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a b s t r a c t

Mindlin, in his celebrated papers of Arch. Rat. Mech. Anal. 16, 51–78, 1964 and Int. J. Solids Struct. 1, 417–
438, 1965, proposed two enhanced strain gradient elastic theories to describe linear elastic behavior of
isotropic materials with micro-structural effects. Since then, many works dealing with strain gradient
elastic theories, derived either from lattice models or homogenization approaches, have appeared in
the literature. Although elegant, none of them reproduces entirely the equation of motion as well as
the classical and non-classical boundary conditions appearing in Mindlin theory, in terms of the consid-
ered lattice or continuum unit cell. Furthermore, no lattice or continuum models that confirm the second
gradient elastic theory of Mindlin have been reported in the literature. The present work demonstrates
two simple one dimensional models that conclude to first and second strain gradient elastic theories
being identical to the corresponding ones proposed by Mindlin. The first is based on the standard contin-
ualization of the equation of motion taken for a sequence of mass-spring lattices, while the second one
exploits average processes valid in continuum mechanics. Furthermore, Mindlin developed his theory
by adding new terms in the expressions of potential and kinetic energy and introducing intrinsic
micro-structural parameter without however providing explicit expressions that correlate micro-struc-
ture with macro-structure. This is accomplished in the present work where in both models the derived
internal length scale parameters are correlated to the size of the considered unit cell.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

When the dimensions of a structure become comparable to the
size of its material micro-structure, size and micro-structural ef-
fects are observed. The same occurs in wave propagation when
the wavelength of the propagating disturbances is of the size of
the lattice of the medium. Typical examples are thin films and
plates, microbeams, microelectronic and micromechanical devices
as well as dynamic and wave propagation phenomena in materials
such as polycrystals, polymers, metallic foams, nanostructured
materials, granular materials, concrete, porous media, bones, parti-
cle and fiber reinforced composites.

Due to the lack of internal length scale parameters, the classical
theory of linear elasticity fails to describe such a behavior. How-
ever, this is possible with the use of other enhanced elastic theories
where intrinsic parameters correlating the micro-structure with
the macrostructure are involved in the constitutive equations as
well as in the equation of motion of the considered elastic contin-
ll rights reserved.
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uum. Such theories and the most general are those known in the
literature as Cosserat elastic theory (Cosserat and Cosserat,
1909), Cosserat theory with constrained rotations or couple stres-
ses theory (Mindlin and Tiersten, 1962; Koiter, 1964) strain gradi-
ent theory (Toupin, 1964), multipolar elastic theory (Green and
Rivlin, 1964), higher order strain gradient elastic theory (Mindlin,
1964, 1965a,b), micromorphic, microstretch and micropolar elastic
theories (Eringen, 1999) and non-local elasticity (Eringen, 1992).
More details on the above theories one can find in Tiersten and
Bleustein (1974), Lakes (1995), Eringen (1999) and Exadaktylos
and Vardoulakis (2001), while a note on how those theories are
correlated to each other, is provided in the article of Tekoglu and
Onck (2008).

Mindlin in his celebrated paper of 1964, proposed an enhanced
general elastic theory to describe linear elastic behavior of isotro-
pic materials with microstructural effects. This was accomplished
by considering the potential energy density as a quadratic form
not only of strains but also of gradient of strains and the kinetic en-
ergy density as a quadratic form of both velocities and gradient of
velocities. However, the use of higher order gradients in the
expressions of potential and kinetic energy introduces 16 new
intrinsic constants which are very difficult to be determined
theoretically or experimentally, thus rendering the new enhanced
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elastic theory very complicated from physical and mathematical
point of view. In order to make things simpler Mindlin proposed
three simplified versions of his theory, known as Form I, II and
III, utilizing in the final constitutive equations only two material
and five internal length scale constants instead of eighteen em-
ployed in his initial model. The basic assumptions were motion
in low frequencies and the same deformation for macro and mi-
cro-structure. In Form-I, the strain energy density function is as-
sumed to be a quadratic form of the classical strains and the
second gradient of displacement; in Form-II the second gradient
displacement is replaced by the gradient of strains and in Form-
III the strain energy function is written in terms of the strain, the
gradient of rotation, and the fully symmetric part of the gradient
of strain. Although, three forms are identical and conclude to the
same equation of motion, in Form-II total stresses are symmetric
and problems associated with non-symmetric stress tensors as in
the case of couple stresses theories are avoided. Thus, among the
aforementioned enhanced elastic theories, Form-II strain gradient
elastic theory of Mindlin is the only with symmetric stresses as
in classical elasticity. One year later, Mindlin (1965) proposed his
second gradient elastic theory where the potential energy density
is a quadratic form not only of strains and gradient of strains, as in
his first gradient theory, but also of the second gradient of strains.
The analysis is performed for static problems and the obtained
equilibrium equation is a partial differential equation of sixth order
while, as it is expected, more non-classical boundary conditions
should be satisfied.

Mindlin’s gradient elastic theory as well as almost all the afore-
mentioned enhanced theories have been developed via elastic con-
tinuum considerations by adding new terms either in the
expressions of potential and kinetic energy or in the constitutive
equations. Thus, although the dimensions of the new intrinsic
parameters are defined, their correlation with the size of the mi-
cro-structure is not explicitly provided. This is possible either
experimentally or theoretically using discrete lattice models (Met-
rikine and Askes, 2002) or homogenization approaches (Chara-
lambakis, 2010). Lattice models compared to continuum ones
have the advantage of taking into account microstructural effects
more accurately by combining all the geometric and material char-
acteristics of the micro-structure with the dynamic behavior of the
matter. However, the size of a lattice model becomes prohibitive
for real problems, since it requires the combination of a huge num-
ber of unit cells. A solution to this problem is to consider the con-
tinuum as a material having approximately the same behavior
with the one of the discrete lattice model. This technique is known
as ‘‘continualization’’ and it has been extensively used by Trian-
tafyllidis and Bardenhagen (1993), Mühlhaus and Oka (1996), Sui-
ker et al. (2001a,b), Askes et al. (2002), Askes and Metrikine (2005),
Metrikine and Askes (2002), Pichugin et al. (2008), Andrianov
(2002), Metrikine (2006), Metrikine and Askes (2006) and Metriki-
ne and Prokhorova (2010) for the derivation of equations of motion
of micropolar, gradient and non-local elastic theories. On the other
hand a large number of relevant works exploit homogenization
techniques in order to establish micro-structural effects in a peri-
odic non-homogeneous continuum. In that case the unit cell of
the periodic structure is employed and averaged, to obtain both
the equation of motion and the new properties of the homogenized
material including micro-structural effects. In this category, repre-
sentative works are those of Ben-Amoz (1976), Forest et al. (1999,
2001), Forest and Trinh (2010), Wang and Sun (2002), Fish et al.
(2002) and Peerlings and Fleck (2004).

