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1. Introduction

Fractional derivative constitutive equations (CEs) have been found to accurately predict, among others, the stress relax-
ation of viscoelastic fluids in the glass transition and glassy (high frequency) states. The experimental behavior of storage
G’ and loss G” moduli (obtained upon using the time-temperature superposition principle - see [30,36]) of a linear, nar-
row molecular weight series of polybutadienes is exceptionally well predicted by linearized fractional derivative models as
can be reckoned from [31]. Polybutadienes are of utter importance for the tire industry, for manufacturing certain solid
propergols, etc. Similar excellent agreements between frequency sweep experimental data obtained on other polymers (e.g.
polystyrenes) and theoretical predictions of linear fractional derivative models are reported in [12,19,25].

The object of study is the below given objective, fractional derivative viscoelastic (incompressible) fluid constitutive
equation (CE) (see [32])

t
S(t) + A7F(t) /,ul(t—t)F_l(t)Z(t)[F‘](r)]Tdr Fo)"
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v
Function S is the (objective) stress tensor and § its objective upper convected derivative defined by (with D/Dt denoting
the material derivative and L the velocity gradient; see for example [16,28,46]):
v DS T
S=——LS-SL
Dt
Function F is the strain gradient and A; = Vu+ (Vu)T =L+LT is the first Rivlin-Ericksen tensor. The model parameters
are such that 0 < 1, 0 < < B8 < 1. 1 2(t) are two memory kernels given by:

(1.2)

(t—1)* t—1)""
=  Mt-1)=—"7F
rd-ow ra-p

The stability of the rest state is now investigated using the linearized theory. As shown in [32] and [15], it is first assumed
that the stress tensor S = O (¢) and the deformation gradient F(t) = 1 + €J(t) + O(€2). Since L =FF~! (see for example [16,

17,28]), L= 0 (€). Hence the velocity u = 0(¢), and the first Rivlin-Ericksen tensor A; = O (¢) as well. Therefore, keeping
only terms of O(€), within the linear response theory Eq. (1.1) reduces to:

mit—1)= (1.3)

t t
S(t)+k“/u1(t—r)as(T) dr=G/\ﬁ/,u2(t—t)A1(t)dr (1.4)

0T

—00 —00

Next, assume the fluid is contained in a bounded volume £2  R? whose boundary 952 is sufficiently smooth, and set in
motion at t = 0. The CE in Eq. (1.4) then takes the form:
t - t
T
S(t) + A% / w(t — r)% dr =GP f wa(t — T)A( (1) dT (1.5)
0 0

The above may be re-written in condensed form using the Caputo operators DY and It1 s
S(t) + 22 DS =GP 1} A, (1.6)

where for an absolutely continuous function f:R; — C:

t
w1 f'(0)
DISO= e | Gy (17)
0
and for f e Ll (Ry),
] t
IGE o) (18)

ra-pg ) ¢-o?
0

As shown in [32,15], investigating the stability of the rest state is tantamount to studying the existence and the unique-
ness of solutions to the following initial boundary value problem (IBVP):

8_u:_vp+v.s (1.9a)
at

S+2DYs =G 1] PA), A =Vu+ (Vu)T (1.9b)
V.-u=0, in[0,+oo[x 2, 2 CR? (1.9¢)
u=0, in[0,+oo[ x 082 (1.9d)
ut=0)=uy, S(t=0)=Sp (1.9e)

In the above system of equations we assume that u: [0, +00[ x 2 - R3, V-ug =0, p: [0, +00[ x 2 = R, S: [0, +00[ x
2 — M33R),0<a<pB<1. Denote §=8—a>0.

A change of variables on (x,t) can be performed to eliminate the CE parameters A and G (see [15]). This is carried
out only for convenience; in no way the generality of this paper results is shrinked down. Therefore, from now on assume
A=G=1.

At this stage recall that an existence result for the initial boundary value problem given in Egs. (1.9) was presented
in [15]. The present paper, which is a continuation of [15], is organized as follows:
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Section 2 presents the weak formulation of the boundary value problem.

e Section 3 is devoted to proving the existence and uniqueness of the solutions. We further on use the existence theorem
obtained in [15] to state a general existence and uniqueness result.

Section 4 deals with the functional framework within which the solution continuity at t =0 is proved.

Section 5 presents the proof of the solution continuity at t = 0.

e Section 6 contains results on the solution smoothness.

2. Weak formulation of the IBVP

All time-depending functions involved in the current stability analysis, save for when stated otherwise, are causal func-
tions (i.e. set equal to zero on R_). Hence the convolution in time is simply (f * g)(t) := fot f(s)gt —s)ds.
We first present the weak formulation of the boundary value problem Egs. (1.9): find u € €°([0, +o0[, L2(£2)%) N
lOC(R+,H (£2)%), V-u=0, [S]j € €°0, +oo[, L2(2) N L] (R4, L*(£2))), i, j=1,2,3, such that for any test-functions
Vo € (H, T3, v.0=0, Va e (2(2)3, Yy e @ ([0, +oo]), where 65 ([0, +oo[) denotes the space of €™ class func-
tions that vanish in a neighborhood of 400, the following equations hold true:

400 +o00o
1p(0)/u0(x)-()(x)clx4r / /u(t,x)-ﬂ(x)l//’(t)dxdt: f f(S(t,x):VO(x))w(t)dxdt (2.1)
2 0 2 0 2
v (@) T e
//1"(1 [So]u(x)[a]](x)dxdt—/ //W[S]U(t—T,x)[a]j(x)dxdtdf

+ / f (15 (¢. X)[al; 0y () dxdt
0

- 4] A Coar.
= F(l—,B) ///(t 5 {(V-a)[u]; + [u- Val;}(r,x) dxdr dt (2.2)

T)

Summation over repeated indices is understood in Egs. (2.1) and (2.2) above.
We now detail the functional framework. Let V = {h e (H(l)(.Q))3 s.t. V-h =0} be the Hilbert space endowed with the
inner product:

af; o
(flg)v = Z/—fa—g( ) dx (23)
] ]

and denote || ||y the corresponding norm.
The closure of V in (L2(£2))3 is denoted by H, the later space being endowed with the inner product:

