=

View metadata, citation and similar papers at core.ac.uk brought to you byl-i~ CORE

provided by Elsevier - Publisher Connector

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and
Applications

www.elsevier.com/locate/jmaa

On binormality in non-separable Banach spaces

Ondfej Kurka'

Department of Mathematical Analysis, Faculty of Mathematics and Physics, Charles University, Sokolovskd 83, 186 75 Prague 8, Czech Republic

ARTICLE INFO ABSTRACT

Artic{e history: We study binormality, a separation property of the norm and weak topologies of a Banach
Received 16 December 2009 space. We show that every Banach space which belongs to a P-class is binormal. We also
Available online 26 May 2010 show that the asplundness of a Banach space is equivalent to a related separation property

Submitted by B. Cascales of its dual space.

Keywords: © 2010 Elsevier Inc. All rights reserved.

Binormality
Banach space
Weak topology
P-class
Asplund space

1. Introduction and main results

Let o and T be two topologies on a set X. We say that (X, o, 1) is binormal if, for every disjoint o-closed A C X and
T-closed B C X, there are disjoint o-open D C X and 7-open C C X with A C C and B C D. We say that a Banach space X
is binormal if X is binormal with respect to its norm and weak topologies.

It is possible to meet the notion of binormality of (X, o, ) in the real analysis where it is more likely called Lusin-
Menchoff property of T in the case that the “second topology” t is finer than o. For example, it is known that both the
density topology and the fine topology have the Lusin-Menchoff property with respect to the Euclidean topology (see,
e.g., [10]). The situation in Banach spaces is somewhat opposite to that of real analysis because the finer topology is the
metrizable one.

The question whether the weak topology has the corresponding “Lusin—-Menchoff property” with respect to the norm
topology was posed by L. Zajiek. This question was studied later by P. Holicky who proved in [7] that every separable
Banach space is binormal and that the space £°° is not binormal. But it was not possible to decide what was the answer for
many other non-separable Banach spaces, e.g. for non-separable Hilbert spaces.

In this paper, we show that many non-separable Banach spaces are binormal. We prove the following result (see Theo-
rem 5.2 and Theorem 4.2).

Theorem 1.1. Every Plichko space is binormal. Every dual to an Asplund space is binormal. Generally, any Banach space which belongs
to a P-class is binormal.

We give the necessary definitions below. Note that the class of Plichko spaces is quite wide and it contains all reflexive
spaces or, more generally, all weakly compactly generated spaces. On the other hand, we show that there is a Banach space
which admits a LUR norm but it is not binormal (Example 5.3).
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Some results in this paper are formulated for a general locally convex topology instead of the weak topology. If X is a
Banach space and 7 is a locally convex topology which is weaker than the norm topology, we say that X is t-binormal if
X is binormal with respect to its norm topology and t. We prove characterizations of t-binormality by another separation
property and by an in-between condition (Proposition 2.6).

We are interested in the case of the w*-topology. We prove the following theorem (which is covered by Theorem 6.3).
Note that the separability of the set A cannot be dropped (Example 6.6).

Theorem 1.2. A Banach space E is Asplund if and only if, for every disjoint separable and closed A C E* and w*-closed B C E*, there
are disjoint open D C E* and w*-open C C E* with AC Cand B C D.

Furthermore, our methods lead to the characterization of scattered compact spaces by a separation property (Theo-
rem 6.8).

2. A characterization of binormality

We start with a well-known variant of the Urysohn lemma. The lemma follows from [10, Theorem 3.11] in the case
that the topologies are comparable (which will be our case) but it holds in the general situation as well (see [10, exer-
cise 3.B.5(e)]).

Lemma 2.1. Let (X, o, T) be binormal. If o-closed A C X and t-closed B C X are disjoint, then there is a lower o -semicontinuous
and upper T-semicontinuous function h on X such that

0<h<1, h=00onA, h=1onB.
We now prove an abstract version of our characterization.

Lemma 2.2. Let Y be a set with two topologies oy and ty with ty weaker than oy. Let

X=Y xR

and let the products of oy and ty with the standard topology on R be denoted by o and .
If the condition

o0 o0
VU €7, H{Untpen, Une: U=UUH=UU_nU ()

n=1 n=1

is satisfied, then the following assertions are equivalent:

(i) (X, o, t) is binormal.
(iia) If F{ D Fp D --- are oy-closed subsets of Y with ﬂ,‘;‘;] Fp = 0, then there are G1 D G2 D -- -, Ty-open subsets of Y, such that
Fy CGpneN, and (N2, G =0.
(iib) If F1 D Fy D --- are o -closed subsets of X with (", Fn = @, then there are G; D G D ---, T-open subsets of X, such that
Fn CGnpneN,and (32, G =0.
(iii) If f : X — (0,00) is lower o-semicontinuous, then there exists g : X — (0, 00), lower o -semicontinuous and upper t-
semicontinuous, such that g < f.

