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ON FIBERING CERTAIN FOLIATED MANIFOLDS OVER S’* 

D. TECHLER 

(Receiced I9 .VLZ,L 1969) 

IT IS shown in Rosenberg [2] that a closed 3-dimensional manifold foliated by Z-dimensional 

planes must be a torus. In so doing, use is made of Stallings theorem [1] in order to show 

first that the manifold is fibered over the circle, S’. In this paper we give a theorem which 

takes the place of Stallings theorem and allows us to generalize the fibering over S’ to 

higher dimensional manifolds. The manifolds and foliations are assumed throughout to be 

of class C’. 

THEOREM 1. Let M” be a closed n-dimensional manifold. Suppose ,Ci” admits a non- 

vanishing closed l-form. Then M” is ajber bundle oOer S’. 

Of course, a non-vanishing closed l-form defines a foliation. On the other hand, 

Sacksteder [3] p. 96, shows that an orientable co-dimension one foliation on XI”, which has 

no holonomy, can be defined by a closed non-vanishing l-form. Thus \ve have the following 

corollary. 

COROLLARY 1. If ICI” has an orientable co-dimension one foliation bv?thout holonomy, in 

particular, l$all the leaves are simply connected, then M” is a fiber bundle ocer S’. 

COROLLARY 2. Let Al” be a closed n-dimensional manifold. If M” has m orientable co- 

dimension one foliations, each without holonomy, which intersect transcersally, then M” is a 

fiber bundle ocer the m-dimensional torus. (By transcersal intersection Lre mean that the 

I-form defining the foliations are independent). 

Proof. The proof of this corollary is a direct application of the method used in proving 

Theorem 1. 

THEOREV 2. Let M” be a closed n-dimensional manijbld. rf the dimension of H’(M”; R) 

is one, and there is an orientable co-dimension one foliation on M”, without holonomy, then it 

is isotopic to the foliation induced by thefibering of Corollar), 1. 

Proof of Theorem 1. Let o be the closed l-form in the hypothesis of Theorem 1. Let xi, 

1 5 i 2 k, be closed l-forms on M” which define a basis for the deRham cohomology 

H’(M”; R). Then w = x,J1 rixi + dg, for g a real valued function. Let S’ = {t E R with t 
identified with t + 1). Let rc/: Hom(H,(X), R) ---) H’(X; R) be the deRham isomorphism 

where H,(X) is singular homology. Then ti is natural with respect to differentiable maps from 
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.Y to Y. Let /( E Hom(H,(S’), R) be defined by /i(t)) = 1 where 0 is a generator of H,(S’). 

Then rl/(/c) = [nr], where dr is the obvious l-form on S’. Since St is an Eilenberg-Maclane 

space there exist functionsfi: AI” -+ S’, such thatf,*(/l) = I$-‘([xi]). By the naturality of li/ 

we deduce that there are differentiable functions fi: M” + S’ such that fi*(dt) = ,-ci + dgi, 

for real valued functions gi. Thus o = zi.!, rifi*(dt) + xi!, ridgi + dg. We can assume 

without loss of generality that the last two summands are zero in the preceding equation. 

This follows sincef,*(dt) + till = (fi + II o A)*(&), where l’l: R -+ S’ is the natural projec- 

tion, h is a real valued function, and the right hand side addition is induced by the group 

structure on S’. Then for appropriate choice of rational numbers n’/d, I 5 i I k,wecanmake 

::fi> - l/ll(C& H’fii*(df))j~ arbitrarily small, where the norm comes from a Riemannian 

metric on Al”. Thus his I nif*(dt) is a non-vanishing l-form on M”. Since the rzi are integers 

we may define f: M” + S’ by the formula f = xi:, nifi. It follows that f *(dt) is non- 

vanishing and that f is a submersion. Since M” is compact f is a fiber map. This proves 

Theorem 1. 

The proof of Theorem 2 requires a lemma. 

LEMVA 1. Let M” be a closed n-manifold. Let M” hatIe a foliation dejned by a closed 

form CO. Let p be the projection of the fibering of M” onto S’. Suppose the class of w is a real 

mlrltiple of the class of p*(dt) in H’(M”; R). Then there is an isotopy of hl” taking the foliation 

dejined by OJ ilrto the foliation defined by p*(dt). 

Proof. We have that ro = p*(dt) + dg, where r is a non-zero real number. We may 

assume r = 1 since rw defines the same foliation as o. Put a Riemannian metric on iV”. 

Let 4,‘ be the l-parameter family of diffeomorphisms associated with the vector field v 

perpendicular to the foliation defined by w. We can lift our foliation to the covering space 

F x R of M where F is the fiber of p. Then o = dh where /2(x, t) = t + g(II(x, t)). Consider 

the isotopy K,, , 0 I s I 1, of F x R given by Ks(x, t) = $,.acX, ,)(x, t) where fi(x, t) is the 

time along v from (x, t) to the level surface 11~‘(h(x, , t)) where x0 is a base point in F. K, 

is clearly a diffeomorphism for each fixeds since v is transversal to the fibers andg is bounded. 

It is also clear from the construction that K, covers an isotopy on n/r”. Thus the lemma is 

proved. 

Proof of Theorem 2. Since both o and p*(dt) are in non-zero cohomology classes we 

may apply Lemma 1. 

Remark. Theorem 1 holds for compact manifolds with boundary if we assume that the 

closed l-form is non-vanishing when restricted to the boundary. 
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