3
g =Y [ fizidx (2.4)
i=1g5
with || ||y being the corresponding norm. Let 0 < A1 <Ay < - Ap < --- —+> 400 and w; € V, i € N*, be the eigenvalues
o0
and the corresponding eigenfunctions of the Stokes operator in H, i.e.:
VoeV, (Wilg)v =Ark(Wklp)n, where [wi|p=1 (2.5)

3. The solution existence and uniqueness

To prove the solution uniqueness, we first eliminate S from Eqgs. (2.1) and (2.2).
Denote ¥ :={f € LIOC(R+) s.t. 3M > 0, so that fe M e LT(R)} c L] (Ry). Next, let f Lloc R, (R). For any a € R and
o €10, 1[, define Dt,af by:

+00 +00
o _ 1 B @(7) (p(t—i—f)
(Dt,afmp)—irﬂ_a)[ a/ — dr f (t)(/ )dt} (3.1)
0

0

loc

for any test function ¢ € 2(R).
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Observe that DY, f € 2'(R). Moreover, for any f € %, one easily sees that for x> M, e X D{_ f € ' (R).
The hat 6 notation to be used below stands for the usual Laplace transform.

Proposition 3.1. Let f € Z. Then, for Vs € C, with Re(s) large enough, one has D% £0 f (s) =s% f (5).
Proof. Let M > 0 such that e=M f ¢ L1(R,). For any s € C, Re(s) > M and ¢(t) = e, Eq. (3.1) - still valid for this particular

choice of ¢(t) =e™' ¢ D(R) - gives:

o - 1 oo +oo —se S+‘U
(DEof.e ):—m/f(t) / dt (3.2)
0 0

As +°° "’r;f dr = F“ %) for Re(s) > M > 0 one gets:

+00
D/‘t’fo\f(s):(Dgof,e’St>:—ﬁ/e’“f(t)]“(]—a)s“’l dt=s"f(s) O (3.3)
0

The following classical result (see [7]) is stated here within our functional framework. Recall first that (see also Egs. (14)
and (15) in [15]):

Wo(t) = Sm(“”) / e e dr, t>0 (3.4)
r2@ 4+ 2r cos(am) + 1

: T o ,—It
E, (r) = Sn@7) f re dr, t>0 (35)
Ed r2® 4 2r cos(am) + 1

Proposition 3.2. Let F € Z. Then, for any a € R and any « € ]0, 1, the equation

Def+f=F (3.6)
has a unique solution f € £, givenby f = Eq * F +aW,.

Proof. Existence: Assume F € €'(R,). Then, f = Eq « F +aW, is a solution of Eq. (3.6) (cf. [7]). Now if one assumes
that F € &, then there exists (Fp)pen+, Fn € €'(Ry) such that Fj o F in Ll (Ry). Since Eq € L} (Ry), then f, =
o0

loc

(R+). Hence the equation DY, fy + fn = Fp, for n — 400, becomes Df, f + f = F.

loc

Eq % Fp+aWy — Eq (*)F—}—aWo inL
t

n—+o00

We must next show that f e . Notice first that [|[aWy|le < |a|Wo(0). Therefore aWq € .#. Denote g =e M!F; choose

M > 0 so that e~M{F € L1(R). Then |E4 (*) F|= |f0f Eq(t —s)eMsg(s)ds| < eMI[E, Ef) gl. Since g € L'(Ry), and Eq € L'(Ry),
t

then Eq g€ LI(R,). Finally E * Fe % and f =Eq % F +aWp e Z.
Uniqueness: Let f,g € £ be two solutions of Eq. ( 6). Then D, (f — g) + (f — g) =0, from which it follows that

(s* + l)f/—\g(s) =0, for Re(s) large enough. Therefore f —g(s)=0,thus f=g. O
We shall use the following result to prove the uniqueness property:

Lemma 3.1. Forany g € &, It]_’gg e Z.

Proof. Since g € &, there exists G e L1 (Ry) and M > 0 such that g = Ge~Mt, Therefore, for t > 0 ae., |117ﬁg(t)|
1<|f(§g<f1—;“>du| K [51G(t — w)]¢ Y du < Ke~Mt(|G] % uge M. Now, G € L'(Ry), uge ™t e LI(R,) leads to (|G| *
uge Mty e L(R,). Therefore, |I;~ by (t)l <eMUH (), with H € LI(R,), which gives I} Pge 2. O

Making use of Proposition 3.2 and Lemma 3.1, we get:

Corollary 3.1 (Solution uniqueness). Let ug € H and Sq € L?(£2)°. The system of Egs. (2.1)-(2.2) has at most one solution that
belongs to the functional space F := {(u,S) € [€°(Ry, H) N L (Ry, V)] x €°(10, +-00[, L%(£2)?), such that ||Vul;2(gy €
Z, ISll2(2) € L}
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Proof. Let (u,S) € .% be a solution to Eqs. (2.1)-(2.2). For any test function ¢ € 2(£2)°, as a consequence of Eq. (2.2) and
of the fact that ue Ll (R, V), one has

loc
1—
D (Solghy2 0 (1) 12200 + SI@)122)0 = It P ((A119) 12(02)9) 3.7)
However, [(S1¢)2(o)0| < [ISIl12(0)9 191l 2¢2y9- Since (Sl 2oy € £ and ||Vull 2oy € £, we infer that (S|@)2oy € 2,
and (A1]@) 2y € . Now Lemma 3.1 implies It]_’g(m |9)12(o)9 € £, and Proposition 3.2 leads to
1—
(Sl@) 20y = Ea x I; ﬁ(<Al |‘P)L2(9)9) + (Sol@) 229 Wo
= p * (A1|9)12(2)9 + (Sol®)2(2)9Wo (3.8)

Notice that Eq. (3.8) still holds true for ¢ € L(£2)°.
let@ eV, ¢e CaLOOO([O, +o00[). We deduce from (3.8) and (2.1) that:

+00
1/;(0)/u0(x)-()(x)clir / /u(t,x)-ﬂ(x)t//’(t) dxdt
2 0 2

+00

0

We search for ue L}

joc R+, V). In this case, for almost every ¢ > 0, u can be expressed as

+00

ut) =y ag(twg (3.10)

q=1

the series being convergent in V. It follows, by taking § = w; and ¢ € 2(]0, +o0[) in Eq. (3.9), that a,@ = —A(p *0t) —
bv/AWo, with by := [, (So : VW) (X) dx, the equality holding true in 2'(]0, +oo[). Recall that o = (ulwy)y € €0 (R,). As
Wo € €°(R,), then necessarily o € €' (R,.). However (cf. [15]), the Cauchy’s initial value problem

() = =k (0 * ) (6) — brey/ A Wo () (3.11a)
ax(0) = of (3.11b)

has a unique solution in €' (R, ). The uniqueness of the solution u is thus proved, and that of S follows. O

We now state an existence and uniqueness result. Denote %L?(R* ,V) :={ue €O°R:, V) sit. Sup;>1 lu®)|lv < +oo}. The
functional space €0 (R%, L?(£2)°) is defined in a similar way.