Remark 2.3. Binormality of (Y, oy, ty) is not sufficient for binormality of (X, o, 7). If we take Y = [0, 1], oy the discrete
topology on Y and ty the standard topology, then (Y, oy, ty) is clearly binormal. Let us show that it does not satisfy (iia).
Take pairwise distinct numbers aq, ap, ... € [0, 1] which form a countable dense subset of [0, 1] and put

Fnp={an,an+1,...}, neN.

Note that F, is dense in [0, 1] for every n € N. We have ﬂﬁil Fn, = but the Baire theorem guarantees that ﬂ,fil Gn # 0
whenever G1, Ga, ... C [0, 1] are open sets with F, C G, n € N.
We will use this simple idea in a general situation later (proof of Lemma 6.2).

Before proving the lemma, we prove
Claim 2.4. (Cf. proof of [7, Theorem 1].) Let o and T be two topologies on a set X and let the condition (%) from Lemma 2.2 be satisfied.

Let A C X be o -closed and B C X be t-closed. If there are o -open D, C X, n € N, such that B C Uﬁ; Dy and D, N A = for all
n € N, then there are disjoint o-open D C X and t-open C C X with AC C and B C D.
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Proof. By (x), there are T-open sets Cp, C X, m € N, such that X\ B = | J3x_, Cy and C,® NB = for all m € N. In particular,
A C Um~=1 C. Define

D= U(Dn\ U Cm">,
n=1 m=1

C= U(cm\UD_nf)
m=1 n=1

It can be easily checked that C is T-open, D is 0-open, ACC,BCDand CND=@. O

Proof of Lemma 2.2. (i) = (iia) Put

A=|JFaxI1/n,00),  B=Y x{0}. (1)

n=1

Clearly, A is o-closed, B is t-closed and AN B = (. By the assumption, there are disjoint o-open D C X and t-open
Cc X with AcC and B D. We have AND? Cc A\ C ={. We define H, as the set of points y € Y such that there
is a oy-open neighbourhood U 5 y with U x [0,1/n] C D. Let G, be defined as Y \ H,”. We have Uﬁil H, =Y, and so
Mi21 G C 52, Y\ Hp® =52, (Y \ Hy) =¢. Clearly, G1 D G2 D ---. For n e N, we have H,* x [0,1/n] C D* C X\ A,
and so F, x {1/n}=AN(Y x {1/n}) c (Y x {1/a}) \ (H,* x [0,1/n]) = G, x {1/n}.

(iia) = (iib) For n € N and i € Z, we define

Fi = {yeY: (y.r) e Fyforsomereli—1/2,i+1/2]}. (2)

Due to the compactness of [i — 1/2,i 4+ 1/2], the sets F,’; are oy-closed and (52, F}; = for all i € Z. By the assumption,
there are, for all i € Z, ty-open G} > G} .- such that Fi € G}, and ;2 G4 = ¢. Then the choice

Go=|J(G x (i—1.i+1)), neN,
i€Z
works. (We have Fy C ey Fi x [i —1/2,i+1/2] C Gy for n € N. Suppose that (y,1) € (oo, Gn®. Put U=Y x (r —1,r+1).
We have U N (Gil x (i—1,i+ 1)) =@ whenever |i —r| > 2. There is n € N such that y ¢ GL°¥ for all i with |i —r| < 2. If
we take V = (Y \ Uu—r|<2 Gio¥) x R, then U NV is a o-open neighbourhood of (y,r) which does not intersect G,. This

contradicts (y,r) € Gp°.)

(iib) = (i) Let o-closed A C X and t-closed B C X satisfy AN B = . We need to find disjoint o-open D C X and t-open
C C X with ACC and B C D. By (x), there are t-open sets H, C X, n € N, such that X\ B={J72; H, and H.,° NB=4¢ for
all n e N. We may assume that Hy C Hy, C ---. The sets H, are o-open in particular. We put

Fn=A\Hp (3)
for n € N. The sets F,, n € N, are o-closed, F{ D F, D --- and ﬂ,fozl Fn=A\ U;’il Hp=A\ (X \ B) =0. By the assumption,
there are t-open G1 D G2 D --- such that F, C Gy, n €N, and ﬂ,‘.f; Gn% = . For n € N, we put

Cn =Gy UH,, Dn=X\GCC°.

We obtain A= F,U(ANH,;) CG,U(ANH,) CCp, and so D," NAC (X\Cy)NCy =9, for n € N. Considering Claim 2.4,
it remains to prove that B C | ;2 Dp. For n € N, we have

B\D,=BNGC,° =(BNG,")U(BNH,?)=BNG,7,

and so B\ U2 Dn = (B\ Dp) =21 (BN Gp%) = 0.

