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Abstract

The Faber polynomials are presented as a coordinate system to study the geometry of the manifold of
coefficients of univalent functions.
© 2005 Elsevier SAS. All rights reserved.

Résumé

Les polyndmes de Faber sont présentés comme un systeme de coordonnées pour étudier la géométrie de
la variété des coefficients des fonctions univalentes.
© 2005 Elsevier SAS. All rights reserved.
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1. Introduction

We show how the methods introduced in [2] and [3] allow to do differential calculus on the
manifold of coefficients of univalent functions. The Faber polynomials (F)x>1 are given by the
identity [5,12]

(1.1

+
F; b,b,...,b
14 bjw +byw? 4+ -+ brw* - =exp Z (b1, b2 k)wk
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The polynomials (G ;) >1 and (K,f)n>1 , p € Z are given by

1 +00
=1 Gu(b1,by,...,b mn. 1.2
1+b1w—|—b2w2+...+bkwk+ +mZ::1 m (b1, b2 m) W (1.2)
(1+b1w+b2w2+"'+bkwk+"')p=1+ZKf(b1,bz,...,bn)w”, (1.3)
n>1

then G,, = KYZI and K,L = b,,. Important polynomials are also the (P,f)n>2, see [1, (A.1.7)]. If
f (@) =zh(z),

/ 2
<Zj:((zz))> [h@)] =" Ptk forkez. (1.4)
n>2

The polynomials (£3,),>0, (Gn)n>0, (K,’,j),@o, (P,]f)n>2 are homogeneous of degree n in the
variables (b1, by, . ..) where by has weight k. As in [1-3,7] let the function of the infinite number
of variables

(b1, b2y .. by ) = h(@2) =14+ biz+bog? -+ by 4.

On the infinite dimensional manifold of coefficients M = {(by, by, ..., b, ...)} of univalent
functions, consider the operators [3],
d 0 d
Wi=——-—bi7— — = b —--- forj>1. (1.5)
ob; 0bjiq 0bj 1k

For j > 1, it holds - [h(z)] =z/ and Wilh(2)] = —2z/h(z). We have (see [3])

W (Fpn) =ma,~m and W;(Gp)=Gpu-j X ly>;, (1.6)
%Wj -~ W,-% =— abfﬂ, and  W,W, =W, W,, (1.7)
WpWy + Wpig = Ig)ﬂ;)bkb FTS T +mabk+p (1.8)

Fork € Z, let
V= _;)K’]ﬁ]%ﬂ' (1.9)

We consider for j > 1 and a € Z, the operators (V aj )j>1 and for a =1, we put

ZK’+1 (1.10)
n>0 8bn+j
Then W, = V{, V' = =58, V; = v/, j > l and
VEVS —VsVE = (k—s)Vka:; forp>1, j>1. (1.11)

The differential operators (V;‘) j>1, k € Z form an algebra and for a € Z, the set of (V;lj )j>11s
a subalgebra since

VIV — VPV = a(j - py VI, (1.12)
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Let f(z) =zh(z). For j > 1, the vector field V; is the image through the map f — £~ 1 of the
Kirillov operator

Li= gt Z(n + Db

(1.13)
+J

Let x1, x2, ..., x;,, be the roots ofS” +b1$" 1 +b2$" 24 +by—1& + b, = 0 and consider
Newton symmetrlc functions 7 = x1 + x2 +---+ x , k > 1, it was proved in [3] that
wi(b1,bo, ..., by) = Fr(b1,by,...,b,) fork <n, (1.14)

where (Fy)r>1 are the Faber polynomials. This is a consequence of

+o00
Fi(by,ba, ..., b
log(l+b1w+b2w2+-~~+bkwk+~-~)z—Z (b i k)w"

k=1

(1.15)

or equivalently (1.1). With this identification, the exact coefficients of the polynomial Fy (b1,
by, ..., by), k > 1, have been calculated in [3]. The polynomials (Fi)x>1 are completely deter-
mined as homogeneous polynomial solutions of the system of partial differential equations (1.6)
involving (W;) j>1 (See [3]). The exact coefficients of the polynomials (G, ) and of all the (K 9]
have been given in [3].

