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Abstract

For a Lie groupoid ¢ with a twisting o (a PU(H)-principal bundle over ¢), we use the (geometric)
deformation quantization techniques supplied by Connes tangent groupoids to define an analytic index
morphism

ol x . Index,; (% o) .
K (A G, J) ——F > K*(¥,0)

in twisted K-theory. In the case the twisting is trivial we recover the analytic index morphism of the
groupoid.

For a smooth foliated manifold with twistings on the holonomy groupoid we prove the twisted analog of
the Connes—Skandalis longitudinal index theorem. When the foliation is given by fibers of a fibration, our
index coincides with the one recently introduced by Mathai, Melrose, and Singer.

We construct the pushforward map in twisted K-theory associated to any smooth (generalized) map
f:W — M/F and a twisting o on the holonomy groupoid M/F, next we use the longitudinal index
theorem to prove the functoriality of this construction. We generalize in this way the wrong way functoriality
results of Connes and Skandalis when the twisting is trivial and of Carey and Wang for manifolds.
© 2011 Elsevier Inc. All rights reserved.

Keywords: Index theory; Foliations; Twisted K-theory; Tangent groupoids

* Corresponding author.
E-mail addresses: paulo.carrillo@math.univ-toulouse.fr (P. Carrillo Rouse), wangb @maths.anu.edu.au
(B.-L. Wang).

0001-8708/$ — see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.aim.2010.12.026


https://core.ac.uk/display/82569632?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

4934 P. Carrillo Rouse, B.-L. Wang / Advances in Mathematics 226 (2011) 4933-4986

Contents
. Introduction ... 4934
1. Twistingson Lie groupoids . . ....... .. ... .. 4938
1.1.  Generalized morphisms: the Hilsum—Skandalis category .................... 4940
1.2.  Twistings on Lie groupoids . .. ....... ... . 4942
1.3.  Twistings on tangent groupoids. . . . . .. ... 4946
2. Analytic index morphism for a twisted Lie groupoid . ............. . ... ... ..... 4951
2.1. Thecaseof Lie groupoids . .. ........ ..ttt 4951
2.2. Thecase of twisted groupoids. . . ... ... ... 4956
2.3.  Properties of the twisted analytic index morphism . . . ...................... 4961
3. Longitudinal twisted index theorem for foliations . ........... ... ... . ... ..... 4968
3.1. Twisted topological index for foliation . . . .. ......... .. ... ..... ... ...... 4968
3.2. The twisted longitudinal index theorem . . ......... ... . ... ... ........ 4969
4. Wrong way functoriality . .. ... ... ... 4971
5. Furtherdevelopments . . ... ... ... .. .. ... 4984
Acknowledgments . . . . .. ... e 4984
References . . ... ... . e 4984

0. Introduction

This paper is part of a longstanding project where we aim to study and develop an index theory
(41’ Atiyah—Singer and Connes—Skandalis) for foliations under the presence of twistings.

The Atiyah—Singer index theorem in [2], which states that for an elliptic pseudo-differential
operator on a compact manifold, the analytical index is equal to the topological index, has been
generalized in many other situations. In particular, Connes and Skandalis established an index
theorem for longitudinal elliptic operators on foliated manifolds [15].

For a smooth foliated manifold (M, F), there is a canonically defined C*-algebra C*(M, F) =
C*(%r) which is the C*-algebra of the underlying holonomy groupoid ¢,y = M/ F. An elliptic
pseudo-differential operator D along the leaves of the foliation defines an element

Index, y/r (D) € Ko(C*(M, F)),

in the K-theory of the C*-algebra. This is done by using pseudo-differential calculus for the
holonomy groupoid ¥),. The element Index, (D) is called the analytical index of D, which
depends only on the longitudinal symbol of D. Hence, one has the analytical index as a group
homomorphism associated to the foliated manifold (M, F),

Index, y/r : KO(F*) — Ko(C*(M, F)).

The topological index for (M, F) is obtained by applying the Thom isomorphism and Bott peri-
odicity in topological K-theory to an auxiliary embedding

LM —> R,
Let N be the total space of the normal bundle to the leaves. The Thom isomorphism implies that

KO(F*) = K°(N).
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There is an open neighborhood of the 0-section in N which is homeomorphic to an open transver-
sal T of the induced foliation F on M = M x R?". For a suitable open neighborhood §2 of T in
M x R?", the C*-algebra C*(£2, F|p) is Morita equivalent to Co(T") (the C*-algebra of contin-
uous functions on 7" vanishing at infinity). So one has

K°(N) = K%T) = Ko(C*(2, Flg)) — Ko(C*(M, F))

where the last map is induced by the inclusion C*(£2, F|o) C C*(M, F). The Bott periodicity
gives rise to

Ko(C*(M, F)) = Ko(C*(M, F) ® Co(R™")) = Ko(C*(M, F)).
This leads to the topological index for a foliated manifold (M, F),
Index; v, r : K°(F*) — Ko(C*(M, F)).
In [15], Connes and Skandalis showed that

Index, »/r = Index; p/F .

There is an equivalent definition (see [22,14,27]) of the analytical index for a foliated manifold
(M, F) using the Connes tangent groupoid

Gl =F x {0)u%y x (0,11= M x [0, 1]

of the holonomy groupoid ¥),. The definition works for any Lie groupoid ¢. Let AY be the
associated Lie algebroid which can be viewed as a Lie groupoid given by the vector bundle
structure, then one has the following exact sequence (see [22])

evo

0—> C*(¥ x (0, 1]) — C*(@") — C*(A¥) — 0.
Monthubert and Pierrot in [27] show that
Index, u/r = (evi)s o (evg); ! 0 .F = Index, o, : K*(F*) — Ko(C*(M, F))

where .Z : KO(F*) = KY(A*9) = Ko(C*(A9)) is the isomorphism induced by the fiberwise
Fourier isomorphism C*(A¥) = Co(A*¥) and the morphisms ev; are the respective evaluations.

The analytic index morphism associated to a Lie groupoid arises naturally from a geometric
construction, that of the Connes tangent groupoid [22,14,27,29]. This groupoid encodes the de-
formation of the Lie groupoid to its Lie algebroid. The use of deformation groupoids in index
theory has proven to be very useful to prove index theorems, as well as to establish index theo-
ries in many different settings [22,14,16,1,8,21,9,10,34]. For example, even in the classic case of
Atiyah-Singer theorem, Connes gives a very simple conceptual proof using the tangent groupoid
(see [14], IL.5).
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There is also an equivalent definition of the topological index for a foliated manifold (M, F)
(see [8]) by realizing the Thom inverse morphism of a complex vector bundle as the deformation
index of some groupoid (the Thom groupoid, [16], Theorem 6.2). The resulting topological index
is denoted by

Index; «,, : K*(F*) — Ko(C*(M, F)).
One has the following equivalences between these four index morphisms:
Index, v, = Index, y,r = Index; y;;r = Index; v, .

In this paper, we use these strict deformation quantization techniques to work out an index
theory for foliation groupoids in the presence of a twisting which generalizes the index theory
[35] for a smooth manifold with a twisting o : M — K (Z, 3), and Connes—Skandalis index the-
ory when the twisting is trivial. The approach taken in this paper is of geometrical nature, we are
going to define our indices and propose the corresponding index theorem by using deformation
groupoid techniques. We will leave the discussion of the pseudodifferential calculus behind these
for later works.

Following the construction of KK-elements developed in [22] (in particular Section 3) by
Hilsum and Skandalis, we construct an analytic index morphism of any Lie groupoid ¥ = M

with a twisting given by a Hilsum—Skandalis’ generalized morphism ¢ :¥¢ — — > PU(H),

Index, (% o)

K*(A%,n*a) K*(¥,0).

This index Index, (¥ ) takes values in the twisted K-theory of (¢, o) (see [33] for twisted K-
theory for groupoids or Definition 2.8 below). When the twisting is trivial we recover the analytic
index morphism of the groupoid defined by Monthubert and Pierrot in [27].

Equivalently a twisting is given by a PU(H )-principal bundle over the units of the groupoid ¢
together with a compatible ¢-action. When the Lie groupoid represents a manifold, the twisted
K-theory we are considering is the twisted K-theory for manifolds [3,23]. In general, our setting
also includes, as particular cases, equivariant twisted K-theory and twisted K-theory for orbifolds
[33].

For general Lie groupoids, we prove that our twisted index morphism satisfies the following
three properties (Propositions 2.14, 2.15 and 2.17):

(1) Itis compatible with the Bott morphism, i.e., the following diagram is commutative

Index, (@ o)
K*(A*9, n*00) K*(Y,0)

Bort \L l Bott

K*(A*9 x R2, 1*(0 o p)o) K*(% x R?,0 0 p)

Indexa.(%sz,aop)

where p : ¥4 x R? — ¥ is the projection, og and (o o p)o are the induced twistings on the
unit spaces of ¢ and ¢ x R? respectively.
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(ii)) Let 7 s & be an inclusion as an open subgroupoid. The following diagram is commuta-
tive:

Indexa.(%ﬂ_mj)

K*(A*, 7% (0 0 j)o) K*(H, 00 j)

i |

K*(A*9, w*00) K*(¥,0)
Index,; (% o)

where the vertical maps are induced from the inclusions by open subgroupoids.
(iii)) Let N — T be a real vector bundle. Consider the product groupoid N x7 N = N This

groupoid has a Lie algebroid N & N 2% N. The groupoid N x7 N =2 N is Morita
equivalent to the identity groupoid 7' = T'. That is, there is an isomorphism in the Hilsum—
Skandalis category

NxrN-%T,
In the presence of a twisting 8 on the space T the twisted index morphism

Indexa.(NxTN,;So/ﬂ)

K*(N @ N,7*B) K*(N x1 N,B o) — K*(T,B)

is the inverse (modulo a Morita equivalence and a Fourier isomorphism) of the Thom iso-

T,
morphism (see [7,23]) in twisted K-theory K*(T, ) A K*(N @ N, n}p).

These properties are the analogs to the axioms stated in [2] and will allow us to prove a twisted
index theorem for foliations and in general we can then study twisted index theory for these
objects. Indeed, for the case of regular foliations, we extend the topological index of Connes—
Skandalis (Definition 3.2 below) to the twisted case and prove the following twisted longitudinal
index theorem.

Theorem 0.1. For a regular foliation (M, F) with a twisting o :M/F — — > PU(H) on the
space of leaves, we have the following equality of morphisms:

Index,, (m/F,0) =Index; (m/r,0) : K*(F,7%0) — K*(M/F,0).

In fact, any index morphism for foliations with twistings satisfying the three properties (i)—(iii)
is equal to the twisted topological index by exactly the same proof. There is a second definition of
the twisted analytic index using projective pseudo-differential operators along the leaves which
also satisfies the three properties. We will return to this issue in a separate paper.

When the foliation is given by a fibration w : M — B and the twisting is a torsion class in
H3 (B, Z), our index coincides with the one recently introduced in [25] by Mathai, Melrose, and
Singer since the topological indices of both papers are the same. We remark that they also give
the corresponding cohomological formula which was also recently proved by supperconnection
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methods by Benameur and Gorokhovsky [4]. We will leave the study of Chern—Connes type
formulas in the twisted foliation context for further works.

In this paper, we also construct, for every smooth (generalized) map f: W — M/F and a
twisting o on M/ F, a pushforward morphism in twisted K-theory

fii K¥T(W, f*o0 + orwe frop ) —> K' (M/F,0),

for an induced twisting on W. Here orwg f+v is the K-theoretical orientation twisting of the
real vector bundle TW & f*vr with vr being the normal bundle to the foliation F. We then use
the twisted longitudinal index theorem to prove the functoriality of this construction.

Theorem 0.2. The pushforward morphism is functorial, that is, if we have a composition of
smooth maps

75 w-L myF, 0.1)

and a twisting o : M/F — PU(H) then (fog)i= fio g

When o is trivial and f : W — M/ F is K-oriented (thatis T W & v is K-oriented), our push-
forward map in Definition 4.9 agrees with the one constructed in [15]. Also, when the foliation
consists on a single leaf (hence a manifold) but the twisting is not necessarily trivial, we obtain
otherwise the push-forward map defined in [7] by Carey and Wang.

We remark an important difference with respect to Connes—Skandalis approach in [15]. In-
deed, we prove first, in a geometric way, the longitudinal index theorem and then we use it to
prove the pushward functoriality. Recall that in [15] it is done conversely with analytic methods.
Indeed, their fundamental technical result (as remarked by Connes and Skandalis), Lemma 4.7
in [15], is proved by means of the longitudinal pseudodifferential calculus and the KK-elements
associated to it. With this result they prove the functoriality of the pushforward and then the
longitudinal index theorem. In this paper, the twisted analog of the lemma mentioned above
(Proposition 4.6) is proved using the longitudinal index theorem. The strict deformation quanti-
zation approach to index theory for foliations (without twistings) have already used in this sense
in previous works by the first author in [8,9].