(iib) = (iii) We have already proved (iib) = (i). Therefore, assuming (iib), we can assume (i) as well.

We put F, ={x € X: f(x) <1/n}. By (iib), we take t-open G; D Gz D --- such that F, C G, and (72, Gn® = 0. By (i)
and Lemma 2.1, there is, for every n € N, lower o-semicontinuous and upper t-semicontinuous function g, : X — [0, 1]
such that g, =0 on F, and g, =1 on X \ G,. We have g,/n < f on X. Putting

— &
n
g=) >
n=1

we have 0 < g < f on X.
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(iii) = (iib) We may assume F; = X. We define f(x) =1/n for every x € F, \ Fy41 (this defines a lower o -semicontinuous
function on whole space X). By (iii), there exists g: X — (0, c0), lower o-semicontinuous and upper t-semicontinuous,
such that g < f. For n € N, we take 7-open G, ={x € X: g(x) < 1/n}. We have F, ={xe X: f(x) <1/n}C{xe X:
g(x) < 1/n} = Gy. At the same time, ()2, Gn CNo2 (¥ e X: gx) <1/n}={xeX: gx)<0}=0. O

By an inspection of the proof of Lemma 2.2, we get the following modification.

Lemma 2.5. Let Y, o0y, ty, X, 0, T be as in Lemma 2.2 and let (x) be satisfied. Moreover, let o be metrizable. Then the following
assertions are equivalent:

(i) For every disjoint o -separable and o -closed A C X and t-closed B C X, there are disjoint o-open D C X and t-open C C X
with Ac Cand BC D.
(iia) If F; D Fp D - -- are oy-separable and oy -closed subsets of Y with ﬂff:l Fn =, then thereare G1 D G D - - -, Ty-open subsets
of Y, such that Fy C Gp,n €N, and (52 G, = 0.
(iib) If F{ D Fy D - -- are o -separable and o -closed subsets of X with ﬂ,‘;‘;] Fn =, then there are G1 D G2 D ---, T-open subsets

of X, such that Fn C Gn, n €N, and (52, G, = 0.
Proof. The lemma can be proved in the same way as Lemma 2.2. The following should be mentioned.

e In the proof of (i) = (iia), we realize that the set A defined by (1) is o -separable because Fi, F,, ... are assumed to be
oy-separable.

o In the proof of (iia) = (iib), we realize that the sets F! defined by (2) are oy-separable because Fy, F, ... are assumed
to be o-separable (we use the metrizability of o).

e In the proof of (iib) = (i), we realize that the sets F, defined by (3) are o-separable because A is assumed to be
o -separable (we use the metrizability of o again). O

The desired characterization and its variant follow.

Proposition 2.6. Let X be a Banach space and t be a Hausdorff locally convex topology on X, weaker than the norm topology. Then
the following assertions are equivalent:

(i) X is T-binormal.
(ii) If F1 D F2 D - - - are closed subsets of X with (,2; Fn = ¢, then there are G1 D G2 D - - -, T-open subsets of X, such that F, C Gy,
neN,and (2, G =0
(iii) If f : X — (0, 00) is lower semicontinuous, then there exists g : X — (0, 0o), continuous and upper T -semicontinuous, such that
g</f.

Proof. We may suppose that X # {0}. Then, by the Hahn-Banach theorem, there is a T-continuous linear functional f #0
on X. We define Y as the kernel of f, o as the norm topology of X, oy as the norm topology of Y and ty as the restriction
of T on Y. We want to show that we are in the situation of Lemma 2.2. Fix an xp € X with f(xp) = 1. We will identify a
couple (y,r) € Y x R with the point y +rxp € X (then x € X is identified with (x — f(X)xo, f(X)) € Y x R). It is easy to check
that the mapping (y,r) €Y x R+~ y +rxg is (try x | - |)-T-continuous and (oy x |- |)-o-continuous and that the mapping
xe X (x— f(X)xg, f(x)) is T-(ty X |- |)-continuous and o-(oy X |- |)-continuous. So the products of oy and ty with the
standard topology on R are o and t indeed.

It remains to show that (%) is satisfied. Let U C X be t-open. We prove first that every x € U has a t-open neigh-
bourhood V such that dist(V, X \ U) > 0. There are t-continuous seminorms pi, p2,...,pn and & > 0 such that y e U
whenever p;(y —x) < ¢ for all i € {1, 2,...,n}. The seminorms are continuous in particular, so we can take C > 0 such that
pi(2) <CJz|| for all ze X and i € {1, 2,...,n}. We define t-open

V={yeX: pi(y—x <eg/2fori=1,2,...,n}.