The majority of the aforementioned discrete and homogeniza-
tion models deal with wave propagation problems in infinite
non-homogeneous materials and provide only the equation of mo-
tion expressed in terms of displacements and internal length scale
parameters that depend on the material properties of the
constituents and the size of the representative volume element
(RVE). Metrikine and Askes (2002, 2006) and Metrikine and Prok-
horova (2010), applying a continualization process for one and
two dimensional lattice models derived classical and non-classical
boundary conditions, which are of the same form with those pro-
posed by Mindlin. However, in the considered lattice models, dis-
placement of each particle was assumed as a weighted average
of the displacements of the particles surrounding the central parti-
cle. This consideration introduces averaging constants, which are
not correlated to the dimensions and physical properties of the
underlying microstructure. Furthermore, their inertia internal
length scale parameter differs from that proposed by Mindlin
(1964). Finally, to the authors’ best knowledge, no lattice or contin-
uum models that confirm the second strain gradient elastic theory
of Mindlin have appeared in the literature so far.

The goal of the present work is to provide two simple one
dimensional (1D) models that conclude to gradient elastic theory
being identical to first and second gradient elastic theory of Mind-
lin. The first is based on standard continualization of the equation
of motion taken for a sequence of mass-spring lattices, while the
second one exploits averaging processes valid for a continuum. In
both models the internal length scale parameters are correlated
to the size of the unit cell or the RVE of the considered non-homo-
geneous material. The paper is organized as follows: the next sec-
tion illustrates Mindlin’s strain gradient elastic theory in 1D space
and provides an overview on gradient elastic theories derived by
other investigators through lattice models and homogenization
techniques. Section 3 demonstrates the 1D problem of longitudinal
vibration of a beam simulated with a discrete system of masses
and springs. One-neighbor and two-neighbor interaction lattice
models are exploited and the obtained equation of motion and
boundary conditions are in fully agreement with Mindlin’s theory.
The same is accomplished in Section 4 with the aid of a new aver-
age process in the RVE of the continuum. Finally, in Section 5 the
main conclusions pertaining to this work are provided.
2. 1D version of Form-II strain gradient elastic theory of Mindlin
and overview of the gradient elastic theories

In this section the Form-II higher order strain gradient elastic
theory of Mindlin for the simple 1D case of the longitudinal vibra-
tions of a beam is presented. Next, in Sections 2.2 and 2.3 the 1D
version of other enhanced elastic theories appearing in the litera-
ture are mentioned and compared to the Mindlin’s theory. The Sec-
tion 2.2 reports theories derived through lattice models of masses
and springs, while Section 2.3 demonstrates the 1D version of en-
hanced theories taken via continuum mechanics considerations.

2.1. 1D strain gradient elastic theory of Mindlin

Mindlin (1964) in the Form-II version of his general strain gra-
dient elastic theory considered that the potential energy density of
an isotropic elastic body with micro-structure is a quadratic form
of strains and gradient of strains. For a beam of length L, cross-sec-
tion A, line density q, Young’s modulus E and Poisson ration m = 0
that potential energy density W is written as

W ¼ 1
2

E ð@xuÞ2 þ g2ð@xxuÞ2
h i

; ð1Þ

where u represents longitudinal displacement at point x ant time t,
@x mean differentiation with respect to x and g2 ¼ 2ða1þa2þa3þa4þa5Þ

E ,
with a1, a2, a3, a4, a5 being constants illustrated in Mindlin (1964).

Extending the idea of non locality to the inertia of the contin-
uum with micro-structure, he proposed also a new expression for
the kinetic energy density function T where the gradients of the
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velocities are taken into account. For the aforementioned beam
this means that

T ¼ 1
2
qð@tuÞ2 þ

1
2
q0

d2

3
ð@x@tuÞ2; ð2Þ

where @t stands for differentiation with respect to t, q = qM + q0 with
qM, q0 being the mass of macro-material and micro-material per
unit macro-volume, respectively, and 2d is the size of the micro-
structural cell embedded in a unit material cell, illustrated in
Fig. 1. As it is mentioned in Mindlin (1964), micro-structural cell
‘‘. . . may be interpreted as a molecule of a polymer, a crystallite of a
polycrystal or a grain of a granular material.’’ In case where the beam
is composed entirely by micro-structural cells, then qM = 0 and
q = q0. In other words, for a particulate composite material qM rep-
resent the density of the non-homogeneous RVE and q0 the density
of the inclusions, while for granular materials qM = 0 and q � q0.

Applying Hamilton’s principle for a beam of length L, cross
-section A, line density q, Young’s modulus E and Poisson ration
m = 0 that performs longitudinal vibrations across the axis x, one
obtains the equation of motion:

@xxu� g2@xxxxu ¼ 1
c2 @ttu� h2

@xxttu
� �

; c2 ¼ E=q ð3Þ

accompanied by the classical essential and natural boundary condi-
tions where the longitudinal displacement u and/or the traction p
have to be defined on both ends of the beam and the non-classical
essential and natural boundary conditions where the normal deriv-
ative of displacement q = @u/@x and/or the double traction R are pre-
scribed on each of the ends of the beam.

Tractions p, R are defined as:

p ¼ E @xu� g2@xxxu
� �

þ 1
3
q0d2

@x€u; ð4Þ

R ¼ Eg2@xxu: ð5Þ

The coefficients g2, h2 appearing in Eq. (3) are called stiffness and
inertia internal length scale parameters, respectively, the only
parameters that relate the micro-structure with the macrostructure,
defined as

g2 ¼ 2ða1 þ a2 þ a3 þ a4 þ a5Þ
E

; ð6Þ

h2 ¼ 1
3

q0

q
d2
: ð7Þ

Both g2, h2 have units of length square, they are smaller than the
representative volume element of the beam; depend on stiffness
ratios, density ratios and the size of the unit material cell.
Fig. 1. Micro-structural cell of size 2d embedded in a non-homogeneous unit
material cell. For a particulate composite qM represent the density of the non-
homogeneous RVE and q0 the density of the inclusions, while for granular materials,
polycrystals or polymers qM = 0.
Identical to Mindlin’s theory is the dipolar strain gradient elas-
tic theory (Georgiadis et al., 2004), which is a special case of Green
and Rivlin (1964) multipolar continuum theory. Georgiadis et al.
(2004) considering a material composed wholly of unit cells having
the form of cubes with edges of size 2d and comparing the forms of
dispersion curves of Rayleigh waves obtained by the dipolar ap-
proach with the ones obtained by the atomic-lattice analysis of Ga-
zis et al. (1960), found that for polycrystals, alloys and granular
materials g2 is of the order of (0.1d)2, while h2 is given by relation
(7) for q = q0. A comprehensive discussion on the values that g2 and
h2 take is presented in Vavva et al. (2009).
2.2. Strain gradient elastic theories based on lattice models

The majority of the enhanced elastic theories derived through
systems of discrete particles can be divided into three categories.
The first concerns those models of springs and masses that after
a standard continuation process conclude to an equation of motion
of the form

@xxuþ ‘2L@xxxxu ¼ 1
c2 @ttu; ð8Þ

where ‘ is the size of the unit cell and L a dimensionless constant
containing the material properties of the materials involved in the
unit cell.