Some of the results presented in this paper were announced in [11]. There is however an
important difference in the way of proving the pushforward functoriality. The arguments stated
in that note for proving such a result were independent of the longitudinal index theorem. It is
indeed possible to prove it directly by deforming some KK-elements, in the spirit of Theorem 6.2
in [16] or Theorem 2.17 below.

1. Twistings on Lie groupoids

In this section, we review the notion of twistings on Lie groupoids and discuss some examples
which appear in this paper. Let us recall what a groupoid is:

Definition 1.1. A groupoid consists of the following data: two sets ¢ and ¥, and maps

(1) s,7:9 — 4O called the source map and target map respectively,
(2) m:9® — & called the product map (where ¥® = {(y,n) €9 x ¥4: s(y) =r(n)}),



P. Carrillo Rouse, B.-L. Wang / Advances in Mathematics 226 (2011) 4933-4986 4939

together with two additional maps, u : 4© — & (the unit map) and i : 4 — ¥ (the inverse map),
such that, if we denote m(y, n) =y -0, u(x) =x and i(y) = y !, we have

() r(y-m)=r(y)ands(y -n) =sm).

) y-(m-8)=(-n) -8, Vy,n, 8 €4 whenever this makes sense.
(iii) y-x=yandx-n=n,Vy,ne¥ withs(y) =x and r(n) = x.
) y -y '=u@@y)andy -y =u(s(y)),Vy €9.

For simplicity, we denote a groupoid by ¥ = %4 A strict morphism f from a groupoid ./ =
O 10 a groupoid ¥ = 4O is given by maps in

H &4

|

O L> @)

which preserve the groupoid structure, i.e., f commutes with the source, target, unit, inverse
maps, and respects the groupoid product in the sense that f(hy - hp) = f(h1) - f(hy) for any
(h1,hy) € AP,

In this paper we will only deal with Lie groupoids, that is, a groupoid in which ¢ and ¥©
are smooth manifolds, and s, 7, m, u are smooth maps (with s and r submersions, see [24,30]).
For two subsets U and V of 20, we use the notation %L‘]/ for the subset

lyve9: s(yyeU, riy)eVv}.

Lie groupoids generalize the notion of Lie groups. For Lie groupoids there is also a notion of
Lie algebroid playing the role of the Lie algebra in Lie theory.

Definition 1.2 (The Lie algebroid of a Lie groupoid). Let 4 = 9© be a Lie groupoid. Denote
by A% the normal bundle associated to the inclusion 4@ c &. We refer to this vector bundle
7: AY — 4O as the Lie algebroid of ¢.

Remark 1.3. The Lie algebroid AY of ¢ has a Lie algebroid structure. For see this it is usually
more convenient to identify A% with the restriction to the unit space of the vertical tangent bundle
along the fiber of the source map s : ¢ — ¢, This identification is not canonical, it corresponds
indeed to a particular choice of splitting of the short exact sequence of vector bundles over ¥© .

0— 790 Ty0¥9 — AY — 0.
The Lie algebroid structure consists of
(7:AY — 9O dr: A9 — 19O [, law)

where the anchor map dr is the restriction of the differential of r to A%, and the Lie bracket
[, Jaw on the space of section of A¥ is given the usual Lie bracket of the right invariant vector
fields, restricted to 4©). We will not make use on this paper of this additional structure.
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1.1. Generalized morphisms: the Hilsum—Skandalis category

Lie groupoids form a category with strict morphisms of groupoids. It is now classical in Lie
groupoid’s theory that the right category to consider is the one in which Morita equivalences
correspond precisely to isomorphisms. We review some basic definitions and properties of gen-
eralized morphisms between Lie groupoids, see [33], Section 2.1, or [22,28,26] for more detailed
discussions.

We first recall the notions of groupoid actions and principal bundles over groupoids. Given
a Lie groupoid 4 = ¥, a right ¥-bundle over a manifold M is a manifold P equipped with
maps as in

P g
M GO,

together with a smooth right ¢-action i : P X(,) 4 — P, u(p,y) = py, such that m(py) =
7(p) and p(y1 - y2) = (py1)y» for any (y1, y2) € 92 . Here P X (e,r) ¢ denotes the fiber product
of e: P-4 andr: 4 — 4O A left 4-bundle can be defined similarly. A 4-bundle P is
called principal if

(i) m is a surjective submersion, and
(ii) themap P X (¥4 — P xyu P, (p,y) — (p, py) is a diffeomorphism.

A principal ¢4-bundle P over M is called locally trivial if P is isomorphic to a principal ¢-bundle

I_li .Qi X ¥4
{()C,j, Y)N (x’ivgij(x) : V)}

defined by a ¢-valued 1-cocycle on M,

{8ij: 202 — F1gij(x) - gjx(x) = gij ()}

with respect to a cover {£2;} of M.

Let ¥ = 99 and 27 = #© be two Lie groupoids. A principal ¢-bundle over /7 is a
right principal ¢-bundle over .7?) which is also a left .7-bundle over 4© such that the right
% -action and the left .7#-action commute, formally denoted by

PN

AN @)
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A &-valued 1-cocycle on .7 with respect to an indexed open covering {£2;};c; of #© is a
collection of smooth maps

f,'j : jféii — g,
satisfying the following cocycle condition: Vy € 7 and Vy' € J¢j; with s(y) =r(y’), we have
i~ =fuly™) and £y fix (V) = fi(y - v)-

We will denote this data by f = {(£2;, fij)}ies. It is equivalent to a strict morphism of groupoids

; f
%_Q = Ul’,j %S;il g
l_li .Q,' g(O).

Associated to a ¢-valued 1-cocycle on 7, there is a canonical defined principal ¢-bundle
over 7. In fact, any principal ¢-bundle over J¢ is locally trivial (cf. [26]).
We can now define generalized morphisms between two Lie groupoids.

Definition 1.4 (Generalized morphism). Let ¢ = 49 and 2 = #© be two Lie groupoids.
A right ¢-principal bundle over 7, also called a generalized morphism (or Hilsum—Skandalis
morphism), f: 3 — — > & , is given by one of the three equivalent data:

(1) Alocally trivial right principal ¢-bundle Py over ¢,

PN

7O @O

(2) A l-cocycle f ={(£2;, fij)}ier on F with valuesin 4.
(3) A strict morphism of groupoids

; f
Ao =L, ; #5 @

for an open cover 2 = {£2;} of 0.

Two generalized morphisms f and g are called equivalent if the corresponding right ¢ -principal
bundles Py and P, over s are isomorphic.
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As the name suggests, generalized morphism generalizes the notion of strict morphisms and
can be composed. Indeed, if P and P’ are generalized morphisms from 7 to ¢4 and from ¥ to
& respectively, then

Pxy P =P X a(0) P//(p, p/) ~ (p Y, y_l -p’)
is a generalized morphism from J# to .Z. Consider the category Grpdyg with objects Lie

groupoids and morphisms given by equivalent classes of generalized morphisms. There is a func-
tor

Grpd — Grpdyg (1.1)
where Grpd is the strict category of groupoids. Then the composition is associative in Grpdgg.
Two groupoids are Morita equivalent if they are isomorphic in Grpdyg. For example, given a Lie
groupoid .7 = 7 and an open covering {£2;}; of 7, the canonical strict morphism of
groupoids s, — ¢ is a Morita equivalence.

1.2. Twistings on Lie groupoids
In this paper, we are only going to consider PU(H )-twistings on Lie groupoids where H is an
infinite dimensional, complex and separable Hilbert space, and PU(H) is the projective unitary

group PU(H) with the topology induced by the norm topology on U (H).

Definition 1.5. A twisting o on a Lie groupoid & = ¥© is given by a generalized morphism
0:9 - —>PUH).

Here PU(H) is viewed as a Lie groupoid with the unit space {e}. Two twistings o and o’ are
called equivalent if they are equivalent as generalized morphisms.

So a twisting on a Lie groupoid ¢ is a locally trivial right principal PU(H )-bundle over ¢,

9 Py PU(H)
IV
@ (0) {e}.

Equivalently, a twisting on ¢ is given by a PU(H )-valued 1-cocycle on ¢,
gij: éfgj‘ —> PU(H)

for an open cover £2 = {£2;} of ¢© . That is, a twisting o on a Lie groupoid ¢ is given by a strict
morphism of groupoids
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Yo = |_|i,j gz/ PU(H)
I I
LI,' £ {e}

for an open cover 2 = {£2;} of 4 O

Remark 1.6. The definition of generalized morphisms given in the last subsection was for two
Lie groupoids. The group PU(H) it is not precisely a Lie group but it makes perfectly sense to
speak of generalized morphisms from Lie groupoids to this infinite dimensional “Lie” groupoid
following exactly the same definition. Indeed, it is obvious once one looks at equivalent datas
(1.2) and (1.3) above (recall PU(H) is considered with the topology induced by the norm topol-
ogy on U (H)).

Remark 1.7. A twisting on a Lie groupoid ¢4 = M gives rise to a U (1)-central extension over
the Morita equivalent groupoid ¥ by pull-back the U (1)-central extension of PU(H)

1—U(l)— UH)— PUH) — 1.
We will not call a U (1)-central extension of a Morita equivalent groupoid of ¢ a twisting on ¢
as in [33]. This is due to the fact that the associated principal PU(H)-bundle might depend
on the choice of Morita equivalence bibundles, even though the isomorphism class of principal
PU(H)-bundle does not depend on the choice of Morita equivalence bibundles. It is important

in applications to remember the PU(H )-bundle arising from a twisting, not just its isomorphism
class.

Example 1.8. We give a list of various twistings on standard groupoids appearing in this paper.

(1) (Twisting on Lie groups.) Let G be a Lie group. Then
G = {e)
is a Lie groupoid. A twisting on G is given by a projective unitary representation
G — PU(H).
(2) (Twisting on manifolds.) Let X be a C°°-manifold. We can consider the groupoid
X=X

where every morphism is the identity over X. A twisting on X is given by a locally triv-
ial principal PU(H)-bundle over X, or equivalently, a twisting on X is defined by a strict
homomorphism
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XQ:Ui,j‘Qij PU(H)
|_|,' £2; {e}

with respect to an open cover {£2;} of X, where £2;; = §2; N §2;. Therefore, the restriction
of a twisting o on a Lie groupoid ¥ = 4© to its unit ¥© defines a twisting o on the
manifold ¥©.

(3) (Orientation twisting.) Let X be a smooth oriented manifold of dimension n. The tangent
bundle 7X — X defines a natural generalized morphism

X - —=S8S0®n).

Note that the fundamental representation of the Spin® group Spin®(n) gives rise to a com-
mutative diagram of Lie group homomorphisms

Spin‘(n) — U(C?")

|

SO(n) PU(C?").

With a choice of inclusion C?" into a Hilbert space H, we have a canonical twisting, called
the orientation twisting of X associated to its tangent bundle, denoted by

OTxIX - — > PU(H)

(4) (Pull-back twisting.) Given a twisting ¢ on ¢ and for any generalized homomorphism
¢: H — ¢, there is a pull-back twisting

¢*c: H# — — = PU(H)

defined by the composition of ¢ and o. In particular, for a continuous map ¢ : X — Y,
a twisting o on Y gives a pull-back twisting ¢*o on X. The principal PU(H)-bundle over
X defines by ¢*o is the pull-back of the principal PU(H )-bundle on Y associated to o.

(5) (Twisting on G-spaces.) Let G be a Lie group acting by diffeomorphisms in a manifold M.
The transformation groupoid associated to this action is

MxG=M.

Asaset M x G =M x G, and the maps are given by s(x,g) =x - g, r(x, g) = x, the
product given by (x, g) o (x - g, h) = (x, gh), the unit is u(x) = (x, e) and with inverse
(x,g) "= (x-g,¢g"). The projection from M x G to G defines a strict homomorphism
between groupoids M x G and G, then any projective representation G — PU(H) defines
atwisting on M x G, which is the pull-back twisting from a twisting on G.
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(6) (Twisting on pair groupoid.) Let M be a C°°-manifold. We can consider the groupoid
MxM=M

with s(x, y) =y, r(x, y) = x and the product given by (x, y) o (v, z) = (x, z). Any locally
trivial principal PU(H)-bundle P is trivial as the left action of M x M = M on P gives a
canonical trivialization

P =M x PU(H).

Hence, any twisting on the pair groupoid M x M = M is always trivial.

