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1. Introduction

We consider the initial value problem

Dfyx) =f(x,y), x>0, 0<a<1,0<p<T1, (1)
17y@) =ye. y=a+p—ap, 2)

where Dg;ﬂ is the generalized Riemann-Liouville fractional derivative operator introduced by Hilfer in [1-3].

In recent years there has been a considerable interest in the theory and applications of fractional differential equations.
See for example [4-14] and references therein.

Fractional calculus approach has been introduced in many models. Fractional models provide a tool for capturing and
understanding complex phenomena in many areas; see for example [15-18]. Indeed, some of these models are supported
by experimental evidence and yield results that agree with the observed behavior [19].

The two parameter family of fractional derivatives D‘;jrﬁ of order « and type 8 allows one to interpolate between the
Riemann-Liouville and the Caputo derivatives described in [20-22]. The type-parameter produces more types of stationary
states and provide an extra degree of freedom on the initial condition. Models based on this derivatives are considered in
[2,37,15].

In this paper, we prove the existence and uniqueness for the nonlinear initial value problem (1)-(2) in a weighted space
of continuous functions. We start with some preliminaries in Section 2. In Section 3, we set up the Cauchy type problem and
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define the generalized derivative and the spaces of solutions. In Section 4, we establish the equivalence with the Volterra
integral equation. In Section 5, we prove the existence and uniqueness of the solution. Finally, in Section 6 we present a
stability result.

2. Preliminaries

In this section we present some definitions, lemmas, properties and notation which we use later. For more details please
see [20].

Let —00 < a < b < oo. Let C[a, b], AC[a, b] and C"[a, b] denote the spaces of continuous, absolutely continuous and
n times continuously differentiable functions on [a, b], respectively. We denote by I?(a, b), p > 1, the spaces of Lebesgue
integrable functions on (a, b).

Definition 1. We consider the weighted spaces of continuous functions
Cla,bl={f:(a,b] > R: (x—a)’f(x) e Cla,b]l}, 0<y <1,
and
Cpla,bl = {f € C""'[a,b] : f™ € C/la,b]}, neN,
Cpla, b] = Cyla, b],
with the norms
Iflle, = Ix = )" f )l ,
and

n—1
IFlley = > IF“lc+ 1F e, -

k=0

These spaces satisfy the following properties.
e Cola, b] = Cla, b].
° C;}(a, b) C AC"[a, b].
e C,[a,b] C Cphla,bl,0=y1 <y < 1
Lemma2. [et0 <y < 1,a<c<b,geClacl,g e Clc,bland g is continuous at c. Theng € C,[a, b].

Lemma 3 ([23]).Let A, v, w > 0, then
t
/ (t—s) I+ e ds < ct"!, t>0,
0

where

C=max{1,2""} Fr() (1 +A(A + 1)/v)w™" > 0.
The following is a special case of Jensen’s Inequality.

Lemma 4. For nonnegative a;,i =1, ...,k
k 4 k
(Z ) <K od pz 3

Lemma 5 ([24]). Let a(t) and b(t) be continuous positive functions defined on [ty, 00), tg > 0. Let w : [0, 00) — [0, 00) be
a continuous monotonic nondecreasing function such that w(0) = 0 and w(x) > 0 for x > 0. If u is a positive differentiable
function on [ty, 0o) that satisfies

u'(6) < a@w(u(®) +b(0), € [k, 00),

then we have

u(t) <G! [G <u(t0) +/ b(s)ds) +/ a(s)ds] ,
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for the values of t for which the right-hand side is well-defined, where

" ods
G(r):/ ——, Tr>19>0.
rp W(S)

Theorem 6 ([20], Banach Fixed Point Theorem). Let (U, d) be a nonempty complete metric space. Let T : U — U be a map such
that for every u, v € U, the relation

d(Tu, Tv) < wd(u,v), 0<w~<1

holds. Then the operator T has a unique fixed point u* € U.
Furthermore, if T*, k € N, is the sequence of operators defined by

T'=T, TF=T1T"", keN\{1},
then for any uy € U the sequence {T"uo}:i] converges to the above fixed point, u*.

