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0. Introduction

In [2], Barr and Diaconescu characterized those Grothendieck toposes € for
which the inverse image, A, of the geometric morphism I': € -~ Zet, is logical. It was
shown (among other things) that this happens precisely when the lattice of subobjects
of every object of & is a complete atomic boolean algebra. Toposes satisfying this
property are called atomic. These results were relativised to the case where [': &> ¥
is an arbitrary morphism of elementary toposes. Their proofs used Mikkelsen’s
theorem [4] which says that a logical functor between toposes has a left adjoint if and
only if it has a right adjoint, in order to obtain a left adjoint A to 4. (E.g. in the Fer
based case, AA is the set of atomic subobjects of A.)

The purpose of this paper is to obtain analogous theorems characterizing those
Grothendieck toposes &€ for which 4 has a left adjoint. For reasons which will
become clear later, these toposes are called molecular. It is an exercise in [7, p. 414,
Ex 7.6] that Sh(X) is molecular if and only if X is locally connected.

We also treat the relative case, where Fet is replaced by an arbitrary elementary
topos &. These results may be taken as a definition and characterizations of what it
means for an elementary topos to be locally connected over another topos. It is
presumably because of topological considerations such as these that Joyal raised the
question that resulted in this paper.

Tierney has also shown that our conditions are closely related to the problem of
determining when a pullback of elementary toposes satisfies the Beck condition.

* This research was partially supported by grants from the National Research Council and from the
Ministere de I'Education du Québec.
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1. The strong case

Let & be an elementary topos and & an #-topos, i.e., € is an elementary topos and
comes equipped with a geometric morphism into %,

r
E—=%.
4

We want to find conditions under which 4 has a left adjoint (more precisely, an

indexed left adjoint).
We shall use the following theorem due to W. Butler [1].

Theorem 1. Assume that in the following diagram of functors

A —2 3B

A4

(1) Fisleft adjoint to U and G is left adjoint to V,
(2) ®F =G,
(3) U s tripleable,
(4) D preserves coequalizers of U split pairs.
Then @ has a right adjoint.

Sketch of proof. Since U is tripleable, every object of &/ appears in a coequalizer
eFUA A
FUFUA == FUA— A
FUeA

where ¢ is the counit of the adjunction F = U. When @ has a right adjoint ¥ there is
a coequalizer

eFUWY eV
FUFUY — FUY— V.
FUe¥

There is also an isomorphism U¥ = V induced by (2). This leads us to define ¥ to be
the coequalizer of

eFV

FUFV = FV

where « is defined by
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o

UFV —— —— o Vv

n UFV Ve'

VGUFV VGV
i It

VOFUFV ———— VOFV

Ve FV

and n’ and ¢’ are the unit and counit of the adjunction G — V. That the coequalizer
exists follows from tripleableness and the fact that

UeFV
UFUFV =———3UFV ———V
\—/ \n_;//
nUFV
is a split coequalizer diagram. |

& is a cartesian closed category and &€ may be considered as an ¥-category if we
define Hom(E, E’) to be I'(E'F). Then both I" and 4 are strong functors and the
adjointness 4 -4 [ is also strong.

Theorem 2. A has a strong left adjoint if and only if A preserves exponentiation.

Proof. Suppose that 4 has a strong left adjoint A. This means that
rAax®)=x-*

with the isomorphism natural in X and E. Then, forany X, Y in ¥ and E in € we
have the following sequence of natural bijections

E->A(XY)
AE- XY

Y_)X.\E

Y- (4XFE)
AY »AXE

E->AXx*Y

so, by the Yoneda lemma, 4(X¥)=AX"".
Conversely, assume that 4 preserves exponentiation and consider the following
diagram



130 M. Barr, R. Paré

yop a 20
——————————
-

op 2o
o R V-Yo TR
reany -
&

It satisfies the conditions of Butler’s theorem: the bijections
[X, F[(A2)5], =[4X, ANF)e =[E, A0** ¢ =[40°%, Elg

show that (402)" " is left adjoint to I'((4£2)' ™), that 2 is tripleable is proved in[5],
and the other conditions are obvious. Thus 4°° has a right adjoint, i.e. A has a left
adjoint A.

Now, for E in & and X, Y in & we have the following natural bijections

Y- I(4ax*)
AY>4aXE

E->ax*Y
CE-aXY)
AE->XY

Y__)XAE

so I'(4XE)=X"E. This shows that the adjunction is strong. O

Remark. Another proof of the existence of A can be found in [6, p. 123] once we
observe that since 4 is left exact, it will preserve exponentiation if and only if it
preserves S-lim. '

Recall from 3, Proposition 8.2] that € is bounded (or has generators) over & if and
only if there exists an object (of generators) G in & such that for any E in & there
existan I in &, a subobject Go>> Al X G, and an epimorphism Go-» E. The following
proposition is especially useful in applying theorems about triples, such as Butler’s,
to bounded toposes.