The object of this note is to prove that the polynomials (K) are all obtained as partial deriva-
tives of the Faber polynomials and show how some of the recursion formulae on the polynomials
are related to elementary differential calculus on M. This is a step towards the classification of
Faber type polynomials (see [8]). In the last section, we give the example of the conformal map
from the exterior of the unit disk onto the exterior of [—2, +2]. This shows how to introduce non
trivial second order differential operators on the manifold M.

Main Theorem. We have forn > 1, k > 1,

3F,
T (1.16)
9 9 1 -2 o, -1
@ana—bkl(n :—Kn_kx lkgn, a—kan :pKn_k X lkgn,
82FJ o | 83FJ _ . |
bydby TR St > Lzt m ==2JK; " prirr) X Lizktptr-
For j>ki+ky+-+koki=1,... .k >1ands > 1,
dF; — (-1 | s |
m_(_)“‘ WK Gy bkottks) (T1)

Moreover forn > 1, k >
Kn(blab2a "'sbn)
=Kn_k(Gl(bl)5G2(b15b2)"-7G](b17b27 "bj)7~7Gn(b15b29"-9bn))' (T2)
In the notation, all functions are functions of (b1, ba, ..., by, ...).
The first (F,,) for 1 <n < 11, as well as the first (G,,) are shown in [3]. The (K}), p € Z,

p #0and n <5 are in [2]. In [3], an exact expression of the coefficients of all the polynomials
(Kl has been given. We explicit the first K,
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K?=2by, K2 =2bs +2b1by + 2bab3,

K3=2by+b3,  KZ=2bsby + 2bsby + b3 + 2bs,

K3 =2b3+2b1by, K37 =2bsby + 2b7 + 2byb3 + 2b1 bs,

K3 =2by+2b1b3 + b5,  K§ =2b7by + 2bsbs + 2bybe + 2bg + b3,

K} =3b;, K3 =06biby+b; +3b3,

K3 =3b3 4+3by, K3 =6b1b3 + 3bTby + 3bs + 3b3,

K3 = 6b1by + 3b}b3 + 3b1b3 + 3bs + 6bybs,

K3 = 6bsby + 6bsby + 3b3 + 3bg + 3bbs + 6b1babs + b3,

K3 = 6bsby + 3bsb? + 3b7 + 6bsbs + 6b1b + 6b1byby + 3b1b3 + 3b3b3,

K3 = 6b7by + 6b1bsby + 6b1babs + 3b}bg + 6bsbs + 3bsbs

+3byb3 + 6babg + 3bs + 3b3,

K} =4by, K§ = 12b1by + 4b3 + 4b3,

K3 =6b7 +4by,  Ki=12b1b3 + 12b}by + 6b3 + b} + 4ba,

K2 =12b1by + 12b3b7 + 1213 + 12byb3 + 4byb; + 4bs,

K¢ = 12b1bs + 12b3by + 24b1bybs + 12bybs + 63 + 4b3bs + 4b3 + 6b7b3 + 4bg,

K;2=-2b,,  K;?=-2b3+6biby—4b7,

K;2=3b —2by, K, 2 ="5b}+6b1b3 +3b3 — 12b7by — 2ba,

K52 = —12b1b3 — 4bs + 20b2b3 + 6b1by — 6b; — 12b3b7 + 6babs,

K¢ =3b3 + 30030} + 12bsb; — 12b3by — 4b3 — 24b1bybs + 6bobs
+ 758 — 2bg + 20b3 b3y — 30b2b7,

K372 = 12bsby + 6b1b — 12b1b3 — 12b3b3 — 24bbaby 4 42byb3 4 6babs — 2by
— 8b] + 60bab3b? — 30b1b3 — 60b3b3 + 20b3b + 20b3 by — 24bsh3,

Kg? = —12b4b3 — 60b3b} — 12b2b% + 105b3bT — 30b7bs — 120b2b3b3 — 12b7be
+ 5b3 4 60b7baby — 2bg + 6b7by + 12bsbs + 6babe + 60b3b3by + 42b3b3
— 48b1bsby + 30b7b3 + 3b7 + 9% — 56byb$ — 24b1babs + 40b3bs,

