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Let k be a positive integer and f a multiplicative function with 0 <f(p) < 1/k for
all primes p. Then, for squarefree n, we have
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This improves some recent results of Alladi, Erdés, and Vaaler. @ 1992 Academic

Press, Inc.

1. INTRODUCTION

In [1], Alladi, Erdds, and Vaaler proved the following theorem, which
generalises the well known

v 1= oqy,
d|n 2
d<./n

Namely, they proved

THEOREM 1. Let k be a positive integer and [ a multiplicative function
with 0 < f(p) < 1/k for all primes p. Then, for squarefree n, we have

2k+2+0(1)) X f)=2S)

n Iln
1< ntltk+ )

where o(1) >0 as w(n)=3,,, 1 - .

The object of this paper is to improve and extend Theorem 1. The proof
that we present is also simpler than that of [1].
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2. NOTATION

Here, we explain the notation used.

Let 120 and F, be the set of multiplicative functions F: {1,2,3, ..} >
[0, oo), which satisfy F(p) =1 for all primes p. Also, we denote by G, the
set of all multiplicative functions G: {1, 2,3, ..} - [0, cc) which satisfy
t=G(p) =0 for all primes p.

For squarefree integers n, we write

a(t,n)=inf{< Y F(d))(ZF(d)>_l:FeF,}

din din
dZ"t,/l1+lb
-1
b(t, n) = sup {( Y G(d)) (Z G(d)) : GeG,}.
din dln
d>nptit+ )

Also we write,
A(t)=inf (a(1, m): m squarefree)

B(1)=sup (b(t, m): m squarefree).

3. STATEMENT OF RESULTS

Clearly, for all Fe F,, we have
Y Fd)>A() Y Fd),

d|n din
d?n'/“*”

where n is squarefree. It is obvious that Theorem 1 is equivalent to saying
1
Ak) 27—
(k) 2k +2+o0(1)
for integers k > 1.
Improving this, we prove

THEOREM 2. For all t =0, we have

A(t)

A(t+1)>A(t)+1.

In particular
1
Ak)z—
(k) k+1
for non-negative integers k.

Regarding B(t), we prove
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THEOREM 3. For all t 20, we have

B(t+ 1)<2~B(t)'

In particular, we have

k
BO=1

for positive integers k.
We use Theorem 3 to extend Theorem 1 for rational numbers k£ > 0. W=
prove
THEOREM 4. For all t >0, we have
A(1/1)+ B(t)=1.

Further, if k>0 is rational and [ay, a,, .., a,] is the continued fraction
expansion of k, then we have

1
Alk) z
l+ag+a, + - +a,

and
ag+a,+ - +a,

B(k)< .
( ) 1+ao+a,+"'+a,

4. PROOF OF THEOREM 2

Let F be any element of F,, , (¢>0). We write F(n)=3Y,,, g(d) where g
is a multiplicative function. Clearly ge F,. Now

Y Fd= Y Y b

d|n din ab=d
dznld+1ile+2) dzalt+1/+2)
=X X g
ajn bin/a

b= (n(””/“*z)/aj

= ) Y gb)

aln b|nja
azallt+2) b (plt+DA142)/4)

=) Y glb)

aln bnja
aznpl/lt+2) b;‘"/a)(l/(l-#ll)

641/41/2-8
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A1) ) F(n/a):A(t)< Y F(a))

aln aln

aznlti+l) a1 )
A0 (Y Ao~ Y F)
aln uln
wzplt A

and so A(t+1)= A(t)/(A(t)+1). Now clearly, A(0)=1 and hence it
follows that A(k)=1/(k+ 1) for all non-negative integers k. This proves
Theorem 2.

5. PROOF OF THEOREM 3

Let G be any clement of G,,, (¢=0) As before, we write
G(n) =34, h(d) where h is multiplicative and clearly belongs to G,. Now

Y Gd= Y kb)=Y Y Kb

d|n ab|n aln bln/a
d>nplit1e+2} ab > nlt+1H+2) b> (ntt+Uilt+2)/4)
= Y Y hb)+ Y Y h(b)
aln b|n aln b|nja
a < ptli+2) b>(n(l+l)/(l+2)/a) a3z nliti+2) b>(n('+”/“+2'/a)
<B(t) ) Ga)y+ Y Gnja)
uln aln
a<nl/tt+2) a;n”“”’

(by the definition of B(r))

<B(1) )Y  Gla+) Gla)— Y  Gla)

ajn ain ajn
a>ntt+hia+d) a>nlt+H1E+2)

and hence B(t+1)<1/(2—B(¢)). Clearly B(1)=1/2, and so B(k)<
k/(k + 1) for all positive integers k.

For a fixed positive integer k, consider a squarefree number » having a
prime factor, p, greater than n*/*** 1), Consider the function G'(d)=k*"
which belongs to G,. Clearly

wld) _ wld)+1 _ w(d)
D= ¥ k =k Y k

din pdin din/p
d> nkitk+1)

=k(k+ l)w(n)vl
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and

Y kD= (k+1)*9,  whence
d|n

B(k) = b(k, n) > k/(k +1).

From this and our earlier statement B(k)<k/(k+1) it follows that
B(k)=k/(k + 1), which completes the proof of Theorem 3.

6. PROOF OF THEOREM 4

Let G be an element of G, and let H(/)=1/(G(!)) for all squarefree /.
Then H e F,,, (¢ >0). Consider,

Y, G= Y GmyG(h= Y G(n) H()

ln Iin Itn
I>niii+1) < plitt+ 1) < plili+1}
=6 (L HO- T HO)
ln ln
12,,1/114»1)

and so

( Y G(l))(ZG(l))l+( Y H(l))(ZH(l))_l=1.

lin In ln lin
> piti+1) {2 al/t+])

From this, it easily follows that
A(1/1)+ B(1)=1 for t>0.

To prove the second part of the theorem, it suffices to consider k in
(0, 1], by Theorems 2 and 3. We use induction on the denominator of k.
The theorem is easily seen to be true for all rational numbers with
denominator 1. Suppose the theorem is true for all rational numbers with
denominator less than the denominator of k. Let [0, a,, .., a,] be the con-
tinued fraction expansion of k€ (0, 1] and [a,, .., a,] that of 1/k. Now 1/k
has a lower denominator than k, and the result follows from the induction
hypothesis and the fact

A(k)+ B(1/k)=B(k)+ A(1/k)=1.

This proves the theorem.
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7. CONCLUDING REMARKS

If ¢ is an irrational number, then by considering a rational approxima-
tion a/q to ¢ from above, with ¢<./w(n) and 0 <a/q —t <2/(w(n)), we
can see (using Theorem 4) that

1
2—_—_—
alt, ) 10\ /w(n)
and
b(t,n)<1 -
o(n)

This improves Theorem 2 of [1] which gives a(z, n) 2 t/((t + 1) w(n)).
However, in view of Theorem 4, we would expect bounds for a(z, ») and
b(1, n) which are independent of w(n).
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