Theorem 3. If € is bounded over F with object of generators G, then the functor
rn®). vy
is tripleable.
Proof. The natural isomorphisms
[X, M5y =[4X, N°7Fle =[G X Ex AX, 2]«

‘='[E, DGXAx]g E[QGXAX’ E]gOD
show that 2°°4" is left adjoint to I'(2°*"").
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&° has all reflexive coequalizers and by the results of [5], 2’ transforms reflexive
coequalizers to split ones, so that I"'(2°*’), which is isomorphic to I'((2' )%),
must preserve reflexive coequalizers. We still have to show that I'(2°™ ') is faithful
(and therefore, since & is balanced, that it reflects isomorphisms) in order that it
satisfy the conditions of the RTT (see [5])).

Let f, g : A=3 B be different morphisms of &. Since 22" ' is faithful, £2’, nN8. 0=
N4 are different. By the generating property of G there exist I in &, a subobject
Go>> AI X G, and an epimorphism G, =027, Since 27 is injective this epimorphism
lifts to an epimorphism 47 X G - 2°. Thus we have the correspondences

nr

Al X G —»N° ;)—‘»’ n4 different
Al > NG B nG*A different

I->T(2°*%)=2rn°**) different
and so I'(Q°*') and I'(£2°*%) must be different, i.e. I'(Q°*"") is faithful. 0
We are now able to prove the following generalization of Theorem 2.

Theorem 4. Let € and F be F-toposes with € bounded over &, and f.F > € a
geometric morphism over &. Then f* : & - F has an ¥-strong left adjoint if and only if
f* preserves exponentials of the form E*X.

Proof. We denote the structural geometric morphisms from € and F to & by the
same symbol I” (with inverse images 4). To say that f* has an &-strong left adjoint f,
means that there are isomorphisms

ME"=r(fE)X) (1)

natural in E and F. Forany X in &, E in &, and F in %, we have the following natural
bijections

(F, fYE*))z=[fF, E*Js =[AX, E"]¢
=[X, I'(E")ly )
and
[F, (F*E) X5 =[F, (F'E)* s =[4X, (f*E)" 15
=[X, F(f*E)")]s. 3)
Now (1) tells us that [X, I'(E"*)]¢ =[X, I'(f*E)")]s so
[F, fY(E* )]s =[F, (f*E)™**5
and by the Yoneda lemma, f*(E**) = (f*E)\4%
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Conversely, assume that f* preserves exponentials of the form E™*.The diagram

op
gop f gop
rqc-cny Fy
NG -3t r(F:] ,)
S

satisfies the conditions of Butler's theorem if we take Fy to be f*(flc). Indeed,
(029"} is tripleable by theorem 3, Fg' ' is always left adjoint to I'(F'), and

/*(QGXAX)Ef*((nG).IX)Ef*(QG)f*AXEf*(QG)AX.

Thus £*°° has a right adjoint, i.e. f* has a left adjoint f,. Since f*(E**) = (f*E)'" %,
(2) and (3) give that

[X, T(E")]e=[X, [((f*E)")s
SO F(Ef'F)sF((f*E)F), i.e. the adjunction f,— f* is ¥-strong. O

Remark. As ¥-categories & and  are cotensored, the cotensor of E with X given
by E**. Thus the condition of the previous theorem can be stated as: f* preserves
cotensors.

2. The indexed case

An ¥-topos € is not merely a category enriched over & but has the much richer
structure of an F-indexed category with small homs. This means that & comes
equipped with a notion of families of objects of & indexed by an object of & and
satisfies some conditions. For I in &, the category €’ of I-indexed families of objects
of € is defined to be the slice category &/Al For « :J 1 in ¥, the substitution
functor a*: &’ > &’ is defined by pulling back along Aa. When we specialize this to
the case € = &, we get the canonical indexing of &, namely Fl=%/1

To be indexed, a functor @ must come equipped with functors &' defined on the
I-families, compatible with the substitution functors in the sense that « *@' = PpJa*
for all a. For example, if f: - € is a geometric morphism of ¥-toposes, then f* can
be made into an indexed functor by defining ' by

(F> A (f*F > f*Al = Al).

We can also give an indexing to f, by defining fi at E > Al as the top line in the
pullback square
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p—————— Al

foE —— f*AI =f, f*Al .

It turns out that f*' is a left exact left adjoint to fk, making f into an indexed
geometric morphism. In particular, I" and 4 are part of an indexed geometric
morphism. The reader is referred to [6] for more details on indexed categories.
The enrichment of € over & is completely determined by the indexing of Z and the
requirement that for E; and E; in &€, Hom(E}, E,) is an object of & with the property

[, Hom(E\,, E3))y =[I*E,, I*E;]«!

natural in I (I* is the substitution functor corresponding to the unique morphism
I:1-1). Because of this, indexed functors are automatically strong, and because of
this, indexedness is harder to achieve but more useful.