Theorem 3.1 (First existence and uniqueness theorem). Let ug € H, So € L2(§2)°. Then the boundary value problem given by the
system of Egs. (2.1)-(2.2) has a unique solution

w,8) e [€°Ry, H)NEL(R:, V)N L Ry, V)] x [€Q(RE, L2(2)°) N L (R4, L2(£2)7)] (312)
Moreover, u(0) = uy.
Proof. The existence of at least one solution

,9) e [¢°(R, H)NEO(RY, V) NLL Ry, V)] x [€°(RY, L2(2)°) NLL (R4, L2(£2)°)]

follows from Theorem 8.4 in [15].
It remains to be proved that the solution (u,S) obtained in [15] satisfies

SUp[u® ]y +SUp SOz g0 < +o0 (3.13)

This is essentially contained in the arguments presented in [15]. Indeed, since u € €°(R,, V), we write u =
S ik (O)wy, t > 0. From Eq. (125) in [15] one gets
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2 1/(2-8)\2(1-8/2)
2 1 1 (% ) oy /@D 2
_ yth, 0
M (] < M{[(WZ + t1—6/2> + 20-5/2) e K ||

1/(2-8)\2(1-9)
1 (2 ) ~2at,/ %7 2
+ (tz(l—m T pas ¢t bl (3.14)

In the above, § = (@ — ) €10,1[, a >0, ¥ >0, and o = (ug|wy)y. Clearly ug € L2(22)*, So € L?(2)° implies that
2% )12 < +o00 and Y[ by |? < 400. Hence

M
||u||v —Z)\k|ak(t)| mt_:)wo (3.15)
k=1

and up € €Y (R, V).
We use the equation that defines S given right below (see Eq. (137) in [15]). Then:

+o0
2
ISH 22y < M[pr xap®]" + |Wo(t>|||so||Lz<m9} (3.16)

k=1

From (3.4) we see that
[Wo)] — 0 (3.17)
t— 400

Moreover (see Eq. (130) in [15])

2 1 (U»l/(z Dy 1/(2—8 2 1
M| o ()] < M[(t_s + T exp[—ath, / )]> lof|” + <[—2_5 + exp(—2at)>|bk|2:|, €>0,a>0

Hence

Zxk|ak(t)\ mm 5o fore>1 (3.18)

Finally (see (3.16)-(3.18)): [ISll;2(ys —> O.
t—+00

It follows that S € <KI?(R* ,L2(£2)?). The existence of at least one solution belonging to the functional space of (3.12) is
thus proved.
The uniqueness of such a solution results from Corollary 3.1 and from the fact that

[€°Ry, H) NG (RE, V)N LRy, V)] x [€2(RE, L2(2)°) N L (Ry, L2(2)°)]c.F O
4. Functional spaces

In order to prove the continuity of the (u, S) at t =0 we recall several classical functional spaces (see also [23] and [44]).

Denote €, = %, k e N*. Let IT: [%2(22)° — L%(2)° be the orthogonal projection operator of L2(£2)° onto

[Vect(€x)ken+1", 0 > 0.
For any f € L?(£2)°, denote [[f|3, := Y025 A91(fleg) 2oy |* + |\1'1(f)||L2(9)9 Let Dg :={fe L2(2)% s.t. || flIp, < +oo}.

For any f, g € Dy, denote (f|g)p, := Z;"f AZ (fleq)2(0) (g|€q>,_z(9)9 + (1'[(t)|17(g))L2
is a Hilbert space.

For any f e H, let ||f||H Z;"‘;Ag [{flwg)n|?. Next, let Hg :={fe H, |flln, < +oo}. For any f,g € Hy, (fIg)n, :=

5 Ao (FIwi) 1 (glWi) 1. As the sequence (W)gen+ is complete in L2(£2)°, the functional space (Hg,{ | )u,) is a Hilbert
space.

Remark that, for any 0 <0 <6’ <1<6”, one has:

@0 The functional space (Dg, (| )p,)

H:H0<—3H9<—3H9/<—’H]:V(—3H9// (41)
[%(§2)° = Dg <> Dy <> Dy <> D1 <> Dy (42)

The above injections are dense; use of them will be often made from now on.
The following Ay spaces are closely related to the Dy ones. Let P : L2(£2)° — L%(£2)° be the orthogonal projection
operator from L%(£2)° onto [[J{ 5 {ex. €T }1*.
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Let 6 € R. For any element f € L2(£2)°, denote

+00

If1%, =D 20| (fleg) 29| +ZA9 (fle )Lz(m9| +\|P<f)\|Lz(m9 (4.3)
q=1 q=1

For any 6 >0, Ag :={fe L?(2)° s.t. |flla, < +oc}. The functional space Ay endowed with the inner product defined as:
vf e Ag, Vge Ag,

+o00 400
(£1Z)8, = Y 24 (Fleq) 200 (El€q) 2000 + Y g (Fl€] ) 12 (81T iz (209 + (POIP @) 2 00 (4.4)
q=1 q=1

is a Hilbert space.

For any 6 < 0, let Ay denote the topological dual space of A_gy, i.e. Ag = (A_p)". The space Ay is the completion of
(L?(£2)°, ]| l|ay)- Next, note that whenever 0 < y < y, the following injections L?(2)° = Ag <> A, <> A are dense. It re-
sults that A_; <= A_y, = (A,)) < (L2(2)%) 2 [2(2)° = Ag <> A, <> Ay, invoking the fact that 1?(2)° and (L2(£2)%)
are isomorphic to each other.