K3 =-3b, K3 =-3b3—10b} + 12b1bs,

K, P =6b} —3by, K, =15b{ +6b3 — 30bb} — 3bs + 12b1b3,

K5 = 12b1bs + 12b2b3 + 60b2b3 — 30b1b3 — 30b3bT — 21b3 — 3bs,

K¢ = 12bab) + 60b3 4 90b3b7 — 3b — 30bab? + 2855 — 60b3b1 b3 + 60b3b3
— 105b7by — 10b3 + 12bbs,

K% =4 x (=5b} +5b1by — bs3),

K> =5 x (14b] — 21byb7 + 6b1 b3 — by + 3b3).

An expression of K ,f can be obtained as follows, let

(D) =b1z 4+ brz® + b3 4+ + by,



H. Airault, A. Bouali / Bull. Sci. math. 130 (2006) 179-222 183

k
The line integral DX = ﬁ / ¢é’n(2 d& is equal to the coefficient of z” in ¢, (z)* and is of course

independent of p. For any p € Z, we have,

p(p—1)

p! p! p!

K7 = pb D; D; Dy — D). (T3

nE Pt P TR P TR +(p—n)" w (19
DF is the sum of terms having k factors in K¥ and

p__ P _pp—D--(p—n+l)

n

n‘(p—n)' n!
is the binomial coefficient. If b; #£ 0,
by bp—k+1
DEby, by, ... bn)_ka,’jk<b ”b—+) (T4)
1

Replacing in (T3) and iterating the procedure permits to obtain the exact expression on K, see
[3] and Section 4.2 below.
We have relations between the partial derivatives of the Faber polynomials as

G, G
TP K2 X 1,5 foralln>1, k> 1, and p >0, (1.17)
by by p n i
9%F, G 9%F, G
2” = —n n’ n = —n n . (118)
b3 aby b, 0by by 1
Let
Zb 0 _p0 b > Giw (1.19)
j =-b——-bp— —-— k—— =— jo .
> ob; b daby >
then
XoF, G d 02F, — (XoF,) Vr>=1,5>1 (1.20)
=-n an r =1, .
0 " by 9bs  Obys O
9 ] 9
—Xo—Xo0—=———. (1.21)
b, db; db;

This leads to the construction of differential operators on M which transform one polynomial
into the other. See Section 7.
On the other hand, from (T1), we obtain, see (3.19) and Section 4,

Main Corollary. The coefficients of the Schwarzian derivative of f(z) = z + b1z> + baz> +
by are given in terms of Faber polynomials and their second derivatives as

28(N)@) =2 = 3L = Xysy Pk where
Pr=—(k— 2)Fk(2b1, 3by,...,(j+ l)bj, .. )

1
— SKR(FI@2b1). Fa(2b1.3b2). ... Fi(2b1.3ba. ... (k + Dby) (C1)

2
and K,%(Fl (2b1), F»(2b1,3by),...) = k41-2 Ok 8b2 2(c1, 2, ..., L) is the second derivative Fyo

calculated at the point
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(c1,¢2, ..., cr) = (G1(F1(2b1)), G2(F1(2b1), F2(2b1,3by)), .. .,
Gk(Fl(Zbl), A Fk(Zbl, 3by, ..., (k+ l)bk))).

The tool is the composition of maps on the manifold M. We have

' (w)
h(w)

+o00
= —ZFk(bl,bz, ... ,bk)wk_l = —(Fl + Fhw + F3w2 + - )
k=1

The function f(w) = wh(w) =w + bjw? + byw? + - - - + b,w" ! + ... satisfies

wf/(w) g wh’(w)
fw) h(w)

=1 Felbr.by.....bw*
k=1

and g(w) = zis = w + 3,5 Gu(b1, b2, ..., by)w" ! 4 .- satisfies

= w
g(w) h(w)
From (1.23) and (1.24), we deduce
Fn(Gl(bl), Ga2(b1,b2),...,Gu(b1, b2, ..., bn)) + F,(b1,b2,...,b,)=0.