Here one can mention the works of Rubin et al. (1995),
Mühlhaus and Oka (1996), Suiker et al. (2001a,b), Askes et al.
(2002) and Askes and Metrikine (2005). Comparing to Mindlin’s
Eq. (3), Eq. (8) is obtained from (3) by taking h = 0 and replacing
g2 with �‘2L. However, although Eq. (8) provides a reasonable
dispersion relation for 1D wave propagation in material with
micro-structure, it suffers of problems associated with stability
and uniqueness of the obtained solutions.

The discrete models of Metrikine and Askes (2002, 2006), Pichu-
gin et al. (2008), Metrikine and Prokhorova (2010), Andrianov
(2002) and Andrianov et al. (2010) belong to the second category,
which after non-standard continuation procedures lead to the
equation of motion:

@xxu� ‘2L0@xxxxu ¼ 1
c2 @ttu� ‘2A@xxttu
� �

ð9Þ

with L0, A being dimensionless constants.
Eq. (9) is of the same form with Mindlin’s one (Eq. (3)). How-

ever, as it has been already mentioned in the introduction, the
aforementioned works utilize a continualization process where
the displacement of each particle is taken as a weighted average
of the displacements of the particles surrounding the central parti-
cle. Thus the dimensionless constants L0, A are expressed in terms
of averaging parameters, which are not correlated to the dimen-
sions and physical properties of the underlying microstructure.

Finally, in the third category belongs the causal model of Metri-
kine (2006) where the following equation of motion is
demonstrated

@xxu� ‘2L@xxxxu ¼ 1
c2 @ttu� ‘2H@xxttu
� �

þ 1
c4 ‘

2N@ttttu: ð10Þ

The difference between Eqs. (9) and (10) is the forth order deriva-
tive of displacement appearing in (10). According to Metrikine
(2006), this term renders the proposed strain gradient elastic model
causal and suitable for wave propagation problems. However, this
term does not appear in Mindlin’s theory and many questions arise
about the initial and boundary conditions valid for a corresponding
boundary value problem.
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2.3. Strain gradient elastic theories based on continuum models

A different strategy to that of lattice models is to consider a
periodically inhomogeneous continuum and then to apply higher
mathematical homogenization techniques in space and time. Rep-
resentative works belonging in that group of strain gradient elastic
models are those of Ben-Amoz (1976), Wang and Sun (2002) and
Fish et al. (2002).

Ben-Amoz (1976), considering wave propagation in three
dimensional particulate composites, found an equation of motion
being identical to Mindlin’s one and furthermore he derived ana-
lytical expressions for the Mindlin’s intrinsic parameters. For the
present case of longitudinal vibrations of a beam, the internal
length scale parameters g2, h2 of Eq. (3) are given as:

g2 ¼ d2

4
1�
ðkf þ 2lf Þ � ðkm þ 2lmÞ

kt þ 2lt
ðtf � 4If Þ

� �
; ð11Þ

h2 ¼ d2

4
1þ ðqR=qm � qR=qf Þðtf � 4If Þ
h i�1

; ð12Þ

where d is the size of unit cell, k, l, q represent Lamé constants and
mass density, respectively, subscripts t and R define parameters
according to mixture rules

Zt ¼ Zf tf þ Zmtm; ð13Þ

ZR ¼ Z�1
f tf þ Z�1

m tm

h i�1
ð14Þ

with subscripts f and m indicating inclusion and matrix parameters
and tf, tm representing inclusion and matrix volume fractions,
respectively.

The parameter If appearing in relations (11) and (12) is defined
as the polar moment of inertia of the inclusions about the center of
the representative volume and reflects the influence of the relative
position of the inclusions with respect to the center of the RVE.

Wang and Sun (2002), considering a periodic layered structure
and wave propagation in the direction being perpendicular to lay-
ers, they found after a homogenization process an equation of mo-
tion of the form

A@xxu ¼ 1
c2 @ttu� ‘2H@xxttu
� �

; ð15Þ

where ‘ is the size of the unit cell and A, H constants containing
material and inertia constants of the materials involved in the con-
sidered periodic layered structure.

Similarly Fish et al. (2002) applying homogenization in both
spatial and temporal scales for a periodically inhomogeneous con-
tinuum, conclude to an equation of motion being similar to (15).
Eq. (15) obtained by the Mindlin’s model if the effect of the mi-
cro-structure on the stiffness of the macro-structure is ignored.

However, as in the case of lattice models, Ben-Amoz (1976),
Wang and Sun (2002) and Fish et al. (2002) derived partially or en-
tirely Mindlin’s model through complicated procedures and
assumptions and only for wave propagation problems in infinite
medium without providing any information about the non-classi-
cal essential and natural boundary condition.

Finally, it should be mentioned here that except the aforemen-
tioned works, many other articles dealing with 1D dynamic gradi-
ent elastic problems can be found in the literature. Representatives
are those of Ru and Aifantis (1993), Altan et al. (1996), Chang and
Gao (1995, 1997), Erofeyev (2003), Tsepoura et al. (2002), Kong
et al. (2008, 2009), Papargyri-Beskou et al. (2003, 2009). However,
none of those works derive from scratch Mindlin’s strain gradient
elastic theory.
3. Mindlin’s theory through new lattice models

In this section the longitudinal vibration of a beam simulated
with a new discrete system of masses and springs is presented.
The proposed lattice model explains Mindlin’s strain gradient elas-
tic theory and the obtained equation of motion and boundary con-
ditions are fully compatible with those of Section 2.1. The analysis
is performed in the context of a standard continuation procedure
proposed mainly in the works of Metrikine and Askes. Thus, the
derivation of the boundary conditions of the problem is accom-
plished through Hamilton’s variational considerations and not via
analysis of lattices located near to the global boundary. The present
section is divided into three sections. The first and the second sub-
section present the aforementioned new lattice model based on
one- and two- neighbor interactions, respectively. In third subsec-
tion the second strain gradient elastic theory of Mindlin is derived
trough a two- neighbor interaction lattice model.