Next, for any f e H}(£2)°, one has:

+00
If1, = Z)\q| (fleg) 20| +Z)‘q fleg >L2(.Q)9| +||P(f)”L2(Q)9
q=1 q=1

—Z| W) 2 e+ [V W |+ [ PO

1<||f||H1(m9 (45)

due to the Poincaré’s inequality. Consequently H}(£2)? < A; and the restriction r: A} — H~1(£2)?, such that T N Tl (20
is continuous.

Lemma4.1.Let6 e R,.

(a) The sequence (€y)ren+ is orthogonal in Dg. Moreover, |l€kllp, = A6/2

(b) The sequence (ek )keN* iS orthogonal in Dyg.

(c) The sequence (€ + € )ken is orthogonal in Dy, and ||€x + €] [ p, = (1 +A0)1/2.
(

(e

d) The sequence (Wy)ken+ is orthogonal in Hyg, and ||W| n, = Ae/z

) Let f € L2(2)°. Denote f = Y "5 arey + Y 155 brel + P(®). Then:

If1%_, = Zr9 a2 + 1bel?) + | P f2-
k=

Proof. Observe that (cf. Eq. (2.5)) for any (k, q) € N*2:

(€xl€q) 2 = (Wi|wg) 2 = kg (4.6)

On the other hand, since V -w, =0,

a i 8 i 9 i 9 :
fvlega =2 / e (;")’j)’<x>dx= / (Z Wl ))(Z L (x))dx=0 (47)
1 J

2

Hence

(eleq)2 =0 (4.8)
The statements (a) to (e) result from Eqgs. (4.6)-(4.8). O

Except for the injection Hox <> H2(£2)3 (see below), the following description of the spaces will not be used in this
paper.
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Let first 6 € [0, 1].
Let A:V — H, such that A o+ GWk) = Y jene Gkv/AkWy. Then, for any (u,v) € V2, (Au|Av)y = (u|v)y, and Hy =
D(A?) = [V, Hli—g, where [V, H]i_¢ stands for the holomorphic 1nterpolat10n of spaces V and H, and D(A?) for the

domain of A’. Denote H)(£2) = L(£2). Let the canonical injection H < HS(£2)? and V &y 0(£2)3 be its restriction.

il{v,H)
Then Hy = [V,Hl1_p <> ' [H}(2)3, H)(2)*11_p < H{(£22)* (the last continuous injection < boils down to an

equality = whenever 6 # 1/2). Let now ), denote the normal-trace application. It is well known that H = {u €
H°($2)3, st. V-u=0, yu(u) = 0}. From the preceding arguments it results that we have the continuous injection
Hp — HNH{(2)} ={ue H}(2)3, s.t. V-u=0, y,(u) =0}, with the space H N H{(£2)* being endowed with the Hj(£2)*
topology.

Let now 6 € N*,

As quoted on p. 106 in [44], Hy = D(A?) = H2(£2)3 N V. Also, invoking Agmon-Douglis-Nirenberg’s Theorem as stated
on p. 832 in [8], leads to Hy, = D(AZ) < HZ(2)3 NV, k € N*. Here H2¥(£2) are classical Sobolev spaces.

5. The continuity of the solution (u,S) att =0
From now on (u,S) denotes the solution to Eqgs. (2.1)-(2.2), with initial data (ug, Sp) € H x L%(£2)° (see Theorem 3.1).

In order to prove continuity results we recall several representation formulas for u and S. First, functions oy, k € N*, are
defined by Eqgs. (3.11a)—(3.11b). Equivalently, for x € R, (see [15]),

+A +A
1
o (t) = E[ 11m / Ty, (x+iy)e® ™ dy o — hm /(Tka)(x+1y)e("+'”f dy /2 bkj| (5.1)
—A
. 1-B
with T, (s) = % w(s) = m, nweRy,seC—R_, and ozk = (Uo|Wi) i, bk = [, (So : VW) (X) dx.

Notice that Eq. (5.1) is given in [15] only for x > M. The general result (x € R,) follows from a simple use of the Cauchy
formula; details are omitted. Regarding function S, recall the following formula from [15]:

+00
S=Y (p ) ® (VW + VW) + Wo ®So (5.2)
k=1
Notation h = f ® g means h(x, y) fx)g(y). As quoted in [15], the series in (5.2) converges in %O(Rj, L2(£2)?) and in
LE Ry, L2(£2)7). Here p = Eq * F(l ﬂ)' and 0 < p(t) <kt™? (see [15]), 6 =8 —q.
The following estimate will give the continuity at t =0 of (u, S).

Lemma 5.1. For any j1g > 0, IM > 0, such that V(x, t) € (Ry)3 x Ry, and Y1 > 1o, we have:

+A 400

i M
: : (xX+iy)t ;
All_)ngO /Tuw(x—i-ly)e dy| < /}(T,Lw)(ly)]dyg e (5.3)
—A —00
Proof. Whenever y >0, [(T,w)(iy)| = % H+(yem/2)27}4_(})81.”/2)27,3l. Therefore,

|M + (yeiﬂ/2)2*5 + (yeirr/Z)z*/ﬂ |Im[Mei7‘r(ﬁ—2)/2 + y2—5ei7ra/2 + y2—,6]|
|—psin( B/2) + y* P sin(ra/2)|
wsin(wp/2) — y* O sin(ra/2)

Kp, fory<pl/@=® (5.4)

VoV VWV

The constant K = sin(r 8/2) — sin(wa/2) > 0 is independent of . Moreover,
"u + (yein/z)Z—é n (yein/Z)Z—ﬁ| > |Im[u + (yein/z)Z—a n (yeiyr/z)Z—ﬂ”
=|y*sin(r — 78/2) + y* P sin(r — 7 B/2)|
= |y* 7 sin(w8/2) + y* P sin(m f/2)|
> Ky, fory>py/®® (5.5)
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From the above estimates we infer that:

1/@2-9)

+00 u dy +00 ay
0/ (Tuw@nfdy = 0/ Yolp+ (yelm/2)2=0 4 (yein/2)2-F| +u1/<[5> Yolu+ (yelm/2)2=0 + (yein/2)2=h|
Yk Tk
) 0/ ' v +u”‘[“ Yy v
< »

A similar estimate can be obtained for ffoo [(T,,w)(iy)| dy. Combining these results achieves the proof. O

Denote, § = 8 — o, w =3§/(2 — §) and notice that 0 < w < § < 1. From now on we shall sometimes write o (ug, Sp)
instead of oy; of course ¢ is linear w.r.t. initial data (ug, Sg). Most of the following estimates are already proved in [15],
save for those derived from Lemma 5.1.