/ h'
wg(w)_l (w)=1+2Fk(b1,b2,---,bk)wk-

k>1

We consider the following maps from M — M,
F:(bi,by,....by,..) = (Fi(b1), Fa(b1,b2), ..., Fy(b1,ba, ..., by), .. )
Fflz(bl,bz,...,bn,...)—> (c1,¢2,...,¢p,...) suchthat
Fi(c1)=b1, Falcr,c2)=(b1,b2), ...,
Fqo(c1,¢2,...,¢0)=(b1,b2, ..., byn), ...,
G:(b1,by,....by,...) = (G1(b1), G2(b1,b2), ..., Gu(b1. b2, ....by),...),
S:(b1,ba,...,by,...) > (=b1,—ba, ..., —by,...).

The relation (1.25) means that G is obtained as the composition of maps
G=F'oSoF.

The first polynomials (Fn_l)n>1 defined by the map F~! are given by

_ _ 1
Fi' (b)) =—b and le(bl,bg)zi(b%—bz),

Fy (b1, b2, b3) = — (=B} + 3b1by — 2b3),

N =

_ 1
F; (b1, ba, b3, by) = I(b;‘ — 6b1by + 3b3 + 8b1b3 — 6bs),

—1 1 5 2 3 2
Fy' = (b} — 156163 + 10616y — 2061b3 + 20bybs + 30b1by — 24bs).

1
Fl= a(b? + 144b1bs — 15b3 + 45b3b7 — 15b2bT — 120b1bab3 + 90baby

+40b7b3 — 120bg + 40b3 — 90b7by),

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)
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1
gl
—280b1b3 — 210b3b3 — 105b3b3 + 105b1b3 + 420b3b4 — 720b;

+210b7bs — 630b1b2by),

F;' = = (=b] — 504b}bs + 504b2bs + 840b1be + 21b7b; + 420b2b7 b3 — T0b b3

1
Fgl= o (b} — 4032b1bybs + 1344b7 bs + 2688b3bs — 3360b1bg + 3360b2bs

+ 5760b1 b7 + 10565 — 420b3bF + 1680b1b3b3 — 112063 b2 b3
— 420b1by + 210b1b3 — 11200263 + 112b7b3 + 11206753 — 28b5b>
— 5040bg + 126055 + 2520b2b%bs — 1260b3bs — 3360b1b3bs).

WeputFo_l:1.Wehaveexp(—zj>1%zj):l—}-zk)le_l(bl,bz,.. , bk and—F_

1 .
F/ 1$V.] 22’
9 Fl=0 ifk>p+1, (1.27)
aby P - p ’
0 -t T R (1.28)
—_— = —— an — ifk<p. .
aby k b P K Pk p

Differentiating (1.25), we obtain systems of partial differential equations satisfied by the (F};),>1
and the (Fn_l). If p > 1 is an integer, we denote p x S the map

pxS:(b1,by,....by,...)—> (—pb1,—pba,...,—pby,...) (1.29)
and p x I the map

pxI1:(b1,ba,...,by,...) = (pb1, pba, ..., pby,...). (1.30)
Consider the maps, for p € Z, p #0,

K?:(b1,by, ..., by,...)— (Kl"(bl),sz(bl,bz),...,KJ'.’(bl,bg,...,bj),...).
We obtain for p > 1,

K P=Flo(pxS)oF, (1.31)

KP=F 'o(pxI)oF. (1.32)
This last relation shows that K? o K9 = K910 K? = KP4 for p #£0,q #0, p, g € Z. In particular,

it is enough to know the (K?) when p are prime numbers, to obtain all the other K?, p € Z, by
composition of maps. From (1.31)—(1.32), we see that
Fu(K{ P (b1), Ky P (b1, b2), ..., Ky " (b1, b2, ... by))
+ Fn(KiD(bl)’ K;(bl,b2)7 M K;f(blva 7b)’l)) =

which extends (1.25).
The coefficients of f~!(z) the inverse map of f(z) =z + b1z> + baz> + - - - are given by

I(Z) =z + Z —K (l’l-‘rl) n+1 (133)
n>1
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(compare with [13]) and the coefficients of g~!(z) the inverse map of g(z) =z +b; + 2 + }Z’_; "
__+b;_11+... are given by
g l(z)=z—b1—ZZK'r'L+1z_"' -
nz=1 '