We believe that the correct way to relativise the results of {7, p. 414] to an arbitrary
base topos & is to require that the A and f, of Propositions 2 and 4 be indexed left
adjoints.

Definitions. A geometric morphism f: % —» & over & will be called #-essential iff f*
has an #-indexed left adjoint f.. & will be called S-molecular if I' is ¥-essential.

Example. If C is a category object in &, then ¥€ is #-molecular. Indeed, the left .
adjoint to 4 is limc, which is indexed since a* preserves everything in its
construction.

If A has an ordinary left adjoint A, we can define A" : E' » %' by

ANE -5 Al =(AE 2T

where p is the morphism corresponding to p under the adjointness A — 4. It is easily
seen that A" < 47, bur A is not necessarily indexed as the following example shows.
Let $=Fet’, &=FerxFet, [(A,B)=(AxB-B), A(A>B)=(A,B), and
A(A, B)=(A - A+ B). Taking a to be the unique morphism (0- 1) > (1 > 1) shows
that A is not indexed.

In concrete terms, for A to be indexed means that if (1) is a pull back, thenso is (2):

E—F AE'——S AE

9 (n r, q (2) 5

AJ ——— 4l J—1.
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Intuitively, take J =1, a el then the condition means that (AE), =A(E,), or
thinking of E as Y E,, A(YE.) =Y(AE,), i.e. A preserves internal sums, which is a
reasonable condition.

Theorem 5. € is #-molecular if and only if A preserves I1, for all a in &.
Proof. Forany a :J > [ in &, any object p: E » Al of &’ and any object x : X » J of
&, if A has a left adjoint A we have the following natural isomorphisms
[a*A"(p), x1o =[4"(p), M)y =[p, 4" ()]s
and
[A%a*(p), x)o =[a*(p), 4" (x)]er =[p, Haad” (x)]s.
Thus, by the Yoneda lemma,
a*A"=A'a* ifandonlyif AN, =4’

i.e. A isindexed if and only if 4 preserves IT. To complete the proof, notice that if A4
preserves IT; (the I here denotes the unique I - 1) then it preserves exponentiation
since X' = IT,(I*X). So by Theorem 2, 4 has a left adjoint. O

Similarly, for a geometric morphism f: % - & over &, if f* has an ordinary left
adjoint f,, we can define f{ by

FF S a0 =(fF 54D

where p corresponds by adjointness to F SAI= f*AIL Then fi is left adjoint to fid
and makes f, into an indexed left adjoint iff (2) below is a pullback whenever (1) is:

F'———F fiF' —— fiF
A Y slo@  |?
A —— Al A —— Al

The proof of the following proposition is similar to that of Theorem 5, and will be
omitted.

Theorem 6. A morphism of $-toposes, f: F - &, is F-essential iff f* preserves 154 for
alla in &. O

It is an open question whether f* preserving exponentials of the form E*% implies
that f* also preserves I1,, (even when f* = 4).
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3. ¥-definable subobjects

For € an &-topos, the canonical morphism d:402- (2 is defined to be the
characteristic morphism of Ar: 41> A{, i.e. such that

AN —2 L0

41— 1

is a pullback. If e : E -» Af2 is any morphism, then the subobject classified by de is
given by the pull back

E——3 A0

Ey — A1

Part of the following proposition appears in [4, p. 75] where d and related
morphisms are studied in detail.

Proposition 7. A is a lattice object in & and d is a lattice homomorphism.

Proof. The structure of a lattice is that of a finitary algebraic theory which will be
preserved by A because it is left exact.
The squares in the following diagrams are pullbacks and the triangles are image

factorizations.

ANXAD —=2 5 Ox0 —2—0

Al x At
+ 1

4rxan) * -
/ (i //

ANXA1+A1XADQ —— OX1+1X0N
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(v) d

ANXD)—— A0 -0

A A() > Al — 1

A% 1+1x0)

Since 4 preserves binary products and coproducts, v-d X d and d- A (v) classify the
same subobject andso v - d xXd =d - A(v), i.e. d preserves v.
The other parts are similar but easier. O

When & is boolean, 42 =2 and d = (;) which is always monic. However not all d
are monic if & is not boolean as the following proposition shows.

Proposition 8. Let f: X > Y be a continuous function and (fy, f*) the corresponding
geometric morphism Sh(X)-Sh(Y). Then d :f*Q - 0 is monic if and only if f~
preserves interiors of sets of the form V U G where V is open and G is closed in Y. In
particular, if f is open, then d is monic.