Proposition 5.1. Let ug € H, Sg € L?(£2)°. Then exists M > 0, such that, ¥t € R and Yk € N¥,

(i) low®)> < M(lof 1 + 1. biel);
. 2 o, bl
(i) Ale(®1? < MCy + 12
(iii) forany u € [0,1] and any T € [0, 1],

IOl,?I2 by |?
Ak“tu(Z—é) )\;‘*‘(1—7)‘”,52'[(1—6)

lewe (] < M(

(iv) forany p € [0,1] and any T € [0, 1],

0,2
|ot | |bi | >

Akl p xa?(t) <M
klo x o] () < <)L,“_1t/*<25)+2(51) )Ll:(l7r)(17w)t_2(1_,)(1_3)
K

Proof. (i) Since «y, is linear with respect to (ug, Sp), we have, by Eq. (121) in Theorem 8.1 in [15] and Eq. (5.1):
2
) (5.7)
AR

’Olk(l.I(), SO)‘Z < M(|05]?’2 + W) (5.8)
k

|tk (0, S0) | < 2]tk (g, 0)|* + 2| (0, So) | < M<|a,9|2 +

+00
f (T3, W) (iy)e" dy+/Akby
—00

Invoking Lemma 5.1 we get

which gives (i).

(ii) Estimate (ii) is obtainable right away from Eq. (122) in Theorem 8.1 in [15], with M7 instead of M. The proof that M
can be chosen independently of T is deferred until Corollary 6.1 in Section 6. Hence we take here M independent of T and
proceed further on.

(iii) Notice first that (ii) above gives

0,2
|ty (uo, 0)* () < %] (5.9)
MtZ—«S
and
2 M|by|?
| (0, 50)[* () < Akt|25|25 (5.10)

Next, combining Egs. (5.9) and (5.8) with Sp = 0 on one hand, and Egs. (5.10) and (5.8) with up = 0 on the other, making
further use of Eq. (5.7) leads to estimate (iii).
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(iv) Since 0 < p(t) < K/t%, estimate (iii) gives

Mklog kb
Jx_k|p*ak|(t)<ﬂk(p*mm)(t)gzw( Aoyl Vb )

)\I’j/ztﬂ(*‘”/z”*l )\l[{Hw(l OV2ir(1-8)+5-1

from which (iv) is obtained. O

In order to work on spaces Hy and D,, we need to reformulate Proposition 5.1. Let [ ] denote the positive part of a
real number.

Lemma5.2. [etug € H, SgeL2(9)9 and 0 <y <6 <y + 1.Then M > 0, so that Vt > 0,

2
) 0 2 _ [Ak]” |bil
(i) Melew®|” < ( (g + 2A-DI0—7—-w)/A—o);
.. 2 2 50—y
(ii) A (M| o+ i (©]7(0) < M(3f o | 2OV =@ 4 3 by |?)
Proof. (i) Assume 0 < ¥ <6 <y + . Multiplying (i) of Theorem 5.1 by Y leads to A{ |k (t)? < A[A{ | ? + A§ = [bk[?].
Since ming>1 A, > 0 and 6 — w < y, one gets AY [ (6)12 < M[AY [P |2 + 1) [bk|?].

Assume now that 0 < ¥ + @ <6 <y + 1. Use part (iii) of Theorem 5.1 with £ =0 and 7 =
calculation leadsto T+ (1 —1)w=7(1—w)+w= (0 — Yy — w) + w =06 — y. Henceforth,

2 |bk|2
CHGIES (‘O‘k’ + A }’tz(175)(97y7w)/(17w)>

® €10,1]. A simple

which leads to (i).
(ii) Assume 0y <O <y + 1. Letting u=y —6+1€[0,1] and T =1 in part (iv) of Lemma 5.1, gives (2 —3) +
20— =( —0)2—-38)+8=—806 —y —w)/w. Hence

2 ot |2 2
Aelo *ag|“(t) K M| —— + |bg|

)‘1}: 050~y -w)/w

which gives (ii). O
As a consequence, we have:
Corollary 5.1. Let 0 <y <O <y +1,up € Hy,Sp € D). Thenu € FEOR™, Hy 1). In addition:

(a) Whenever 0< y <0 <y +o,ue €°(Ry, Hy), and S € €°(R*, D,); moreover, u(0) =
(b) Whenever 0< y +w <6, ue €°R,, Hy, ), andS e EO(R,, D, ); moreover, u(0) = up and S(0) = So

In both cases, for any t > 0,

<M ISollp,, 511
[u® 1y, <M{Iolls, + == —wraom: (>11)

[s© 15, <M(E7 = jug||y, + ISolp, ) (512)

Proof. We first prove that u e €°(R* , Hy,11).
From (d) of Lemma 4.1 and (ii) in Proposition 5.1, we reckon that, for any N <M and t € [Ty, T2], where 0 < T1 < Ty,

+00 Y 14 2
AL o A b
J/+1 k k 7K
- Yo' < 3 A0 (513
Hy41 k=N k=N 1

Since y <6, we have that up € Hy C Hy. Also So € H,. Hence Eq. (5.13) implies that

Z o (H)wg

) (5.14)
N—+o00
Hy 11

sup
te[Tq,Ty]
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Finally, as o, € €°(R), from (5.14) above we deduce that u= (3, °} atx ® Wq) € €°(R*%, Hy, 11).
Next we proceed with the rest of the proof.
(a) Let us prove that S € €°(R*, D, ). For any N < M, by (c) of Lemma 4.1 and by (ii) of Lemma 5.2,

2 M

M +o00
> (o xa)®(Vwe+Viw) | = |p S o (1420 e <K S [A ol POO7=00 13 b2] (515)
k=N D, k=N k=N

Since ug € Hy, and Sg € Dy, then Z,fzof(p s o) () (VWi + VTwy) is uniformly convergent w.r.t. t on any compact subset
[To, T1] C R%, in D,. Given that oy € ¥°(Ry4), and that p € L (Ry) and hence (o * o) € €°(Ry), we conclude that
2ok ag) ® (VWi + V) € €0([To, T11, Dyy). As Wo € €°(R,), one gets that (see (5.2))