Thus the two maps ¢ s and ¢, defined by

1,1 31 41 s [
(b1, by, b3, ba,..) —> (=K K73, K74 K, —— K 0D ),
¢f:(b1,b2,b3,bs,...) <2 13K K5 5Ky w i
“(b1.b>. b b 1 1 2 1 3 1 4 1 n
¢g:(b1,b2,b3,...) > | — 1»—K2,—§K3»—§K4,—ZK5,-~~,—EK,,+1,---

satisfy ¢y o ¢ =Idpq and ¢g 0 g =Id pg.
2. Identities between the polynomials

First, we recall the basic facts relative to the polynomials (F});>0, (G;) >0, (KD, (PP,
n =1, p € Z and the differential operators (W) >1.

2.1. Zeroes and particular values of the polynomials

We have

Gi()=-1, G,(1,1,1,....1)=0 forn>2,
G1(2)=-2, G2(2,3) =1,

Gi(3)=-3, Gn(2.3,4,....k,....n+1)=0 forn=>2,
G»(3,6)=3,  G3(3,6,10)=—1,

G4(3,6,10,15) =0,

D +2
Gn(3,6,10,15,21,...,w>=0 forn > 5,
G, (1. L1 N cipd fornst 2.1
n 55757”-7m _(_); Orn/ ) ()

KP2()=-2, K2(Lh=1,
K;7(1,1)=3, K33(,1, ) =~1,
K,;2(1,1,1,...,1)=0 forn >3,
K;2(1,1,...,1)=0 forn >4,

2 4~ a oA _[8(n—2) ifnisodd,
Ky (=4, =2,—4, -2, -4, 2"")_{2(5;1—4) if n is even. 22)
Forn>1,
F,1,1,1,...,1)=—1, 6))
Fo(=1,1,..., (=) = (=", (ii)

F,(4,9,....,(n+ 1> ==3+(=1", (iii)
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Fu(2,3,4,5,...,n+1)=-2, (iv)
Fu(l, 3, 350 ) =0 forn>2. v)

Forany peZ,p#0,n > 1

ENpopope. s p) = (=D"Cl with € = 2e=De=R(pnt) (vi)
Fo'bi+ Lo+ 1, by + 1) =F; (b1, ba, ... by) — (b1, ba, .. bay), (Vi)
Fy'(=p,=pyoos—p)=CiP, (viii)
KP(2,3,4,5,...n+ ) =CP = (—1yne?r, (ix)
Kl (=1,1,—1,..., (=D =C,". (x)

Proof. We take the particular case of the function
1
h(z)=1+z+z2+--~+z"+~~-=1— for |z| < 1.
-2z

Since le) =1—-z,wefind G,(1,1,1,...,1) forall n > 1. In the same way, for |z| < 1, consider
W(z)=1+2z4+3z>4---+n+ 17" +---. Since
1
o)
we find G, (2, 3,4,...,n+ 1). We continue with

1 h'(z n+Dn+2
3= ()=1+3z+6z2+IOZ3+1514+21z5+-~~+¢z"
(1-72) 2 2

=(1-2>%=1-2z+7>

For K_2 since h(l—)zz(l— )2 we obtain K_2(1 1,1,...,1). For K_3(1,1,1 ...), we use

h( ek =1—3z43z%2— 3. In this way, we find particular values of (b1, bs, ..., by, ...) such that

the functions G,, and K, ©, p > 1 are zero. We obtain the zeros of (K} )n>1, p > 1, using the
identity (T2) in the Main theorem. To find zeros of (F,),>1, we take h(z) = exp(z). Moreover
since for a homogeneous polynomial P, of degree 7,