Proof. d:f* - 2 is monic if and only if for every x € X, d, : (f*2), » 02, is monic.
To describe f2, explicitly, write U, < ,U; (resp. U, =, U,) if there exists an open
neighbourhood V of x such that U1n Ve Uy V (resp. U1n V=Un V). Itis
easily seenthat <, isa preorder and =, is an equivalence relation on the opens of X.
4, is the set of equivalence classes, [U], for U open in X, and <, induces an order
relation on {2,, making it into a lattice. We have a similar description for (f*0),
which is Q5. Then d ([ V1) =[f"' V], Since d, is a lattice homomorphism, it is
monic if and only if

(Vila<[Val & [f' Vil s[f'V2)
i.e. if and only if
VeV &S Vi, f ' Ve

It is easily seen that V; <, Vs is equivalent to fx e (Vo u Vi )°, and f‘1 vie xf'l V,is
equivalent to x € (f—lvzu(f—1 V1))°, where ( )° denotes interior and ()’ comple-
ment. Thus d, is monic for every x if and only if

V2o V)= (T Vau(f V),
i.e.

V2o V)Y =(FH(Vau V).
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Finally, itis well known that fis open if and only if /' preserves all interiors. 4

For example, if f:|R| - R is the identity function from the reals with the discrete
topology to the reals with the usual topology, the corresponding 4 is not monic since
f~! does not even preserve interiors of closed sets.

In the same vein we have the following proposition also due to Mikkelsen [4, p.
81].

Proposition 9. The morphism d : AQ) > 2 is monic if and only if A preserves implica-
tion (i.e. for any subobjects X1, X > X, A(X,=>X;) = (AX,=> AX,) as subobjects of
AX).

Definition. Let & be an &-topos for which d is monic. A subobject Eq> E in € is
called &-definable (or d-subobject, for short) if its characteristic morphism factors
through d.

Clearly, A2 classifies #-definable subobjects in the sense that the association
@*Ar
(p:E>AQ)—(¢*A1>——FE)
is a bijection between morphisms into A2 and d-subobjects of E.
Examples. If & is boolean, then #-definable means complemented.
If & is a Grothendieck topos and C an ordinary small category, then € is a topos
over ¥ and @y @ is F-definable if and only if for every ¢: C - C' in C,
D C' >——PC’
*,C @>C
(p()C >—’¢C
is a pullback.
Definition. An I-family of #-definable subobjects is an &/ I-definable subobject of
&/ AI (which is an #/I-topos via I and 4', and whose d is Al xd which is still

monic).

The following proposition summarizes some of the properties of #-definable
subobjects.

Proposition 10. (i) If Xo—>X is a subobject in &, then AXy—>AX is a d-subobject.
(1) The inverse image (i.e. pullback) of a d-subobject is a d-subobject.
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(ii) The d-subobjects of an object E are closed under finite intersections and unions,
and implication.
(iv) The graph of any morphism E » AX is a d-subobject.
(v) If po: Eo~> Al is a subobject of p: E - Al in /Al then po is an I-family of
d-subobjects if and only if Eq is a d-subobject of E (i.e. ¥ 1po is a d-subobject of ¥ p).

Proof. (i) and (ii) are trivial.
The first part of (iii) is a restatement of Proposition 7. If E,, E;>>E are d-

subobjects with classifying morphisms ki, k2: E - Af2 then we have the following
pulibacks

E L% L A0x40=4(02x0)
Arxan A@x)

E| ———— A1xXAN=4A(1x0N)
and

(ky.k3)

—— AN X AN =A%)
AN x At A2 xt)

Ey—— 3 AN X A1l=4(02X1)

and so E;=>E, is the pullback along (ki, k2) of A(+x§2)=>A(£2 x1) which by
Proposition 9 is equal to At X 2=>2 X 1) so by (i) and (ii), E;=> E is a d -subobject.
Applying (i) and (ii) to the following pullback will give (iv):
Exax 222 AX xAX =A(X X Y)

(E.¢) A(diag)

E > AX =4X

Finally, (v) follows from the fact that the d for &/AI as an ¥/I-topos is

AIxAN =222 L AIx0

./
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and the characteristic morphism of py>>p is

(p.xgo)
E— A4IXxX2

N/

Arbitrary #-unions or ¥-intersections of d-subobjects need not be d-subobjects,
even when & = Pet, as the following example shows. Let X be the topological space
{1/n|n e N}U{0} with the usual topology, and take & = Sh(X). The d-subobjects
of 1in & are the complemented subobjects, i.e. the clopen sets. Each of the singletons
{1/n}is clopen but(_J{1/n}is not. Taking complements, we see that the d-subobjects
are not closed under n either.

