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Abstract

In the present paper, by means of a suitable comparison lemma sufficient conditions for uniform Lipschitz stability of
an arbitrary solution of an impulsive system of differential-difference equations with variable impulsive perturbations are
obtained.
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1. Introduction

The impulsive differential and differential-difference equations are an adequate apparatus for
mathematical simulation of numerous real processes and phenomena studied in the theory of
optimal control, physics, chemistry, biology, bioengineering sciences, technology, medicine, etc.

On the other hand, however, the mathematical theory of the impulsive differential-difference
equations is much more complicated in comparison with the corresponding theory of the impulsive
ordinary differential equations (without delay) and the theory of the differential-difference equa-
tions (without impulses). This is the reason why their theory is developing rather slowly [4].

In the present paper the notion of uniform Lipschitz stability of an arbitrary solution of an
impulsive system of differential-difference equations with variable impulsive perturbations is
defined. By means of a suitable comparison method sufficient conditions for uniform Lipschitz
stability of a fixed solution of such a system are found. Since the impulses take place at the
moments when the integral curves meet some previously fixed hypersurfaces of the extended phase
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space, then for this type of equations phenomena may appear such as “beating” of the solutions,
bifurcation, merging of the solutions, loss of the property of autonomy, etc. This is the reason why
for such equations one cannot speak of Lipschitz stability of an arbitrary solution in the classical
sense [1]. In relation to this, in the present paper the sense in which the notion of uniform Lipschitz
stability of a given solution of an impulsive differential-difference equation with variable impulsive
perturbations should be understood is made precise introducing the notion of uniform Lipschitz
quasistability.

We shall note that similar investigations for impulsive ordinary differential equations (without
delay) were carried out [2, 3].

2. Preliminary notions and definitions

Let R” be the n-dimensional Euclidean space with norm |- |;  be a domain in R”, Q # @; h > 0;
to € R, R, = [0, o). Consider the initial value problem

X(0) =@ x(@), x(t = h)), t#u(x®), t >to, 1)
x(0) = Lolt), telto—htol, )
AX(O]i=qeay = Ix@), t>10, k=1,2, ..., 3)

where f:(tg, ©)xQx Q>R L:Q->R" 1,:Q->(ty, ©), k=12,...; Ax(t) =x(t +0)—
x(t —0); Fo:[to — h, to] » R

Introduce the following notation: o, = {(t, x)€(to, 00)x Q: t = 14(x)}, e, 0k, k=1,2, ..., are
hypersurfaces with equations t = 7,(x(t)); Co = C[[to — h, to], R"] is the class of all continuous
functions & :[to — h, to] = R™, | & || = maX,cpr,—n,1y| £ (t)] is the norm of the function & € Cy;
x(t) = x(t; to, Fo) is the solution of problem (1)—(3); 7 *(to, Fo) is the maximal interval of type
[to, B) in which the solution x(t; ¢, Fo) is defined; X(t) = x(t — h), t > t,.

Let #oeCo, To(x) =1, for xe Q.

We shall make a description of the solution x(t) of problem (1)—(3):

(1) For to — h <t < to the solution x(t) coincides with the function %€ Co.

(2) Let ty,t5, ... (to<t; <t < ...) be the moments at which the integral curve (t, x(t)) of
problem (1)—~(3) meets the hypersurfaces {6} %1, i.c., each of the points t,, t;, ... is a solution of
one of the equations t = 7,(x(?)), k= 1,2, ... . Lettf =, + h,1=0,1,2, ...

Construct the sequence {1;}/2, observing the following rules:

@) {t:}20 = {t}izou{t!}iZo0-

(b) 1o = to.

(c) The sequence {7;}{2, is monotone increasing.

We shall note that in general it is possible that { };2,n{t/}20 # 0.

(2.1) For 7, <t < 1, the solution of problem (1)—(3) coincides with the solution of problem
(1)—2).

(2.2) Fort; <t <714y, i=1,2, ..., one of the following three cases may occur:

(@) If 7;e {6} 1 \{t}}i20, T: = & and ji is the number of the hypersurface met by the integral
curve (t, x(t)) at the moment t,, then the solution x(t) of problem (1)-(3) coincides with the
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solution of the problem

y(O) =1t y(t), x(t — h)), 4)
y(t) = x(te) + L, (x(t)). )
(b) If 7€ {t]}i2 0\ {tx }#% 1, then the solution x(¢) coincides with the solution of the problem
y(&) =1t y(), x(t — h + 0)), (6)
y(Ti) = x(1). (7)

(©) If ;e {ty }¢= 1N {11} 720 and 1; = 1, then the solution x(t) of problem (1)—(3) coincides with the
solution of problem (6), (5).