We are going to show that dist(V, X\ U) > ¢/(2C). Let ae V and b € X \ U. By the choice of pi, p3,...,pn and ¢, there
isie{l,2,...,n} such that p;j(b — x) > . We are computing ||b —a| > (1/C)pi(b —a) > (1/C)(pi(b — x) — pi(a — X)) >
(1/C)(e —€/2) =¢/(2C). So dist(V, X \ U) > &/(2C).

Now, we define U, as the set of all x € U for which there is a 7-open neighbourhood V 3 x such that dist(V, X\U) > 1/n.
This is clearly a T-open set. We know that every x € U belongs to U, for a sufficiently large n. At the same time, U, c U
since dist(Up, X \ U) > 1/n. This completes the verification of (x). O

Proposition 2.7. Let X be a Banach space and t be a Hausdorff locally convex topology on X, weaker than the norm topology. Then
the following assertions are equivalent:
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(i) For every disjoint separable and closed A C X and t-closed B C X, there are disjoint open D C X and t-open C C X with A C C
and B C D.

(ii) If F1 D F2 D - - - are separable and closed subsets of X with (2, Fn = ¥, then there are G1 D G D ---, T-open subsets of X,
such that Fn C Gp,n €N, and (52 Gy = 0.

Proof. This has the same proof as Proposition 2.6 with the only difference that we use Lemma 2.5 instead of Lemma 2.2. O

3. A stronger property

We are going to introduce a property which is stronger than binormality. The notion of strong binormality plays a key
role for us because our only method how to prove that a space is binormal is to prove that it is strongly binormal. Although
we proved a characterization of binormality in the previous section, we still do not know too much about binormality itself.
For example, we do not know whether X x Y is necessarily binormal when X and Y are binormal. However, there is no
such a problem with strong binormality (Proposition 4.1).

Let X be a Banach space and t be a locally convex topology on X, weaker than the norm topology. We say that X is
strongly T-binormal if there exists a system of T-open neighbourhoods U} 5 x, x € X, n € N, such that

o0
ﬂ (UR, +enBx) #¥ = {xa: n € N}is relatively compact

n=1

whenever &, \ 0. We say that a Banach space X is strongly binormal if it is strongly w-binormal (where w denotes the
weak topology of X).
We prove three easy lemmata about strong binormality.

Lemma 3.1. If X is strongly t-binormal, then it is T-binormal.

We do not know anything about the converse implication. The problem of the existence of a binormal space which is
not strongly binormal does not seem to be easy.

Proof. We will use Proposition 2.6. Let F; D F, D --- be closed in X with ﬂ,f; Fp = . We need to find t-open G, D Fj
with (52, Gn =9 (the inclusions G; D G2 D --- can be arranged by taking ﬂmgn Gp instead of Gy). Let UY 5 x, x € X,
n e N, be a system witnessing the strong t-binormality of X. Put

Gn= U Uy, neN.
xeFy

If now a e ﬂg‘;l Gp, then we find a, € G, with |la — a,|| < 1/n for every n € N. For some x, € F,, we have a, € U;}n. By the
triangle inequality,

ae(\(Uy +(1/m)Bx).

n=1

It follows that {x,: n € N} is relatively compact. So we have a convergent subsequence X;. Its limit is an element of
(2.1 Fn, which is a contradiction. O

Lemma 3.2. Assume that there exist a dense subset Z of X and a system of T-open neighbourhoods U} > z, z € Z, n € N, such that,
for any sequence z;,n € N, in Z,

o0
m Uz, + enBx)#90 = {zu: ne N}isrelatively compact

n=1

whenever &, \ 0. Then X is strongly T -binormal.

In other words, in the definition of strong r-binormality, it is possible to require the neighbourhoods U} for the elements
of a dense set only.

Proof. Let x € X and n € N. There is some z(x,n) € Z for which ||x — z(x,n)|| < 1/n. Put

Vi =Ujxn + (1/n)Bx.
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This is a T-open neighbourhood of x. Now, suppose that &, \( 0 and that a € X and a sequence x, € X, n € N, satisfy

o0
ae ﬂ(v,’}n + € Bx).

n=1

We obtain

oo

ae m(UIzl(xn.n) + (en+ l/n)Bx).

n=1

By the property of the system U}, z€ Z, n € N, the set {z(xn,n): n € N} is relatively compact. Since ||x;, — z(x;, n)|| < 1/n,
the set {x,: n € N} is relatively compact, too. O

Lemma 3.3. If X is separable and By is t-closed, then X is strongly T -binormal.