3.1. Lattice model with one-neighbor interaction

Consider a beam of length L, consisting of equally spaced identi-
cal particles of mass M connected to each other by springs of stiffness
k. For the 1D case and according to Hooke’s law, the stiffness of the
springs is taken equal to k = AE/‘ with A, E being the cross-section
and the Young modulus of the beam, respectively, while ‘ is the par-
ticle spacing as it is depicted in Fig. 1. The size ‘ may be interpreted
either as a unit cell of a non-homogeneous material or the RVE of the
considered continuum. Since only longitudinal motion is allowed,
the displacement of nth mass in time is denoted by xn(t). Assuming
small ‘ and adopting the continuation process proposed in the works
of Metrikine and Askes, the discrete kinematic degrees of freedom
xn�1(t), xn(t), xn+1(t) can be replaced by the continuous variables
u(x � ‘, t), u(x, t) and u(x + ‘, t), respectively. In order to insert the
influence of the micro-inertia on the axial vibration of the beam,
springs are not massless as in classical lattice models but springs
with uniformly distributed mass m. Actually, microstructure is con-
sidered in a discrete manner as a large number of very small masses
me uniformly distributed between two particles of mass M and con-
nected with springs of stiffness ke (Fig. 3(a)). The sum of all those
masses is equal to m and because of being very small; springs ke

can be replaced by one with total stiffness k. However, micro-masses
me contribute to the kinetic energy of the system. This can be cov-
ered by the following assumption: considering a local coordinate
system z and taking into account that ‘ is small, the velocity of each
micro-mass can be considered as a linear function of z, i.e. @tuðz; tÞ ¼
@t uðxþ‘;tÞ�@t uðx;tÞ

‘
zþ @tuðx; tÞ (Fig. 3(a)). This consideration permits a

continualization approach for the micro-inertia where the system
‘‘micro-masses-springs’’ can be replaced by a spring of stiffness k
and mass m (Fig. 3(b)), where each micro-mass is represented by
the quantity q0Adz, with q0 denoting the micro-density, A the
cross-section of the beam, while z is a local coordinate system mov-
ing with the particle of mass M. The idea of using a local coordinate
system to describe microstructural effects belongs to Mindlin and it
is proposed in page 52 of his paper Mindlin (1964): ‘‘. . . Embedded in
each material particle there is assumed to be a micro-volume V0 in which
X0i and x0i are the components of the material and spatial position vectors,
respectively, referred to axes parallel to those of the xi, with origin fixed
in the particle: so that the origin of the coordinates x0i moves with the dis-
placement u . . .’’

Consequently for a unit cell corresponding to nth mass M and
depicted in Fig. 2, the stored potential energy density (potential en-
ergy per unit macro-volume) for the cell ‘ is given by:

W ¼ 1
2

1
2 k uðx; tÞ � uðx� ‘; tÞ½ �2

A‘
þ

1
2 k uðxþ ‘; tÞ � uðx; tÞ½ �2

A‘

( )
: ð16Þ



Fig. 2. One-neighbor interaction lattice model consisting of identical masses M and
springs with stiffness k and uniformly distributed mass m.

(a)

(b)

Fig. 3. (a) Lattice representation of the microstructure lying between two particles
of mass M. The position of each micro-particle is defined via a local coordinate z
fixed in the particle M on the left. (b) Replacing of system ‘‘springs-micro-masses’’
with a spring of stiffness k and uniformly distributed mass m. Each micro-mass is
represented by q0Adz, with q0 being the micro-density, A the cross-section of the
beam and z the local coordinate system.
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As it has been mentioned in the previous section, Mindlin consid-
ered gradients of both strains and velocities in the expressions of
potential and kinetic energy density, respectively. Thus, expanding
u(x � ‘, t), u(x + ‘, t) around the point x and considering quadratic
behavior for displacements and linear for velocities throughout
the lattice, one easily obtains that:

uðx� ‘; tÞ ¼ uðx; tÞ � ‘@xuðx; tÞ þ 1
2
‘2@xxuðx; tÞ; ð17Þ

uðxþ ‘; tÞ ¼ uðx; tÞ þ ‘@xuðx; tÞ þ 1
2
‘2@xxuðx; tÞ; ð18Þ

@tuðx� ‘; tÞ ¼ @tuðx; tÞ � ‘@x@tuðx; tÞ; ð19Þ
@tuðxþ ‘; tÞ ¼ @tuðx; tÞ þ ‘@x@tuðx; tÞ; ð20Þ

where @x, @t denote differentiation with respect to variables x and t,
respectively.

Taking into account Taylor expansions (17) and (18), Eq. (16)
reads

W ¼ 1
2

k‘
A
ð@xuÞ2 þ ‘

2

4
ð@xxuÞ2

" #
: ð21Þ

For the one dimensional problem considered here, the stiffness of
the springs can be taken equal to k = AE/‘, where E is the Young
modulus of the beam. Thus:

W ¼ 1
2

E ð@xuÞ2 þ ‘
2

4
ð@xxuÞ2

" #
: ð22Þ

Thus, for the considered beam the total potential energy is given by:

P ¼ 1
2

Z L

0
E ð@xuÞ2 þ ‘

2

4
ð@xxuÞ2

" #
dx: ð23Þ

The kinetic energy density for the mass M (kinetic energy per unit
macro-volume) is equal to:

TM ¼
1
A‘

1
2

Mð@tuÞ2
� �

¼ 1
2
qMð@tuÞ2; ð24Þ

where qM is the mass of macro-material per unit macro-volume.
The kinetic energy density for the springs of the unit cell ‘ (ki-

netic energy per unit macro-volume) is defined as:

T 0 ¼ 1
2

1
2

R ‘
0 q0A @tu�ðz; tÞ½ �2dz

A‘
þ

1
2

R ‘
0 q0A @tuþðz; tÞ½ �2dz

A‘

( )
ð25Þ

with q0 denoting the mass of micro-material per unit macro-vol-
ume. The coordinate z indicates the distance of each point of the
spring from its left end (Fig. 3), @tu

�(z, t), @tu
+(z, t) represent point

velocities of the springs with end velocities @tu(x � ‘, t), @tu(x, t)
and @tu(x, t), @tu(x + ‘,t), respectively.