(3) If the point x(t) + I;(x(t,)) € Q, then the solution x(t) of problem (1)—(3) is not defined for
t >t

(4) The function x(¢) is piecewise continuous in 7 *(to, ¥,), continuous from the left at the
points ty, 15, ... in I "(ty, %) and x(t; + 0) = x(t,) + I, (x(t)).

Together with problem (1)—(3) we shall consider the problem

X*() =f(t, x*@), x*(t — h), t# ru(x*@), t > t¥, (8)

x*(t)y = FL*), telt§ — h ], 9

AX* ()] iy = L(x*(@), t>t& k=1,2, ..., (10)
where

tg‘e[th (XD), y*ec[[t(;k —'—hs tz)k]aR"]

Introduce the following notation: x*(1;t5, ¥ *) is the solution of problem (8)—(10);
x*(1) = x*(t; to, ¥ tf, 15, ... (1 <t <t¥ < ---)are the moments at which the integral curve
(t, x*(t)) meets the hypersurfaces 6y, k = 1,2, ...; X* = x*(t — h), t > t,.

Remark 1. If to = t5, Fo(t) = S *(t) for te[to — h, ty], then problem (1)-(3) is equivalent to
problem (8)—(10).

Introduce the following definition of uniform Lipschitz quasistability:

Definition 2. The solution x(f) = x(f; to, &) of problem (1)-(3) is said to be uniformly Lipschitz
quasistable if

(AM > 0) (Y > 0)(36 = () > 0)

(VL*eCo: | * — S|l <) (VioeR)

Vt>torlt—ti | >nk=1,2,...)
[x*(O) —x(O| S M || F* = Fo|.
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Introduce the following conditions:

(H1) fe C[(ty, o0) x 2 x £, R"].

(H2) {f(t, x, %) <L, L>0,(t x,X)e(ty, 0)x2xQ.

(H3) I,eC[QR",k=1,2,....

(H4) 1, C'[Q,(to, )], k=1,2,....

(HS) ty < Tl(X) < 'L'z(X) < ...,xEQ.

(H6) 14(x) > o0 as k — oo uniformly in xe €.

HN I+ 1;:Q-Q2 k=1,2,..., where [ is the identity in €.

(H8) For any (t&, #*)e[to, ) x C[[t& — h,t5],R"] the solution of the problem without
impulses (8), (9) does not leave the domain 2 for te 4, where

s (tF, o0) if tf are a finite number,
Uz (81, ] if & are infinitely many.

(H9) 7 *(to, %0) = (to, ).

We shall note that for the impulsive differential equations it is possible that the so-called
“peating” of the solutions occurs, i.e., a phenomenon where the integral curve (¢, x(t)) meets several
or infinitely many times one and the same hypersurface. In the present paper we shall consider
problems of the type (1)—(3) for which “beating” of the solutions is absent.

Introduce the following condition:

(H10) The integral curve of each solution of problem (1)—(3) meets for t > t, successively each
one of the hypersurfaces ¢4, 05, ... exactly once.

For impulsive functional differential equations this phenomenon has been studied in detail.
Effective sufficient conditions were found for the absence of “beating” of the solutions of such
systems of equations [5].

3. Comparison lemma

Since the moments of impulse effect for the solutions x(¢) and x*(t) of problems (1)—(3) and
(8)—(10) are different, then in the estimation of the difference of these solutions a number of
obstacles appear. In order to overcome these obstacles we shall use a suitable comparison lemma.

Consider the scalar impulsive differential equation

u(t) = g(t,u(®), té(t, t), k=12, ..., (11
u(ty + 0) =y (u(ty)), k=12,..., (12
u(to + 0) = uy, (13)

where g:(tg, ©)XxR->R; Yy :R->R, k=1,2, ...; to<t; <L <t <H< - <Hi <G < oo
and lim,- ,, t; = o0; upeR.

Introduce the following notation: u(t) = u(t; to, o) is the solution of (11)~(13); 7 * (to, uo) is the
maximal interval of type (ty, w) in which the solution u(t; to, uo) is defined.
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The solution u(t; to, uo) of (11)—(13) is defined in the following way:

(uo(t;to, uo), o<t
u(t i, uy), <t
u(t; to, uo) =
et B ue )y B <t <,

where u,(t; 4, u ), k=1,2, ..., is the solution of Eq. (11) for which u,(f;; ., uy ) = ui and
U = Y- 1 (G b1, ug—1)), k=2, 3, ..., and uq(t; to, ug) is the solution of (11) for which
uo(t; to, o) = up and ui” = Yy (uo(ts; to, Uo))-

Definition 3. The solution r:.7 * (tg, ug) = R of (11)—~(13) (r(t) = r(t; to, uo)) is said to be a maximal
solution of (11)—(13) if any other solution u: (t,, @) — R of (11)—(13) satisfies the inequality r(¢) > u(¢)
for te 7 * (to, ug)N(ty, ®).