The following example shows that the composite of two d-subobjects need not be
a d-subobiject (although, if & is boolean, it must). Take

F=Fet™ and E=Fea™

with
A== B)=(Eq(f,g)>B) and A(A iB)=(A # B).
Then it is easily checked that d is monic and
Ag r——— A
fo| {8 f11s
By>»———B

is a d+subobject if and only if Va (fa € Bo = ga € Bo). The two monos below satisfy
this property but not their composite:

¢ —— ¢ ————>{0}

{0} >—— {0, 1} —— {0, 1}

Definition. We shall say that a morphism f: E - E’ is #-defined if it fits in a pullback
diagram of the form ‘
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f
E —— F’

Intuitively this means that both E and E’ can be partitioned into direct sums in
such a way that f restricted to each summand of E is an isomorphism into some
summand of E'.

Since pulling back preserves image factorizations it follows that the image of an
&-defined morphism is an ¥-defined subobject. Also, since ¥-defined subobjects
are ¥-defined morphisms we cannot expect the #-defined morphisms to be closed
under composition in general.

Before proving the main theorem of this section, we need the following lemma.

Lemma 11. Ina regular category, R = X X Yis the graph of a morphism X = Yifand
only if
(i) 3yR =1x where 3y :Sub(X X Y) - Sub(X)
(i) p¥ R ~np¥R = 3R where
pY, p3, 35 :Sub(X X Y)>Sub(X x Y X Y)

i.e. the following is a limit diagram in et

3

[X. Y]>—Sub(X x Y) ==——3Sub(XX Y x ¥)
PiAps
3, e
Sub(X)

Proof. If (£, g): R > X x Y, then (i) says that f is a regular epi. By noting that the
kernel pair of f can be calculated in stages as in the following diagram

R xxy_" _x
3

Xxp, 14

pTR—-——»XXYXY——bXXY

4 X xp,

f.8)

\
pTRAp¥R———pfR—————R
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a simple diagram chase will tell us that (ii) is equivalent to f being monic. O

Theorem 12. & is ¥-molecular if and only if

(1) dis monic,

(2) for every E in € there exists an object AE in & and a lattice isomorphism
r40f%)=0"% and

(3) the composite of ¥-definable morphisms is &-definable.

Proof. Assume € molecular. Let £, g: E > A2 be such that df = dg. Then we get a

diagram
f
E—=an—""50
4

E, - 41 - |

in which the right hand square and the composite rectangle and hence the left hand
square are pullbacks whether f or g is taken as the top map. Since .1 is an indexed left
adjoint .

f
AE———=3 0
g

are pullbacks as well, where f and g correspond to f and g respectively under the
adjunction. Since a subobject has a unique classifying map, f=gwhence f=g. Thus
d is monic.

Indexed adjointness implies strong adjointness, of which (2) is an instance.

If f: E- E'is an ¥-definable morphism, it appears in a pullback diagram

E'———ar

E ———— 4]
which by indexed adjointness, gives a pullback diagram

AE —— T’
Af a

AE — |
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In the following diagram

E'—2 s AAE Al
f AAf Aa
E ——— AAE —— Al

the right hand square is a pullback since 4 is left exact, and the rectangle is a pullback
by hypothesis, so the left hand square is also a pullback. If f':E'-> E" is also
&-definable then the rectangle

E" ——— AAE"
> r

E' ——— AAE’

E——AAE

is a pullback, thus showing that f'f is #-definable.
Conversely, assume conditions (1), (2), and (3). Forany E in € and X in ¥ we have
the following lattice isomorphisms:

Sub(AE x X)=[AE x X, 2]=[X, N'E]=[X, I'(4Nn°)]
=[4X, ANE]=[E xAX, AN]=d-Sub(E x 4X),

which are natural in X and where d-Sub(E X AX) represents the lattice of &-
definable subobjects of ExAX. The monomorphism 4:A4( - {2 induces an
inclusion of lattices

d-Sub(E x AX)>>Sub(E X 4X)
which is also natural in X. Therefore we get a monomorphism of lattices

Sub(AE x X)>>Sub(E x AX)

which is natural in X. Furthermore, since images of $-definable morphisms are
F-definable subobjects, (3) implies that d-Sub(E xAX) is closed under 3y for
F-definable f.

Consider the diagram (of solid arrows)



Molecular toposes 143

[AE.X] o2z 2277722 [E AX]
I - - - - 1
- - v
SUb(AE X X) > - » Sub(E xAX)
Sub(AE) »— — Sub(E)
Sub(AE X X X X) > » Sub(EXAX xAX)

where the left and right parts are diagrams of the type appearing in Lemma 11, and
the horizontal arrows come from the above mentioned injections of lattices and the
fact that 4 preserves finite products.

All corresponding squares commute: the ones involving 1,7 and p} A p5 since
the inclusion is a lattice homomorphism and is natural in X; the ones involving Ix
and 3; by the preceding remarks and the fact that if an adjoint pair restricts (as
functors) to full subcategories, the restrictions are still adjoint.