Pu(rb1,r?ba, ..., r"by) =" Py(b1, b, ..., by) VreC

we obtain for the polynomials (G,)n>1, (K, P )n>1 and (Fy),>1, curves of zeros in the manifold
M. Of course for these polynomials, there are many other manifolds of zeros. See [4]. To find
the special Values for (Fy,)n>1, for (i), we consider h(z) = Wthh gives K LZ For (ii),

h 1
we take h(z) = 1~ +z' For (iii), (iv), (v) and (2.1), we take the Koebe function

z Zf, 2z 142z
z :7, then — =1+ = )
F@=q"m I 1—z 1-z
l+z
o) = @)= G5 =1+ +92 4+ %
h/ " 1
W_T1 + =4+2+422 +227 +4t + - (iii)’

h=7=1+z -z
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5 _ f// 1 f// _
@@= Z[(f’) (f’”_ - ,;27)“

=2"(2+ 82+ 627 + 1627 + 10z* + - )
Z2
- 5(16 + 16z +362% +322° +4 x 14z* +...). (iii)"”

We calculate (iv) with sz’ and (iii) with (iii)’. To calculate (2.2), we use

_ _f_”z_ 1_3z 2
D Ki(—4,-2,—4,-2,-4,-2,. )Z—(l zf,> _<1+Z 1_Z>.

k=0

To prove (vi),

exp( Z >_exp plog(l—z)]—(l—z)p—l+ZF Yo, p.,pd.

j>l n>1

To prove (vii),

exp( > ; +1)—)—1+ZF b+ 1,by+1,....by + 12"

j>1 n>1
=exp< > b; —> Xexp( Z—)—(l—z)x (H—ZF (bl,bz,...,bn)z")
j=1 j=1 J n>1

and we identify equal powers of z. The identity (vii) generalizes the classical identity CJ =
CP |+ C for the binomial coefficients. See for example [6, vol. 1, II-12].

To prove (viii), we have to calculate F 158, it comes from

b;: .
exp(z 7]2]> = 1 + Z Fkil(_bls _b27 ey _bk)zk

=1 k=1
Taki o . 1.7y 1 _ n+j—1 j
ingbj =nforall j > 1, exp(nzj>1jz) T =2;>0C; z
To prove (ix), we take the Koebe function f(z), then h(z) = (VZ) L and [h()]P =

(1-2)?

m =14+ Zn>1 C,%p 1=1.n We can also deduce (ix) using the composition of maps:

KP(2b1,3bs,...,(n+ Dby,,..)=F Yo ploFQ2by,3bs,...). For by =b, = --- = 1, we re-
place F(2,3,...) using (iv), then we use (viii). To prove (x), we take i (z) = % O

Remark 2.1. We verify the main corollary (C1) when f(z) is the Koebe function. From (C1),
for the Koebe function,

1
Pr=—(k —2)F(4,9,16, ..., (k+ 1)?) — EK,?(—4, —2,-4,-2,-4,..)).
If k is odd, from (iii), we have Fy(4,9,16, ..., (k + 1)2) = —4, thus from (2.2), we find that
P, = 0. If k is even, from (iii), Fi(4,9,16, ..., (k + 1)?) = —2 and using (2.2), we find Py =
—(k —2) x (=2) — (5k — 4) = —3k. Thus P, = —6p. Compare with (iii)".

We obtain values of F,, and G, when the (b;);>1 are binomial coefficients,
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Proposition 2.1. We have

() (5)-cr (1)
(- (1)(5)-(5)r ()

where (Z) = C} is the binomial coefficient. More generally, let q € C, and let

|:n] _ (1—g"(1—g" 1. (1 = g"*+)
k A—q(1—g2)---(1-gh

be the Gaussian polynomial, then

(o5} )

2n — 1
" .
Proof. We obtain F,, with

—nZwT_jzlog(l— (rll)w—i- <;>w2— <§>w3+---+(—1)" (Z)w”)
jz1

=nlog(l —w).