The left-sided Riemann-Liouville fractional integrals and derivatives are defined as follows.

Definition 7. Let f € L'(a, b). The integral
1 O f(s)

f(x) = @ ). osie ds, x>a, a >0,

is called the left-sided Riemann-Liouville fractional integral of order « of the function f.

Definition 8. The expression

d

a )

is called the left-sided Riemann-Liouville fractional derivative of order « of f provided the right-hand side exists.

*f(x)=DI*'f(x), x>a, 0<a<1D=

For power functions we have the following properties.

Lemma 9. For x > a we have

r'p)
r'g+oa)
[Df(t—a)* '] =0, O<a<Tl.

[ —af ] x = x—aft ! «>0 g>0.

The following lemmas provide some mapping properties of I, . Proofs can be found in [25].
Lemma 10. For o > 0, I;”Jr maps Cla, b] into C[a, b].
Lemma 11. Let « > 0and 0 < y < 1. Then I(‘;‘Jr is bounded from C, [a, b] into C, [a, b].
Lemma 12. let @ > 0and0 <y < LIf y < «, thenI?, is bounded from C, [a, b] into Cla, b].

Lemma 13. Let 0 < y < 1andf € C,[a, b]. Then

IZf(a) = XE{}} IZfx) =0, 0<y <a.

Proof. Note that by Lemma 12, I;’;f € Cla, b]. Since f € C,[a, b] then (x — a)” f (x) is continuous on [a, b] and thus
|x—a)’f()] <M, x¢€la,bl,

for some positive constant M. Therefore
I f @] <M It =77 ] (0,

and by Lemma 9

ra-y
F'ae+1—-y)

Since o > y, the right-hand side — 0 as x — a™. This completes the proof. O

l5f (0] <M xX—a)*7.
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Lemma 14. Let f € L'(a, ¢). Then

o

lim | (x— HIf () dt = /C(c — 0% 'f(t)dt = M'(@)I%f(c), o« >0.

x—=ct Jg

Proof. We have

/ C(c — )" 'f(tydt — f C(x — )7 (t) dt

5/|®—N”—&—0*WWW¢

= /Ck(x, DI (6)] dt.

This proves the result since lim,_, .+ k(x,t) = O0foralla <t <c. O

The following lemma follows by direct calculations using Dirichlet formula.

Lemma 15. Let o > 0, 8 > 0,and f € L'(a, b). Then
I = I5PF (0, t € [a,bl.
In particular, if f € C,[a, b] or f € C[a, b] then equality holds at every x € (a, b] or x € [a, b], respectively.

This lemma leads to the left inverse operator as follows.

Lemma 16. Let @ > 0,1 <y < 1,and f € C,[a, b]. Then
DZ+IZ+f(X) =f)
forallx € (a, b].

The following composition is proved in [22].
Lemma17. Let 0 <o < 1,0 <y < LIf f € G, [a, bl and I);*f € C}[a, b], then

117°f (a)
()

(x—a)* 1,

I7:DY f(x) =f(x) —

forallx € (a, b].

3. Generalized Cauchy problem

In this section we set up the Cauchy type problem (1)-(2) and define the generalized derivative and the spaces of
solutions.

Definition 18. The right-sided fractional derivative operator of order 0 < @ < 1and type 0 < 8 < 1 is defined by
) (I=a) 5 (1=B)(1—c)
D = [P p (P,
Remark 19. The following follows from the definitions.
R1. The operator DZ‘f can be written as
s 1— 1- 1—
D =1/ Dl =1 DY .y =a+ B —ap.
R2. The DZ‘f derivative is considered as an interpolator between the Riemann-Liouville and Caputo derivative since

p*f — D, B=0,
o T |i'*p, p=1
at -
R3. The parameter y satisfies

0<y=<1 y=za  y=>8, T-y<1-80-0).
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We introduce the spaces

c la,b] = {f € Ci_yla, b], D™Pf € ¢y la, b]] , (4)
and
" la,bl={f € G, [a,b], D, f € Ci_,[a, b]}.
Since D‘;;rﬂf = Ifflfa)Dl’;f, it follows from Lemma 11 that
¢/ la.b] ¢’ [a, b.
The following lemma follows directly from the semigroup property in Lemma 15.

