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Trees with maximum nullity
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Abstract

The nullity of a graph is the multiplicity of the eigenvalue zero in its spectrum. Among n-
vertex trees, the star has greatest nullity (equal to n − 2). We generalize this by showing that
among n-vertex trees whose vertex degrees do not exceed a certain value D, the greatest nullity
is n − 2�(n − 1)/D�. Methods for constructing such maximum-nullity trees are described.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The adjacency matrix A(G) of a graph G of order n = n(G), having vertex-set
V(G) = {v1, v2, . . . , vn} is the n × n symmetric matrix [aij ], such that aij = 1 if
vi and vj are adjacent and 0, otherwise. The eigenvalues λ1, λ2, . . . , λn of A(G) are
said to be the eigenvalues of the graph G, and to form the spectrum of this graph.
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The number of zero eigenvalues in the spectrum of the graph G is called its nullity
and is denoted by η(G).

The characteristic polynomial of the adjacency matrix A(G) is said to be the
characteristic polynomial of the graph G. We denote it by φ(G, λ).

A matching of G is a collection of independent edges of G. A maximal match-
ing is a matching with maximum possible number of edges. The size of a maximal
matching of G, i. e., the maximum number of independent edges in G, is denoted by
m = m(G).

If T is an n-vertex tree, then according to a well-known result [1,4],

φ(G, λ) =
m(T )∑
i=0

(−1)ia(T , i)λn−2i , (1)

where a(T , i) is the number of distinct i-element matchings of T ; a(T , 0) = 1.
From (1), the following result is immediate.

Lemma 1.1. If T is an n-vertex tree and m is the size of its maximal matchings,
then its nullity is equal to η(T ) = n − 2m.

The result of Lemma 1.1 is implicitly contained already in the paper [4]. A state-
ment exactly the same as Lemma 1.1 seems to be first given in the article [2].

The degree of a vertex is the number of its first neighbors. Vertices of degree one
will be referred to as pendent vertices.

The n-vertex tree possessing n − 1 pendent vertices (and therefore a vertex of
degree n − 1) is called the star and is denoted by Sn.

From Lemma 1.1 we see that the unique n-vertex tree with greatest nullity is the
star, because this is the unique tree in which no two edges are independent. Thus
m(Sn) = 1 and η(Sn) = n − 2.

From Lemma 1.1, it is also seen that if n is even, then all n-vertex trees possessing
a perfect matching (i.e., a matching of size n/2) have nullity zero. If n is odd, then
the minimal value of the nullity is one, achieved by all n-vertex trees for which
m = (n − 1)/2.

Thus the problem of finding trees with greatest and smallest nullity is easily
solved.

In this paper we are concerned with a related problem: namely, determining the
greatest nullity among n-vertex trees in which no vertex has degree greater than a
fixed value D, and constructing the respective trees.

2. The main result

Let D be a positive integer.
Denote by T(n, D) the set of all n-vertex trees in which all vertex degrees are

less than or equal to D. Furthermore, let T(D) = ⋃
n�1

T(n, D).
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For D = 1 and n � 3, T(n, D) = ∅. For D = 2 and n � 3, each set T(n, D)

consists of a single element (the n-vertex path Pn for which η(Pn) � 1). Therefore,
in what follows we assume that D � 3.

Theorem 2.1. For all n � 1 and D � 3, if T ∈ T(n, D), then η(T ) � n −
2�(n − 1)/D�. For all n � 1 and D � 3, there exist trees T ∈ T(n, D), such that
η(T ) = n − 2�(n − 1)/D�.

In order to prove Theorem 2.1, we need some preliminary results.

Lemma 2.2. Let T be an n-vertex tree with bipartititon V1(T ),V2(T ). Then∑
v∈V1(T )

degT (v) =
∑

v∈V2(T )

degT (v) = n − 1,

where degT (v) denotes the degree of a vertex v in the tree T .

Proof. One end-vertex of each edge of T belongs to V1(T ), the other to V2(T ).
Since the number of edges of T is n − 1, the result follows. �

Let T ∈ T(n, D) and let the bipartition of T be V1(T ),V2(T ). Construct the
tree T ∗ so that D − degT (v) new pendent vertices are attached to each vertex v ∈
V1(T ).

Let |V1(T )| = k.

Lemma 2.3. The order of T ∗ is kD + 1.

Proof. Bearing in mind Lemma 2.2, we have

n(T ∗)=n(T ) +
∑

v∈V1(T )

[D − degT (v)]

=n(T ) + kD − [n(T ) − 1]
=kD + 1. �

It should be noted that the order of T ∗ is independent of the order of T , and is
also independent of any structural detail of T , except the size of its set V1(T ).

From the way in which the tree T ∗ has been constructed, we immediately obtain:

Lemma 2.4. V1(T
∗) = V1(T ).

Lemma 2.5. m(T ∗) = k.

Proof. We can always choose a matching M in T ∗ in the following manner.
If for v ∈ V1(T

∗), degT (v) < D, then an edge between v and an adjacent pen-
dent vertex belongs to M . Then no other edge incident to v belongs to M .
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If for v ∈ V1(T
∗), degT (v) = D, then an edge between v and an adjacent vertex

w ∈ V1(T ) belongs to M and no other edge incident to v belongs to M .
Thus M contains |V1(T

∗)| edges, which by Lemma 2.4 is equal to |V1(T )| = k.
The edges in M are incident to all vertices from V1(T

∗). Therefore M is a max-
imal matching. �

Lemma 2.6. The maximum number of vertices of a tree T ∈ T(D), such that
m(T ) = k, is equal to kD + 1.