(7) (Twisting on fiber product groupoid.) Let N —5 M be a submersion. We consider the fiber
product N xp N :={(n,n’) € N x N: p(n) = p(n’)}, which is a manifold because p is a
submersion. We can then take the groupoid

NxyN=N

which is a subgroupoid of the pair groupoid N x N = N. Note that this groupoid is in
fact Morita equivalent to the groupoid M =2 M. A twisting on N X N =% N is given by a
pull-back twisting from a twisting on M.

(8) (Twisting on vector bundles.) Let 7 : E — X be a vector bundle over a manifold X. We con-
sider the groupoid

E=X

with the source map s(£§) = 7 (£), the target map r(§) = w(£), the product given by £ o n =
& + n. The unit is zero section and the inverse is the additive inverse at each fiber. With
respect to a trivialization cover {E|p, = £2; x V} of E, a twisting on the groupoid E = X is
given by a PU(H )-valued cocycle

8ij:82ij x V— PU(H)

satisfying g;;(x,&) - gjk(x,n) = gir(x,& + n). A twisting on the groupoid £ = X is a pull-
back twisting 7*o from a twisting ¢ on X if g;; : £2;; x V —> PU(H) is constant in V.
Note that the pull-back twisting agrees with the pull-back twisting on E by 7 as a topological
space.

In this paper, we will mainly deal with the holonomy groupoids associated to regular fo-
liations. Let M be a manifold of dimension n. Let F be a subvector bundle of the tangent
bundle TM. We say that F is integrable if C*°(F) :={X € C®(M,TM): Vx e M, X, € F,}
is a Lie subalgebra of C*°(M, TM). This induces a partition of M in embedded submanifolds
(the leaves of the foliation), given by the solution of integrating F.

The holonomy groupoid of (M, F') is a Lie groupoid

Gy=M

with Lie algebroid A% = F and minimal in the following sense: any Lie groupoid integrating
the foliation, that is having F as Lie algebroid, contains an open subgroupoid which maps onto
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the holonomy groupoid by a smooth morphism of Lie groupoids. The holonomy groupoid was
constructed by Ehresmann [17] and Winkelnkemper [36] (see also [6,19,30]).

Definition 1.9 (Twisting on the space of leaves of a foliation). Let (M, F) be a regular foliation
with holonomy groupoid ¥;. A twisting on the space of leaves is by definition a twisting on the
holonomy groupoid ¥),. We will often use the notation

M/F - — > PU(H)
for the correspondent generalized morphism.

Notice that by definition a twisting on the spaces of leaves is a twisting on the base M which
admits a compatible action of the holonomy groupoid. It is however not enough to have a twisting
on base which is leafwise constant, see for instance Remark 1.4(c) in [22].

1.3. Twistings on tangent groupoids

In this subsection, we review the notion of Connes’ tangent groupoids from deformation to
the normal cone point of view, and discuss the induced twistings on tangent groupoids.

1.3.1. Deformation to the normal cone
The tangent groupoid is a particular case of a geometric construction that we describe here.
Let M be a C* manifold and X C M be a C* submanifold. We denote by </VXM the normal
bundle to X in M. We define the following set

¥ = /M x0uM x R, (1.4)

The purpose of this section is to recall how to define a C°°-structure in .@f}’[ . This is more or less
classical, for example it was extensively used in [22].

Let us first consider the case where M = R? x R? and X = R? x {0} (here we identify X
canonically with R”). We denote by ¢ =n — p and by 7, for 9]1“§Z as above. In this case we
have that 7, = R? x R? x R (as a set). Consider the bijection ¥ : R” x R? x R — &}/ given by

[ e0 ifr=0, s
VEED=N ey ifr 0, (15

whose inverse is given explicitly by

(x,§,00 ifr=0,

1 _
vowsn= { (x,1e,1) ifr#0.

We can consider the C*°-structure on 2, induced by this bijection.
We pass now to the general case. A local chart (7, ¢) in M is said to be an X-slice if:

(1) ¢: % — U CRP x R? is a diffeomorphism.
(2) If V=UnN(R? x {0}), then ¢~ (V) =% N X, denoted by 7.
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With this notation, _@‘L,/ C 7, as an open subset. We may define a function

b: 9% — 7Y (1.6)
in the following way: For x € ¥ we have ¢ (x) € R? x {0}. If we write ¢ (x) = (¢1(x), 0), then
¢1:V — VCRP

is a diffeomorphism. We set qB(v, £,0)=(¢1(v),dnoy(£),0) and <;7>(u, t)=(¢p(u),t) fort £ 0~.
Here dy ¢, : N, — RY is the normal component of the derivative d¢, for v € ¥ It is clear that ¢
is also a bijection (in particular it induces a C* structure on @;Z// ). Now, let us consider an atlas

{(s, o) }sen of M consisting of X-slices. Then the collection {(9%’ , (ﬁa)}aeA is a C*-atlas
of 9)1}’[ (Proposition 3.1 in [8]).

Definition 1.10 (Deformation to the normal cone). Let X C M be as above. The set @;}” equipped
with the C*° structure induced by the atlas of X-slices is called the deformation to the normal
cone associated to the embedding X C M.

One important feature about the deformation to the normal cone is the functoriality. More

explicitly, let f : (M, X) — (M’',X")bea C*® map f : M — M’ with f(X) C X’'. Define 2(f) :
7 @% by the following formulas:

1) 2(f)m, 1) =(f(m), 1) for 1 #0,
2) 2(f)(x,€,0)=(f(x),dn fr(£),0), where dy f is by definition the map

dy fx ’
(</VXM)X N )f(x)

dfx
induced by T, M LY TroM'.

Then 2(f) : 9)’}” — @)’y,/ is a C*°-map (Proposition 3.4 in [8]). In the language of categories,
the deformation to the normal cone construction defines a functor

D6 — €%, (1.7)
where " is the category of C°°-manifolds and 67° is the category of pairs of C°°-manifolds.
Proposition 1.11. Given a twisting o : M — PU(H) as a principal PU(H)-bundle over M,
there is a canonical twisting on @Q’I which restricts to the pull-back twisting w*(o|x) on </VXM

by the map :J/)(M - X.

Proof. Under the identification of the normal bundle Ji/)(M with a tubular neighborhood of X
in M, we have the following diagram of maps
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X ——M

where Oy is the zero section of the normal bundle. Note that 7 0Oy =Idx,i =t00x,and Ox o
is homotopic to the identity map on ,/VXM , which imply that
n*oi*c =n%005 0o =(0xom) oo

is homotopic to t*o. Hence, the principal PU(H )-bundle over JVXM associated to (*o is isomor-
phic to the pull-back principal PU(H )-bundle on </VXM associated to 7*(o|x). O

1.3.2. The tangent groupoid of a groupoid
Definition 1.12 (Tangent groupoid). Let 4 = 4© be a Lie groupoid. The tangent groupoid
associated to ¢ is the groupoid that has

D0 = N x (0}UY x R
as the set of arrows and Z© x R as the units, with:

(1) sT(x,n,0)=(x,0) and rT (x,n,0) = (x,0) at t = 0.

@) sT(y,0)=(s(y), 0 and r’ (y,1) = (r(y), 1) att #0.
(3) The product is given by m” ((x,n,0), (x,&,0) = (x,n + £,0) and m” ((y,1), (B, 1)) =

(m(y, B),t)ift Z0 and if r(B) = s(y).
(4) The unit map u” : 9@ — @7 is given by u” (x,0) = (x,0) and u” (x, 1) = (u(x), 1) for

t#0.

We denote 97 = @g@ and AY = e/@fo) as a vector bundle over ¢?). Then we have a family of
Lie groupoids parametrized by R, which itself is a Lie groupoid

gT =AY x (0L x R* =290 x R.

As a consequence of the functoriality of the deformation to the normal cone, one can show
that the tangent groupoid is in fact a Lie groupoid compatible with the Lie groupoid structures of
¢ and A¥ (considered as a Lie groupoid with its vector bundle structure). Indeed, it is immediate

that if we identify in a canonical way 95((;)) with (47)®, then
m’ =2m), sT=26), rT=20), u' =2
where we are considering the following pair morphisms:
m:(4?,909) — (7,9,

S, 7 (%,%(0)) — (%(0),54(0)),
u: (%(0),%(0)) — (%,%(0)).
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Example 1.13.

(1) The tangent groupoid of a group: Let G be a Lie group. We consider it as a groupoid with
one element, G = {e}, as above. By definition AG = T, G, i.e., the Lie algebroid coincides
with the Lie algebra g of the group G. Hence, the tangent groupoid is

Gl :=gx{0JuG xR* =G xR.

(2) The tangent groupoid of a C*°-manifold: Let M be a C°°-manifold. We consider the asso-
ciated pair groupoid M x M = M. In this case, the Lie algebroid can be identified with TM
and the tangent groupoid take the following form

Gl =TM x (0} UM x M x (0,11 M xR,

(3) The Thom groupoid: Let N —25 T be a vector bundle over a smooth manifold 7. Consider
the fiberwise pair groupoid over T,

Nxr N=N. (1.8)

The Lie algebroid is N @ N as a vector bundle over N, then the tangent groupoid, denoted
bY %Thom, takes the following form

Grmom =N AN x {OJUN x7r N xR* = N x R.

See [16] for a motivation for the name of this groupoid.
(4) Tangent groupoid of a holonomy groupoid: Let %, be the holonomy groupoid of a foliated
manifold M/ F. Then the tangent groupoid is given by

Gyr=F x {0} U%y/r = M x R.

The following proposition could be used alternatively to construct the twisted index morphism
and to develop the twisted index theory. However in the sequel we will rather use the central
extension approach because the proofs are simpler, and because we obtain naturally the twisted
index theory as a factor of an S'-equivariant index theory. It gives though a nice geometric idea
of the strict deformation quantization methods.

Proposition 1.14. Given a twisting o on a Lie groupoid 4, there is a canonical twisting o* on
its tangent groupoid 97 such that

ol 1g =T (0 lg0)
where v : A4 — 9O s the projection.
Proof. The twisting o on ¢ is given by a PU(H)-principal bundle P, with a compatible left
action of 4. By definition of the groupoid action, the units of the groupoid act as identities,

hence we can consider the action as a C*°-morphism in the category of C*°-pairs:

(gXMPO"MXMPO')—)(PO"PO')'
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We can then apply the deformation to the normal cone functor to obtain the desire PU(H)-
principal bundle with a compatible ¢ -action, which gives the desired twisting. O

1.3.3. The tangent groupoid of a groupoid immersion
We briefly discuss here the tangent groupoid of an immersion of groupoids which is called
the normal groupoid in [22].

Consider an immersion of Lie groupoids ¢; & %. Let glN = J@? be the total space of the

normal bundle to ¢, and (gl(o))N be the total space of the normal bundle to ¢ : 541(0) — %(O).
The deformation to the normal bundle construction allows us to consider a C®® structure on

G, :=9)N x 0}u% x R*,
such that glN x {0} is a closed saturated submanifold and so % x R* is an open submanifold.

Remark 1.15. Consider %fv = (gl(o))N with the following structure maps: The source map is
the derivation in the normal direction dys : %IN — (%I(W)N of the source map (seen as a pair of
maps) s : (45, %) — (%(0), %1(0)) and similarly for the target map.

As remarked by Hilsum and Skandalis (Remarks 3.1, 3.19 in [22]), %N may fail to inherit a
Lie groupoid structure (see counterexample just before Section 4 in [22]). A sufficient condition
is when (541(0))1\’ is a %IN -vector bundle over %1(0). This is the case when ¥" — %z(p @) is étale
for every x € %1(0) (in particular if the groupoids are étale) or when one considers a manifold
with two foliations 1 C F> and the induced immersion (again Remarks 3.1, 3.19 in [22]), but
also for the case of the inclusion of extensions treated in (2.18) below. We will anyway describe
explicitly the groupoid structure when needed.

The following results are an immediate consequence of the functoriality of the deformation to
the normal cone construction.

Proposition 1.16. (See Hilsum and Skandalis, Remarks 3.1, 3.19 in [22].) Consider an immer-

sion 9 A % as above for which (%,)" inherits a Lie groupoid structure (precedent remark). Let
Yoo = (%1(0) W x {0} U gz(O) x R* be the deformation to the normal cone of the pair (gz(O), g](O)).
The groupoid

Gy = Yy, (1.9)

with structure maps compatible with the ones of the groupoids % = %2(0) and %N = (%1(0))]\’ ,
is a Lie groupoid with C*°-structures coming from the deformation to the normal cone.

Proposition 1.17. Given an immersion of Lie groupoids ¢4 & % as above and a twisting o
on %. There is a canonical twisting o, on the Lie groupoid 9, = 9,,, extending the pull-back
twisting on % x R* from o.
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2. Analytic index morphism for a twisted Lie groupoid

In this section, we first review the analytic index morphism for any Lie groupoid, and then
develop an analytic index morphism for a Lie groupoid with a twisting.