Lemma20. [et0 <o < 1,0 <8 < 1,andy:a—i—ﬁ—oeﬂ.]ffeclyfy[a,b]thm

I;/+DZ+f _I DZ+ fs
and

1—
D/ 1% f =Dl F.

Lemma 21. Let f € L'(a, b). If fo_a)f exists and in L' (a, b) then
i1 = Py

Proof.
: (1-e0) p (1-B)(1-a) (1-a) y1-B(1-a) _ [p(1-a) pp(i-a)
D B () e L L e A

at ‘at —
Lemma22. let0 <o <1,0< B <landy =a+ B —aB.If f € Ci_,[a, b] andlaljﬂ(l_”)f eCl ,la, b] then D' ﬂl";f
exists in (a, b] and

DAFI%f(®) =f(®). xe€ (abl.
Proof. From Lemmas 13, 17 and 21 we have

1 B(1— a)f( )( ~ )5(1 oot

71“(/3(1 3 =f(x), xe€(a,b]. O

POODR ) = ) + -2

Next we investigate the solutions of (1)-(2) by reducing the problem to a Volterra integral equation and then applying
the Banach fixed point theorem.

4. Equivalent Volterra integral equation

The following theorem yields the equivalence between the Cauchy type problem (1)-(2) and the Volterra integral
equation of the second kind

_ Ya (@—1)(1—B) el
y(x)_F(o:+ﬂ—aﬂ( —a) +F() (x O (e, y(0)dt, x> a. (5)

Theorem 23. let y = o+ f — o where0 < o« < 1and0 < B < 1. Let f : (a,b] x R—R be a function such that
f(C,y()) € Ci_yla, bl foranyy € Ci_,[a,bl.If y € C%’_y[a, b], then y satisfies (1)-(2) if and only if y satisfies (5).

Proof. First we prove the necessity. Lety € Cly -y [a, b] be a solution of (1)-(2). We want to prove that y is also a solution of
the integral equation (5). By the definition of Cly_y [a, b], Lemma 12, and Definition 8, we have

I:Iyy €Cla,b] and D,y = D(I;jyy) € Ci—,la, b].
Thus by Definition 1 we have

17y ec)_,la, bl
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Now we apply Lemma 17 to obtain

Ya
r'(y)
Since by our hypothesis DZer € Ci—[a, b], Lemma 20 yields

x—a)" ', xe(ab]. (6)

"DV, y(x) = y(x) —

1700y =12.0% y =1%f, in(a,bl. (7)
From (6) and (7) we obtain
Yo = Fy(y [= 0+ S yan] @, xe @b (8)

which is the Eq. (5).
Now we prove the sufficiency. Let y € Cly_y [a, b] satisfy Eq. (5) which can be written as (8). Applying the operator D;ﬂr
to both sides of (8), it follows from Lemma 9, Lemma 20, and Definition 8 that

DY,y = DI, ©
From (9) and the hypothesis DZ+y € Ci—la, b], we have

DI Pf = pPf € €1y la, b). (10)
Also, since f € C;_, [a, b], by Lemma 11,

170f € ¢y la, bl. (1)
It follows from (10) and (11) and the Definition 1 that

1:P0F el la, bl.

Thus f and I;Iﬂ(l_“)f satisfy the conditions of Lemma 17.
Now by applying 1#=% to both sides of (9) and using Definition 18 and Lemma 17 we can write

[ s e yen)] @
rp-ow)
Since1—y < 1— B(1 — «), Lemma 13 implies that
[0 F ey @ =o.
Hence the relation (12) reduces to
Doy =f(xy(x), xe (@bl

Now we show that the initial condition (2) also holds. We apply I;;y to both sides of (8), then Lemmas 9 and 15
imply that

(x — )P -1, (12)

DYy = fx, y() —

Ly = yo + 117708 €y o) | 0. (13)
In (13), taking the limit as x — a, we obtain

LY@ = yo+ [P0 €y @) @ = s
This completes the proof. O

Remark 24. Note that under the hypotheses of Theorem 23, the solution satisfies the relation

o, f o Ya
D =D -
o V() Y (X) ry —a

Thus, from Lemma 13, the solution satisfies the Cauchy-type problem

Ya _ —o—1
o X0 ),

Ii%y@) =0

with D;ﬂy € Ci—y+ala, b] in general. This problem is a weaker form of (1)-(2).