Therefore, by Lemma 11, there exists a function ¢ such that ip =6/ and ¢ is
necessarily monic. Since the graph of any morphism E > 4X is ¥-definable (Pro-
position 10(iv)) there exists a function ¢ such that 8¢ = i. Since the horizontal maps
are monic, ¢ equalizes the morphisms in the left hand limit diagram and so factors
through j by ¢'. So ipy’ = 6jy' = 8¢ = i and since i is monic, g’ = 1. Then o¢'¢ = ¢
which implies ¢'¢ = 1. Therefore [AE, X]=[E, AX]and A extends uniquely to a left
adjoint for 4.

Next we show that the conditions (1), (2), (3) are stable in the sense that if they hold
for I': € - & then they also hold for ' g/Ar-9/1

This is clear for condition (1) since the morphism corresponding to 4 in /4T is
Al x d.

Letp:E > Al beanobjectof €/4I and a :J —» I an object of &/ 1, then we have the
following bijections of lattices

&/ I-definable (po)>(p)*x(4a)
F-definable Eg>E X AT

(1)
(2)

F-definable E¢>>E xAJ suchthat E,ca*(E, p)

(3)

@ Xo>»AE xJ suchthat Xo<a*(AE, p)
XQ»AEI xJ in &

5

(x0) > (p)xX(a) in /L

Bijection (1) follows from Proposition 10(v). By «*(E, p) we mean the subobject of
E x AJ defined by the pullback
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>__‘f_.(f_‘”___.5x4_/

Exda

E —_— ExAr
which is easily seen to be E;; x AJ > E x 4J. By Proposition 10 (ii, iv) it follows that
a*(E, p) is an ¥-definable subobject. Then condition (3) gives bijection (2) in the
downward direction, whereas the upward direction comes from pulling back along
a*(E, p) (Proposition 10(ii)). The correspondence (3) comes from the isomorphism
d-Sub(E x 4J)=Sub(AE X J) mentioned above, and the fact that under this lattice
isomorphism (E, p) corresponds to {AE, ) by construction, and by naturality,
a*(E, p) will correspond to a *(AE, p). Finally, bijections (4) and (5) are similar to (2)
and (1), but simpler since we are dealing with arbitrary subobjects. This shows that
condition (2) is stable.
That condition (3) is stable follows immediately from the fact that

E——»E’

\/

is #/I-definedif andonlyif f: E » E’ is #-defined. The “onlyif” partis trivial. To see
the “if” part, take a pullback
E E

A —— s (K

v

———p

in &, then the following is a pullback in &/AI

E—L L,F

A X])——as A(K X )
Alaxh
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If g: E'> AI' and ¢ : I > I', the above bijection of lattices becomes

&/ I-definable (po) = (@*q) X (4a)

(xo)=(e*q) % (@) in /I
On the other hand we have the following bijections of lattices

&/ I-definable  (po) = (¢*q) X (da)
F-definable E¢>> E'x ;AT

(1)
(1)

F/I'-definable (qo) = (q) X A(¢a)

(condition (2))
(yo) = () x(pa) in FI

Xo= AExJ in &
(xo)=>(e*@)x(a) in /L

In the presence of conditions (1) and (3) condition (2) uniquely determines the value
of the left adjoint to 4 so we conclude from the above bijections that

(5)
(5)

Ale*)=e*G=0*1"(q),
i.e. A is indexed. O

Remark. [(A0F) is the F-object of ¥-definable subobjects of %, and taking into
account Mikkelsen’s theorem {4, p. 70] that the complete atomic heyting algebra
objects of & are precisely those objects of the form 2% for some X, we see that
condition 2 could be stated: for every E in &, the lattice object (in &) of ¥-definable
subobjects of E is a complete atomic heyting algebra object.

Proposition 13. Condition (3) of Theorem 12 can be replaced by either of the two
following conditions:
(3") for any F-definable morphism f:E - E', 3;:Sub(E)—> Sub(E’) preserves &-
definable subobjects,
(3") (a) the composite of F-definable subobjects is an F-definable subobject.
(b) the F-union of a family of F-definable subobjects is again one.

Proof. (3')=> (3") since (a) is an instance of (3’) for f monic and (b) for f a projection
AIXE'> E'.
(3")=(3') since, if f appears in a pullback diagram

E E’

Al ————4AJ
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then f can be written as
(g.f}

Em— AIXE' 2> E'

and (g, f) is ¥-definable by

PR AR Al 1 3§ 12 10 {9 155

E LAIXE’

v v
AJ] ——— A xAJ

Since images of &-definable morphisms are &-definable subobjects, (3) clearly
implies (3').