Proof. Let By, By, ... be closed balls such that their interiors form a basis of the norm topology. Put

Up=Xx\ |J Bm xeX neN

m<n, X¢Bm

These sets are t-open, as Bq, By, ... are t-closed. Assume

o0
ae fW(UQn + €nBx).

n=1

We have to show that {x;: n € N} is relatively compact. We show that even x;, — a. Let m € N be such that a lies in the
interior of By,. Then there is ng such that x, € By, for n > ng. Indeed, take ng with no > m and &, < dist(a, X \ By). Let
n>ng. Thereis b € U,’}” such that [|b —al| < &y. Since ||b —a| < &n < &ny < dist(a, X \ Byy), we have b € B, Also, xp € By (in
the other case, b € UQH C X \ By because n >ng >m). So the choice of U} works. O

4. Binormality via decomposition

Let X be a non-separable Banach space, and let p be the first ordinal with cardinality dens(X). We call a transfinite
collection {Py}w<a<yu Of projections in X a projectional resolution of identity (PRI) if

IPell <1 for a € [w, u],

dens(Py X) < card(x) for o € [w, 1],

PyPg = PgPy = Pninfa,p) for o, B € [, u],

P, =0 and P, is the identity on X,

o — Pyx is continuous on [w, u] for every x € X.

If the first condition is weakened to sup{||Py||: @ <« < 1} < oo, we obtain the notion of a bounded projectional resolution
of identity.
Our main tool for proving that a non-separable Banach space is binormal follows.

Proposition 4.1. Let X be a Banach space and let {Py}»<a<y be a bounded PRIin X. If (Pq11 — Py )X is strongly binormal for every
o € [w, w), then X is strongly binormal.

Proof. We will denote

Xa = (Pa+1 = Po)X, a€lw, ),
Z= P X
O<a<[L
X(@) = (Pa41 — Po)x, xe€X, @ €lo, p),
where the direct sum @ is meant in the algebraic sense (so Z is the linear span of | J, <, X«). We take some M >0

such that ||Py || < M for any « € [w, u]. By the assumption, there is, for every « € [w, 1), a system of weak neighbourhoods
Uiy 3% x€ Xy, neN, in Xy, such that

o
ﬂ (U§,« +6nBx,)#% = {xa: n € N}is relatively compact

n=1

whenever &, \ 0.
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Since Z is dense in X, considering Lemma 3.2, it is enough to find appropriate neighbourhoods on Z. Put

U= [ Pas1 =P (Ukya) N [ (Ppr1 = Py) 7 (X\ ([ (Pps1 — Py)x|/2)Bx)

aeS(x) Y<BiByeS®)
forx = Z x(x)eZ, neN,
aeS(x)

where S(x) = {a: x(o) # 0} is finite.
Let us prove that the choice works. Let &, \( 0, let x,, n € N, be a sequence in Z and let a € X satisfy

e¢}

ae (](Uﬁ}rl + &nBx).

n=1

To show that {x,: n € N} is relatively compact, we prove by induction on X € [w, n] that {P,x,: n € N} is relatively compact.
This is clear for A = w because then P;x,;, =0 for n € N.

Let A=« + 1 for some o € [w, u) and let {Pyx,: n € N} be relatively compact. We have to show that {P;x,: n € N} is
relatively compact. It is sufficient to show that {x,(«): n € N} is relatively compact because P;x, = Pyxn + x;(a) for n € N.
Let us verify that, for every n € N,

x(@)#0 = a(a)e (Uz,,(a),a + (2Méey)Bx, ).

Assume x;(c) # 0, i.e,, o € S(xp). Choose b € UQH satisfying ||b — a|| < &;,. We have b € (Pqqq — Py)~! (Ugn(a).a), and so

b(x) e U™ Since ||b(a) —a(@)|| = ||(Pq+1 — Pa)(b—a)|| < 2M||b —a|| < 2Mey,, we get a(a) € U +(2Megy)Bx,, and

Xp(a), 0" Xn(a),o
the verification is completed. Now, for n € N, we put

_{MWL xn(a0) #0,
"Tla@), x(a)=0.
We obtain

o0

a(@) € (|(UY, o + (2Men)Bx, ).

n=1

Therefore, {y,: n € N} is relatively compact. As {x;(x): n € N} C {0} U {y,: n € N}, the set {x,(a): n € N} is relatively
compact, too. The inductive step o« — « + 1 is finished.

Let A € (w, ] be a limit ordinal number and let {Pyx,: n € N} be relatively compact for every « € [w, A). We have
to show that {P,x,;: n € N} is relatively compact. It is sufficient, given an & > 0, to find no and a sequence x;, such that
| Pxxn — x|l < & for n >ng and {x;: n N} is relatively compact. We show that the choice x;, = Pyxs, n €N, for an o < A
so that

[Pra— Pgall <e/8, a<B<A,

works. Fix such an o. We know that {Pyx,: n € N} is relatively compact. It remains to find ng such that ||Pyx, — Py Xnl|l < €
for n > ng. We choose ng so that &, < £/(8M). Let n > ng be given. If S(x,) C [w, o) U[A, ], then Pyx;, = Pyx,, and so
|PxXn — Poxnll =0 < &. Assume that S(x;) N[a, ) # @ and denote by B and by y the greatest and the least element of
S(xp) N [a, A). We have

Pyxp — Poxn = Z Xn(v)
veS(xp), a<v<i
= Z Xn(V) = Pg1Xn — Pyxn.