(x —a)y 1.

D;"+y =
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5. Existence and uniqueness of the solution

In this section we establish the existence of a unique solution to the Cauchy-type problem (1)-(2) in the space C [a b]

defined in (4). The result is obtained under the conditions of Theorem 23 and the Lipschitz condition on f (., y) w1th respect
to the second variable,

If G, y1) = f(x, ¥2)| < Aly1 —yal, (14)
forall x € (a, b] and for all y1, y, € G C R, where A > 0 is constant.

Theorem25. [et 0 < o < 1,0 < 8 < l,andy = o+ B — aB. Let f : (a,b] x R—R be a function such that
f(,y()) € C’g(1 “)[a, b] for any y € Ci_,[a, b] and satisfies the Lipschitz condition (14) with respect to the second argument.
Then there exzsts a unique solution y for the Cauchy type problem (1)-(2) in the space C 1" _,la, b].

Proof. According to Theorem 23, it suffices to prove the result for the equivalent Volterra integral equation (5) which can
be written in the operator form

yx) = Ty(x), (15)
where
Ty(x) = yo(®) + [IZ.f (£, y(£))] (%), (16)
with
_ _ —1
Yox) = F( ) o)’ (17)

First we prove the existence of a unique solution y in the space C;_, [a, b]. Our proof is based on partitioning the interval
(a, b] into subintervals on which the operator T is a contraction, then we use the Banach fixed point theorem. Note that
Ci—ylc1, 2], a < ¢ < ¢ < bisacomplete metric space with the metric d defined by

dy1.y2) = V1 = Yalle, i en = Max [ =)' 7 [y1(0) —320]|.

x€lcq,e0]
Select x; € (a, b] such that
Al
wy = A x—a)* <1, (18)
I'a+y)

where A > 0 is the Lipschitz constant in (14). Clearly yo € Ci_,[a, x1]. Also, by Lemma 11, Ty € C;_, [a, x;]. Therefore T
maps C1_, [a, 1] into itself. Moreover, from (14), (16), and Lemma 11, and for any y4, y» € Ci_,[a, X;] we have

1Ty1 = Ty2le,_tan = (oS € y1(0) = G f (6 y20) | ¢, o,

< [ € @) = FE @],
rwy)
< (x — )" ﬁ If e, yi1(0) — f(f,J/z(f))||c1_y[a,x1]
« W)
< Ax —a) m lly1(t) —J’z(f)”c],y[a,x]]
< wi [ly1(6) —J’2(f)||c1_y[a,x1] .

Our assumption (18) allows us to apply the Banach fixed point theorem to obtain a unique solution y§ € Ci_,[a, x1] to
Eq. (5) on the interval (a, x1].
If x; # b then we consider the interval [xq, b]. On this interval we consider solutions y € C[x;, b] for the equation

Y6 = 1900 = yor (0 + 1% (€Y@ | 00, x € . b, (19)
where
o) = e+ s / (x— O (€, y(0) dt. (20)

Now we select x, € (x1, b] such that

A
Wy = F(a)(xz —X])a < 1. (21)
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Since the solution is uniquely defined on the interval (a, x;], we can consider yo; to be a known function. For y;,y, €
C[x1, x2], it follows from Lipschitz condition (14) and Lemma 10 that

CF(E Y1) ~ 15 y2(0)|

ITy1 — Ty2llcpy ) =

Clx1,%2]

< | e o) —revon|
1
S aF @ X W) =FE 2Ol )

A
=< m(xz = x)* 1y1(6) = 2O llcpxy x5

w2 [1y1(6) = y2(Ollcpey xy -

Since 0 < w, < 1,T is a contraction. Since f(x,y(x)) € C[x1,x2] foranyy € C[xq, x], Lemma 10 implies that
I:Tf € C[xq, x2]. Thus the right-hand side of (19) is in C[xq, x,]. Therefore T maps C[x, x,] into itself. By Theorem 6,

there exists a unique solution yj(x) € Clxq, x2] to Eq. (5) on the interval [x;, x,]. Moreover, it follows from Lemma 14
that, y3 (x1) = y§(x1). Therefore, if
Vo), a<x<x,
Y = { .

