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ARTICLE INFO ABSTRACT

Keywords: . The aim of this paper is convergence study of homotopy perturbation method for systems
Brusselator equations of nonlinear partial differential equations. The sufficient condition for convergence of the
Burgers' equations method is addressed. Since mathematical modeling of numerous scientific and engineering
Homotopy perturbation method X s . o .
Convergence sequence experiments lead to Brusselator and Burgers’ system of qu.la.tIOHS, it is worth Frymg
new methods to solve these systems. We construct a new efficient recurrent relation to
solve nonlinear Burgers’ and Brusselator systems of equations. Comparison of the results
obtained by homotopy perturbation method with those of Adomian’s decomposition
method and dual-reciprocity boundary element method leads to significant consequences.
Two standard problems are used to validate the method.
© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Reaction-diffusion Brusselator prepares a useful model for studying the cooperative processes in chemical kinetics. Such
a trimolecular reaction step arises in the formation of ozone by atomic oxygen via a triple collision. This system governs
also in enzymatic reactions, in plasma and laser physics, and in multiple couplings between certain modes [1,2]. Burgers’
equation is used to describe various kinds of phenomena such as turbulence and the approximation theory of flow through
a shock wave traveling in a viscous fluid [3,4]. Numerical methods which are commonly used such as finite difference, finite
element or characteristics method need large size of computational works and usually the effect of round-off error causes
loss of accuracy in the results. Analytical methods commonly used for solving these equations are very restricted and can
be used in very special cases, so they cannot be used to solve equations of numerous realistic scenarios.

The homotopy perturbation method was introduced by He [5-10] in the year 1998. In this method the solution is
considered as the summation of an infinite series which converges rapidly to the exact solutions. This technique has been
employed to solve a large variety of linear and nonlinear equations. This scheme is used for solving nonlinear boundary
value problems [11], nonlinear fractional partial differential equations [12], and nonlinear Hirota-Satsuma coupled KdV
partial differential equations [ 13]. This method is also adopted for solving the pure strong nonlinear second-order differential
equations [14]. Also this author employed the homotopy-perturbation method for solving the complex-valued differential
equations with strong cubic nonlinearity [15]. Some other applications of this method are as follows: application of He’s
homotopy perturbation method is described to solve nonlinear integro-differential equations [16], for traveling wave
solutions of nonlinear wave equations [17], nonlinear convective-radioactive cooling equation, nonlinear heat equations
(porous media equation) and nonlinear heat equations with cubic nonlinearity [18]. The authors of [19] employed He’s
homotopy perturbation method to compute an approximation to the solution of the system of nonlinear ordinary differential
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equations governing the problem of the spread of a nonfatal disease in a population which is assumed to have constant size
over the period of the epidemic. In general, this method has been successfully applied to solve many types of linear and
nonlinear problems in science and engineering by many authors [20-30].

The rest of this paper is organized as follows:

Section 2 is assigned to a brief introduction and convergence of the homotopy perturbation method. In Section 3,
Brusselator and Burgers’ equations have been solved by the proposed method. To illustrate and show the efficiency of the
method two examples are presented in Section 4. And conclusions will appear in Section 5.

2. Homotopy perturbation method and convergence of the method

The essential idea of this method is to introduce a homotopy parameter, say p, which takes the values from 0 to 1. When
p = 0., the system of equations is in sufficiently simplified form, which normally admits a rather simple solution. As p
gradually increases to 1, the system goes through a sequence of “deformation”, the solution of each of which is “close” to
that at the previous stage of “deformation”. Eventually at p = 1, the system takes the original form of equation and the final
stage of “deformation” gives the desired solution.

To illustrate the basic concept of homotopy perturbation method, consider the following nonlinear system of differential
equations

AU) =f(r), res, (1)
with boundary conditions
(+5)
B{U, — ) =0, rel,
on

where A is a differential operator, B is a boundary operator, f (r) is a known analytic function, and I" is the boundary of the
domain £2. Generally speaking the operator A can be divided into two parts L and N, where L is a linear, and N is a nonlinear
operator. Eq. (1), therefore, can be rewritten as follows:

L(U)+N(U) —f(r) =0.
We construct a homotopy V(r, p) : £2 x [0, 1] — R", which satisfies
HV,p) = (1 =p)[L(V) = LUo)] + p[A(V) = f()] =0, pel0,1], re £,
or equivalently,
H(V, p) = L(V) — L(Up) + pL(Up) + p[N(V) — f(r)] =0, (2)

where Uy is an initial approximation of Eq. (1). In this method, using the homotopy parameter p, we have the following
power series presentation for V,

V=Vo+pVi+p’Vy+---.
The approximate solution can be obtained by setting p = 1, i.e.