Since lattice ‘ is very small, @tu
�(z, t), @tu

+(z, t) are assumed lin-
ear with respect to z, i.e.:

@tu�ðz; tÞ ¼
@tuðx; tÞ � @tuðx� ‘; tÞ

‘
zþ @tuðx� ‘; tÞ; ð26Þ

@tuþðz; tÞ ¼
@tuðxþ ‘; tÞ � @tuðx; tÞ zþ @tuðx; tÞ; ð27Þ
‘

which, according to expansions (17) and (18) are written as

@tu�ðz; tÞ ¼ @x@tuðx; tÞzþ @tuðx; tÞ � ‘@x@tuðx; tÞ; ð28Þ
@tuþðz; tÞ ¼ @x@tuðx; tÞzþ @tuðx; tÞ: ð29Þ

Inserting (28) and (29) into (25), after some algebra one obtains:

T 0 ¼ 1
2
q0ð@tuÞ2 þ

1
2
q0
‘2

3
ð@x@tuÞ2: ð30Þ

Eqs. (25) and (30) together represent the total kinetic energy den-
sity of the beam written as:

T ¼ TM þ T 0 ¼ 1
2
qð@tuÞ2 þ

1
2
q0
‘2

3
ð@x@tuÞ2; ð31Þ

where q = qM + q0.
Obviously the total kinetic energy for the vibrating beam is:

K ¼ 1
2

Z L

0
qð@tuÞ2 þ q0

‘2

3
ð@x@tuÞ2

" #
dx: ð32Þ

The dynamic governing equation of the bar as well as all possible
boundary conditions can be determined with the aid of Hamilton’s
variational principle:Z t1

t0

dðP � KÞdt ¼ 0; ð33Þ

where P, K are the strain and kinetic energy given by Eqs. (23) and
(32), respectively.

For the sake of convenience the difference P � K is written in the
form

P � K ¼
Z L

0
Fðu0;u00; _u; _u0Þdx ¼

Z L

0

1
2

E ðu0Þ2 þ ‘
2

4
ðu00Þ2

" #(

� qð _uÞ2 þ q0
‘2

3
ð _u0Þ2

" #)
dx; ð34Þ

where u0 � @xu and _u ¼ @tu.



Fig. 4. Lattice model consisting only of identical springs with stiffness k and
uniformly distributed mass m.

D. Polyzos, D.I. Fotiadis / International Journal of Solids and Structures 49 (2012) 470–480 475
Applying basic principles of calculus of variation (Lanczos,
1970) and taking into account Hamilton’s principle requirement
that du(x, t0) = 0 and du(x, t1) = 0, the left hand side of Eq. (33) can
be written asZ t1

t0

dðP � KÞdt ¼
Z t1

t0

Z L

0
dF u0;u00; _u; _u0ð Þdxdt

¼
Z t1

t0

Z L

0
@xx

@F
@u00

� 	
� @x

@F
@u0

� 	
� @t

@F
@ _u

� 	
þ @xt

@F
@ _u0

� 	� �
dudx


 �
dt

þ
Z t1

t0

@F
@u0
� @x

@F
@u00

� 	
� @t

@F
@ _u0

� 	� �
duþ @F

@u00
du0

� �L

0
dt: ð35Þ

In view of Eq. (34) the variational Eq. (35) takes the form

�
Z t1

t0

Z L

0
E u00 � ‘

2

4
u
0000

 !
� q€uþ q0

‘2

3
€u00

" #
dudxdt

þ
Z t1

t0

E u0 � ‘
2

4
u000

 !
þ q0

‘2

3
€u0

( )
du

" #L

0

dt

þ
Z t1

t0

E
‘2

4
u00

 !
du0

" #L

0

dt ¼ 0: ð36Þ

The first integral of (36) implies that

E u00 � ‘
2

4
u
0000

 !
� q€uþ q0

‘2

3
€u00 ¼ 0

or

@xxu� ‘
2

4
@xxxxu ¼ 1

c2 @ttu�
‘2

3
q0

q
@xxttu

 !
; c2 ¼ E=q: ð37Þ

The second integral of (36) imposes the classical boundary condi-
tions, where displacement and/or the traction field

p ¼ E @xu� ‘
2

4
@xxxu

 !
þ q0

‘2

3
@xttu; ð38Þ

should be described on the boundary, while the third integral of
(36) illustrates the non-classical boundary conditions according to
which the strain @xu or the traction vector

R ¼ E
‘2

4
@xxu; ð39Þ

should be defined.
Comparing (37)–(39) with (3)–(5), respectively, it is apparent

that the lattice model derived in the present section is in full agree-
ment with Mindlin’s theory. Furthermore, provides an estimation
of the internal length scale parameters g, h with respect to the rep-
resentative size ‘ of the considered gradient elastic continuum,
which can be a particle embedded in the matrix of a composite
material or the RVE of the composite. More precisely, according
to equation of motion (37) and in comparison with Eq. (3), the stiff-
ness and inertia intrinsic parameters have been found to be:

g2 ¼ ‘
2

4
; ð40Þ

h2 ¼ ‘
2

3
q0

q
; ð41Þ

The only difference between (41) and (7) is that in (41) ‘ represents
a unit cell of the non-homogeneous material while in (7) d repre-
sents the size of the micro-structure. The two relations (7) and
(41) become identical when q � q0 and ‘ � d. This means that the
material is wholly composed by microstructural cells. In that case
the lattice model of Fig. 2 is replaced by the one depicted in Fig. 4.
3.2. Lattice model with two-neighbor interactions

In the above described lattice model, for q0 being close or equal
to q the stiffness internal length scale parameter g is smaller than
the inertia one. This means that it is not able to cover inhomoge-
neous materials with q0 close to q and g > h. The problem can be
solved by expanding the stiffness non-locality of the lattice model
of Fig. 1 and considering springs of stiffness j that connect the
mass xn(t) with the masses xn�2(t) and xn+2(t) as it is shown in
Fig. 5. The new springs are massless with constant stiffness and
in general different to the stiffness of springs that connect two
adjacent masses M, i.e. j – k. The idea of using ‘‘non-local’’ springs
in lattice models to describe nonlocal material behavior has been
elaborated in Gazis and Wallis (1964), Mindlin (1965), Rosenau
(1987), Triantafyllidis and Bardenhagen (1993), Ioannidou et al.
(2001), Metrikine (2006), Di Paola et al. (2010) and Zingales
(2011). Di Paola et al. (2010) proposed a non-local network of
springs where their stiffness decays with the distance. Exploiting
this idea we suppose j < k and both constant.