Vi), x1 <x=<xp,

then by Lemma 2, y* € C;_, [a, x1]. So y* is the unique solution of (5) in C;_, [a, X,] on the interval (a, x,].
If x, # b, we repeat the process as necessary, say M — 2 times, to obtain the unique solutions y; € Clxi, X411,
k=2,3,...,M,wherea =%y < X; < --- < Xy = b, such that

Wiy1 = K1 —x0)* < 1.

ol (x)
As a result we have the unique solution y* € C;_,[a, b] of (5) given by
V') =yi(®), xe€ XXl k=0,1,...,.M—1. (22)
It remains to show that such a unique solution y* € C;_, [a, b] is actually in C%’_y[a, b]. From Eq. (5) we have
VX)) = yo(X) + [IZF (6, y*(£)] ®).
Applying DZJr to both sides yields
DY, y*(x) = DI, [1%.f (£, y" ()] (%) = [DZI “f(t,y*(t))] ®)
= [y o] .

since y > o. By hypothesis, the right hand side is in Cy_, [a, b] and thus DZ+y*(X) e C'77]a, b].
Therefore, by Theorem 23, y* is the unique solution of (1)-(2). O

6. Stability

In this section we exploit the initial decay of the solution of the following problem with weighted initial data
D% u(e) = f(t, u(t)).
(A0 ()| =b. (23)

We determine sufficient conditions for maintaining this behavior for all times in case of global existence.

Theorem 26. Let 0 <a < 1,0 < B < 1,y =a+B—ap,andb # 0.Let f(.,u(.)) € C["*'[0, oo] forany u € C1_, [0, o0]
and satisfies

IF e, u@®)] < t'e o) [u™, w=>0 meN, o >0, (24)

where ¢ is a continuous nonnegative function on (0, 00).
Suppose . — (m — 1)(1 — y) > 0, o(t) t ™09 ¢ [4(0, 00) for some q > 1/c, and

[o¢]
llll ™14 (/ s’qm’s“"’)wq(s)ds> <K,
0
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where

_ 1 I (e)(op)™ mar
T (m — 1)2mme=1) [p|mam=D | -0 ") (1+ Ay /) |
AMm=1+plpu—>0—y)m], A =1+4pla —1),

and p is the conjugate exponent of q,i.e.pq =p + q.
Then there exists a positive constant C such that the solution of (23) satisfies

lu@®)l < ', t>o.

Proof. Since the hypothesis of Theorem 23 are satisfied, the problem (23) is equivalent to the associated Volterra integral
equation

ut) =bt" '+ m/ (t —$)* f (s, u(s))ds, t>0. (25)

Multiplying both sides of (25) by t'~7 and using the inequality (24), we obtain

t—s)* Iste " Mds, t> 0. 26
e )/< 915 % (s) lu(s)|" ds, ¢ > (26)
Let v denote the left-hand side of (26). Inserting the term s('=")Ms~(1=¥)™ inside the integral gives

e )f(t §)¢ st =Ime=0s ()™ (s5)ds, t > 0. (27)

From Hoélder inequality we have

t
/ (t — 5)@ st 1=7Ime=05 0, (6)y™(5) ds
0

t 1/p t 1/q
< (/ (t — s)p("“”s"“‘_“_”)m]e_p"sds) </ ga"(s)v"m(s)ds) , t>0.
0 0

Note that the second integral in the right-hand side is finite for each fixed t since ¢ is continuous and u is in C;_, [0, oo].
It follows from the hypothesis that A; > 0 and A, > 0 and thus