+00
S=Y (p o) ® (VWi + VW) + Wo®So € €°(Ry, D)) (5.16)
k=1
The inequality (5.12) results from Eq. (5.15) by letting N =1, M = +oo, and from the fact that |Wo(©)Sollp, <
WolleollSollp, for any t € Ry, since Wo € L*(R4) N €°(R4). In a similar way we prove that u e ¥°(R., Hp).
The inequality (5.11) is a consequence of (i) in Lemma 5.2 and of the fact that u € €°(R,, Hyp). Finally, as Hy < H and
lim;—ou(t) =ug in H (see Theorem 8.4 in [15]), lim;—ou(t) =up in Hy.
(b) Whenever 6 > w + y, ug € Hy 4, and So € Dy,. The inequalities (i) and (ii) of Lemma 5.2, for ' =w+y and y' =y,
read

3 e < M( o+ 47 1bil?)

’ ’ 2 4
hp (Melp x> (©) < Mg [o |+ 2 1bil?)
The proof of (i) of Lemma 5.2 entails the uniform convergence (with respect to t on [0, +o0[) of Z,f:o‘f(p * o) () (Vwy +
vTwy) in D,.
Therefore S € €°(Ry, D,). Moreover, as Wo(0) = 1, we get (see (5.2)) S(0) = Y (o * a)(0) (VWi + VIwy) +
Wo(0)Sg = Sp. Arguing as in (a) above one proves that: u e €°(R., Hyiw) and u(0) =ug. O

In the case y >0 and 6 =y + @ we get the continuity of (u,S) at t =0:
Theorem 5.1 (Existence theorem). Let > 0. Assume that up € Hy 1, and So € Dy,. Then the system of Egs. (2.1)-(2.2) has at least

one solution (u,8) € [¢°(R4, Hy40) NEO(RY, V)NLE Ry, V)] x €°(R4, Dy), p €[1,2/(2 — 8)[. Moreover, 3A > 0, such that
Vt e R+,

[w® ]y, ., + SO, <A(Iuolls.., +ISoln, )

The statement (a) of Corollary 5.1 says that, forany 0 <y <6 <y +w, up € Hg, So € Dy, and S € EO(R*, H, ). This does
not ensure continuity at t = 0. Nevertheless, for 0 <y <6 <y + w, 6 > » and still holding on the assumptions ug € Hy
and Sp € Dy, we have Sg € Dg_,. Therefore (see Theorem 5.1) S € €°(R,, Dg_y), and u e €°(R,, Dy).

From now on we shall focus on the case 0 < y <6 < w < 1. Proceeding as previously we get:

Lemma 5.3. Assume that 0 <y <6 <w < 1,up € Hg and S € Dy,. Then 3M > 0O, such that for any t > 0,
2 2 _
Mon®)|” <MLl |” + 20 byl?) (5.17)
and
_ 2 _
2 (el p % el ©) < Mg e | + 2 Ibil?] (5.18)

Proof. Eq. (5.17) follows from part (i) in Proposition 5.1. Next, we use part (iv) in Lemma 5.1 with y =1—w and 1 =1. It
gives u —1=—wand u(2—-8)+2@6—-1)=[1-48/2—8)1Q2 —8)+ 25 — 2 =0. Henceforth,

(1o * aP(0) <MLl + Ibil?)

which ends the proof. O
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Hence:
Corollary 5.2. Assume 0 <y < 6,up € Hg and Sp € Dy,.
(a) Whenever 6 > w, u € €°(Ry, Hy), and S € €° (R, Dg_,). Moreover, 3A > 0 s.t. Vt > 0:

|u®]y, + 15O p, . <A(luolu, +ISolip,.,) (519)

(b) whenever 8 < w, ue €°(R,, Hy), and S € €° (R, Ag_). Moreover, JA > 0 s.t. Vt > 0:

Ju® ], + [5©] , . < A(ltolla, + ISoll,.,) (5.20)

Proof. (a) The proof is a direct consequence of the discussion preceding Lemma 5.3.

(b) That u € ¥°(R., Hy) is a consequence of part (a) of Corollary 5.1. Next, Lemma 5.3 and part (e) of Lemma 4.1 imply
that, for any M <N,

N N N
Y (p + ) (O (VWi + VT W) =22 (ulp # ) <M > (A |®]? + 28 by ?) (5.21)
®
k=M Ag—w k=M k=M

Since ug € Hg, So € D, — L?(£2)? < Ag_,, we get by Eq. (5.21) and Eq. (5.2) that

(S— Wo®8S0) € €°(Ry, Ag—o) (5.22)

Moreover, Wy € €°(R,) and Sy € D, <> Ap_y. Therefore, by Eq. (5.22), Se E°(Ry, Ag_y). Inequality (5.20) follows
right away after invoking Egs. (5.17), (5.2), and (5.21) with M =1 and N = 400, and that Wy € L*°(R,) and Sg € Ag_p. O

Remark 5.1. Using part (b) in Corollary 5.2 and by a density argument one may prove that, for ug € H and Sp € A_,, the
system of Egs. (1.9) has a weak solution (u,S) € €°(R,, H) x €°(R,, A_y). Of course the integrals have to be replaced by
inner product functionals.

Corollary 5.3. Assume 0 < y <6 <@ < 1,ug € Hg and Sg € Dy Then u € €°(R, Hp), and S € €°(R, H~1(£2)%). Moreover
u(0) = ug, S(0) = So.

Proof. Corollary 5.2 states that S € ¥°(R,., Ag_,). Therefore (see Section 4), the mapping of R, into H~1(£2)? defined by

s . . .
Ry = Ag_w < A_q L g (£2)°, is continuous; the corollary statement follows right away. O

Hence, to the first existence and uniqueness theorem, we can add the following conclusion: S € €¥°(R,, A_,) —
E°(Ry, H1(£2)°) and S(0) = So.
We now give a second existence and uniqueness theorem in Hy 1, x D), spaces.