VES(X), y Sv<pB+1
Since a € U)'Zn +éenBx, we can choose b € UQ" satisfying ||b—a|| < &;. We have b € (Pg11— Py)*1(X\(||(P,3+1 —Py)xnll/2)Bx),
ie, [[(Pg+1 — Py)bll > [(Pg+1 — Py)xnll /2. We obtain
| Paxn — PoXnll = H(PﬂJrl - Py)XnH
<2[(Pg11 = Py)b|
<2|(Pp41 — Py)al| +4Me,
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< 2||Pya — Pgyqall + 2||Pya — Pya|l +4Mey
<4(&/8) +4Mey,
<e.

The inductive step for a limit ordinal A is finished. O

We say that a class C of Banach spaces is a P-class if, for every non-separable X € C, there exists a PRI {Py}wgagu Such
that (Py+1 — Py)X €C for every o < u, where i is the first ordinal with cardinality dens(X).
There are several classes which are known to be P-classes (see, e.g., [6]).

Theorem 4.2. Let C be a P-class. Then every space in C is strongly binormal. In particular, every space in C is binormal.

Proof. We prove by induction on the density of X that every X € C is strongly binormal. If dens(X) < o, then X
is separable, and thus strongly binormal by Lemma 3.3. Let X € C satisfy dens(X) > 8o and let every Y € C with
dens(Y) < dens(X) be strongly binormal. Let p be the first ordinal with cardinality dens(X). There is a PRI {Py}w<a<y
such that (Py4+1 — Py)X € C for every a < p. The block (Py4+1 — Py)X is strongly binormal for every o € [w, ) because
dens((Py+1 — Py)X) < card(x) < dens(X). Now, X is strongly binormal by Proposition 4.1.

The second part of the statement follows from Lemma 3.1. O

5. Examples
Example 5.1. The space C([0, n]) is binormal for every ordinal .

This can be proved directly from Proposition 4.1. We may assume that p is an initial ordinal and that u > wq (recall
that every separable Banach space is strongly binormal by Lemma 3.3). To define a suitable PRI, we take P, =0 and, for
o € (w, ], the projection

fw), 0

<v<da,
fl@, a<v<pu

Paf(v)={

(then every block (Py+1 — Py)C([0, 1£]) is strongly binormal - for & > w, it is one-dimensional, for « = w, it is isometric to
C(0,w+1D)).

Theorem 5.2. Every Plichko space is binormal. Every dual to an Asplund space is binormal.
For the definition of a Plichko space, see, e.g., [9]. For the definition of an Asplund space, see below.

Proof. We use Theorem 4.2. The class of 1-Plichko spaces is a P-class by [9, Theorem 4.14]. Note that every Plichko space
can be renormed to be 1-Plichko [9, Theorem 4.16]. The class of duals to Asplund spaces is a P-class by [2]. O

We say that a norm || - || is locally uniformly rotund (LUR) if x, — x whenever ||x,|| — ||x|| and ||x + x| — 2||x||. One may
expect that every Banach space with a LUR norm is binormal because the norm and weak topologies coincide on the unit
sphere. We are going to disprove this conjecture.

Example 5.3. There is a locally compact space T such that the function space Co(T) is Asplund and admits a LUR norm but
it is not binormal.

The presented example is the set

o0
T= ( U N”) uNN
n=1

endowed with the coarsest topology in which {s € T: s C t} is clopen for every t € T (we write s Ct if s is an initial
segment of t).

In fact, our space T is a tree. Function spaces on trees were widely studied in the article [5]. The fact that T is a tree is
sufficient for Co(T) to be Asplund. By [5, Theorem 4.1], Co(T) has a LUR norm.

We denote by x (o, the characteristic function of the set {s € T: s C t}. To show that Co(T) is not binormal, we put

Fn={x©.: n <length(t) < oo}, neN.
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The sets F, are closed because the functions x o, form a discrete set. It is clear that F1 D F» D --- and that ﬂﬁ; Fp, =40.
Considering Proposition 2.6, it is sufficient to prove the following claim. Note that the weak and the pointwise topologies
coincide on the unit ball of Co(T) (this can be easily proved from [3, Theorem 12.28] which implies that the linear span of
the Dirac measures is dense in the dual of Co(T)).

Claim 5.4. If G, C Co(T), n € N, are open sets in the pointwise topology such that Fn C Gn, n € N, then Bcyry N [neq Gn # 9.