plu—(AQ—y)yml=1,—-1>0, pla—1)=ir,—1>0.
By Lemma 3 (with v replaced by A,, A replaced by A; and w replaced by po) we have
¢ t 1/q
fo (t — 5)@ IsH=A=MIme=05 ()M (s)ds < Cyt*! ( fo (pq(s)vqm(s)ds) , (28)
with
Cr = 2" T () (A + 2 /Ag) (po) 1]
By combining (27) and (28) we obtain

t 1/q
() < b+ ¢7P0=0 ¢ (f wq(S)vqm(S)dS> , t>0, (29)
0

where C; = C;/I"(«). Multiplying both sides of (29) by t#(=® yields

t 1/q
tPA=9y(t) < |b| P + G ( / goq(s)vq"'(s)ds> , t>0. (30)
0

Let z(t) denote the left-hand side of (30). Inserting the term s~9mf(1-®)samf(1-®) inside the integral gives

t 1/q
z(t) < |b| tPI~9 4 ¢ ( / goq(s)s’q"‘ﬁ“’“)zq'"(s)ds> , t>0. (31)
0
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Raising both sides of (31) to the power g, we get (using Lemma 4)

t
Z9(t) < 207! <|b|q gap=e 4 6;7/ wq(s)s_"mﬂ“‘“‘)z"m(s)ds> , t>0. (32)
0
Let
R t
w(t) = C} / @I(s)s MBI Z0M(5)ds,  t > 0. (33)
0
Then, by the continuity of z and the assumption ¢(t)t~™(1~® ¢ [9(0, co) the integrand is summable, w(0) = 0, and by
differentiation
w'(t) = Clo(t)e~mPUA—a)zam ¢y (34)

Since ¢, z, and the right hand side of (34) are nonnegative, w is a continuous, nonnegative and nondecreasing function in
(0, 00).
Now, we estimate the right hand side of (34) in terms of w. From (32) and (33) we obtain

29(t) < 2971(|b|%t 909 L y(t)), t > 0.
Raising both sides to the power m and using Lemma 4, we get
2™ (t) < 2™ (|p|™ MU ™ (1)) (35)
Next, a substitution of (35) into (34) yields
w'(t) 2mq_16$(pq(t)t_qm’3<l_°’) (|b|mq gmap-a) 4 wm(t))

IA

IA

2ma=1 |p|™ Clpa(t) 4 271 I ImAI— pd ()™ (t), ¢ > 0. (36)
Applying Lemma 5 (with w(u) = u™) we infer that
w(t) < G [Gw(0) + I(t)) + k(t)],
where I(t) = 2™~ [b|™ €] [; ¢9(s)ds and k(t) = 2mI-1CY [ sImMBU1-0) A (5)ds. Since G(r) = [T %, r > 0,15 > 0, then

1-m r(}fm
G(r) = 1 r—
and
Gy =™ = (m— Dyl W,
That is
1—m 1—m
w(t) < G [l(t) GO k(t)]
1—m 1—m
1-m 1-m *ﬁ
< |:1(f0)]_m —(m—1) (1(” GOl k(r))}
1—m 1—-m
< [l — (m — Dk(O)] 7,
as long as

o 1
1™ k(t) <
m J—

In particular, if

t m—1 t
( / <p"(s)ds> ( / sqmﬁ“"‘)(pq(s)ds) <K
0 0

then w(t) < K; for some positive constant Ky, and thus from (31) we find that
2(t) < |b P 4 k),
or

tPA=Dy(t) < b P00 4 k)79,
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then
u(t) < |b| + K/ FO=0 < c £ >ty >0,

for some positive constant C. This yields that |u(t)| < Ct”~!fort > t, > 0 and the proof is complete. O

Acknowledgments

The authors are grateful for the support provided by King Fahd University of Petroleum and Minerals through the Grant
No. IN 101003 and the financial support for the first author by BAE Systems through the PDSR program by the British Council
in Saudi Arabia.