Lemma 4 (Lakshmikantham et al. [3]). Let the following conditions hold.:

(1) The function m:(ty, o0) — R is piecewise continuous in (to, o0) with points of discontinuity of
the first kind t = t; and t = t; at which it is continuous from the left.

@ to<ti <t <t << - <L<E<

(3) limy ., £, = oo.

(4) For k =1,2, ... the following inequalities are valid:

Tm(t) < g(t, m(t), té(t, &l
m(t, + 0) < Y(m(ty)),
m(to + 0) < Ug,

where ge C[(to, 0} xR, R], ¥, € C[R, R], ¥« (u) is nondecreasing with respect to u and
m(t) = lim sup [m(t + a) —m(t)].
a0+

(5) The maximal solution r(t; to, uo) of (11)—(13) is defined in the set T = (to, 0)\p=1 (x> til-
Then m(t) < r(t; ty, ug) for te 7

4. Main results
Introduce the following conditions:

(H11y 7 *(to, uo) = (to, ).
(H12) T *(to, S *) = (to, o).
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Theorem 5. Let the following conditions hold:
(1) Conditions (H1)-(H12) are met.
(2) For (t, x*, X*), (t, x, X)e(tg, 0) X QX Q t £tF, t #t;, k=1,2, ..., the inequality
[x* —x, f(t, x*, X*) — f(t, x, )]+ < g(t, | x* — x|)
is valid, where ge C[[to, 0)x R, R] and
) 1
[x,yl+ = lim sup —[|x + oy| —|x[], x,yeR"
a—>0"
(3) Forteaoy, k=1,2, ..., the inequalities
[x*(t) — x(t) + Lx*(@) — L(x@)] < pel| x*(©) — x(@)1])

are valid, where y, € C[R+, R.] and y,(u) is nondecreasing with respect tou, k = 1,2, ... .
(4) For (t,x,X)e(ty, 0)x2xQand k=1,2, ... the following inequalities are valid:

0t (x)
Ox
(5) For x*, xeQand k = 1,2, ... the inequalities
[T (x*) — T (X} < Brlx* — x|

are valid, where 0 < 8, = const.
(6) The functions y;,:R, - R, and

YW) = p( + LAu) + LPu, k=1,2,....

(7) There exist constants M > 0 and §; > 0 such that for the solution r(t; to, uo) of (11)-(13) with
Yy defined in conditifm (6) of Theorem 5 the inequality r(t; to, ug) < Muy is valid for 0 < ug < 64,
te(to, 0\\Ui=1 (x> Tl

Then the solution x(t) = x(t; to, %o) of problem (1)—(3) is uniformly Lipschitz quasistable.

St x, %) <0.

Proof. Let n > 0. Choose ¢ = d(y) = min(d,, #/2Mp + 1)). Let S *e€Cy, | F* — Fo|| < and
xX*¥(t) = x*(t; to, ¥ *¥) be the solution of problem (8)—(10) for which x*(t)= £*(t) for
telto — h, ty].

From condition (H10) it follows that (¢, x(tf)) meets successively the hypersurfaces a,, a,, ...
respectively at the moments t,,t,, ... . Since in the interval (t, t,+ 1] x(t) coincides with the
solution of problem (4), (5) (jx = k), we conclude that for t, < t < 1,4, the function x(¢) satisfies the
integral equation

t

x() = x(t) + L(x(t) + j (s, x(s), x(s — h))ds. (14)

e

Lett¥, t¥, ... bethe moments at which the integral curve (¢, x*(t; to, & *)) meets the hypersurfa-
ces 61,03, ... . Analogously to (14) for the solution x*(f) we obtain

x*(f) = x*(6¢) + L(x*(t¢)) + ftf(s, x*(s), x*(s — h))ds, tF <t <. (15)
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Introduce the notation m(t) = |x*(t) — x(0)|, o= |L* — Fol, ti =min(t,t¥) and &, =
max(t, t¥).