2.1. The case of Lie groupoids

2.1.1. The convolution C*-algebra of a Lie groupoid

We recall how to define the reduced and maximal C*-algebras of a Lie groupoid 4 = M,
CH(¥) and C*(9).

We start with the reduced C*-algebra. The basic elements of C}(¥) are smooth half densities

with compact support on ¢ in C°(¥, .(22) where 27 is the real line bundle over & given
by s*(Q ) ® t* (.Q 2y and 27 denote the half density bundle associated to A¥. In particular,
(-Qo)g(y) ® (QO)t(y) The convolution product on C°(¥, §2 2) is given by

(f*x0)(y)= / frgr),

Yin2=y

where the integration is performed over the resulting 1-density. The *-operation is simply given
by f*(v)=fr=H. 1 1
For every x € M, there is a representation 7, of C2°(¥, §22) on L%*(%Y,, £27) given by

. (HE) () = / FEW).

Yin2=y

The norm || f|| := sup, <y 7. (f) is well defined (see [14], Proposition 5.3, Chapter 2 or [31]
for more details) and the reduced C*-algebra C; (%) is the C*-completion with respect to this
norm. For obtain the maximal, one has to take the completion with respect to the norm || f]| :=

. . . . 1
sup,, w(f) over all involutive Hilbert representations of C°(¥, £22).
The line bundle 272 is trivial, even if there is not a canonical trivialization. We have therefore
.. . . 1
a non-canonical isomorphism between the sections C2°(¥, £22) and the compactly supported

functions CZ°(¥). In the sequel we will often use the notation C2°(%¢) even if we are thinking
on half densities.

2.1.2. Analytic index morphism for Lie groupoids
A 9-pseudodifferential operator is a family of pseudodifferential operators { Py}, c(0) acting
in C°(%,) such thatif y € 4 and

Uy : CZ(Fs) — CZ (G ()
the induced operator, then we have the following compatibility condition

Priyyo Uy =Uy o Py(y).
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We also admit, as usual, operators acting in sections of a complex vector bundle E — 4. There
is also a differentiability condition with respect to x that can be found in [29].

In this work we are going to work exclusively with uniformly supported operators, let us recall
this notion. Let P = { P, x € 90} be a ¥-operator, we denote by k, the Schwartz kernel of P,.
Let

supp P := U supp ky
X

and
supp,, P := 1 (supp P),

where 11(g’, g) = g'g~". We say that P is uniformly supported if supp,, P is compact.
We denote by W™ (¥, E) the space of uniformly supported &-operators of order m, acting on
sections of a complex vector bundle E. We denote also

YR (4, E)= U WG, E) and ¥ (Y, E)= ﬂ "4, E).

m

The composition of two such operators is again of this kind (Lemma 3, [29]). In fact,
U(Y, E) is a filtered algebra (Theorem 1, [29]), i.e.,

v (G, EYW"™ (4, E) C "t (4, E).
In particular, ¥ ~°°(¥, E) is a bilateral ideal.

Remark 2.1. The choice on the support can be justified by the fact that ¥ ~°°(¥, E) is identified
with C°(¢, End(E)), thanks the Schwartz kernel theorem.

The notion of principal symbol extends also to this setting. Let us denote by 7 : A*¥ — 4
the projection. For P = {P,,x € 4V} e ¥"™ (¥4 E, E), the principal symbol of Py, o,,(Py),
is a C*° section of the vector bundle Hom(r}r* E, 7 r*E) over T*¥Y, (where mty : T*9, — %),
such that at each fiber the morphism is homogeneous of degree m (see [2] for more details).
There is a section o, (P) of Hom(7*E, 7*E) over A*% such that

om(P)(E) =om(Py)(§) e Hom(Ey, Ey) if§ € ATY. 2.1)

This induces a unique surjective linear map
om ¥4, E) — " (A*Y, Hom(E, E)), (2.2)
with kernel ¥~ (%, E) (see for instance Proposition 2 in [29]) and where ./ (A*¥,
Hom(E, E)) denotes the sections of the vector bundle Hom(n*E, 7*E) over A*¥, homoge-

neous of degree m along each fiber.

Definition 2.2. Let P = {P,, x € 99} be a ¢-pseudodifferential operator. P is elliptic if P, is
elliptic for each x. We denote by ElI(¥) the set of elliptic ¢4-pseudodifferential operators.
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The linear map (2.2) for elliptic ¢-pseudodifferential operators defines a principal symbol
map:

ENl@) 2L K0(A*). 2.3)

Connes in [12] proved that if P = {P,, x € 40} € ElI(¥), then it exists Q € ¥ (¥, E)
such that

ldg —PQe W (%, E) and Ildg— QP ¥ (¥, E),

where Idg denotes the identity operator over E. In other words, P defines an element in
Ko(C2°(¢)), when E is trivial, given by

[T((l) 8)7—1}_[(8 8)]eK0(C§o@)), 2.4)

where 1 is the unit in C?_O\(? ) (the unitarization of C2°(%)), and where T is given by

- (1-PO)P+P PQO-—1
- 1-QP 0

with inverse

. 0 1- QP
~\POo-1 0-POQ)P+P)’

If E is not trivial we obtain in the same way an element of Ko(C°(¢4,Hom(E, F))) =
Ko(C2°(¢)) since C2° (¥, Hom(E, F)) is Morita equivalent to C°(¥).

Definition 2.3 (¢-index). Let P be an elliptic ¢-pseudodifferential operator. We denote by
Indexy (P) € Ko(C(9))

the element defined by P as above, called the ¢-index of P. The ¢-index defines a correspon-
dence

Index
Ell(@) —

Ko(C(9)). (2.5)
Consider the morphism

Ko(C(@)) 1> Ko(CH@)) (2.6)

induced by the inclusion C°(¥) C C;(¥), then the composition

Ell(@) 29, ko (c2@)) —L> Ko(CH@))
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factors through the principal symbol class. In other words, we have the following commutative
diagram:

Index

Ell(¥) Ko(CX(9))

N I

KO(A*9) P Ko(C}(9)).

The resulting morphism

Index, «

K9(A*9)

Ko(C}(@)) @7

is called the analytic index morphism of ¢ . In fact, Index, « is the index morphism associated
to the exact sequence of C*-algebras (see [12,15,27,29])

0— CH¥Y) — ¥O9) T Co(S(A*9)) — 0 (2.8)

where ¥0(%) is a certain C*-completion of ¥(9), S(A*%) is the sphere bundle of A*¥ and o
is the extension of the principal symbol.

We remark that this index morphism Index, « can also be constructed using the tangent
groupoid and its C*-algebra. We briefly recall this construction from [27].

Notice that the evaluation morphisms extend to the C*-algebras as in [31]:

evy

C*(9") — C*(AY) fort =0,

and

ev;

C*(@") — Cc*(@) fort#0.

Moreover, since ¢ x (0, 1] is an open saturated subset of ¢ T and A¥ a saturated closed subset,
we have the following exact sequence (see [31,22])

evoy

0— C*(¥ x (0, 1) — C*(¢") — C*(A9) — 0. (2.9)
Now, the C*-algebra C*(¥¢ x (0, 1]) = Cy((0, 1], C*(¥)) is contractible. This implies that the

groups K; (C*(¥ x (0, 1])) vanish, for i =0, 1. Then, applying the K-theory functor to the exact
sequence above, we obtain that

Ki(C*(@7)) 9 K, (C*(A9))
is an isomorphism, for i = 0, 1. In [27], Monthubert and Pierrot show that

Index, o = (evy)x o (evo); !, (2.10)
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modulo the Fourier isomorphism C*(A¥Y) = Cy(A*¥), when we consider the K evaluations
(see also [22] and [29]). As usual we consider the index with values in the reduced C*-algebra
by taking the canonical morphism Ko(C*(¥)) — Ko(C;(¥)). Putting this in a commutative
diagram, we have

Ko(C*(&T))

(evo)x (evi)«
Z 2.11)

K°(A*9) Ko(CF(9)).

Index, «

In summary, the algebra C*(¢47) is a strict deformation quantization of Co(A*%), and the ana-
lytic index morphism of ¢ can be constructed by means of this deformation.

2.1.3. Analytic indices morphisms for Lie groupoid immersions

For Lie groupoid immersions, Hilsum and Skandalis in [22] shown that the same methods
as above can be applied to define an index morphism (or even a KK-element) associated to an
immersion of Lie groupoids ¢ : 4, < % for which (¢,)" inherits a Lie groupoid structure, and
where we assume as in Section 3 of [22] that ¢ is amenable (so C*(¥)) is nuclear). Indeed, if
we consider

G, :=9N x {0}u% x (0,1]
and the short exact sequence

evo

0 — C*(% x (0, 1]) — C*(¥,) — C*(%)) — 0, (2.12)

we can define the index morphism
Index,, : K. (C}(9])) — K.(C}()), (2.13)

as the induced deformation morphism Index, := py o (evi)« o (evo), ! where p : C*(%) —
C} (%) is the canonical morphism. Here we use the fact that %IN is also amenable and so
Cx@N) =c*@M).

Remark 2.4. (See Hilsum and Skandalis, Remark 3.17(2) in [22].) Even without the hypothesis
on the amenability of ¢;, we still obtain in the same way an index morphism

Index; " : K (C*(4))) — Ki(C*(%))

between the K-theories of the maximal C*-algebras.
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2.2. The case of twisted groupoids
2.2.1. Twisted K-theory of a Lie groupoid with a twisting
Let (4, o) be a twisted groupoid. With respect to a covering £2 = {£2;} of 4 the twisting
o is given by a strict morphism of groupoids
0:%; — PU(H),
where 9, is the covering groupoid associated to £2. Consider the central extension of groups

s' — U(H) — PU(H),

we can pull it back to get an S!-central extension of Lie groupoid R, over %q,

st ———=4g!

L

R, ——= U(H) (2.14)

L

Yo — PU(H).

In particular, R, =2 | |, §2; is a Lie groupoid and Ry — ¥ isan § I_principal bundle.
We recall the definition of the convolution algebra and the C*-algebra of a twisted Lie
groupoid (¢, o) [32,33]:

Definition 2.5. Let R, be the S'-central extension of groupoids associated to a twisting o. The
convolution algebra of (¢, ) is by definition the following sub-algebra of C2°(R,):

CX(G,0)={feCP®(Rs): f(7 - =2""f(), VJ €R,, VL ES']. (2.15)

The reduced (maximal resp.) C*-algebra of (¢4, o), denoted by C;(¥,0) (C*(¥,0) resp.), is
the completion of CX°(¥, o) in C}(Rs) (C*(Rs) resp.).

Let L, := Ry x g1 C be the complex line bundle over %, which can be considered as a Fell
bundle (using the groupoid structure of R,) over %,. In fact, the algebra of sections of this
Fell bundle C° (¥, L) is isomorphic to C2°(¥, o), and the same is true for the C*-algebras,
C*(Yq, Ly) = C*(¥Y, o) (see (23) in [33] for an explicit isomorphism).

Remark 2.6. (See [33].) Given the extension R, as above, the S!-action on R, induces a Z-
grading in C}(R,) (Proposition 3.2, [33]). More precisely, we have

Cr(R)=EPC}HZ.0") (2.16)

nez
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where C;(¢,0") is the reduced C*-algebra of the twisted groupoid (¢, ¢") corresponding to
the Fell bundle

Ll =L%" — Y,
for all n # 0, and C} (¥, o =cC *(¢9) by convention. Similar results hold for the maximal
C*-algebra.

Remark 2.7. If we take the twisting o as the PU(H)-principal bundle over ¢ (as in Defini-
tion 1.4(1)), then the C*-algebra C*(R,) (maximal or reduced) is well defined up to a canonical

strong Morita equivalence. Indeed, given ¥ 2 pU (H), Yo 2, pU (H) two strict mor-
phisms defining the same PU(H )-principal bundle over ¢, they define two canonically Morita
equivalent extensions R, and R,. The induced strong Morita equivalence between C*(R, ) and
C*(R,) respects the grading of the precedent remark and hence it induces a strong Morita equiv-
alence between C*(¥4,0") and C*(¥, (6/)") (see Proposition 3.3 in [33] or [32] for further
details).

Definition 2.8. Following [33], we define the twisted K-theory of the twisted groupoid (¥, o) by
K'(G,0):=K_i(C}¥,0)). (2.17)

In particular if o is trivial we will be using the notation (unless specified otherwise) K 1(9) for
the respective K-theory group of the reduced groupoid C*-algebra.

Remark 2.9. By the Remark 2.7, the group K/ (¢, o) is well defined, up to a canonical isomor-
phism coming from the respective Morita equivalences.