Proof. We construct a sequence si, Sz, ... of natural numbers such that

(51,82, ..., Sny1) Ct = X.01 €Gn

for every n € N. Choose s; € N arbitrarily. Assume that sq,s2,...,s, are constructed. We have X, (s;.sy,....s0)] € Fn C Gn.
There are finite R C T and ¢ > 0 such that

vreR: | f(N) = X0.61.50,.5 | <€ = fe€Gn.
It is sufficient to choose sn41 such that (s1,s2,...,su41) ¢ 1 for any r € R. Indeed, if (s1,$2,...,Sp41) Ct, then x,(r) #
X(0,(s1,52,....s,)1 (1) 1s possible only for r with (s1, 2, ..., sp41) C 1, and thus X0, (1) = X(0,(s1.52.....5,)1 () for every r € R. Hence

X©.,t] € Gn.
So the construction is done. Now, the function x (s, where s = (s1, s2,...), belongs to G, for every n € N. This proves
the claim. O

6. Asplund spaces and w*-binormality

A Banach space E is said to be an Asplund space provided every continuous convex function defined on a non-empty
open convex subset D of E is Fréchet differentiable at each point of some dense Gs subset of D.

A topological space (X, 7) is said to be fragmented by a metric o if, for every ¢ > 0 and every non-empty Y C X, there is
a non-empty relatively t-open subset of Y of p-diameter less than ¢.

Further, a topological space (X, 7) is said to be scattered if every non-empty subset Y C X has an isolated point in Y. In
other words, (X, 7) is scattered if and only if it is fragmented by the discrete metric.

A metric o on a topological space (X, ) is said to be lower T-semicontinuous if the set {(x,y) € X x X: o(x,y) <r} is
closed in (X, 1) x (X, t) for each r > 0.

We start with a separable reduction for non-fragmentability. The result may be known but we were not able to find a
reference for it.

Proposition 6.1. Let (X, T) be a compact Hausdorff space and o be a lower T -semicontinuous metric on X. If (X, ) is not fragmented
by o, then there are an ¢ > 0 and a countable set Y C X such that

(1) o(x1,%2) = € whenever x1,xp € Y and X1 # xz,
(2) Y NU is infinite whenever U C X is T-open and Y N U is non-empty.

Proof. (Cf. proof of [8, Lemma 4.4].) By the implication (d) = (c) of [8, Theorem 4.1], there are an ¢ > 0, a T-compact
set H C X and a continuous surjective mapping p : (H, t) — {0, 1}N with the inverse images of distinct points of {0, 1}}
separated by p-distance at least €.

By the Zorn lemma, we can take some minimal (in the sense of the inclusion) T-compact set K ¢ H with p(K) = {0, 1}N.
Let ¥ be a countable dense subset of {0, 1}Y. For every o € ¥, we choose some x(o) € K N p~1(c). Let us verify that the
choice

Y ={x(0): 0 € ¥}

works. The property (1) is an immediate consequence of the properties of p. Let us verify the property (2). Take a t-open
U C X with Y N U non-empty. From the minimality of K, we have p(K \ U) ;Ct {0, 1}N. There are infinitely many pairwise
distinct points 01,07, ... € ¥ which are elements of the open set {0, 1} \ p(K \ U). Now, the points x(c1), X(02), ... are
pairwise distinct and they are elements of U. O

Lemma 6.2. Let (X, T) be a compact Hausdorff space and o be a lower t-semicontinuous metric on X. If (X, t) is not fragmented
by o, then there are F1 > F, D ---, o-separable and o-closed subsets of X with ﬂﬁ; F, = 0, such that ﬂf;‘;] G # ) whenever
G1, G, ... are T-open subsets of X with F, C Gp,n € N,

Proof. Let ¢ and Y be as in Proposition 6.1. Denote by y1, y¥2, ... the elements of Y (in such a way that every element of Y
occurs exactly one time in the sequence y1, ¥2,...). We claim that the choice
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Fn={Yn, Yns1,...}, neN,

works. The sets F, are p-closed due to the property (1) and they are p-separable because they are countable. Clearly,
Mne4 Fn = ¥. Moreover,

YCF,%, neN.

Indeed, the set Y \ F,,7, being a subset of {y1, y2,..., yn_1}, is finite, and so it is empty by the property (2).
Now, let G1, Gy, ... be T-open subsets of X with F, C G, n € N. The sets Fn, n €N, are dense in (YT, 1), so the sets
GpNYT, neN, are dense as well. Using the Baire theorem, we obtain ﬂﬁil GnNYT (. This proves the lemma. O

There is a connection between asplundness and w*-binormality. We are ready to prove it now.

Theorem 6.3. For a Banach space E, the following assertions are equivalent:

(i) For every disjoint separable and closed A C E* and w*-closed B C E*, there are disjoint open D C E* and w*-open C C E* with
AcCandBCD.
(ii) If F1 D F2 D - - - are separable and closed subsets of E* with (2., Fn = @, then there are G1 D G2 D - - -, w*-open subsets of E*,
such that Fy C Gp,n €N, and (e Gn = 0.
(iii) E is an Asplund space.

