 8755, (30)
where

S1= sin2 ﬁ32 — sin2 Fgl — Sin2 I‘:Sl, Sy = sin2 F~'31 — sin2 Fgl — sin2 14:32,

S3ESin2 }7“21—sin2 ﬁ31—$in2 F32, Sy Esinl:"21sin}7“31$in17“32. (31)
Some comments on Eg&0) and (31)are in order.

e Three oscillation terms i (v, — v,) are associated witfV,,; V;;;|* (with i # j). Takingi = 1 and; = 2 for

example, we obtain an effective unitarity triangle whose three sideg.ave,, V,.1 ‘7[1“2 andV;1V, in the complex

plane. This triangle was originally named As in Ref.[20]. TrianglesA; (for i =2 andj = 3) andA; (fori =1
andj = 3) can similarly be defined. Their genuine counterparts in vacuum are referred\idas = 1,2 and 3.
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1.0 1.0

Neutrinos, L = 730 km - Antineutrinos, L = 730 km
05} 05+

2.0 1 . 1 . 1 . 1 2.0 1 L 1 . ] L I
2 4 6 8 10 2 4 6 8 10
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Fig. 1. Numerical illustration of four different oscillation terms appearind i, — vg) and Py — vg), Where two typical neutrino beam
baselines have been taken.

If the sides ofA; can all be determined frorﬁ(va — Vy) in somedisappearance neutrino oscillation experiments,
it is then possible to calculate |nd|V|du|a}(a,| and to extractV,;|? by using Eqs(17), (18) and (19)

e Three sides of trianglé.,, A u Oor A, are associated with three oscillation tersis(for i = 1, 2, 3) of the
appearance neutrino oscillation probabilityf’(ua — vg), while the effective CP-violating parametéris relevant
to the oscillation terns ;. To illustrate, we plot the dependenceSpfandS; on the neutrino (or antineutrino) beam
energyE in Fig. 1, where two typical neutrino baselinés= 730 km[6] and L = 2100 km[22] have been taken.
The input parameters includés; ~ 8 x 107° eV2, Az~ 2.3 x 1073 eV?, 01, ~ 33, fo3 ~ 45°, 613~ 3° and
8 ~ 9 in the standard parametrization Bf[15]. In addition, the terrestrial matter effects can approximately be
described byA ~ 2.28 x 10~ eV2E /[GeV] [23]. Fig. 1 shows thatS; may have quite different behaviors, if the
baseline length is sufficiently large (e.g.~ 1000 km or larger). Hence the proper changeg aind (or)L would
allow us to determine the coefficients §f i.e., | Vy; V* 12. The paramete! can also be extracted from a suitable
long-baseline neutrino oscillation experiment, because the dependefgeonfE and L is essentially different



Z.-Z. Xing, H. Zhang / Physics Letters B 618 (2005) 131140 139

from that of S;. Provided all or most of such measurements are realistically done, the modyli ahd leptonic
unitarity trianglesA., A, andA. may finally be reconstructed.

e ltis clear that both types of neutrino oscillation experiments (i.e., appearance and disappearance) are needed
in order to get more information on lepton flavor mixing and CP violation. They are actually complementary to
each other in determining the moduli of nine matrix elementd adind its unitarity triangles. In practice, the
full reconstruction ofV from V requires highly precise and challenging measurements. A detailed analysis of the
unitarity triangle reconstruction can be found from Re#], in which the issues of experimental feasibility and
difficulties have more or less been addressed.

Let us remark that the strategy of this paper is to establish the model-independent relations beameen,
both their moduli and their unitarity triangles. Hence we have concentrated on the generic formalism instead of the
specific scenarios or numerical analyses. Our exact analytical results are expected to be a very useful addition to
the phenomenology of lepton flavor mixing and neutrino oscillations.

5. Summary

We have derived a new set of sum rules between V) and (#;, V) for both three- and four-neutrino mixing
schemes. With the help of our sum rules, we have calculated the modglj af terms of those of/,;. The sides
of leptonic unitarity triangle\,, A, and A, can also be figured out in a similar way. We find that it is useful to
express the neutrino oscillation probabilities in termslaf |2 and the matter-corrected Jarlskog paramétéfhe
fundamental lepton flavor mixing matriX and its six unitarity triangles can then be reconstructed, at least in prin-
ciple, from a variety of long-baseline neutrino oscillations in a straightforward and parametrization-independent
way.

Our analytically exact results will be applicable for the study of terrestrial long-baseline neutrino oscillations,
from which much better understanding of the neutrino mass spectrum, lepton flavor mixing and CP violation can
be achieved.
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