Remark 2.10. For the groupoid given by a manifold M = M. A twisting on M can be given
by a Dixmier—Douday class on H 3(M , Z). In this event, the twisted K-theory, as we defined it,
coincides with twisted K-theory defined in [3,23]. Indeed the C*-algebra C*(M, o) is Morita
equivalent to the continuous trace C*-algebra defined by the correspondent Dixmier—Douady

class (see for instance Theorem 1 in [18]).

2.2.2. The Analytic index morphism of a twisted groupoid
Let (¢, o) be a twisted Lie groupoid with the induced central extension

Ror _>g.Q

associated to an open cover {£2;} of ¥© = M. Let (M, o) be the twisted groupoid induced by
restriction of o to the unit space and let its central extension be

RUO —> M_Q.

Here Mg, denotes the covering groupoid

|_|‘Qij Izugiﬂgjjl_lﬂi.
i,j i,j i
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‘We can consider the inclusion of central extensions:

Rao —— Rs

]

Mo“—— Yo

as an immersion of Lie groupoids iy : R;y — Ry, which is Sl—equivariant and with Ry,
amenable. We apply then to this immersion the tangent groupoid construction in Subsection 1.3.3

R, =R} x {0}U Ry x (0, 1] (2.19)
in order to define its index morphism as in (2.13):
Index,, : K, (CS(R))) — K+(C}(Ro)). (2.20)

Indeed, Ré\g = |_|l- £2; inherits a Lie groupoid structure (see Remark 1.15). In fact, Rév is
also the S'-central extension of some Lie groupoid. Let us look at this with more detail. Write
o ={(82;,0i;)} as a PU(H)-valued cocycle, consider the inclusions §2;; C %g/’ and their normal
bundles N;;. We have a Lie groupoid

Ay 3=|_|Nij :il_l-Qi,
ij i

where the source and target maps are the evident ones and where the product is induced from the
derivation in the normal direction of the product

£2; 2; 2;
%_Qj X2; gﬂk — fﬁgk.

We have also a strict morphism of groupoids

Ay -2 PU(H)

defined to be equal to op in the base direction and constant in the normal vector fibers. The

corresponding central extension can be described as follows. Consider the Lie algebroid AY =
M as a Lie groupoid AY = M using its vector bundle structure. Then the central extension
associated to (A, 60) is given by the following pullback diagram

RY ——— UH)

|

(AY)p — PU(H) (2.21)

bl

|—|i 2, — (e},
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via the identification N;; = AY| 2,;- In other words the subgroupoid Ré\(’) is the S!-central exten-

sion associated to the twisted groupoid (AY = M, 09oma), where w4 : AY — M is considered

as a morphism of groupoids. This discussion is of course in agreement with Proposition 1.14.
Hence we can denote

RY = Rogor. (2.22)

that is, Ré\(’) is the central extension groupoid associated to the twisted groupoid (AY = M,
o0 © 7TA).
As in Remark 2.6, we have a decomposition

C (Rogon,) =D C} (A%, (09 0 wa)").

nez

Since, the inclusion of extensions (2.18) is S]—equivariant, we have that the index morphism
(2.20) respects the Z-grading

Index,, : (P K*(A9, (0poma)") — D K*(¥.0"). (2.23)

nez nez
Consider the projection A*¥¢ ZA5 M and the pullback of oy to get the twisted groupoid
(A*g = A*Y, 090 JTA*).

Associated to this twisted groupoid we have a central extension given by the pull-back diagram

Rogorm 4 R, U(H)
|_|A*g|9ij 7— I_]*Qij ? PU(H) (2.24)
L]A*Y| g, L] %2 {e}.

As in the untwisted case, we have the following proposition.

Proposition 2.11. The fiberwise Fourier transform gives an isomorphism of C*-algebras

CF(Roporrp) = CF (Rogor v ) (2.25)
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which preserves the grading under the S'-action. In particular we have an isomorphism between
the correspondent twisted K-theory groups

K*(AY,000my) = K*(A*g,do OJTA*).

The right side is the twisted K-theory of the topological space A*9 with the pull-ball twisting
(7 4%) " 00.

We will prove the proposition above in the more general case of vector bundles. Indeed, given
a vector bundle E %> X and a twisting 8 on X, we can consider two twisted groupoids: the first
is (E, Bomg) where E = X is considered as a groupoid and 7 as a groupoid morphism, and the
second is (E*, 8 owg+) where E* = E* is the unit groupoid with the twisting on the topological
space E*.

Proposition 2.12. The Fourier transform gives an isomorphism

Cr(Rpony) = Cr (Rporp.)

which preserves the grading under the S'-action. In particular we have an isomorphism of C*-
algebras

CHE.Bomp)=CH(E.fomgs).

Proof. We will give the explicit isomorphism C;(Rgox,) i CY(Rpony). It is defined
at the level of CZ°(Rpgor;) as follows: Let f € C°(Rgonz), and [(mij,u)] € Rgonp =
Ui,j(E*|-Q;_/ xpu(H)y U(H)) (see diagram (2.24) above). We let

Z (O ([(mij, w]) = / e M%) f([(X,w)])dX. (2.26)
Eﬁ(nij)

For [(77,']', u)] S Rﬁong = Lli,j(E*LQij XPU(H) U(H)) and X € En(mj), we have

[(X,uw)] € Rpor, = I_l(EI.Q;, xpyca) U(H))
i,J

by the definition of the morphisms B o g (2.21) and f o mg= (2.24). It is also immediate that
this function is S'-equivariant.

Now, as in the untwisted case, the function .% ( f) is not compactly supported. But it can be
shown that it satisfies a Schwartz (rapid decaying) condition in the direction of the vector fibers
of E (see for instance Proposition 4.5 in [8]).

Let us first assume E = X x RY. We remark that we are not assuming triviality of the twisting
B on X. In this case we have a very clear description of the extension groupoids: First for £ = X,

ngoﬂE :Rﬂ x RY :{I_l.Q,',

1
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where RY is considered as an additive group and Rg is the extension groupoid associated to
(X, B). Then for E* = E*,

Rgomp« = Rpg X R? qui x RY,

1

where R? = R7 is considered as an unit groupoid (R? as a total space). Then, under this situa-
tion, it is immediate that

C} (Rpory) = Cf(Rp, (Co(R?), %)) and  C;(Rgony.) = CS(Rp, (Co(RY), ")),

where in the first Co(R?) we have the convolution product and in the second the point-wise
product. Since the product on C;(Rg, (Co(R?), %)) is given by (at the CZ°(Rg, (Co(R?), x))
level)

(f*g)(r)=f(r)*g(r),

we obtain, thanks to the continuity of the Fourier transform, that .# gives an isomorphism
C;’((Rﬂong) = C;(RﬂonE*)

For a non-trivial vector bundle E, in order to see that .# gives the desired isomorphism from
CY(Rgorg) t0 Cr(Rpox »+) We may use trivializating charts of the vector bundle E and consider
the correspondent decomposition of Cf(Rgox;) as in Eq. (15) in [8] (see Proposition 4.5 in [8]
for more details). O

Now we define the index analytic morphism for the twisted groupoid (¢, o) which agrees
with the usual analytic index morphism for the groupoid ¢ when the twisting o is trivial.

Definition 2.13. Let (¢, o) be a twisted Lie groupoid. The analytic index morphism for (¢, o),

Index, (v ) : K'(A*Y, n*09) — K'(9,0) (2.27)

is defined to be the composition of the Fourier isomorphism from Proposition 2.11 and the degree
one term of the index morphism Index,, (2.23).

2.3. Properties of the twisted analytic index morphism

In this section we will establish three properties of twisted analytic index morphisms. These
are the analogs to the axioms stated in [2] and will allow us to prove a twisted index theorem for
foliations and in general we can then talk of a twisted index theory for these objects.

Notation. We recall for the benefit of the reader that K*(¥, o) denotes the K-theory group of the
reduced twisted groupoid C*-algebra K_.(C}(¥, o)) unless specified otherwise (Definition 2.8
above, see also [33]). In particular if o is trivial we will be often using the notation K*(¥) for
the respective K-theory group of the reduced groupoid C*-algebra. Also, when the groupoid is a
space, this notation is consistent with the notation for the twisted topological K-theory.
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In [33] (Proposition 3.7), the Bott periodicity for twisted groupoids was stated, we prove now
that the Bott morphism is compatible with the twisted analytic index morphism.

Proposition 2.14. The twisted analytic index morphism ind, (« ) is compatible with the Bott
morphism, i.e., the following diagram is commutative:

Indexa,(cg,(,)
K*(A*Y, m*00) K*(¥Y,0)
Bottl \LBott
K*(A*Gx,R?, *(0 o p)o) K*(% xR?,0 0 p)
Indexu,(‘ﬁ ><]R2.aop)

where p : 9 x R* — 9 is the projection.

Proof. We use the same notations as above, in particular we note R,, = Ré‘g x {0} U Ry x (0, 1]
the deformation groupoid (as in (2.19)) which gives rise to the twisted index morphism (2.23) for
(¢, 0). It is immediate to see that the corresponding deformation groupoid for o o p is simply
R, x R2.

Now, the Bott isomorphism considered here is the usual Bott isomorphism for K-theory of
C*-algebras, i.e., given by the product with the Bott element in Ko(Co(R?)). The product in
K-theory (for C*-algebras) is natural, so in particular it commutes with morphisms evg and ev;.
Hence, the following diagram is commutative

Index,,
m
K*(R)) <— K*(R,) ———— K*(Ry)
Bott l = Bott J/ = Bott J/ = (2.28)

K*(R3 x R?) <— K*(R, x R?) — = K*(R, x R?).

\/

Indexw B2

All the morphisms in the diagram above respect the Z-grading under S'-action, hence the propo-
sition is proved. O

The second property is related with the inclusions of open subgroupoids. Let 4 = 4© be
a Lie groupoid and .77 = 2 © be an open subgroupoid. We have the following compatibility
result:

Proposition 2.15. Let 5 s & an inclusion as an open subgroupoid. The following diagram is
commutative:
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Indexm(%aﬁo_,v)

K*(A*2,7n*(0 o j)o) K*(,00))
i l lj!
K*(A*Y, m*00) K*(4,0)
Index, (% o)

where the vertical maps are induced from the inclusions by the open inclusion j.

Proof. We use again the notation of the proof of the proposition above. We observe this time
that the deformation groupoid R,,,; which gives the twisted index (2.23) for (J,0 0 j),is an
open subgroupoid of R, . The following diagram is obviously commutative

Indexlmi

TN

K*(RY ) < K*(R,.,) —'= K*(Roo))

0poj ~ looj
i l i i A i (229)

K*(R(IT\(’)) % K*(R,,) o K*(R,).

~_ -

Index,,

The proposition easily follows from the diagram above and the fact that all the morphisms in
(2.29) respect the Z-grading under S'-action. O

The last property (Proposition 2.17 below) involves in some way the compatibility of the
twisted index morphism with the product in twisted K-theory. The idea is originated from Theo-
rem 6.2 in [16] and the work of Connes on tangent groupoids (see [14]).

2.3.1. Thom inverse morphism in twisted K-theory

Let N — X be areal vector bundle. Consider the fiber product groupoid N x x N = N over X

whose Lie algebroidis N @ N 2 N.Note that the groupoid N x x N =% N is Morita equivalent
to the unit groupoid X = X, that is, there is an isomorphism in the Hilsum—Skandalis category

NxxyN-% x.

Debord, Lescure, and Nistor showed in [16] (Theorem 6.2) that, modulo Morita equivalence
isomorphism, the analytic index morphism for the groupoid N xx N = N:

Indexa_NXX N

K*(N & N*) K*(N xx N),
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is the inverse of the Thom isomorphism for the vector bundle N & N 2% X. In other words the
following diagram is commutative:

K*(N & N*) — = K*(N @ N*)

Index, nxy N l l Thom™! (2.30)

K*(N xx N) 7‘ K*(X).
We will briefly recall the steps of the proof of the above assertion since we are going to follow
similar steps in the twisted case. We recall that analytic indices for groupoids are realized by
deformation groupoids. This point of view is essential for the proof of the above assertion in [16].

Indeed, they consider the tangent groupoid of N x x N, which they called the Thom groupoid,
denoted by Zx. Hence the above diagram takes the following form

~

K*(N @ N) , K*(N @ N*)
Fourier
evall
K*(yN) = | Thom™! (2.31)
evll
K*(N xx N) — = K*(X).
(N xx N) ~ (X)

They consider first the morphism Ty := Fourier o Thom : K*(X) — K*(N @ N), the first pointed
arrow below (in terms of KK-elements). Then, the main part of their proof is to construct the
morphism 7 : K*(X) — K*(Jy) such that its corresponding evaluations make the following
diagram commute.