Proof. Suppose first that the tree T possesses a vertex of degree D. Then the edges
of T can be colored by D colors [3], so that edges of the same color do not touch
each other. Such a coloring induces a partitioning of the edge-set E(T ) of T into D

color classes E1(T ),E2(T ), . . . ,ED(T ). Evidently,

m(T ) = max {|E1(T )|, |E2(T )|, . . . , |ED(T )|} ,

which implies

m(T ) � |Ei (T )|, i = 1, 2, . . . , D. (2)

Since on addition

D∑
i=1

|Ei (T )| = |E(T )| = n(T ) − 1, (3)

we get

Dm(T ) � n(T ) − 1, (4)

i.e., n � kD + 1.
Lemmas 2.3 and 2.5 guarantee that trees with m(T ) = k and n(T ) = kD + 1 do

exist.
If the greatest vertex degree of T is less than D, say D′, then for D′ < i � D,

|Ei (T )| = 0, but relations (2)–(4) remain valid. �

Remark. Equality in (4) occurs only if all the D color classes are of equal size. The
trees T ∗, whose construction is described above, have such a property.

Lemma 2.7. If T ∈ T(n, D), then m(T ) is at least �(n − 1)/D�.

Proof. Lemma 2.6 establishes that n � m(T )D + 1, i.e., m(T ) � (n − 1)/D. The
statement of Lemma 2.7 is obtained by bearing in mind that m(T ) is an integer. �

Lemma 2.7 claims that the minimum size of a maximal matching in T(n, D) is
greater than or equal to �(n − 1)/D�. We now show that “equal to” applies in all
cases.
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Fig. 1. The tree T .

Theorem 2.8. The minimum size of a maximal matching in T(n, D) is equal to
�(n − 1)/D�.

Proof. In view of Lemma 2.7, it is sufficient to demonstrate that for any value of n

there exists a tree T ∈ T(n, D) with �(n − 1)/D� independent edges, which would
then imply

m(T ) =
⌈

n − 1

D

⌉
. (5)

The only 1-vertex tree satisfies condition (5) since it has no edges at all.
For n = 2, 3, . . . , D + 1, the star Sn is the required tree, since it possesses just

one independent edge.
Let k be an integer, k � 2. For n = kD + 1 the existence of a tree satisfying

condition (5) has been established by Lemmas 2.3 and 2.5. The same is true for
n = (k − 1)D + 1.

By Lemma 2.6, any tree with (k − 1)D + 1 + t vertices, t = 1, 2, . . . , D, must
have more than k − 1 independent edges. The tree T , depicted in Fig. 1 has n(T ) =
(k − 1)D + 1 + t and m(T ) = k.

Proof of Theorem 2.1. Theorem 2.1 is a direct consequence of Theorem 2.8 and
Lemma 1.1. �

3. Constructing trees with greatest nullity

Let T(n, D, max) be the set of trees from T(n, D), having maximum nullity
(equal to n − 2�(n − 1)/D�).

A subset of T(n, D, max), denoted by T1(n, D, max), is constructed as follows.
For n = 1, 2, . . . , D, the unique element of T1(n, D, max) is the n-vertex star.

For n = kD + i, k � 1, i = 1, 2, . . . , D, any tree ∈ T1(n, D, max) is obtained from
some tree T ′ ∈ T1(n − D, D, max) and a copy of a D-vertex star, by joining some
vertex of T ′ of degree less than D to the vertex of degree D − 1 of SD .

Fig. 2 shows the construction of T1(n, D, max) for D = 5 and n = 4, 9, 14.
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Fig. 2. Trees T1(n, D, max) for D = 5 and n = 4, 9, 14.

Fig. 3. A tree in T1(n, D, max) for D = 5 and n = 13. Its PC-vertices are indicated by solid dots.

An edge belonging to a matching of a graph G is said to cover its two end-ver-
tices. A vertex v is said to be perfectly covered (PC) if it is covered in all maximal
matchings of G.

Any vertex adjacent to a pendent vertex is a PC-vertex. However, there may exist
PC-vertices adjacent to no pendent vertex. For instance, the central vertex in the
path on an odd number of vertices is PC. Another example is the central vertex in
the graph Tpc of Fig. 3.

Provided T1(n, D, max) is known, another subset of T(n, D, max), denoted by
T2(n, D, max), is constructed as follows.

Any tree T ′ ∈ T2(n, D, max) is obtained from some tree T ∈ T1(n, D, max) by
moving (one-by-one) some pendent vertices of T to some other PC-vertices of T ,
taking care that

(i) the vertex degrees do not exceed D, and that
(ii) in each step the vertex to which a pendent vertex is added is PC.

Fig. 4 shows a tree T from T1(14, 5, max) and five elements of T2(14, 5, max)

obtained from T . The PC-vertices in all these trees are indicated by solid dots.
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Fig. 4. Trees T2(14, 5, max).

It is easily verified that the elements of T1(n, D, max) and T2(n, D, max) have
�(n − 1)/D� independent edges, and therefore have greatest possible nullity. We
believe, but cannot formally prove, that all trees from T(n, D) with greatest nullity
belong either to T1(n, D, max) or to T2(n, D, max). Thus we conclude our paper
by stating the following:

Conjecture. T1(n, D, max)
⋃

T2(n, D, max) = T(n, D, max).
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