We can also deduce the identity for F; from (2.2)—(vi) and the composition of maps F o F e
Id. We obtain G,, with the relation

() () () rr ()]

(I —=w)" >0 J

when () is the binomial coefficient, and in the case of the Gaussian polynomial,

—1
|:1_ [?]w+‘1|:;:|w2_‘13|:§:|w3+"'+(—1)"qn(n2U|:Z:|wn:|

1 Z[n-}-k—l}wk.

Hz;é(l _qkw) k>0 k

From (1.26), we know that G = F~1 0 So F, then Go F~! = F~1 6 §, we can deduce the first
identity for G, from (2.2)—(viii). O

2.2. Basic identities

The function h(z) =1+ b1z + byz? + -+ bpzk + - - - satisfies
h@) = (@ =1-) (= Db,",

n>=2

AN _ _
z°h (z):1+z(n DH(n—2)

h(z) —zh'(z) + > >

bnzn’
n>3
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211 39,01 _ _ —
zh(z)_zh(z)zl_z(n 1(n—2)(n—3)

!/ n
h(z) —zh'(2) + 7 3 3 buz",
n=>4
2.3. Relations between the polynomials
We differentiate (1.1) with respect to w,
by 4 2byw + - - - + kbpw* 4.
=(l+bw+bw’ +-+byw? +-- < }:Fuﬂl)

j=1

We equal coefficients of same powers of w, it gives the recurrence for the polynomials (F)x>0,
=1,

—kby =Y Fibi;. (2.3)
1<k

With the same approach, one find other relations between the polynomials as

Proposition 2.2.
Fisi== ) +Dbs1Gjr, 24)
0<r <
nGy= Y  FiGnj. 2.5)
1<j<n
_ 1
an,i P— . Z JKI rK;‘/D for2<r < p, (2.6)
p= TG
1— 1
Ky "= Y FiKk,”? Vp#1, pez, 27
1<j<n
Ky= > KiKY T (2.8)

0gj<n
Proof of the identities (2.4)-(2.8). To find (2.4), we consider h(w) = 1 +bjw +byw? +b3w> +
+bkwk+’

B (w) = by + 2byw + 3bsw? + -+ nbw" " 4 .-
Since Wh]) =2 _,>0 Gaw", multiplying by 4'(w) gives

' (w)

ﬁ?7ﬁ=§:[ 2:(r+1mH4qu]w

w r>0-0<r<;j

To obtain (2.4), we compare with (1.22). For (2.5), we identify the two following expansions

h(w) _ h’(w) 1 i »
w2 = I(w) h(w) <Z Fitiw ) X (Z Gyw )

p=0
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HWw —d 1 .
)2 _—Em——’;)(n—i—l)GnHw :

To find (2.6) and (2.7), we use that for 0 < r < p,
Mw) h(w) 1
)P~ hGwy " h@)r

If p#1andr #1, (2.6) comes from

1 d 11 /d —
(p — 1) dw h(w)P-1 _(r—l)<dw h(w)" = 1) ZK

In (i), we take r = 1 and we obtain (2.7) with

1 d 1
= F _
“ldw h(w)P 1 (Z 1w ) " (w1 -

j=0

®

Remark 2.1. For k > 1, (1.22) yields
wlfkh/(w)

h(w)
=—(Fprw+ -+ Feprw” +--)

+FAw R B L BT R

and
(Frgiw =+ -+ + Frprw” +-++) x h(w)

= Z(Fkﬂqu + Fiaabj—o+ -+ + Fipbo)w.
izl
The relations (2.4), (2.5), (2.6) and (2.7) involve the first derivative of 4, we can find other
relations by multiplying powers of 4. For example (2.8) comes from A (w)? = h(w)" x h(w)?~".

Below, we give further identities between the polynomials. We consider the polynomials
(PX),>1, k € Z defined by (1.4). We define B¥ by

Zh/(Z) n+k n
( e ) h(z ) ZB 2.9)

n>2

Since sz’ =1+ ZTh/, we have

2n+k

PE" = B s 1m0 + K. (2.10)

Proposition 2.3. Let f(¢) = (1 + b1 +brc% +---). For k #0, we have

é‘f/(g) k k+n k.n
= h = K,c". 2.11
é(8) 70 x h(¢) n§>0 w Knt (2.11)

Ifk>1,

—1)k
pr(e) = )[ k(ZFk+nz; )](Gl(bl),szl,bz),...) (2.12)
b n>0
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and the function Zn>0 Fiyn(b1, b2, ..., bxkyn)7", k > 1, is given by the line integral
1 h'(©)
Fein(bi,bo, .. ) =—— | —————d¢. 2.13
> Fin(bi. b, ... ] o © (2.13)
n=0
. ’ k p—
If k > 1, the function ¢_i(¢) = C}C(g) X ff{)’f = Zn>0 K, ken is given by
T (Zimanee)]
= F, b1, by, ...). 2.14
-k (0) =" T §k+ kpnt" ) |1, b2, ) (2.14)