1R

K*(N ®N) Fourier K*(N ® N*)
-
ev&ll .
S
K*(IN) gy = | Thom™! (2.32)
~. B
evll T
T

K*(N xx N) — K*(X).

Let us now discuss the twisted case. Given a twisting 8 = {(£2;, B;;)} on the space X with
an open cover £2 = {£2;} of X. The bundle N @& N* has a complex structure, hence we have the
Thom isomorphism (see [7,23]) in twisted K-theory

Thomg : K'(X, B) .k (N @ N*, 7% B), (2.33)

where N @ N* is seen as a total space and 7 8 is a twisting in the classic sense.
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We will give now a KK-theoretic description of this isomorphism (modulo Fourier isomor-
phism). Consider the associated groupoid N @ N =% X (using the vector bundle structure) and
the corresponding groupoid twisting 8 o wx, where my : N @ N — X is seen as a groupoid mor-
phism. Consider the S I_central extension associated to the twisted groupoid (N @ N, Bomy):

S' — Ryen.p — (N ® N)p. (2.34)

Hence,

(NoNyg=| |[NoN); =] |2 and
ij i
Ryan.p=|_|(N ® N)ij xpuan UH) = |_| 2,

i,j i

Bomx

where the pullback is taken by the groupoid morphism (N & N)g — PU(H). Similarly, we
have the S!-central extension associated to (X, B):

S'— Ry s — X, (2.35)

where Xg = |—|i,j 2= |—|i £2; and Ry g = |_|i,j i xpyy UH) = |—|i £2;.

We are going to describe an element of KK*(Rx g, Rygn,g) which realizes the twisted Thom
isomorphism (2.33) modulo Fourier isomorphism. Let g : Rygn,s — X be the composition of
the obvious maps

Ryenp — (N@®N)y — | |20 — X.

1

Let us now construct the (C*(Rx, g) — C*(Rygn,p))-Kasparov bimodule 3. It is the comple-

tion of C® (Ryen.p.q* AN & N) ® 27) with respect to its C®°(Rygy 5. £22) C C*(Ryan.p)
valued inner product:

(€. 1)(y) = / [EGD 0 yoy:  foréne CE(Ryan.p, a* AN & N) @ 2%),
Yin=y

where ( , ) denotes the interior product on the (canonical) Hermitian bundle N @& N, and the
integration is as usual over the resultant 1-density.
The right module structure is given by

ENG) = / E)f (),

Yin2=y

for & € C°(Rygy.p.¢* AN @ N)® £22) and f € C®(Rygy 5. 22).
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The left C2°(Rx,g) action on C2°(Ryegn,g, 4" AN ® N) ® .Q%) is given by
&) =g(r() - £,

for £ € C°(Rngn,g. 94" AN ®N) ® .Q%) and g € C°(Rx,p), where 7 : |_]l.j(N @ N);j —
L, ; §2ij is the canonical projection.
We let Fy to be the endomorphism of %), densely defined on C°(Ryegn,g, " AN ® N) ®
1
£22) by

Fos(v, w) = / e"(w_w/)'”/C(v +iv')s(v, w') dw'dv’, (2.36)
(w’,v")eNy xN§
where C denotes the Clifford action of N @ N on A(N & N).

Proposition 2.16. With the notations above, denote by
Tp:Ki(X,p) —= K'(N® N, 7}p).

the degree one morphism (with respect to grading (2.23)) induced by the KK-element [y, Fy] €
KK*(Rx,g, Rnon,p). The following diagram commutes

T, .
Ki(X,p) . K'(N® N,y B)

= l l Fourier=

~

i _ = ki * %
K'(X,pB) Thomy K'(N @ N*, 7y B).

In particular the morphism Tg is invertible.

Proof. When the twisting B is trivial, the statement reduces precisely to the one on Proposi-
tion 6.1 in [16], together with comments and remarks below it. Then, in this case we already
have the result. For general case, the claim follows from the Mayer—Vietoris sequence in twisted
K-theory for groupoids in [33], Proposition 3.9. 0O

We can state the following proposition which is the twisted analog of Theorem 6.2 in [16].
Proposition 2.17. With the above notations we have the following commutative diagram:

Fourier =

Ki{(N@® N*,7*g) ———— K/ (N@® N, n*B)
Index, (vx yN.go.) l J/ Tf;l (2.37)

K (N xx N,Bo.#)

K (X,B).

Morita=
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Proof. Consider the deformation groupoid which realizes the twisted index morphism for

(N xx N,Bo.#):
ngmn = RNEBN,JT*ﬂ x {0}u RNXXN,ﬁo% x (0, 1].

That is, its deformation index gives the element [evo]_1 ® [evi] € KK(RNgN, 7 g, RNxxN,Bo.t)
whose degree one induces the analytical index morphism Index, vxyn,go.#), modulo the
Fourier isomorphism.

We will define a KK-element in KK(Ry g, Rgwan) in the following way: let .5 be the
C*(Rgwan)-Hilbert module completion of C2°(Rgun, g* A(N @ N)) where g : Rguan — X is the
obvious projection (using the target map of Rgiwn for instance). The endomorphism of J#” is given
by

W*w/ / d /
Fs(v,w,t) = / T C(v—i—iv/)s(v,w/)dw’t—:, (2.38)
(w’,v")eNy x N}
for t+ # 0 (where n = dimy,; N) and by Fy for + = 0. We obtain an element [J7, F] €

KK(Rx. g, Rgwan). Denote by Tgun : K(Rx g) — K(Rguan) the induced morphism in K-theory.
It fits by construction in the following commutative diagram:

K(Ryen,p)

/Tﬂ/ T

Tﬁmnﬁ- K(Rﬂ[an) (239)

K(Rx.p)
€]0Tﬂmn \Lm
\

K(RNxxN.8)-

To conclude the proof it is enough to show that .# o ej o Tgwn gives the identity in K (Ry g).
Now, as a KK-element, Tgun @ e; @ .# € KK(Rx g, Rx pg) can be represented by (Hg, F)
where

HAE=<L2( I_I NXXSI,AE)) N
liel,xe$2;) xel %2

and the vector bundle is the pullback of AE by the canonical projection | | tielxe@) Nx X S I
Ll; $2i — X. The operator Fj is as the operator F evaluated at = 1 but identified with a contin-
uous family of Fredholm operators acting on Lz(Ll{ieI,xEQi} N, x S', AE) by

Fis(x,v) = / ei(v_w/)'”/C(v+iv/)s(x,w’)dw/dv/.
(w’,v")eNy XN}

The Lemma 2.4 in [15] applies here and we have then that (H 4 g, F1) defines the unit element of
KK(Rx g, Rxp). O
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3. Longitudinal twisted index theorem for foliations

Consider the case of a regular foliation (M, F') with a twisting o on its leaf space M/F in
the sense of Definition 1.9, by using the holonomy groupoid ¢ of (M, F). The induced twisting
on M is denoted by op. Recall that the Lie algebroid AY is F — M. In this section, we define
the topological index for (M/F, o) and show that it agrees with the twisted analytical index
morphism for (M/F, o).

3.1. Twisted topological index for foliation

Let i : M < R*" be an embedding and T be the total space of the normal vector bundle
7+ T — M to the foliation in R?" with T, = (ix(Fx))* for x € M. Consider the foliation
M x R¥" given by the bundle F = F x R¥" — M x R?" . This foliation has G =9 xR =
M x R?™ as its holonomy groupoid equipped with the pull-back twisting, still denoted by o. The
map (x, §) — (x,i(x) + &) identifies an open neighborhood of the 0-section of 7 with an open
transversal of (M x R?" F), that we still denote by T’ with the projection 777 : T — M. Denote
by N the total space of the normal vector bundle to the inclusion 7 C M x R?>". We can identify
N with a small open neighborhood U of T in M x R>".

We use the following diagram to streamline the above notations

N@N = NxTNHNHU P F><]R2”’ G —2 PU(H).

S |

T<—>M><R2’" — {e}

NEY

00
M= -2~ PUH)

where w1 denotes the projection to the first component, and o denotes the restriction of the
twisting o on ¢ to the unit space M. As T is an open transversal to the foliation F on M x R*",
its normal bundle N is the pull-back of F = m; F to T. We can see that N = 77 F as vector
bundles over T. Under the identification N and U, N x7 N = N @ N is the total space of F lu.
Hence, there is a canonically defined projection 7y making the above diagram commutative. The
same arguments imply that the total space N @ N* (as a vector bundle over T') is diffeomorphic
to the total space F* x R2" (as a vector bundle over M).

Lemma 3.1.

(1) There exists an open neighborhood U of T in M x R¥™ such that the holonomy groupoid
of Fly over U is strictly isomorphic to the groupoid N xt N == N associated to the sub-
mersion N — T. The latter groupoid N xt N = N is Morita equivalent to the groupoid
T=T.

(2) Let w: (N xr N = N) - (T = T) be the Morita equivalence isomorphism of Lie
groupoids, j: N X7 N = G|y < G x R be the inclusion as an open subgroupoid, and
p: G x R — 4 be the projection. Then the twisting oo o T o |4 agrees with the twisting
o o po joverthe groupoid N x7 N = N.
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Proof. The proof follows from the above commutative diagram and the fact that 7 is an open
transversal to the foliation F on M x R*". 0O

This lemma enables us to define the twisted topological index of (M, F, o) which agrees with
the Connes—Skandalis’ longitudinal topological index of (M, F) when the twisting is trivial.

Definition 3.2. By the rwisted topological index of (M, F, o) we mean the morphism

Index; (v/r.0): K'(F*,000onp) —> K'(M/F,0):=K'(¥,0)

given by the composition of various isomorphisms in twisted K-theory of topological spaces,
functoriality of open embedding and Bott isomorphism in twisted K-theory of groupoids

. Bott . = .
Ki(F*,000mF) —— K/(F* x R (6 0 p)yonr) —> K'(N & N*, 00075 0 7y)

= \L Thom™!

K'(N x7 N,oopoj)<— K'(N xr N,ogonrop) ﬁ Ki(T,o00mr)

. ) Botr™!
K'(Y|y,00poj)

K{ (% xR o o p)

K'(¥,0).
(3.1)
3.2. The twisted longitudinal index theorem
For a regular foliation (M, F) with a twisting o the space of leaves, that is, a generalized

morphism from the holonomy groupoid M/F to PU(H), we have the twisted analytic index
morphism (Definition 2.13)

Indexa,(M/F’g) : Ki(F*,G() OJTF) — Ki(M/F,G).

The main theorem of the paper is to establish the equality between the twisted analytic index and
the twisted topological index for (M/F, o) which generalizes the longitudinal index theorem of
Connes and Skandalis (see [15]) for the trivial twisting.

Theorem 3.3. For a regular foliation (M, F) with a twisting o : M/F — — = PU(H) we have
the following equality of morphisms:

Indexa,(M/F,g) = Index,’(M/F,g) : Ki(F*, op © JTF) — Ki (M/F, O‘). (3.2)

Proof. We use the same notation and terminology of the definition of the twisted topological
index for (M /F, o). Notice that the analytic twisted index morphism is compatible with the Bott
isomorphism (Proposition 2.14)
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. Bott .
Ki(F*,0007F) —>= K'(F* x R (0 0 p)g 0 7F)

Index, (% o) l l Indexu,((;_aop)

K (M/F, o)

K' (% xR oo p)

Bott

and open inclusions of subgroupoids (Proposition 2.15)

Ki(A*G|y, (0 o pojlon) —= K (F* xR (0 0 p)yomr)

Indexa.(g‘uﬂop) l l Indexar(céﬁop)

K@y, 00poj) K\ (% x R¥™ g o p).

We only need to check that the analytic index morphism for (U, F|y),

Index K'(A*9)y, (@ opojlon)— K (Gly,00po))

a.(G|y.oopo)) *
agrees with the composition of the following part in the definition of the twisted topological
index for (M/F, o),

) Thom™' . Morit L.
K'(N®N*.0ponpomy) ——> Ki(T,00077) ——> K|y, 00 poj).

Note that A*¥?|y = N @ N* as vector bundles over U = N. That is, the twisted analytic in-
dex morphism (modulo the Morita equivalence isomorphism) is the Thom inverse for twisted
K-theory of Lie groupoids as in Proposition 2.17. Hence, we finish the proof of the twisted lon-
gitudinal index theorem. 0O

What we just proved in the last theorem is that any index morphism for foliations with twist-
ings satisfying the three properties in Propositions 2.14, 2.15 and 2.17 is equal to the twisted
topological index.