Theorem 5.2 (Second existence and uniqueness theorem). Let y > 0. Assume that ug € Hy 4, So € Dy,. Then the boundary value
problem given by the system of Egs. (2.1)—(2.2) has a unique solution

@, ) € [€°(R1. Hy o) NEp (R, V) N L Ry, V)] x [€°(Ry, Dy) NL® (R4, Dy)] (5.23)

Moreover, there exists A > 0, independent of u, such that, for any t > 0,

[w® ]y, ., + SO, <A(Iuolls.., +1Soln, ) (5.24)

Lastly, u(0) = ug, S(0) = Sp.

Proof. The solution uniqueness is a consequence of the following inclusions: Hy o, <> H, D), — L2(£2)°, [€°(R,, Hy1o)N
CLRE,V)NLL (R, V)] x [€°(R, Dyy) NL®(R4, Dyy)] C F, and of Corollary 3.1.

The existence of a solution (u,S) € [€°(Ry, Hy4o) N €°(RY, V) N LL Ry, V)] x [€°(Ry, D,)] follows from Theo-

rem 5.1. In addition, the last estimate in Theorem 5.1 grants that S € L°(R, Dy). Next, that [[u(t)|lv t—+> 0 was proved in
—+00

the first existence and uniqueness theorem presented above. Based on this fact, we infer that u e %ﬁ?(R* , V), which ends
the proof of solution existence.
The estimate (5.24) is a consequence of Theorem 5.1. O
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6. The smoothness of solutions.

The following estimates will be used in proving the smoothness of solutions. They generalize those previously obtained
in [15].

Proposition 6.1. IM > 0, s.t. V(, x) € [0, 113, V(x, t) € Ry, Viu > A1, one has:

+A
: M
. . (x+iy)t -
) Jim / Tu(x+iy)e | < e
—A
+A M
. iv)eX+ivt
(b) N AETOO/‘ T w(x+iye dy| < ple(=1)+71/2¢7(1-3)
—A

Proof. We only have to prove these estimates for y =0and x =1, t=0and 7 =1.
(a) The case x =0 has already been addressed in Lemmas 7.4 and 7.2 in [15].
We now prove the case y = 1. Lemma 7.4 and inequality (70) in [15] give, for suitable x > 0 and B > 0,

+A +o0
Jim /Tﬂ(x+iy)e("+iY)tdy <K|:/|Tu(zei”)—T,L(ze"'”)|e‘”dz+e"‘“‘l/(2_5):|
—+o0
—A 0
+00
1-8 —(1-8)/(2=8)
u + )»] e, 1/2-8) o, 1/2-8)
<K e UtH du +e ¥+ 6.1
e w
0
It implies that:
+A +00 1 A
: -\ o (XYt —utp!/C=9
AETOO/ Tu(x+iy)e dy| < K[ / e du + flll/(z_‘s):| < Y= (6.2)
—A 0

which gives the statement in (a) for x =1.
(b) The case T =0 is addressed in Lemma 5.1. The case T = 1: from (iii) in Lemma 7.5 in [15] we get

+A K Ke—atu!/@? M
Vi AEToo/ T/LW(X+iY)e(X+1y)tdy < uti=s + wi/2=3 S wtl=s (6.3)
—A

as Suptul/(2*5)>ﬂ |(tM1/(2—5))1—Se—at;ﬂ/(Z—ﬁ)‘ <M < +00. O
As a consequence we have the following extensions of estimates (iii) and (iv) of Theorem 5.1.
Corollary 6.1. Let ug € H, Sg € L2(£2)°. Then:

(a) 3M > 0, ¥T > 0,s.t. Yy €[0, 5151, VT €[0, 1], Vt € [0, T] and Vk € N*,

0,2 2
2 o | ||
a,t)|" <M
o < <Az7t2y(2—8) +A;+w<1—f>t2r<1—a>

(b) AM >0, VT > 0,s.t. Vy €[0, 1], VT € [0, 2175], Vvt € [0, T] and Yk € N*,

02
Melp * o (0) <M 1] + e
¢ ¢ = kiy—ltz[y(2—3)+5—1j )\‘I:(lfr)(l7‘”){-72(]7‘[)(1*8)

Proof. (a) The statement in (a) follows from (5.1) and Proposition 6.1 (with y = 2XTB)'
(b) The statement follows from (a) above by convolution. O

We deduce from Corollary 6.1:
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Proposition 6.2. Let y > 0, n > 0. Then:

(a) Assumeug € H1yy o and So € D14y. Thenu € <€1(R+, Hy).
(b) Assume ug € H34y—g+n and So € D34yy. Thenu € €2(R%, Hy) N WEP(R,, Hy), pell,1/(1-a)l.

loc
Proof. (a) Based on Eq. (3.11a) and Wy € L*°(R.), we infer that:

2 1 1
W e O < (ilo o ©) + 2, b2 Woll% (6.4)

Now, Lemma 5.2 with 6 =y 4+ w, leads to

1 2
i (Ol 2©) < Are (W] T o+ A 1bil?) (6.5)
From Egs. (6.4)-(6.5),

W] < ARl + 20T i) (6.6)

Since g € Hiyy4w and Sp € Di4y, )»,1’ |oz,/<(t)|2 < +o00. Hence Z,::f a,/c ® wy converges in €°(R., H,). Since by
Lemma 5.2 "% oy ® wy converges in €°(Ry, Hi4y), it also converges in €°(Ry, Hy ). Finally u e €1(Ry, Hy).

(b) Observe that 1+y +w <3+ y —w+n and 1+y <3+ y. Consequently up € Hi4y 4w, So € Hi1y. Next, (a) above
ensures that u e €1 (R, Hy). We now deduce several estimates for the second order derivatives. From Eq. (3.11a) it follows
that, for t > 0, &)/ (£) = —h(p % @) (€) — /IRb W) (0) = 22 (p % p 5 o) (£) + 1. *br(p 5 Wo) (£) — /A W) () € GO(R%) since
o € €ORy), Woe €O R)NEI(RY) and 0 < p(t) <kt™°.