U:liqu:U0+U1+U2+--~.
p—

Convergence
Let us write Eq. (2) in the following form
L(V) = L(Uo) + p[f (r) — N(V) — L(Up)]. (3)

Applying the inverse operator, L~! to both sides of Eq. (3), we obtain

V=Up+p[L'f(r) —L7'N(V) — Up]. (4)
Suppose that
vV=> pv. (5)
i=0

substituting (5) into the right-hand side of Eq. (4), we have Eq. (4) in the following form

V=Up+p [L]f(r) - (L7'N) [Zp"v,} - Uoi| :
i=0
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If p — 1, the exact solution may be obtained by using

U=IlimV
p—1
=L (f(r) — (L7'N) [i v,-i|
i=0

o0

=L (®) =) (L7'N) ().

i=0
To study the convergence of the method let us state the following Theorem.

Theorem (Sufficient Condition of Convergence). Suppose that X and Y are Banach spaces and N : X — Y is a contractive
nonlinear mapping, that is

Yw, w'eX;[INw) —NwW)| <ylw—-w’, 0<y <1l

Then according to Banach’s fixed point theorem N has a unique fixed point u, that is N(u) = u.
Assume that the sequence generated by homotopy perturbation method can be written as

n—1
Wn:N(Wn71)’ an‘lzzwiv n:17253a~'~7
i=0

and suppose that Wy = wy € B, (w) where B, (w) = {w* € X ||| w* — w|| < r}, then we have
(i) Wy, € Br(w),
(i) lim W, =w.
n—00
Proof. (i) By inductive approach, for n = 1 we have
Wi —wi| = [[N(Wo) = NW)|| < y|lwo — wl|.
Assume that |W,_; — w|| < "~ !||lwy — w||, as induction hypothesis, then
Wy —wl|| = [[N(Wp_1) = NW)|| < y[[Wy—1 — W] < y"[lwo — wl|.
Using (i), we have
Wy —wl|| < y"lwo —w| < y"r <1 =W, € B (w).
(ii) Because of |[W,, —w| < y™|lwy — w| and lim,_, o, ¥" = 0, lim;_  |[W, — w|| = 0, that s,
Iim W, =w. O

n—oo

3. Method of solution
3.1. Two-dimensional Burgers’ equation

Consider the following system of two-dimensional Burgers’ equations [4].

at ax ay R \ox2  9y2 )’
au av dv 1 %v %
E—Fua-}—vg—ﬁ(ﬁ-l-rﬁ)y

subject to the initial conditions:
ux,y,0) =fxy), xY e,
v(x,y,0) =g(x,y), &Y €,
and the boundary conditions

ux,y,t) =fikx,y,t), x,yel,t>0,
v(x,y,t) =LK, y,8), x,yel,t>0,

where 2 = {(x,¥) | a <x <b,a <y < b}and I' is its boundary, u(x, y, t) and v(x, y, t) are the velocity components to be
determined, f, g, f; and f; are known functions and R is the Reynolds number.

(8)
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To solve Eq. (6) with initial conditions (7), according to the homotopy perturbation, we construct the following homotopy:
1—p) (au* 8uo> . (au* +U*8U* N V*au* 1 (a2u* N azu*>> _o,
TR O R R ®
(1_p)<8v _E)w))+p<8v +U*8V +V*3V _1<8V +8V))=O
ot ot ot 0x 0y R\ ox2 ay?
Suppose the solution of Eq. (9) has the form

U* = Uj +pU; +p°U; + - -+,
* * * 2y 7% (10)
Vi=Vy +pVi+pV,y+---
Substituting (10) into (9), and comparing coefficients of the terms with the identical powers of p, lead to

BU{; allo _
0.1 9t at
PPiYavy  dw
ot at
UL | Ot o005 e BUG 1 (005 UGN o ey 0y 0
o R =Y, X, Y, =0,
1. ot ot 0 9x 0 ay R 3x2 8y2 1 X,y
g i + 2y We + Vg Wo ] V* 82‘/* =0, Vi(xy,00=0
ot at 0 9x 5y R =0, Vixy,0) =0,
our L auf Uz, o
J * ]*k*] j k— J _ . B
v Ea ; (Uk ox 8y ) R ( 9x2 ay? |~ 0, U'(x,y,0)=0,
: QV* j—1 3‘/* JV* 1 E)ZV* 32\/‘*
J * j—k— j—k—1 T4 .
ot ‘ R =0, V'(x,y,0)=0.
8t+;<k Ix LV oy R<8x2 oy /*(x, Y, 0)