Adopting the assumptions of the previous section, the potential
energy density for a unit cell corresponding to nth mass M of dis-
placement u(x) is written as

W ¼ 1
2

1
2 k uðx; tÞ � uðx� ‘; tÞ½ �2

A‘
þ

1
2 k uðxþ ‘; tÞ � uðx; tÞ½ �2

A‘

( )

þ 1
2

1
2 j uðx; tÞ � uðx� 2‘; tÞ½ �2

A‘
þ

1
2 j uðxþ 2‘; tÞ � uðx; tÞ½ �2

A‘

( )
:

ð42Þ

Expanding u(x ± ‘), u(x ± 2‘) and keeping the quadratic terms of Tay-
lor expansions, (42) obtains the form

W ¼ 1
2

E1 ð@xuÞ2 þ ‘
2

4
ð@xxuÞ2

" #
þ 1

2
E2 4ð@xuÞ2 þ 4‘2ð@xxuÞ2
h i

; ð43Þ

where E1 ¼ kl
A and E2 ¼ jl

A .
The kinetic energy density remains the same as in previous

case, given by Eq. (31).
Applying Hamilton’s principle for (43) and (31), it is easy to find

one that the new equation of motion reads

@xxu� ‘
2

4
b2
@xxxxu ¼ 1

c2 @ttu�
‘2

3
q0

q
@xxttu

 !
; c2 ¼ E=q ð44Þ

with

E ¼ E1 1þ 4
E2

E1

� 	
; ð45Þ

b2 ¼
1þ 16 E2

E1

1þ 4 E2
E1

; ð46Þ

Comparing Eq. (44) with Mindlin’s Eq. (3), one can see that the stiff-
ness and inertia intrinsic parameters of the new nonlocal lattice
model are:



Fig. 5. Two-neighbor interaction lattice model.
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g2 ¼ ‘
2

4
b2
; ð47Þ

h2 ¼ ‘
2

3
q0

q
; ð48Þ

Regardless to the definition of E1, E2, relations (47) and (48) indicate
that g > h.

3.3. Lattice model for the second strain gradient elastic theory of
Mindlin

Mindlin (1965) proposed a new strain gradient elastic theory
where the potential energy density of the continuum was a func-
tion of the strain and its first and second gradients. Performing
his analysis for elastostatic problems, he concluded to an equilib-
rium equation, which for the beam problem considered in the pres-
ent work is written as

ð1� g2
1@xxÞð1� g2

2@xxÞ@xxu ¼ 0; ð49Þ

where g2
1; g

2
2 intrinsic parameters explained in Mindlin (1965).

In the same work, Mindlin employing a 1D three-neighbor
interaction lattice model derived the following equilibrium
equation:

Xi¼3

i¼1

aiðunþi � 2un þ un�iÞ ¼ 0; ð50Þ

where a1, a2, a3 are proportionality constants.
Then, considering the finite difference scheme

Dun ¼ unþ1 � un

D2un ¼ unþ1 � 2un þ un�1

D4un ¼ unþ2 � 4unþ1 þ 6un � 4un�1 þ un�2

D6un ¼ unþ3 � 6unþ2 þ 15unþ1 � 20un þ 15un�1 � 6un�2 þ un�3

ð51Þ
and inserting in (50), he found the equilibrium equation

ð1� k2
1D

2Þð1� k2
2D

2ÞD2un ¼ 0; ð52Þ

which, obviously is of the same form with (49).
Observing (51) it is apparent that Mindlin made use of a three-

neighbor interaction lattice system in order to insert sixth order
derivatives in the final equilibrium equation. Indeed, for a first
strain gradient elastic case one can derive the equilibrium equation
by using the two-neighbor interaction lattice model of Gazis and
Wallis (1964), which gives:

b1ðunþ1 � 2un þ un�1Þ þ b2ðunþ2 � 2un þ un�2Þ ¼ 0; ð53Þ

Adopting the notation of (51), Eq. (53) obtains the same form with
the static part of (3), i.e.

ð1� k2D2ÞD2un ¼ 0; ð54Þ

with

k2 ¼ c2

c1
; c1 ¼ b1 þ 4b2; c2 ¼ �b2: ð55Þ
The goal of the present subsection is to examine if the new lattice
models proposed in the previous Subsections 3.1 and 3.2, are able
to support a second strain gradient elastic theory. For the sake of
uniformity dynamic problems will be considered. In both cases
the kinetic energy density is taken the same, given by (31).

Expanding u(x ± ‘) and keeping cubic terms, the potential energy
density for the lattice model of Fig. 2, given by (16), obtains the form

W¼1
2

E ð@xuÞ2þ‘
2

4
ð@xxuÞ2þ ‘

4

36
ð@xxxuÞ2þ‘

2

3
ð@xuÞð@xxxuÞ

" #
; E¼k‘=A:

ð56Þ

Applying Hamilton’s principle for (56) and (31), one obtains the
new equation of motion

@xxuþ ‘2

12
@xxxxuþ ‘4

36
@xxxxxxu ¼ 1

c2 @ttu�
‘2

3
q0

q
@xxttu

 !
; c2 ¼ E=q:

ð57Þ

Apparently, the left hand side of Eq. (57) differs from that of (52).
This means that the lattice model of Fig. 2 is not able to meet second
strain gradient elastic behavior.

Things change by considering the lattice model of Fig. 5. Consid-
ering the potential energy density (42), expanding u(x ± ‘) and
u(x ± 2‘) and keeping cubic terms for u(x ± ‘) and quadratic for
u(x ± 2‘), one obtains:

W ¼ 1
2

E1 ð@xuÞ2 þ ‘
2

4
ð@xxuÞ2 þ ‘4

36
ð@xxxuÞ2 þ ‘

2

3
ð@xuÞð@xxxuÞ

" #

þ 1
2

E2 4ð@xuÞ2 þ 4‘2ð@xxuÞ2
h i

; E1 ¼ k‘=A; E2 ¼ j‘=A: ð58Þ

Hamilton’s principle for potential and kinetic energy densities given
by (58) and (31), respectively, leads to an equation of motion writ-
ten as

@xxu�ð‘b1Þ2@xxxxuþð‘b2Þ4@xxxxxxu¼ 1
c2 @ttu�

‘2

3
q0

q
@xxttu

 !
; c2¼E=q

ð59Þ

or

ð1�n2
1@xxÞð1�n2

2@xxÞ@xxu¼ 1
c2 @ttu�

‘2

3
q0

q
@xxttu

 !
; c2¼E=q ð60Þ

with

E ¼ E1 1þ 4
E2

E1

� 	
; ð61Þ

b2
1 ¼

4 E2
E1
� 1

12

1þ 4 E2
E1

; ð62Þ

b4
2 ¼

1
36

1þ 4 E2
E1

ð63Þ
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and

n2
1 þ n2

2 ¼ ‘
2b2

1; n2
1n

2
2 ¼ ‘

4b4
2: ð64Þ

From (61)–(64), it is apparent that for 4 E2
E1
> 1

12, lattice model of
Fig. 5 is able to support a second strain gradient elastic theory. Obvi-
ously, the present analysis can be expanded to three-neighbor
interaction or more lattice models.