References

[1] R. Hilfer (Ed.), Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.
[2] R.Hilfer, Fractional calculus and regular variation in thermodynamics, in Applications of Fractional Calculus in Physics [1], page 429.
[3] R. Hilfer, Fractional time evolution, in Applications of Fractional Calculus in Physics [1], page 87.
[4] D. Baleanu, Z.B. Giiveng, ].T. Machado (Eds.), New Trends in Nanotechnology and Fractional Calculus Applications, Springer, 2010.
[5] R. Caponetto, G. Dongola, L. Fortuna, I. Petras, Fractional Order Systems: Modeling and Control Applications, in: World Scientific Series on Nonlinear
Science, vol. 72, World Scientific, 2010.
[6] R.Hilfer, Threefold introduction to fractional derivatives, in Klages et al. [8], pages 17-73.
[7] R. Hilfer, Y. Luchko, Z Tomovski, Operational method for solution of the fractional differential equations with the generalized Riemann-Liouville
fractional derivatives, Fractional Calculus & Applied Analysis 12 (2009) 299-318.
[8] R.Klages, G. Radons, I. Sokolov (Eds.), Anomalous Transport: Foundations and Applications, Wiley-VCH, Weinheim, 2008.
[9] C.A. Monje, Y. Chen, B.M. Vinagre, D. Xue, V. Feliu, Fractional-Order Systems and Controls, in: Advances in Industrial Control, Springer, 2010.
[10] F. Mainardi, Fractional Calculus and Waves in Linear Viscoelasticity, Imperial College Press, 2010.
[11] B.LS.P. Rao, Statistical Inference for Fractional Diffusion Processes, Wiley, 2010.
[12] T. Sandev, Z Tomovski, General time fractional wave equation for a vibrating string, Journal of Physics A: Mathematical and Theoretical 43 (2010)
055204.
[13] H.M. Srivastava, Z Tomovski, Fractional calculus with an integral operator containing a generalized Mittag-Leffler function in the kernel, Applied
Mathematics and Computation 211 (2009) 198-210.
[14] Zivorad Tomovski, R. Hilfer, H. Srivastava, Fractional and operational calculus with generalized fractional derivative operators and Mittag-Leffler type
functions, Integral Transforms and Special Functions 21 (11) (2010) 797-814.
[15] E.Gerolymatou, I. Vardoulakis, R. Hilfer, Modelling infiltration by means of a nonlinear fractional diffusion model, Journal of Physics D: Applied Physics
39 (2006) 4104-4110.
[16] R. Hilfer, L. Anton, Fractional master equations and fractal time random walks, Physical Review E 51 (1995) R848-R851.
[17] F. Mainardi, R. Gorenflo, Time-fractional derivatives in relaxation processes: a tutorial survey, Fractional Calculus & Applied Analysis 10 (3) (2007)
269-308.
[18] X.M.Tan Wenchang, Wenxiao Pan, A note on unsteady flows of a viscoelastic fluid with the fractional maxwell model between two parallel plates,
International Journal of Non-Linear Mechanics 38 (2003) 645-650.
[19] R. Hilfer, Experimental evidence for fractional time evolution in glass forming materials, Chemical Physics 284 (2002) 399-408.
[20] A.A.Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential Equations, in: Mathematics Studies, vol. 204, Elsevier, 2006.
[21] I Podlubny, Fractional Differential Equations, in: Mathematics in Science and Engineering, vol. 198, Acad. Press, 1999.
[22] S.G.Samko, A.A.Kilbas, O.I. Marichev, Fractional Integrals and Derivatives, Theory and Applications, Gordon and Breach, Amsterdam, 1987, Engl. Trans.
from the Russian.
[23] M.W. Michalski, Derivatives of Noninteger Order and their Applications, Ph. D. Thesis, Polska Akademia Nauk, 1993.
[24] B.G. Pachpatte, Inequalities for Differential and Integral Equations, in: Mathematics in Science and Engineering, vol. 197, Acad. Press, 1998.
[25] C.Kou, J. Liu, Y. Ye, Existence and uniqueness of solutions for the Cauchy-type problems of fractional differential equations, Discrete Dynamics in
Nature and Society 2010 (2010) 1-15.



	Existence and uniqueness for a problem involving Hilfer fractional derivative
	Introduction
	Preliminaries
	Generalized Cauchy problem
	Equivalent Volterra integral equation
	Existence and uniqueness of the solution
	Stability
	Acknowledgments
	References