For the sake of simplicity we take
U =u=Ffxy), Vy=v=8RxJ. (11)
And we derive the following recurrent equations

1 t aZUJ*_ 82U* ! ] k— a ]*k 1 .
ur ﬁ/o ( ™ dt — /Z(Uk Ly % )dt, i=12,... -

1 [t f3%vr, aZV* - vV,
) */ Z Ty )4 fZ ”” + Vi de =12
R Jo 0x ay 0 ay

v

The approximate solution of (6) can be obtained by setting p = 1,
u= llmU* U +Uy+U;5+---,
kL L U (13)
V= lm}V =Vy+Vi+Vy+--
p—

3.2. The reaction—diffusion Brusselator system

Consider the following system of two-dimensional Brusselator system [2].

ou %u  9%u

— =B+utv—A+Du+a + —

at w9y "
v ) v 9% (14
. — Au—

ot u uv—i—ot(az—i—ay)

For u(x,y, t) and v(x, y, t) in a two-dimensional region §2 bounded by a simple closed curve I" subject to the initial
conditions:

U, y,t),v(x,y,0) = fx,),8%,y)) for(x,y) € £, (15)
and the boundary conditions:
ukx,y, t),v(x,y, t)) = (wx,y,t),z(x,y,t)) for(x,y) e I''andt > 0, (16)

ou 0d
(—a”, a”) = (p(x,y, 1), q(x,y, 1)) for (x,y) € yandt > 0, (17)
n n
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where A, B and « are suitable given constants, f, g, w,z,p and q are suitably prescribed functions, /1 and I3 are
nonintersecting curves such that ;U = C, % = n.Vv and 71 is the unit normal outward vector R at the point (x, y) on I.

To solve Eq. (14) with initial condition (15), according to the homotopy perturbation, we construct the following
homotopy

aU*  dup au* I . a2U*  9’U*
(1-p) - —)+p —B-U"V'+(A+1HU* —« + =0,

ot ot ot e ay? (18)
(1-p) (av* - %> +p (av* —AU* + UPV* —« (32U* + 32U*)) =0
ot ot ot ox2 ay>?
or equivalently
aU*  dup 2 . a?U*  9°U* dulg
o —W—I—p(—B—U V 4+ @A+ DU —a( e o >+¥>:0,
av* vy . a2U*  9°U* Ao (19)
" —¥+p<—AU +U*V —a(w-i- 5 >+W) =0.

Suppose that the solution of Eq. (19) has the form (10), substituting (10) into (19), and comparing coefficients of the terms
with the identical powers of p, lead to

BU* auo -0
Ll T
' BV* dvg _
at at
auU*  du o2ur  d%Ux
atl _ aito _B_ U*ZVJ + A+ —« < 8x20 ay20> =0, Ui (x,y,0) =0,
1.
P ove v *2 22Uz 9%Ug .
ot " ar A tUVe el o5 ) =0 Viky, 0 =0,
ank kypkysk 2 * aZU* aZU* *
, ot 20UV —UgVi+ A+ DU —« 0 3y =0, Us(x,y,0) =0,
p : 3V2* * Kypkysk K2y 7% aZU* aZU* *
5o ~AUT+203UTVE + UGV — o | Vi (x,y,0) =0,
aur it 92U 32U
J j—1 =11 _ _
| W‘Zk UIUVE, [+ A+ DUL o | o5+ o ) =0 Uixy 0 =0,
pl: i=0 k=0
vy J it d%uUr,  0°Ur,
ar U 1+ZZU1UI<V k—i—1 Ol( asz + ayjz =0, Vj(x,y,O):O.
i=0 k=0
For simplicity we take
u=U; =fx,y)+Bt, vo=V;=gxy). (20)

And we have the following recurrent equations

j—1

‘ P’ur, U, J
Uj“z/o —~A+ DU +a asz 8y2 +ZZL/;*u:\/;‘_k_i_l dt, j=1,2.3,...,

k=0
t 82uj* aZU* j — (2])
* * - k7% P
v; _/0 —AUL +a | —3 Z UrUViE g e, j=1,2.3,....
=0 k=0
The approximate solution of (14) can be obtained by settingp = 1,
u—th*—U*—i—U*—l—U*—i— ,
(22)

v—llmV*—V0+V*+V2+~ .



2226

4. Test problems
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To illustrate the method and to show the ability of the method two examples are presented here.