4. Mindlin’s theory through new continuum models

It is well known that in local theories like classical elasticity, the
considered continua is locally homogeneous and all the fundamen-
tal quantities and material constants at any point of the analyzed
domain are taken as mean values over very small volume ele-
ments. On the other hand, the size of these elements must be suf-
ficiently large in comparison with the material micro-structure.
Exploiting these assumptions, Exadaktylos and Vardoulakis
(2001) presented the idea of using averaging over a representative
volume element of the medium in order to explain the need of
using higher gradient or nonlocal elastic theories. The first and sec-
ond gradient continuum models presented in this section are based
on that idea. For 2D and 3D generalized elastostatic problems, the
same procedure is elaborated in the work of Forest and Trinh
(2010).

4.1. First strain gradient elastic continuum model

Consider the same beam as in Section 3 and a representative
volume element of size 2‘ as it is depicted in Fig. 6.

The mean value of displacements over the considered RVE is de-
fined as:

hui ¼ 1
2‘

Z 0

�‘
uðxþ n; tÞdnþ 1

2‘

Z ‘

0
uðxþ n; tÞdn: ð65Þ

Taylor series expansion for the function u(x + n) reads:

uðxþ n; tÞ ¼ uðx; tÞ þ @xuðx; tÞnþ 1
2
@xxuðx; tÞn2 þ � � � ð66Þ

and for constant or linearly varied displacements over the RVE,
which means that the first two terms of (66) are adequate, the mean
value integral (65) provides:

hui ¼ uðx; tÞ: ð67Þ

Consequently, for that case the local classical theory of elasticity is
adequate to describe the elastic behavior of the considered contin-
uum. On the contrary, in cases where displacements vary quadrati-
cly in RVE, as happens near to the tip of a crack or throughout an
interface or thin film, Eqs. (65) and (66) give:

hui ¼ uðx; tÞ þ ‘
2

6
@xxuðx; tÞ ¼ uðx; tÞ þ ‘

2

6
@xeðx; tÞ: ð68Þ

Similarly for strains e one can find that:
Fig. 6. RVE of an axially vibrating beam of size 2‘.
hei ¼ 1
2‘

Z 0

�‘
eðxþ n; tÞdnþ 1

2‘

Z ‘

0
eðxþ n; tÞdn

¼ 1
2‘

Z 0

�‘

duðxþ n; tÞ
dn

dnþ 1
2‘

Z ‘

0

duðxþ n; tÞ
dn

dn

¼ 1
2‘

uðxþ n; tÞ½ �n¼0
n¼�‘ þ

1
2‘

uðxþ n; tÞ½ �n¼‘n¼0

¼ 1
2‘

uðx; tÞ þ @xuðx; tÞnþ 1
2
@xxuðx; tÞn2

� �n¼‘

n¼�‘
¼ @xuðx; tÞ

or

hei ¼ eðx; tÞ: ð69Þ

Relations (68), (69) explain why Mindlin considered higher order
gradients of strains in the expression of potential energy density
and kept the strains the same as in the classical case.

On the other hand, the mean value of velocity is written as

h@tui ¼
1
2‘

Z 0

�‘
@tuðxþ n; tÞdnþ 1

2‘

Z ‘

0
@tuðxþ n; tÞdn

¼ 1
2‘

Z 0

�‘
@t uðx; tÞ þ @xuðx; tÞnþ 1

2
@xxuðx; tÞn2 þ � � �

� �
dn

¼ @tuðx; tÞ þ
‘2

6
@t@xxuðx; tÞ þ � � � ð70Þ

Considering as Mindlin only the gradient of velocity, it is apparent
from (70) that:

h@tui ¼ @tuðx; tÞ: ð71Þ

For constant Young modulus in RVE and due to quadratic nature of
displacements, the mean value of potential energy density in the
considered RVE is written as:

hWi ¼ 1
2

Ee2

¼ 1
2

E � 1
2

1
‘

Z 0

�‘
eðxþ n; tÞdn

� �2

þ 1
‘

Z ‘

0
eðxþ n; tÞdn

� �2
( )

¼ E
4‘2 ðuðxþ n; tÞÞn¼0

n¼�‘

h i2
þ ðuðxþ n; tÞÞn¼‘n¼0

h i2

 �

¼ E
4‘2 uðx; tÞ þ @xuðx; tÞnþ 1

2
@xxuðx; tÞn2

� 	n¼0

n¼�‘

" #2

þ E
4‘2 uðx; tÞ þ @xuðx; tÞnþ 1

2
@xxuðx; tÞn2

� 	n¼‘

n¼0

" #2

¼ E
4‘2 2‘2 @xuðx; tÞ½ �2 þ 1

2
‘4 @xxuðx; tÞ½ �2


 �

or

hWi ¼ 1
2

E @xuðx; tÞ½ �2 þ ‘
2

4
@xxuðx; tÞ½ �2

( )
: ð72Þ

Taking into account relation (71), the kinetic energy for the macro-
structure of the RVE is equal to

hTMi ¼
1
2
qM h@tuið Þ2 ¼ 1

2
qM @tuðx; tÞ½ �2; ð73Þ

where qM is the mass of macro-material per unit macro-volume, i.e.
the mass density in RVE.

For the distributed micro-structure, the averaged kinetic energy
density defined in RVE is equal to:
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hT 0i ¼ 1
2

1
2‘

Z 0

�‘
@tuðxþ n; tÞ½ �2dmþ 1

2‘

Z ‘

0
@tuðxþ n; tÞ½ �2dm


 �

¼ q0

4‘

Z 0

�‘
@tuðxþ n; tÞ½ �2dnþ

Z ‘

0
@tuðxþ n; tÞ½ �2dn


 �
;

ð74Þ

where q0 is the mass of micro-material per unit macro-volume.
Considering again only the gradient of the velocity the above

relation leads to

hT 0i¼q0

2‘

Z ‘

�‘
@tuðx;tÞþ@t@xuðx;tÞn½ �2dn


 �

¼q0

2‘
@tuðx;tÞ½ �2nþ2 @tuðx;tÞ �@t@xuðx;tÞ½ �n

2

2
þ @t@xuðx;tÞ½ �2 n3

3

( )n¼‘

n¼�‘

¼1
2
q0 @xuðx;tÞ½ �2þ‘

2

3
@t@xuðx;tÞ½ �2

( )
:

ð75Þ

Thus, the total kinetic energy in the RVE is the sum of (73) and (75),
i.e.:

hTi ¼ 1
2
qM @tuðx; tÞ½ �2 þ 1

2
q0 @tuðx; tÞ½ �2 þ ‘

2

3
@t@xuðx; tÞ½ �2

( )
: ð76Þ

Obviously the expressions of the potential and kinetic energy den-
sity (72) and (76), respectively, are identical to (22) and (31),
respectively. Thus, following the same variational procedure of
the previous section the equation of motion as well as the classical
and non-classical boundary conditions of Mindlin’s theory is
obtained.