Finally, a careful look at the proof of Theorem 12 shows that all that is used is
condition (3') and the fact that the hypotheses are stable. But (3') is stable for the
same reasons that (3) is. d

4. Molecules
Assume that d is monic for I': € » &.

Definition. An object M in & is called a molecule (or #-indecomposable) if the
canonical 2 - [(AN™) (corresponding to diag: 412 > ANM)isan isomorphism. An
I-family of molecules is a molecule in &/AI relative to &/1.

Equivalently, M is a molecule if and only if for every I in & and every ¥-definable
subobject Mp>> Al X M there exists a unique J,>> I such that

M,
i Al xM

Al xM

Intuitively, of an I-family of ¥-definable subobjects of M, I, of them are equal to M
and the others are 0.

An I-family of molecules is an object M - Al such that for every « :J > I and
every $-definable subobject My>> AJ ; X M, there exists a unique B8:K > J such

that
MO > — AJAl XM

AK >—_4_p——"’AJ

is a pullback.
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It is clear from this formulation that molecules are stable under substitution, i.e. if
M - AI is a family of molecules then so is AJay X M - 4J for every J > I.

Theorem 14. & is molecular over & if and only if
(a) dis monic and
(b) every object of € is a sum of molecules.

Proof. Assume & molecular. By Theorem 12, d is monic. Now for any E, let
h:E - AAE be the unit of the adjunction A — A. For any a :J - AE, if

E'—E

aJ — AAE
is a pullback, then by indexedness of the adjunction

AE' — AE

J ——AE

is also a pullback, so J=AE’ and the morphism E'-> AJ is essentially the unit
h':E’'»> AAE'. For an ¥-definable Eo>> E’ we have a pullback

E' ———— A

Ey — 41l
so by adjointness there exists a unique AE’'— 2 such that
AAE’ AE’
E’

~

a0 o .
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Pulling back in stages we get pullbacks

h

Ev

AAE —— AN}

E, » AK a1

and the following the left square by the isomorphism AE’ = J, we get a pullback

E' — AJ

Eo—— AK

which shows that & : E - AAE is a family of molecules.

Since Y 1z(h)=E, this proves (b).

Conversely, assume (a) and (b) are satisfied. We shall show that the conditions of
Theorem 12 are satisfied. (1) is obvious. Given any E in &, express it as a sum of
molecules indexed by some object which we will call .AE:

h.:E- AAE.
Then h is a molecule in €/AAE and for any I is ¥

ExAl — E

AAE x Al
[l
AAEX[)—> AAE

is a pullback, so for any ¥-definable subobject Eq>> E x Al there exists a unique
Iy AE X I such that

Eo >»>—Ex Al

Aly >—— A(AEXI)

is a pultback. This gives us the isomorphism of lattices required to establish (2).
We prove (3") of Proposition 13 rather than (3). To see 3"(a), let Eq>> E, and
E, > E be two ¥-definable subobjects and write E as a sum of molecules

h:E- AAE.
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Since (h) is a AE family of molecules there exists a unique K; > .1E making

El - F

into a pullback. Since Ep>> E| is ¥-definable, the defining property of a family of
molecules says that there exists a unique Ko>> K such that

Ey >—E,

AK()>-_> AK[

is a pullback. Pasting these two pullbacks exhibits Eo>>E as a pullback of
A(Ko> AE) and so E¢g— E is ¥-definable.

Finally, to show 3"(b), let Eo>> E X Al be an &-definable subobject. As in the
proof of (2) above, there exists a unique Io>> AE X I such that the left square below is
a pullback (the right one is trivially)

Ey>———ExAl —2

Aly>—A(AE X 1) 5> AAE.

Therefore Eo - E is an ¥-definable morphism and so its image, which is|_Eo > E, is
F-definable. d

5. The et case

When the base category & is the category of sets, the above results become
simpler. In the first place, all functors into et are indexed and so we need only
consider ordinary adjoints A - A. Secondly, $er being Boolean, d is

(H:1+1-0,

which is always monic. An %-definable subobject is therefore the same thing as a
complemented subobject. The definition of molecule also simplifies to that of an
object M whose only complemented subobjects are 0 and M (and M #0), i.e. M is
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indecomposable. We should point out, however, that families of objects of & as we
defined them, namely E - Al are not quite the usual families. They correspond to
ordinary families (E;);c; which are bounded in the sense that there exist an object B
in € and monomorphisms (E; > B);.r. If € has coproducts (which it does when € is
Grothendieck) then these families are the same as ordinary families.

We now restate our characterizations of molecular toposes, incorporating the
simplifications which occur when & is taken to be Zet.

Theorem 15. Let € be an elementary topos defined over Pet. Then the following
conditions are equivalent.

(1) & is molecular (i.e. 4 : Fet - & has a left adjoint).

(2) A preserves exponentiation.