Proof. (i) < (ii) This follows from Proposition 2.7.

(ii) = (iii) Assume that E is not Asplund. It means that (Bgx, w*) is not fragmented by the norm [1, Theorem 1.5.2].
By Lemma 6.2, there are F1 D F» D ---, separable and closed subsets of B+ with ﬂ,f‘; F, =, such that ﬂ,ﬁl Gn# W
whenever G1, G, ... are relatively w*-open subsets of Bg+ with F, C Gy, n € N. This clearly disproves (ii).

(iii) = (ii) There is a separable closed linear subspace M of E such that

If—gll=sup{|(f —@]|: xeM, |x| <1}, f.geF.

Indeed, we can take M = span{x(f, g,k): f,ge P, k € N} where P is a countable dense subset of F; and x(f, g,k) € Bg is
chosen so that |(f — g)(x(f, g, k)| > || f — g|| — 1/k. Denote by r the restriction map r: E* — M*, r(f) = f|m. By the choice
of M, we have

If—gl=|r(fH)—r@]|. f.geFi.

It follows that r(Fy),r(F2), ... are closed in M* and ﬂ,fozl r(Fp) =0. As E is Asplund, M* is separable by [1, Theorem 1.5.7].
So M* is w*-binormal (Lemma 3.3 and Lemma 3.1). There are G} D G}, O ---, w*-open subsets of M*, such that r(F;) C G},

neN, and M52, 67, = ¢ (Proposition 2.6). Now, the choice
Gp=r"1 (Gp). neN,
works, as (22, 1= 1(Gp) c N2, r ' (G =r {(2, G =9. O
Corollary 6.4. If the dual E* of a Banach space E is w*-binormal, then E is Asplund.

Proof. The condition (i) in Theorem 6.3 is evidently weaker than w*-binormality of E*. O

One may ask whether the converse implication holds. Before proving that the answer is negative, we mention a positive
result suggested by O. Kalenda.

Remark 6.5. It can be shown that E* is w*-binormal whenever E is an Asplund and weakly countably determined Banach
space. To prove this, we can use the same method by which we proved Theorem 4.2 with the difference that we use the
fact that the class of the duals to Asplund WCD spaces forms a P-class with the special property that the projections are
continuous with respect to the w*-topology [1, Theorem VI1.4.3].

Example 6.6. The space C([0, w1]) is an Asplund space but its dual is not w*-binormal.

The space C([0,w1]) is Asplund because [0, 1] is scattered [3, Theorem 12.29]. To see that C([0,w1])* is not
w*-binormal, it is sufficient to prove the following lemma. Indeed, the sets Fq, Fo,... from the lemma form a counterex-
ample to (ii) in Proposition 2.6 if we identify every point of [0, w1] with the appropriate Dirac measure (note that [0, w1]
embeds topologically to (C([0, w1])*, w*) by this identification).
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Lemma 6.7. There are F1 D F2 D - -+, subsets of [0, w1] with (2 Fn = ¥, such that (2 Gn # ¥ whenever G1, G2, ... are open
subsets of [0, w1] with F, C Gy, n € N.

Proof. Let us recall a definition first. We say that a set S C [0, w1) is stationary if SN A # @ for any A C [0, w1), unbounded
and closed in [0, w1).
By the Fodor theorem [4], there are pairwise disjoint stationary sets Si, Sa, ... C [0, w1). We define

(e}
Fp :US,-, neN.
i=n

Suppose that G, n € N, are open sets in [0, w1] for which F, C G, n € N. We show that ﬂﬁil G # . Assume the opposite,
Le. that (°2; Gn = @. If we denote A, = [0, 1) \ Gy, then we obtain |J 2, An = [0, w1). We have that A, is closed and
unbounded for some n € N. As Sy, is stationary, we have ¢ # S, N A, C F, N Ap C G, N A, =0, which is a contradiction. O

Theorem 6.8. For a compact Hausdorff space X, the following assertions are equivalent:

(i) If F; D Fy D --- are countable subsets of X with ﬂﬁ‘; Fn, = 0, then there are G; D G, D ---, open subsets of X, such that
FpCGpneN,and (2, Gn =0.
(ii) X is scattered.

Proof. (i) = (ii) Assume that X is not scattered. It means that X is not fragmented by the discrete metric. Now, Lemma 6.2
disproves (i).

(ii) = (i) Assume that X is scattered. It means that C(X) is an Asplund space [3, Theorem 12.29]. If we identify ev-
ery point of X with the appropriate Dirac measure, (i) follows straightforwardly from Theorem 6.3 (note that X embeds
topologically to (C(X)*, w*) by this identification). O
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