Example 1. Consider the two-dimensional Burgers’ equations (6), (R = 1) with the following initial conditions:

1
u,y,0) =x+y, v(x,y,0) =x—y and(x,y,t)eRZX[O,)
V2

By using He’s homotopy perturbation method, we have

dU*  dup a?U*  9°U* LUt BUF Bug
=pl|——5+——)-U —
at ot 0x2 0y? ox dy ot
vV*  Bug 92vE  9?V* gV eV Bv
ot o P\ e T ox 3y ot
Starting with

u =U; =x+y,
v=Vi=x-y,

from (12), we obtain the following recurrent relations:

t [ 92y* 92U* -1 au* ouU*
U* = 1 1 U e e Vg j=1,2,3, ..
’/0<8x2+3y2 ;k(‘)x—i_kay J
2 2 1

e /t 0 V]*_ 0 V* j— J k1 V*avj*_k_l dt ]:] 23

j 0 axz e k ay k] L e
Then we derive the following results

Uy (x, t) = —2xt, Vi(x, t) = —2yt,

Uy (x, £) = 2xt* + 2yt%, V5 (x, t) = 2xt* — 2yt?,

Us(x, t) = —4xt°, Vix, t) = —2yt>,

Uj(x, t) = 2xt* + 2yt*,  Vi(x, t) = 2xt* — 2yt*,

Uz (x, t) = —8xt°, VE(x, t) = —8xt°,
Suppose that

Wn = ‘N(an‘l)v Wn71 = ( W**1)

2n+1 BZU* 82U<* j—1 * QU*
ko prk * * Jj—1 * J—k—1 _
W = Ug + U3, Wn_Z/( o 5 Z(k Vi, ) dt, n=1,2,...,
2n+1 azv* azvv* Jj V BV-*
W = Vi + v, W**— / o~ a]; Z(Uk L fa*"”> dt, n=12,...

andtf\/g,0<y<1.

According to the Theorem for the nonlinear mapping ./, a sufficient condition for convergence of the homotopy
perturbation method is the strict contraction of &. Therefore we have

W —ull =
Wi —ull =
Wy —ull =
Wy —ull =

2
Tty - 20,
_ap2

1= 2tz(x—l-y 2xt) || <
_Qf2

T 2tz(x—l-y 2xt)| <
_2n+lt2n+2
ﬁ(x +y — 2xt)

2
4

fz
e

)
)2

2t
1-—

=)

2

2t2(x+y 20) | = yIWg —ull,
2t2(x+y 2t) | =y IWg —ull,
2
X —2xt) || = y"|WF —u|.
o Ky = 20| =y IWg —ul
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Therefore, limy_ o0 |W* — u]| < limp_oe ¥"[|Wo — u|| = 0, thatis u(x, y, t) = lim,_, W* = *¥=2C which is an exact
n n 1-2t
solution.
Similarly,
_on+1p2n+42 v 2n 22
W™ —y| = || ————x+y—2yt)| < 2" = Xx+y—2yt)| = y"|WS* —v|.
W, | H g *ty-20| = (,/2 X Ty -0 =W I

X+y—2yt

52 » Which is an exact solution.

Therefore, v(x, y, t) = lim,_, oo W;* =

Example 2. Consider the two-dimensional Brusselator system [2]:

ou 1<82u 82u>
— =uv—-2u+ - + ,

ot 4\ 9x2  0y?

dv "y + 1 /9% n 9%v (23)
oyt - (=),

ot 4\ 9x2  Q3y?

subject to the initial conditions
u(x,y,0) =exp[—x — y], v(x,y,0) = exp[x+y] and (x,y,t) € R? x [0, 2].

The exact solution is u(x, y, t) = exp[—x —y — ], v(x,y, t) = exp [x +y + §].
By using the homotopy perturbation method, we have

1—p) aU*  dup N au* UV 42 U 1 /0?U* N U\ _ 0
P\ " ) TP\ o A\ T )) T
(1-p) av*: v N v* Ut + Uy 1 [9%v* N VYN 0
P "% ) P\ e s\ ")) T
Starting with up = Uj = exp[—x — y] and vy = Vj = exp[x + y], from (21), we obtain the recurrence relation

t 1P, U R
u*:/ 22U, + - =)+ UrURVE . |dt, j=1,2,3,...,
J O|: -1 4(3)(2 ayz ;k:ol k Vj—k—i—1
1

t 1(9%ve,  8*v* L
% * Jj—1 -1)
Vi _/(; |:Ull + 4 ( Ox2 + y2 Z

Then we drive the following results

ui*u,jvj*ki]} e, j=1,2,3,....

1 1 1 1
Ui(x,t) = Etexp[—x =yl = ——texp[—x —y], Vi t) = Etexp[Xer] = —texp[x+yl,

217! 211!