Let now € > 0 be small enough. Part (a) in Corollary 6.1 with y = (1 —¢€)/(2 —9) € [0, 2178], T =1 and |W(’)(t)| < t]’—fa
(see [15]), gives

0
vI2| n 24y72[ 128 lo | || Ay * 1
" leg (O] < Mrag, [t * (k,(le)/(zs)tl‘f + k,i/ztl*‘s + Mrh, PrS Rs wry b
K

A£3+V)/2 314772 22~ (10=6)/Q=8)+y/2

L k 0
gMT( ot <t1—°‘ >|b,<|+MT e |oy | (6.7)

Observe that, for € > 0 small enough, 23+ y)/2 <3+ y and 2(y + 1)/2 <3 + y. Also, for € > 0 small enough,
22+y/2-(1-€)/2-8I<4+y —2/C—8)+n.
Hence, by (6.7), and since ug € H31y—o+y = Haty—2/2-5)+n and So € D31, we get u e CLR*, Hy). O

Proceeding as before (see Proposition 6.2) one obtains the following smoothness properties:
Proposition 6.3. Let y >0, > 0.

(a) Assume ug € Ha 4y —w+n, So € Da1y. Then S € E1Rx, Dy)N Wll()'f(R+, Dy),forany pe[1,1/(1 —a)[.
(b) Assume ug € Haty—w+n, So € Dayy. ThenS € €2(R%, D).

Proof. (a) We limit the proof to the case 0 <1 < w. Denote ® =w —n; hence 0 <@ <w < 1.

Since ug € Hy1_, So € D24y 5w, based on Theorem 5.1, we have that S € FOR,, Dyiy_-w)- Next, as 0 <@ <
w<1entails y <24y — & — w, one gets Se €° (R, D).

Next we obtain an estimate for §'(t). Observe first that Wo € L°°(Ry) and that o (t) = —Ar(p0 * ag)(t) — b Wo (t).
Therefore:

2 1)/2
32 o # o | < ARY TV (o # p o+ letkd) + VA (0 % i) ] )
Now, part (a) of Corollary 6.1, with § =2&/(1 4+ ®) < 2w/(1+w) =8, y =1/(2—35), 5 €10,5[, and T =1, gives

logg | |b|
o (t) <MT< _ — +
len®)] < MO8/ VAt1=e

However, |p * p|(t) < Kt'=23. Also, since 0 < § < 8, then (2 —8)/(2 — §) € [0, 1[. One infers that

0
v/2 1+y/2 1 |Olk| 1 |bk| |bk|
A EV M p o[ () < Mray [‘/Ak(tmf] * + VA Py + 51

- * ——
2 @Die-8)/0-5) NI

< MTA;H//Z (Ak—d)/ztz—za—(z—a)/(z—a)|al<{)| n t1_5|bk|) (6.8)
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Leta=2-2—2-8)/2—8)=1-25+—238)/2—35),and b=1—§> 0. Then:

2 2 24y —@| 02,2 24y 2bp 12
W2 he(p @) [P ©) < Mr [ 2 P20 430 2 |y 2] (6.9)

Recall that - as stated in (c) of Lemma 4.1 - that (Vwy + VT wy)ren+ i an orthogonal sequence of functions that
belongs to Dy, and ||Vwj + Vka||%y =1+ A,’:)Ak. Consequently, using the estimate given above and that ug € Hyy, s,

So € D34y, leads to the fact that Z,:;Of(p *a,/() ® (Vwg + VTwy) converges in €°(R*, D, ). Next, from equation in [15],
Wy ®So € €°(R%., Dy). Therefore Y7 (p * o) ® (VWi + VIwy) + W) ® So € €°(R%., D). Hence S€ €1 (R%., D).
Whenever a > 0, by Eq. (6.9), > ;=7(p * ;) ® (VWi + VIwy) + W( ® So belongs to €°(Ry, Dy,), thus belongs to
Lﬁ’c(R+, Dy) for any 1 < p < +o0.
Now, whenever a <0, —a— (1 —@) =28—2—(8—8)/2—8) —1+a=[-3—(8 —S)/(Z —38)+ (28§ +a)] < 0. We conclude
that Y75 (p x o) ® (Vwi + VTwy) converges in L] (R, D,), for any q € [1,1/(1 — &)]. Moreover, from [15] we observe
that ||W6(t)So||Dy < K/t~ 1t implies that W ®Sg € Lfoc(]lh, D, ) for any q € [1,1/(1 — @)[. Therefore

+00
> (0 x o) ® (VWi + VW) + W @S € L (R4, Dy)
k=1

for any q € [1,1/(1 — «)[ and irrespective of whether a is positive or negative.
Eventually S € W]‘q(RJr, Dy) forany qe[1,1/(1 - a)[ge[1,1/(1 - a)[.

loc
(b) The proof is omitted. O

From Proposition 6.2 we can infer the existence of smooth solutions to Egs. (1.9). Assume that up € Hsy, and
So € D5 N €1(£2)°. Then, the solution (u,S) the existence of which is granted by Theorem 3.1 of Section 3, complies
with the statement (a) of Proposition 6.2, that is u € €' (R,, Hg). Since Hg < H*(2) — €*(2) (see Section 4 and by
Sobolev’s injection), one has u e €' (R, €%(2)3) and (Vu+ VTu) € €' (R, €' (£2)°). One also has Sy € €' (£2)°, Wy €
€' RHNETRY) and p € L] (Ry). Consequently S=p * (Vu+ VIu) + Wo®Sp € €°(R4, €1(2)°) N €T (R%, €1(2)%).
All the precedent arguments eventually lead to the conclusion that (u,S) € €'(R,, €%(2)3) x [€°R,, €1(2)°) N
C1(R?, €1(£2)7)], whenever ug € Hs, and Sg € D5 N €1 (2)°.

7. Final comments

Fractional calculus has a long history that parallels the classical analysis [27,35,38]. It has long been used in modeling
natural phenomena: for a quick glimpse see for example [1-7,9-11,13,14,20-22,24,26,29,35,37,39,43,47-49], and references
cited therein. In particular, fractional derivative CEs have been found to accurately predict stress relaxation of viscoelastic
fluids in the glass transition and glassy (high frequency) states.

The results presented here enrich and complement the linear stability analysis within the framework of variational/weak
solutions initiated in [15]. We have proved results regarding existence, uniqueness, smoothness and continuity at t = 0 of the
solution to the initial boundary value problem stated in Section 1. Moreover, this work is related to that of Shaw, Whiteman
and co-workers on the well-posedness, existence and uniqueness of weak solutions for similar in nature hereditary-type
integral models (see for example [18,40-42]), as well as to that reported in [33,34,45].

The matter of the stability of the original nonlinear CE is an open question on which future work shall focus.
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