Indeed, if IND s p) is any such index morphism for twisted groupoids, the three mentioned

properties imply that the following three square diagrams are commutative precisely by the same
arguments as the proof above

Bott ~ . - ~
K*(F* ogomp) — K*(F*XRzm,(aop)OoyrF) <~— K*A*Y |y . A¥Y |y, (0opojyon) <—— K¥*(N®N* oponpomy)

IND 1

IND(M/F,0) IND(4)

(M/FXRzm,Oop) U -o0poj) Thoz\[‘

K*(M/F, o) ?— K¥(M/F xR2" 5 0 p) D — K*(G\y.o0po)) -T K*(T, 00 077).
ott J! orita

Hence, the big diagram is also commutative, and we obtain the equality INDy/Fo) =
Index,,(M/F,g).
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Remark 3.4.

(1) There is a second definition of the twisted analytic index using projective pseudo-differential
operators along the leaves which also satisfies the three properties in Propositions 2.14, 2.15
and 2.17. We will return to this issue in a separate paper.

(2) The proof of the longitudinal index theorem we propose is not exactly that of Connes and
Skandalis (see [15]) but more in the spirit of the index theorem proved in [8], Theorem 6.4,
which is based on the fact that the Thom (inverse) isomorphism can be realized as the index
of some deformation groupoid [16].

4. Wrong way functoriality

In this section we construct a push-forward map in twisted K-theory for any smooth ori-
ented map from a manifold to M/ F, the space of leaves of a foliation (M, F). This construction
generalizes Connes—Skandalis’ push-forward map in K-theory for any K-oriented map from a
manifold to M/ F. The main result will be the functoriality of these wrong way morphisms.

Throughout this section, we assume that with respect to an open cover {Uy} of M and the
foliation charts

ko Uy =ERP x R?T — RY,
the twisting o on M/ F is given by a PU(H )-valued 1-cocycle
Ug
Oup gUa — PU(H).

Recall that in [15] a smooth map f : W — M/F is given by a principal right ¢;-bundle
over W,

9 Dy
W M’

and f: W — M/F is called a submersion if the map s s is a submersion. Equivalently, a smooth
map f: W — M/F is given by a &j;-valued 1-cocycle (£2;, fi;),

f,'jZ.Qiﬂ.Qj—>gM, “4.1)
with respect to an open covering {£2;} of W such that

fij(x)o fix(x) = fir(x)

for any x € §£2; N §2; N §2;. Note that f;; : §2; — M due to the fact that f;;(x) o fi; (x) = fii (x)
for any x € £2;. We always assume that for each £2;,

fii(82;) C Ugq)



4972 P. Carrillo Rouse, B.-L. Wang / Advances in Mathematics 226 (2011) 4933-4986

for a chosen foliation chart Uy ;. In particular, the pull-back twisting of o by f on W, denoted
by f*o, is the composition

Uy (i
fro =0u(i)a(j) © fij: 2N 2; —> gUoz(§§> —> PU(H).

Let vy be the transverse bundle to the foliation F, that is, (vp)y = Tx M/ Fyx. One can check
that the local vector bundles f7;vr can be glued together using f;; to form a real vector bundle

over W. We denote this vector bundle by f*vp. A map f: W — M/F is called oriented if
TW & f*vF is an oriented vector bundle over W. The orientation twisting of TW & f*vr,

orwe vy - W — — > PU(H)

is equivalent to a trivial twisting if and only if TW & f*vp is K-orientable.
We are now going to construct the push-forward map, with a possible degree shift given by
d(f)=dim(W) 4+ rank(vr) mod 2,

fi: K*(W, f*o +orwa ) — KD (M/F, o) 4.2)

associated to any smooth oriented map f : W — M/F and a twisting o : M/F — — > PU(H),

where f*o is the pull-back twisting on W, and 07 xg + is the orientation twisting of TW @ vr.
Let

be a factorization of f such that j is oriented and proper, and g is a submersion. Such a factor-
ization can be found in [13,5] using the foliation microbundle associated to a Haefliger structure
on W. According to [7], there is a push-forward map in twisted K-theory for any proper map
j:W—=Z,

jiK*(W, ffo +orwerp) — K*(Z,8%0 + orzeg ;).
Therefore, we only need to establish a push-forward map for any submersion g : Z — M/F,
K*(Z, f*o +orzegw,) — K*(M/F,0),

and show that fj = g o ji doesn’t depend on the choice of the factorization f =g o j.
Let f: W — M/F be a submersion, that is, with respect to an open cover {§2;} of W, there
is a ¥)-valued 1-cocycle {£2;, f;j},

ﬁjl.Q,'ﬂ.Qj—)gM
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such that f;; : £2; — M are transverse to the foliation F. Denote by Fy = f*(F) the pull-back
foliation on W given by the kernel of the homomorphism (independent of i and integrable)

modfii: TW|g, — TM —> TM/F,

with the induced foliation charts given by ko) o f;; : §2; = Ugqqy — RY. Note that the transverse
bundle to the foliation Fy, denoted by vp,,, is isomorphic to f*vr, the pull-back transverse
bundle.

Denote by %y = W the holonomy groupoid of (W, Fy). In [15], Lemma 4.2, Connes and
Skandalis give an explicit (left) action of %y on ¥;. In terms of Hilsum-Skandalis morphisms
(Definition 1.1(i) in [22]) this means precisely that there is a generalized morphism f Yy —
%) given by the graph & seen as a ¥ -principal bundle over %y,

LN

or equivalently that we can factorize the submersion f : W — M/ F as follows

W ! M/F
\ / (43)
pw f

W/ Fw

where pw : W — W/ Fy is the natural submersion given by the inclusion of W into the unit
space W/ Fy . Denote by f *o be the pull-back twisting on W/ Fy, then f*o is equivalent to
the restriction of f*o to the unit space of %y . Note that twisting o W f*vr 18 equivalent to the
twisting o, ~as

TW® f*vp Z=Fw ®vpy, @ fvr = Fyw @ f*(vr ® vp),

and vr @ vf has a canonical Spin© structure. Hence, we have the following Thom isomorphism

(ct. [7])
K*(W7 fro +0TW€BVFW) = K*(W, fro +0FW).

Definition 4.1. The push-forward map for the submersion py : W — W/ Fy is defined to the
composition of the Thom isomorphism in twisted K-theory and the twisted analytic index of
(W/Fw, f*o),

Thom Indexay(W/FWj*U)

(pw): K*(W. f*o +or,) —_= K*(Fy. 7}, f*o)

K*(W/Fw, f*o),

with the degree shifted by the rank of Fy . Here 7 is the projection Fy, — W.
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Now we are going to construct a push-forward map
fi: K*(W/Fw, f*o) — K*(M/F,0) (4.4)
associated to the morphism f: W/Fw — M/F.

Remark 4.2. Note that our index morphisms take values in the K-theory groups of reduced
C*-algebras (see (2.13)). However, to be precise in the construction of the morphism (4.4), we
must in what follows, take everywhere the K-theory of the maximal C*-algebras instead of the
reduced ones (see again (2.13) and Remark 2.4). This wont change anything for those groupoids
which are amenable (manifolds, vector bundles) for which we are going to use some results
from [7]. Also, it is immediate that if the main result, Theorem 4.10, hold for the K-theory of the
maximal C*-algebras, then it holds for the K-theory of the reduced C*-algebras by considering
the canonical projection from the maximal to the reduced algebras. We decided to work with the
maximal algebras to simplify the arguments of the proofs, but a direct proof at the reduced level
is indeed possible by considering the construction of (4.4) as indicated in [11].

Note that a generalized morphism f : W/Fw — M/F can be equivalently described
(Definition—Proposition 1.1 in [22]) by a strict morphism of groupoids

fr: @Gw)r — Gu)r (4.5)

between the étale groupoids obtained from the restriction to some complete faithful transversals.
The way of relating the morphism f with f7 is by means of the Morita equivalence between an
holonomy groupoid and the étale groupoid obtained by restriction to a transversal. In our case
we have a commutative diagram

~

YGw Gu
Mw T ~ ~ T My (4.6)

“Gw)r — “)T,
fr

where . stands for the corresponding Morita equivalence. We briefly recall the construction of
fT :(%w)T — (9y)r (in detail can be found in [22], specially in Definition—Proposition 1.1 and
Subsection 3.13).

Recall that the foliation Fy is constructed locally from the foliation chart

ii kai
ki Z.Qi i) Ua(i) —(; R4 (47)

where {ky(;) : Uyiy — R?} is the foliation chart defining the foliation F on M. Let .7; be a

transversal of the foliation Fy on £2; defined by choosing a right smooth inverse to k;. For each
foliation chart k, : U, — RY, we can choose a smooth connected transversal

k' iRY —> Ty C Uy,
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in particular, ky o k;; = Jd. We can assume that {.7,} are pairwise disjoint and f;; defines an
embedding

fit T — Tai 4.8)

where .7,;) is a transversal of the foliation Fj; on Uy(y. Let Zw = | |; 7 and Ty =||; Ta(i)-
We have then the restricted groupoids

@i = o7 =T ad e =] @) = T
ij ' ap

Recall that by definition f is given by a cocycle {(£2;, f, 7)}i on Yy with values on %j. The
strict morphism of groupoids

fi
G —= D)7

.

Tw ———— Ty
o

is defined as the restrictions of the f, j to the (%V)g_, ie.,
J

I_li,j ﬁj

@y =L, ;&7 G)1y C Y.

Notice that the above map has its image in (¢);)7 by construction, where we are canonically
identifying (¢)s)1 as the sub-groupoid of ¥, given by

v €9u: s(v) € Zaiy. 1(¥) € Taip}-

Remark that Z3y is a complete transversal and that, by enlarging Zs, we can also assume
Ty is complete. Even more, in our case, the embedding fT(O) : Tw — T is étale (even we
can assume it is a proper open inclusion, see (4.7), (4.8) or Remark 1.4 in [22] for more de-
tails). In particular dim Z = dim .7y;. The groupoids (%w)r = Jw and (%y)7 = Ty are
étale groupoids. Hence, the two arrow manifolds have the same dimension too: dim(¥y)r =
dim «?W =dim yM = dim(gM)T.

Lemma 4.3. (See [20, p. 378], [15, Section IV], [22].) The homomorphism fT 9wty —
(9m) 1), is an injective étale map.

Now, given a twisting o : 9y — — = PU(H), by taking the refinement of the foliation charts
{U,} if necessary, we can construct as above a strict morphism of groupoids

or : (9u)r — PU(H),
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which defines a twisting on (¢,s)7. The C*-algebras of two Morita equivalent extensions are
also Morita equivalent [32,33]. Hence, we have

K*(M/F,0) = K*((9m)7. 071).

The twisting o7 and f}‘oT =oro fT induce the following injective immersions of groupoid
extensions

Ry — Ry

L s

“Gw)r T> ).

Taking the degree one index morphism associated to the immersion Ry < Ry as in (2.20), we
obtain a homomorphism

(o) K*(@w)r, fror) — K*(Gu)r, o1). (4.10)
We have the following lemma.

Lemma 4.4. With the notations above, the push-forward map
fi: K*(W/Fy, f*o) — K*(M/F, o) (4.11)

associated to f : W/ Fw — M/F given by the composition

K*(W/Fw, [*0) 2% k*(@w)r, Fror) L2 KX (Gror) 24 K*(M/F, 0),

where My and My denote the induced isomorphisms from the Morita equivalences (4.6), does
not depend on the choices of complete transversals.

Proof. Itis a direct adaptation of the proof of Lemma 3.14 in [22]. Just observe that we can also
apply Remark 3.12 in [22] in our context since the morphism f : W/ Fy — M/F is étale. O

The following two propositions will allow us to use the factorization (4.3) and the precedent
discussion to define the twisted pushforward map for any submersion.

Proposition 4.5. Let f: W — M/F be a smooth submersion and o :M/F — — > PU(H) be

a twisting. Let X LI W/Fw be another submersion. Let f: W/Fy — M/F and g : X/Fx —
W/ Fw be the associated generalized morphisms. Then fio g = (f o &)1
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Proof. By functoriality of the pullback foliation construction (for submersions) we have that
Fx = g*Fy = (f o g)*F). The commutative diagram of immersions of groupoids

“x)r Jrosr “u)r

&r /fri

G

induces the commutative diagram of immersions of central extensions

frog
Ry To8T Ry

ér /fT

Rw.

The functoriality of index morphism implies that the following commutative diagram:

- (frogr
K*(@x)7, (fr 0 §r)*or) - K*(@)r. o1)

K*((%w)T, (fr)*or).

Together with the functoriality of Morita equivalences, we complete the proof of f' og =

(fod) O

Proposition 4.6. Let (M /F, o) be a twisted foliation, g : W — M be a smooth submersion and
Fw be the pull-back foliation on W. Denote f = py; o g. Then

fi=(pm)'og:K*(W, f*o +0p,) — K*(M/F,0)
with the degree shifted by the rank of Fyw modulo 2.