Uy(x, t) = 1t2 exp[—x —y] = Lt2 exp[—x — y] Vi, t) = 1t2 explx +y] = Ltz explx + yl

2 8 2221! ’ 2 8 222 ’
UX(x, t = —t3exp[—x — y] = ——t> exp[—x — s V¥(x, t = —t3exp[x = ——t3 exp[x s
3(x, 1) % pl vl 2331! pl vl 5 (X, 1) ! plx +y] 233!1 plx +yl
U¥(x,t) = —t* exp[—x — y] = ——t* exp[—x — ], Vix, t) = —t* exp[x = —t*exp[x ,
(X, 1) 354" Pl Y= ot expl yl 4 (x, 1) 354’ XPIX Y= St explx +y]

Suppose that

W, = N(anl)s W, = (Unflv Vn71),

n t 1 aZUJ* 82UJ* j j
Up = UZ = u, UH:Z/ 207+ 5| 52t 50 +Y DUV | n=12,0
j=0 0 X y

i=0 k=0
n t 1 aZV_* 32V-* j j
Vo=Vi=uvy, Vp =Z/ [Uj*+4< Bx; + =~ ) => > UV |de, n=1,2,...
= Jo y i=0 k=0

According to the Theorem for the nonlinear mapping -V, a sufficient condition for convergence of the homotopy perturbation
method is the strict contraction of .. Therefore we have

exp[—x — y] (1 — exp [—;:D

)

lluo —ull =
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1 t t
exp[—x —y] ( 57 exp -5

I & ——

<y =0.582 < 1, it follows that,

Uy —ull

IA

Because, for all t € [0, 2] we have, |1 —

1D | =

t
exp[—X—y]<1—exp[—2D = yllvo — ull,
t+ ] t

o expl =t
2 p 2

1- z‘e"p[ ; H’(HS(l—;—tzexp[—i]))H'

U —ull <y

Uy — ull = |lexp[—x —y]

-

<

exp[—x —y]

IUs —ul =

N+ sy )| = 0359 < v thus, U — ull < 2o — ull.

t 3
exp[—x —y] 1—+—exp[—2])” 1-— [ ]
48 1——+——exp )

3
1— t
( 48(1—%+%—exp[—% ))

3
1Us —ull <y’ lluo — ull

vt € [0, 2],

< 0.261 < y, thus,

1Un —ull < y"lluo —ull.

Therefore, lim,_, o ||U, — || < limy— o ¥"|lUo — ull = 0, that is

t

lvo — v|l = [explx +y] <1 — exp [;])‘
O )
< exp[x+y]<l—exp|: ])H 1+t”.

2(1-exp[3])
Forallt € [0, 2] we have Hl +

Also,

t —
WH < Yy = 0.418 < l, therefore,

t
et +1(1 - o [zDH -
t t?

{1+ -w[!] (H SC—1

Vi—vll=vy

V2 —vll =

IA
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t2
8(1+;—exp[3])

exp[x + y] 1+t+t2+t3 ex !
P Y 2 8 48 p2

t t t3
explx+yl{14+ -+ — —exp| = 14 .
2k 8 (1+5+5 —ew[£])

3

48(1+%+%7exp[§])

Also Vt € [0, 2], ”(1 n )” <0.304 < y, thus, |Vy — v|| < ¥2[lve — v]I.

Vs — vl =

=

Also Vt € [0, 2], 1+ < 0.236 < y, thus,

3
Vs = vl < ¥ llvo — v

Ve = vll < ¥"llvo — vl

Therefore, lim, o [|Vn — || < lim,_ o ¥"||lvo — v|| = 0, that is

t
v(x,y,t) ZHILHC}OVH = exp |:x—|—y—|- 2i|_

5. Conclusion

In this work, we use homotopy perturbation method for solving Brusselator and Burgers’ equations. He’s homotopy
perturbation method is a powerful straightforward method. One important objective of our research is the examination
of the convergence of homotopy perturbation method. By using this method we obtain a new efficient recurrent relation
to solve nonlinear Brusselator and Burgers’ equations. The results show that homotopy perturbation method is a powerful
mathematical tool for solving systems of nonlinear partial differential equations having wide applications in science and
engineering. In comparison with Adomian decomposition method [1,4], in the present method there is no need to calculate
Adomian polynomials. In comparison with boundary element method [2], the size of computational work has been reduced
and rapid convergence has been guaranteed. Authors are working on the convergence of HPM, when applying for solving
other functional equations. The computations are done using Maple 10.
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