From condition (2) of Theorem 5 it follows that for ¢ € (¢, %], k=1,2, ..., the following
inequalities are valid:

D *m(t) = lim supé [m(t + 6) — m(t)]

a—0"

= lim sup%[lx*(t +0) — x(t + o) — | x*(@) — x(t)]]

e 0t

< lim sup

a—0*

() cextte 0) = xte + ) = 20 = 0))
— L0 x40, X4~ 1) = 16 X(0, x(¢ — h)]

+ lim Supé {I10x*(®) — x()] + o [f (&, x*(8), x*(t — h)) — (&, x(1), x(t — h))]|

— [x*() — x(0)1}
= [x*(1) — x(@), £ (& x*(@), x*(¢ — b)) = f (&, x(1), x(t = )]+
< g(t, | x*(1) — x(@)]) = gz, m(2). (16)

We shall estimate the expression m(f, + 0) = |x*(f, + 0) — x(f; + 0)| for an arbitrary positive
integer k.

In the case i, = t¥ and t, = f; from conditions (H1), (H2), condition (3) of Theorem 5 and (14) we
obtain

m(fy + 0) = | x* (&) + L(x* (&) — x(&) |
< Jx*(t) — x(t) + L(e*(8)) — L(x (@) + J. k | f(s, x(5), x(s — h))|ds

< pell x*(8) — x(@) 1) + L& — Le).
On the other hand, for the expression | x*(f;) — x(¢;)| we obtain the estimate

| x*(t) — x (L)

< Ix*(t) — x(1)] + j

I

6, x% 9 x%(5 — W] ds < m(t0) + LG — L)
From condition (4) of Theorem 5 it follows that
T (x* () < T(x*(8))-
Then from condition (5) of Theorem 5 we obtain
0 <t — tr = Tlx* (@) — wl(x(t4))
< ¥ (20) — Telx(2e)) < BIx* (i) — x (&)1 = (). (17)
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Hence

m(te + 0) <yl + LEm(t) + LBm(ty) = Yi(m(te))-

(13)

In the case when t;, = t; and ¢, = ¥ we again use (H1), (H2), condition (3) of Theorem 5 and (15)

and obtain
m(t, + 0) < [ x*(ti) — x(&) + L(e*(ta) — L(x (@) | + J k |f (s, x*(s), x*(s — h))| ds

< Pl x* () — x(@)1) + Lt — ta)-
On the other hand,
|x*(t) — x(@) < m(ts) + L& — 1),
and from conditions (4) and (5) of Theorem 5 we obtain the estimate
0 <& — tr = wlx(&)) — wlx*(t4)
< (X (t)) — wx*(8) < Blx(te) — x*(2)| = Bm(24).
Hence
m(t; + 0) < (1 + LAM(ty) + LBm(ts) = Yu(m(ts)).
From inequalities (18) and (20) there follows the estimate
m(t, + 0) < Y (m(ty), k=1,2,....
We estimate the expression m(t, + 0):
m(to +0) = |x*(to + 0) — x(to + 0)| = [ x*(to) — x(O)| < || F* — Fo || = uo.
Inequalities (16), (21) and (22) show that the conditions of Lemma 4 are satisfied. Then
Ix*(0) — x(t)| = m(®) < r(t; to, | F* — Foll)

(19)

(20)

(21)

(22)

(23)

for te(to, ©)\Ur=y (tss ], Where r(t; to, || F* — Fo|) is the solution of (11)—(13) for uy =

|£* —Fol.
From (23) and condition (7) of Theorem 5 it follows that

x*(0) — x()] < M| % — Fo for telto, o)\ |) (ta, &)

Moreover, from (17), (19) and the choice of § we obtain
0 <t — £ < BIx*(te) — x(La)|
SPM || F* — Lol < MBS <in.

From the above estimate it follows that

{te(to, ) [t — tx| > n} < (to, 00)\k© (tr, t 1
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Hence
|x*(@) — x(@)| S M| F*—Foll for | F*—Foll <0, t>to, [t—t]|>n k=12, ...
Theorem 5 is proved. [

Corollary 6. Let the following conditions hold:
(1) Conditions (H1)-(H12) are met.
(2) For (t,x,X)e(to, 0)xQxQ and (t, x* ¥ eS(x, X, p) = {(t, x*, X*)e(ty, 0) x 2 x Q:
|x* — x| < p, |X* = X| < p},p>0,t # 4, t £t¥, k=12, ..., the following inequality is valid:
[x* - X, f(t> X*, )z*) _f(ta X, -’E)]‘F < 0.
(3) For x*eS(p) =
ties are valid:
[x* () — x(te) + Lx* () — L@ <yl x* (68 — x (@) [ Llx®)] < 3p,

where y, = 0 are constants.
(4) For (t,x*,X*)eS(x,X,p)and k = 1,2, ..., the following inequalities are valid:

5Tk(x )

){x*eQ |x*(t) — x(t)| < p}and k = 1,2, ..., the following inequali-

te(to o

f(t, x*, %) <0.