Proof. Consider the commutative diagram

)4
W— - W/Fy

lg |

M——— M/FM.
Pm
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By definition, f; = f' o (pw):. We shall establish the following commutative diagram:

(pw)i -
K* W’ * - o * *
W, f*o +ory) —— K*(%w, f*o)
[dim W —dim M] | & fi 4.12)
(pm)
K*(M, 00+ oF) K*(9y,0)
[rank F]

where [n] denotes the degree shifted by n mod 2, note that rank Fiy = dim W —dim M +rank F.
Recall that (pw) and (pyy), are defined as the composition of the Thom isomorphism and the
analytic index morphism for (W/ Fy, f *o) and (M/F, o) respectively, see Definition 4.1. As
the push-forward map in twisted K-theory for topological spaces is compatible with the Thom
isomorphism (see [7]), we only need to show that the following diagram commutes:

Index

a,(W/Fy . f*o) -
K*(Fyy, 75, *0) - K*@w. f*o)
(drg): i (4.13)
K*(F*,m}0) K*(%y,0).

Indexay(M/FV{,)

By the twisted index theorem (Theorem 3.3), it suffices to show the following functorial prop-
erty for the twisted topological index morphisms:

Indextv(w/FWj*g)

K*(F}y, my, f*0) K* (. f*o)
(drgh fi (4.14)
K*(F*,m}0) K*(%y,0).

Index,,(M/pva)

To unravel the definition of twisted topological index (Definition 3.2), we choose two simul-

taneous embeddings M 2 ®R2 and W £% R2". Denote by Ty and Tw be open neighborhood
of the zero section in the normal bundles to the foliations Fj; and Fy in R?" respectively. Using
the notations in the definition of the twisted topological index and Theorem 3.3, we can identify
Ty and Ty with open transversals of the foliations (M x R2m F yand (M x R¥", F ) such that
the following diagram commutes:
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Ty —————> Uw

NN

W<————WxR™

v
Ty > Uw

M~<————WxR™

Here Uy and Uy, are small neighborhoods of Ty and Ty in M x R*" and M x R>”, and also
identified with the corresponding normal bundles Ny and N respectively.

Note that the twisted topological index is defined as the composition of the following five
homomorphisms, namely, Bott isomorphism and Thom isomorphism in twisted K-theory of
topological spaces, Morita isomorphism, functorial map for open embedding and Bott isomor-
phism in twisted K-theory of Lie groupoids. We now show that the twisted topological index is
functorial through the following five steps.

Step 1. Bott isomorphism in twisted K-theory of topological spaces is functorial.

Letiy : Fyy, — Fj, @ R and iy : Fiy— Fy® R2" be the obvious zero sections. Then Bott
isomorphisms are given by (iw ) and (ip7), respectively (cf. [7,33]). The derivate dg : TW — TM
induces dg : Fyww — F)y since in this case Fy = Ker(gy odg) where gy : TM — )y =TM/ Fy,
and Fy = Kerqy . Letting dg © 1d : Fy;, @ R — F T ® R?" be the K-oriented vector bundle
morphism, then the diagram

B
K*(Fw, 7}, (f*0)0) —== K*(Fw @ R™, p} 3, (f*0)0)
dg) J/ J/ (dg@ld), (4.15)
K*(FM,n}‘Mn;f,lao) — K*(Fy @ R™, },00)
ott

is commutative due to the functoriality of the pushforward maps in twisted K-theory established
in [7].
Step 2. Thom isomorphism in twisted K-theory of topological spaces is functorial.

d . . .
Denote by Ty ik § Ty the induced vector bundle morphism which comes from the short exact
sequences of vector bundles over W and M

0——Fy —= WxR"™ ——=Ty —=0

dgl gxidl drgl

0——Fy ——>= M xR ——=Ty —=0

Choose a bundle morphism /& = dg @ drg under suitable identifications W x R" = Fyy & Tw
and M x R"™ = Fy @ Ty . Note that Fy;, DR = Ny & Ny, and Fy; DR =Ny & Ny, as
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total spaces of vector bundles over Ty and T);s. We have the following commutative diagrams of
maps:

Fiy @R ——— Nw & Ny, <— Ty

wl | e

~

F}T/I@Rzm ;NM@N;,[ -~ Ty

where tyw and ty are the zero sections of the vector bundles Ny & N "jV — Tw and Ny © Ny, —
Ty . Hence, by the functoriality of Thom isomorphism in [7] and the fact that ¢; (in twisted K-
theory) coincides with the Thom isomorphism in twisted K-theory (see again [7]), we have the
following commutative diagram:

~ -1
K*(Fjy @ R*™ 7% (f*0)0) — K*(Nw & Ny, 73 (703 f*00)) Thom _ k*(Tw, Ty f*00)

(dgeah)!l (drgh
K*(F;I @Rzm,ﬂ;‘;}wdo) - K*(Ny @& N ,JTX,(JT/T,[U())) ﬁ- K*(TM,JTIT/IO'()).
Thom™

(4.16)

Step 3. Morita isomorphism is functorial. In the definition of the topological indices we can
choose the neighborhoods Uw and Uj, small enough such that the étale (generalized) morphism

fxid: @Tv — % restricts to an étale (generalized) morphism (f x id)|uy, : Nw X1y, Nw —
Ny X1, Ny (remember Uy and Uy are chosen such that ¢|y = N xr N). This last mor-
phism can be equivalently described (Definition—Proposition 1.1 in [22] or our discussion after
Definition 4.1) by a strict morphism of groupoids between the étale groupoids obtained from
the restriction to some complete transversals. In this case, using the complete transversals Ty
and Ty to the foliated manifolds (Uy, Fv/V|UW) and (Uypy, ﬁ:ﬂUM) respectively, it is easily

seen that (f;Td)wW is given by drg : Tw — T modulo the respective Morita equivalences

NxrN-LT.
By Lemma 4.4, the twisted K-theory morphism

(f X id)luy': K*(Gwluy. F*o 0 pw o jw) — K*@uluy. o 0 pu o ju)

can be defined as the morphism (d7 g), : K*(Tw, my, (f*0)o) — K*(Ty, wy,00) via the induced
morphisms by the Morita equivalences (independent of the choice of complete transversals).
In other words, the following diagram is commutative:

. Morita = —~ -
K* (T iy (o)) 22 KNy Xy N iy (F0)0) ——= K* @l o 0 pw o jw)

(drg): l J/ (T xid) |y )1

~

Morita = —~
K*(Ty, 73y00) ——— = K*(Nayg X1 Ny, T 70300) ———= K*(Gyluy. 0 0 py o jm)-

4.17)
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Step 4. Push-forward map for open embeddings in Lie groupoids is functorial.

The morphism f x id can be equivalently described by a strict morphism of groupoids be-
tween the étale groupoids obtained from the restriction to some complete transversals and it does
not depend on the choice of these. It is obvious that these complete transversals can be cho-
sen such that their restriction to the U’s give complete transversals for the restricted foliations.
Hence, by Lemma 4.4 and Proposition 2.15, the following diagram is commutative

— ~ . Jt —~
K*(%wluy, f*o o pw o jw) —= K*(%w f*o o pw)

((F xid) gy ) J/ (f xid), (4.18)

K*@luyo o pu o ju) —— K*(@u. 0 o py).

J

Step 5. Bott isomorphism in twisted K-theory of Lie groupoids is functorial.

For the final diagram to be commutative it is enough to observe that if T is a complete transver-
sal of (W, F) then T x R™ is a complete transversal of (W x R™, F' x {0}). We apply Lemma 4.4
and Proposition 2.14 to obtain the commutative diagram

~ o~ Bott™! ~
K* @, f*o 0 pw) ——> K*(@, f*o)
(f xid), J/ l fi (4.19)

K*(%m,0).

K* (9,0 0 pm) =
Bott

Putting together the commutative diagrams (4.15), (4.16), (4.17), (4.18) and (4.19), we estab-
lish the functoriality for the twisted topological index morphism. This completes the proof. O

We can now define the twisted pushforwards for smooth submersions.

Definition 4.7. The push-forward map fi: K*(W, f*o +orwg f+v:) = K*(M/Fy, o) for the
submersion f : W — M/F is defined to be the composition of the following maps

K*(W, £*0 + orwe o) —> K*(W, f*o + 0py) 225 K*(W/Fw, f*o)

N K*(M/Fy,0). (4.20)

We want now to give a definition for any smooth generalized morphism. We will need for that
purpose the following result.

Proposition 4.8. Let (M/F, o) be a twisted foliation and f : W — M/F be a smooth map.
Assume f factors in two different ways:
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2N

w— I M/F 4.21)

N L
Z>

where g1 and go are smooth submersions. Then (g1)1 0 (j1)1 = (g2)1 0 (jo).

Proof. First, letus assume j; and j, are submersions. Consider the factorization of g1 = g1opz,.
Putting h1 = pz, o ji, we have a commutative diagram

TS A

W/Fy —— Z1/Fz, ﬁ- M/F.

h1 81

By Propositions 4.6 and 4.5, we have (k1) = (1)1 0 (pw) = (pz,)1 0 (j1)1 and (§1)1 o (h)! =
(g1 oﬁl)!.Hence,

(g0 (= (@io(pz)io (= (@Dio(h)io(pw)= (&1 oh)o(pw).

Similarly, the commutative diagram

J1
w Z>
Wl \ / lm
hy Pz,
W/Fy —— Z>/Fz, — M/F
ho 81

implies that

(82)10 (j2)r = (82 0 ha)1 o (pw)r.

Then (g1): 0 (ji) = (82): © (j2): follows &1 0 iy = g2 0 ha.
For the general case, recall that Connes and Skandalis construct in [15] the following com-
mutative diagram:
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w—sz 5 M/F (4.22)

where Z is a smooth manifold, j is a smooth map and 71, 7> and g are smooth submersions.
The manifold Z corresponds to the fibered product of Z; and Z, over M/F (see also [5] for
further discussions). The desire equality follows immediately from the wrong way functoriality
in twisted K-theory for manifolds proved in [7] and the submersion case treated above. O

We can give the definition of the push-forward map for any smooth map f : W — M/ F where
M/ F is equipped with a twisting o.

Definition 4.9. Let (M/F, o) be a twisted foliation and f : W — M/F be any smooth map.
We define

fi: K*(W, f*o0 + orwe revy) — K*(M/F, o)

to be the composition g o ji for any factorization f = g o j through g: Z — M/F a smooth
submersion. Here the push-forward map

ji: K*(W, f*oo +orwary) — K*(Z,8%0 + orzag )

is established in [7], and the push-forward map g; for the submersion g is defined in Defini-
tion 4.7, with the possible shift on degree (see also Definition 4.1).

The main result of this section can be now stated.

Theorem 4.10. The push-forward morphism is functorial, that means, if we have a composition
of smooth maps

x 4w L myF, 4.23)
and a twisting o : M/F — — = PU(H), then the following diagram commutes
* * (fogh .
K*(X, (f og)* 0 + orxe(fog)*vr) K*(M/F,o0)

K*(W, f*o +orwe r+v;)
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Proof. Choose a factorization of f: W — M/F as W Lz 4 M /F where ¢q is a submer-
sion, then f o g = (g o j) o g is a factorization of f o g. Then the claim follows Proposition 4.8
and the functorial property of the push-forward map in [7]. O

We remark that when o is trivial and f : W — M/F is K-oriented (that is TW & vp is K-
oriented), then our push-forward map in Definition 4.9 agrees with the one constructed in [15].
Also, when the foliation consists on a single leaf (hence a manifold) but the twisting is not
necessarily trivial, we obtain otherwise the push-forward map defined in [7] by Carey and Wang.

5. Further developments

It is very natural now to use the wrong way functoriality studied in the last section to construct
an assembly map adapted to our twisted situation. Indeed, it is possible to adapt to foliations the
twisted geometric K-homology introduced in [35] by the second author.

As indicated in [11], we will obtain a twisted assembly map

Uo : KE(M/F,0 +0,.) — K*(M/F,0). 5.1

There are two very interesting particular cases: the first is when o is trivial, in this case we
recover the assembly map considered by Connes and Skandalis:

wr: KE(M/F,0,,) — K*(M/F),
and the second is when o = 0,., in this case we obtain the following assembly map:
w:KE(MJ/F) — K*(M/F,o,,).

The situation here is more subtle than the untwisted case since we have not developed the
appropriate pseudodifferential calculus and/or we have not discussed the construction of analytic
elements from (twisted) correspondences. In particular the understanding of these subjects will
lead us to prove and understand the bordism invariant of our twisted indices, and then, to under-
stand how the assembly map fits into some kind of S'-equivariant assembly map (we already saw
that our indices are naturally factors of an S'-equivariant index). We will discuss these topics in
detail in a forthcoming paper.
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