4.2. Second strain gradient elastic continuum model

Considering cubic variation of displacements in the RVE of
Fig. 6, one obtains

hui ¼ 1
2‘

Z ‘

�‘
uðxþ n; tÞdn

¼ 1
2‘

Z ‘

�‘
uðx; tÞ þ @xuðx; tÞnþ 1
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and
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6
‘2@xxeðx; tÞ:

ð78Þ

Comparing (77), (78) with (68) and (69), respectively, it is apparent
that the third derivative of displacements does not contribute to the
averaging of displacements in the considered RVE. However, the
picture is different in the mean value of strains where the second
derivative of strain at point x is required. This explains the need
of a second strain gradient elastic theory where first and second
derivatives of strains have to be considered in the expression of
the potential energy density of the continuum.
Taking the mean value of potential energy density as in previ-
ous subsection in the considered RVE is written as:
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hWi ¼ 1
2

E ð@xuÞ2 þ ‘
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ð@xxuÞ2 þ ‘4
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ð@xxxuÞ2 þ ‘
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@xu � @xxxu
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: ð79Þ

The mean value of kinetic energy remains the same and equal to

hTi ¼ 1
2
q @tuðx; tÞ½ �2 þ 1

2
q0

‘2

3
@t@xuðx; tÞ½ �2

( )
: ð80Þ

Applying Hamilton’s principle for P ¼
R L

0 hWidx and K ¼
R L

0 hTidx, the
following equation of motion is obtained:

@xxuþ ‘2

12
@xxxxuþ ‘4

36
@xxxxxxu ¼ 1

c2 @ttu�
‘2

3
q0

q
@xxttu

 !
; c2 ¼ E=q

ð81Þ

Eq. (81) is identical to (57) and the same conclusion is drawn, i.e. for
cubic variation of displacements a non-local expansion of RVE is
required. Consequently, the RVE of Fig. 6 is replaced by the one rep-
resented in Fig. 7. In both extensions quadratic variation of dis-
placements is considered.

The mean value of potential energy density for the new RVE is
written as

hWi ¼ 1
2

E � 1
4

1
‘

Z �‘

�2‘
eðxþ n; tÞdn

� �2

þ 1
‘

Z 0

�‘
eðxþ n; tÞdn

� �2(

þ 1
‘

Z ‘

0
eðxþ n; tÞdn

� �2

þ 1
‘

Z 2‘

‘

eðxþ n; tÞdn

� �2)

¼ E
8‘2 uðx; tÞ þ @xuðx; tÞnþ 1

2
@xxuðx; tÞn2

� 	n¼�‘

n¼�2‘

" #2

þ E

8‘2 uðx; tÞ þ @xuðx; tÞnþ 1
2
@xxuðx; tÞn2 þ 1

6
@xxxuðx; tÞn3

� 	n¼0

n¼�‘

" #2

þ E

8‘2 uðx; tÞ þ @xuðx; tÞnþ 1
2
@xxuðx; tÞn2 þ 1

6
@xxxuðx; tÞn3

� 	n¼‘

n¼0

" #2

þ E
8‘2 uðx; tÞ þ @xuðx; tÞnþ 1

2
@xxuðx; tÞn2

� 	n¼2‘

n¼‘

" #2

or

hWi ¼ 1
2

E ð@xuÞ2 þ 5‘2

4
ð@xxuÞ2 þ ‘4

72
ð@xxxuÞ2 þ ‘

2

6
@xu � @xxxu

( )
:

ð82Þ

Hamilton’s principle for hTi and hWi given by (80) and (82), respec-
tively, leads to an equation of motion of the form:
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@xxu� 13‘2

12
@xxxxuþ ‘4

72
@xxxxxxu ¼ 1

c2 @ttu�
‘2

3
q0

q
@xxttu

 !
; c2 ¼ E=q

ð83Þ

which, is of the same form with (60).

5. Conclusions

Many works dealing with the derivation of strain gradient elas-
tic theories through lattice and homogenization models have ap-
peared so far in the literature. Although elegant, none of them
reproduces first and second strain gradient elastic theories of
Mindlin, in terms of the siz and material properties of the underly-
ing microstructure. Mindlin in Int. J. Solids Struct. 1, 417–438, 1965
extending the lattice model proposed by Gazis and Wallis (1964),
from two-neighbor interaction to a three-neighbor interaction sys-
tem explained successfully his second gradient elastostatic theory
through 1D lattice mechanics considerations. However, that has
been accomplished only for static cases and without correlating
the lattice parameters with dimensions of the microstructure.

In the present work two new simple models that conclude to a
strain gradient elastic theory being identical to Mindin’s first and
second strain gradient strain elastic theory have been proposed.
The first is based on the standard continualization of the equation
of motion taken for a sequence of mass-spring lattices with
one-neighbor and two-neighbor interactions and the second on an
idea of Exadaktylos and Vardoulakis (2001), where via standard
averaging processes the Mindlin strain gradient elastic theory is also
reproduced.

The main conclusions are the following:

(i) The first strain gradient elastic theory of Mindlin can be
obtained by considering the one-neighbor interaction system
of Fig. 2. Microstructural effects on stiffness are taken into
account by keeping the quadratic terms of Taylor expansions
in the continualization process. Inertia microstructural effects
are inserted with the use of springs that have uniformly dis-
tributed mass. The analysis of that system has shown that
the intrinsic stiffness and inertia parameters g and h, respec-
tively, are equal to g2 = ‘2/4 and h2 ¼ ‘2

3
q0
q , with ‘ being the size

of the unit cell and q = qM + q0 where qM, q0 is the mass of unit
cell and micro-material per unit macro-volume, respectively.
For a particulate composite qM represent the density of the
non-homogeneous RVE of size ‘ while q0 the density of the
inclusions. For polymers, polycrystals and granular materials
qM = 0, q � q0 and ‘ is the size of a molecule of the polymer, a
crystallite of the polycrystal or a grain of the granular material.

(ii) Utilizing the non-local lattice model of Fig. 5, with two-
neighbor interactions, the first strain gradient elastic theory
of Mindlin is also reproduced with the stiffness intrinsic
parameters g2 being always greater than h2.

(iii) The one-neighbor interaction system of Fig. 2 is not able to
support a second strain gradient elastic theory like those
proposed by Mindlin (1965). This is possible with the two-
neighbor interaction system of Fig. 5.
Fig. 7. ‘‘Non-local’’ RVE of an axially vibrating beam of size 2‘.
(iv) The averaging of potential and kinetic energy densities in the
RVE of Fig. 6 gives identical results with the lattice model of
Fig. 2.

(v) For the derivation of Mindlin’s second strain gradient elastic
theory through averaging, a non-local extension of the RVE
like that shown in Fig. 7 is required.

(vi) Finally, the proposed here lattice and continuum models can
be extended to any higher order strain gradient elastic
theory.
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