(3) (a) For every object E of &, the lattice of complemented subobjects of E is a
complete atomic boolean algebra, i.e. there is a set AE such that we have an
isomorphism of lattices [E, 2]g =[AE, 2])ser,

(b) arbitrary unions of complemented subobjects are again complemented.

(4) Every object of E is a sum of molecules (i.e. indecomposables).

Proof. Since the base category is Pet, indexed adjointness is the same as ordinary
adjointness and strong adjointness. It follows that (1)&>(2) by Theorem 2.
Condition (3) is equivalent to the conditions of Theorem 12, with (3”). Indeed
condition (1) of Theorem 12 and (3"a) of Proposition 13 are automatic when & = Fer
(or any boolean topos), (3"b) is the same as 3(b) above, and condition (2) Theorem
12, is the same as 3(a) above.
Finally (4)&{(1) by Theorem 14. _

Definition. A site .# is called molecular if the covering sieves are nonempty and
connected (a sieve on M is considered as a full subcategory of the slice category
MIM).

Theorem 16. Let &€ be a Grothendieck topos. Then the following are equivalent.

(1) Z is molecular (over $Fet).

(2) Every element of some generating set for € is a sum of molecules.

(3) & is equivalent to a category of sheaves on some site for which the constant
presheaves are sheaves.

(4) € is equivalent to a category of sheaves on a molecular site.

Proof. It follows immediately from Theorem 14 that (1)&(2).

Now, assume (2) and write each of the generators as a sum of (a set of) molecules
and let ./ be the full subcategory of & determined by those molecules used. ./ is a
small category and its objects generate &. Give .# the topology induced [7, I1I 3.1]by
the canonical topology on &. By Corollary 1.2.1 of [7, IV], & is equivalent to N7
(sheaves on .#), the equivalence being given by the functor & -» .{t which sends E to
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[—, E]& restricted to .#. For any M in .# and I in e,
[M, ..‘I]g = [1M, I]yﬂ = [1, I]ye, =]

where AM =1 since M is a molecule. Thus the constant presheaf with value [ is
[—, 4T« restricted to .#, and therefore is a sheaf. This shows that (2) = (3).

Denote the constant presheaf with value I by C(I):.#°° > Pet. C(I) is a sheaf if
and only if for every M in .4 and every covering sieve R of M, the canonical
morphism

NM'>M)eR)
is an isomorphism, i.e.
diag: I - [ ™'®

is an isomorphism, where (R ) denotes the set of connected componentsof R. If [ is
not 0 or 1, diag is an isomorphism if and only if 7o(R) = 1. Therefore the constant
presheaves are sheaves if and only if the site is molecular. Thus (3)&(4).

If .# is any site, the category of presheaves, M is always molecular over $et, so we
have adjoint functors A 4 A - I'. If the constant presheaves are sheaves, then A
factors through il 4, say 4 =iA’. Then 4’ is easily seen to be left adjoint to
I'i =I" and this adjoint pair is easily seen to be the geometric morphism Al > Fer.
Then

[AE, Xyoy =[iE, AX 4 =[iE, iA' X ) g=[E, A’M];

shows that .1’ = Aiis left adjoint to 4'. Thus (3) = (1).

Remark. As seen from the above proof, it is sufficient that any constant presheaf,
whose value is not 0 or 1, be a sheaf in order that the site be molecular.

Example. If X is a locally connected space, then every open set is the disjoint union
of its connected components (with the disjoint union topology) and since the opens,
considered as subobjects of 1, are a generating family for Sh(X), and connected
opens are molecules, it follows by Theorem 16 that Sh(X') is molecular. Conversely,
if Sh(X) is molecular, then X must be locally connected since every open set must be
a disjoint union of molecules. Geometrically, A associates to a local homeomor-
phism E - X, the set of connected components of E, #y(E).

6. Local character of molecular toposes

The following theorem says that being molecular is a local property (see [7, IV.8]).

Theorem 17. Let I': € > & be a morphism of elementary toposes.
(1) If € is P-molecular then €/ Al is ¥/ I-molecular for any I in &.
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(2) If I has full support (i.e. I>>1) and &/Al is &/I-molecular, then € is
F-molecular.

Proof. (1) is immediate since to say that A is an indexed left adjoint means that for
every J, A’ : #/J - &/ AJ has aleft adjoint A” and the A” are compatible with pulling
back. Then use the isomorphism (¥/I)/(a:J > I)=%/J.

Now assume that I has full support and that /41 is ¥/I-molecular and consider
the commutative diagram of inverse images of geometric morphisms

an*

&/A] e———¥¢&

S/ e—— .

I'* is logical and so preserves I1, for all @ in ¥ and by Theorem 5, 4 ! also preserves
I1. Since (AI)* preserves IT also and reflects isos, the canonical morphism 4 - [T, »
I, - Aisanisoin € and so by Theorem 5, & is molecular over %.
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