(5) For x*,y*eS(p) and k = 1,2, ..., the inequalities
|Te(x*) — u(y*)| < Blx* — y*|

are valid, where 0 < f§ = const.

(6) TTe=1 [ve + (1 + 9 LE] < o0.
Then the solution x(t) = x(t; to, o) of problem (1)—(3) is uniformly Lipschitz quasistable.

Theorem 7. Let the following conditions hold:
(1) Conditions (1)—(3) of Theorem 5 are satisfied.
(2) For x,x*eQand k= 1,2, ... the following inequalities are valid:

[T(x*) — T(x)| < Biclx* — x|,

where B, = 0 are constants.
(3) For k= 1,2, ... the inequalities

LB <1,
Bl — L)™' < B

are valid, where 0 < = const.

(4) There exist constants M > 0 and 8, > 0 such that for any solution u(t; to, uo) of (11)—(13) for
which

Yi(w) = 91 — LB) " 'u + LB(1 — LB) ™"
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the inequality
u(t; to, uo) < Muy

is valid for 0 < ug < 61, te(to, ©N\Ur=1(t, fil-
Then the solution x(t) = x(t; to, So) of problem (1)—(3) is uniformly Lipschitz stable.

The proof of Theorem 7 is analogous to the proof of Theorem 5.

Corollary 8. Let the following conditions hold:
(1) Conditions (1)—(3) of Corollary 6 are met.
(2) Conditions (2) and (3) of Theorem 7 are satisfied.
(3) T1% 1 O + LB)(1 — LB ™' < oo,
Then the solution x(t) = x(t; to, &) of problem (1)—(3) is uniformly Lipschitz quasistable.

Theorem 9. Let the conditions of Theorem 5 hold, condition (2) being replaced by the following
condition:

(2a) For (t, x*, X*),(t, x, X)€(tg, 0)xQxQ t #t¥ t #t,,k=1,2, ..., the following inequality
is valid:

|x* —x + a(f(t, x* X*) — f(t, x, X)| < |x* — x| + ag(t, | x* — x|) + &(0),
where ¢ > 0 is small enough and &(g)/c — 0 as 6 — 0.

Then the solution x(t) = x(t; to, %) of problem (1)—(3) is uniformly Lipschitz quasistable.

The proof of Theorem 9 is analogous to the proof of Theorem 5. The fact is used that from
condition (2a) there follow the inequalities

D*m(t) = lim sup—i— Llx*(t + o) — x(t + o) — | x*() — x(®)|]

o0

< lim sup% [Ix*(t + 0) — x(t + 6)| + &(0)

o— 0"

— | x*(1) — x(1) — o (f (&, x*(0), x*(t — h)) — £ (&, x(8), x(t — W))I]

< lim sup? + lim sup}7 [x*(t + 0) — x*(t) — x(t + o) + x(¢)
a—- 0" c—>0*
— f(&, x*(@), x*(t — b)) + f(5, x(1), x(¢ — h)|
=0. (24)

Corollary 10. Let the conditions of Corollary 6 hold, condition (2) being replaced by the condition:
(2b) For (t, x, X)€(to, 20)x 2% Q and (t, x*, X*)eS(x, X, p), t #ti, t #t¥, k=1,2, ..., the fol-
lowing inequality is valid.

|x* —x + a(f(t, x*, X*) — f(t, x, X))} < [x* — x| + (o),
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where ¢ > 0 is small enough and ¢(o)/o -0 as 6 - 0.
Then the solution x(t) = x(t; to, %) of problem (1)—(3) is uniformly Lipschitz quasistable.

Theorem 11. Let the conditions of Theorem 7 hold, condition (2) of Theorem 5 being replaced by
condition (2a).
Then the solution x(t) = x(t; to, %o) of problem (1)—(3) is uniformly Lipschitz quasistable.

The proof of Theorem 11 is analogous to the proof of Theorem 5. Inequalities (24) are used.

Corollary 12. Let the conditions of Corollary 8 hold, condition (2) of Corollary 6 being replaced by
condition (2b).
Then the solution x(t) = x(t; to, o) of problem (1)—(3) is uniformly Lipschitz quasistable.
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