Proof. For (2.11), we use the recursion formula (2.7) or give a direct proof since ¢ ({) =
h(O)* + % dgh(;“)k For (2.12), we have from (T1), for k > 0 and j > 0,

(G+k) _,  (=DF o
PR Y abkF"”

(2.15)

The proof of (2.13) is classical for Laurent series: let [(¢{) = Zne - a,2", then

B 1 4 * 4¢9)
ZanZ Z 2T / é-n-i-l ﬂ ;—k(; _ Z) dé‘

n>k

We take I(¢) = — % For ¢_j, we proceed in the same way. O

Remark 2.2. By composition of maps, see (1.31)—(1.32), we can define (K,’f)n>0 for any k € R

with Kg =1 and (Kk, .. .)=F" ok xIdoF. From Proposition 2.3, we see that
for fixed n > 1, we have hmkﬁo kk K, —k — F,. Since limy_, K, * =0, we obtain for
li ! Kk 1 F, forn>1 (2.16)
m — =—-X orn > 1. .
bk T "

Proposition 2.4. Assume that f~' is the inverse of f, f(f~'(2)) =z For f(¢) =¢[l +
Zn>1 bn¢") and ¢r () = g}r(g) x h(0)K, then

o(f71@) =14 PXb1. by, ... ba)T" fork #0, (2.17)
n>1
PEby, ... by)
= Y K}N=Fi(b1).....=Fs(b1.....by)) x Ky} (b1, ....buy). (2.18)
0<s<n

Proof. See [1, (A.1.2)]. In particular,
Py’:(blr7bn)=Ky%(_Fl(bl)v7_Fﬂ(blssbn))’
P (G1(B1)s .., Gulb1, ..., b)) = KZ(Fi1(b1), ..., Fa(b1, ..., by))

and P (b1, ...,by) — P} (G1(b1),...,Gn(b1,...,by)) =—4F,(b1,by, ..., b,). O
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(2.19) — Expressions of (P,{‘)

If n #k,
1 n
P by) = = x Y k= DFjb1 . BRI (Br b))
j=0
k k—n 1 z .
=K T X > k= j)Fj (b1, b, ... b))
j=1
x Ky (b1, by, .y bu ). ®,
If n =k (with Fp = —1)
n
Pnn(bl,bz,...,bn):ZF.i(bl,bz,...,bj)xFn—j(bl,bz,...,bn_j), (E),
j=0

Remark 2.3.1f k=1, f'(f 7' (@) = 14,5, P, (b1, by, ...)2" with

1

Pl =
"on—1

Y. U=)FK, ). (B)3

0gj<n
Proof of (E); and (E),. From [1, (A.1.1)],

'@ [h(z)]k X @) [h@)]" =1+ Z prktrn,

f@ f@ "1

On the other hand,
zf'(2) k_ 1k 4 k-t ald 1 k_n
o T = @@ =T E @ =1 ) kK

n=0
Multiplying z‘ff/(—(zz)')[h(z)]k X Z}N(—(Zz))[h(z)]p, we obtain forany k, pe Z, k #0, p #0,
k ; . 1
P = Y AR+ p) x — KiK. (B4
- pk
0<j<sn

We make p — 0 as in Remark 2.2, it gives P,f. To obtain P, we make k — 0. O

: ko
Remark 2.4. From (jkLk)K ;k = (_kl!) %FH ; and from (E)4, we deduce that for k > 0, p > 0,

Pr P by by, )

(_1)k+p gk P
=2 (WF"“)(C“CZ’”')X(@F"+"_">(Cl’cz"")' ()

0<j<n 1

From (E){, we obtain for k > n,



194 H. Airault, A. Bouali / Bull. Sci. math. 130 (2006) 179-222

PE(by, by, ..., by)

(_1)k7n+1 n k—n

il
== Z:‘)Fj(bl,bz, D P 1 i) (E)s
]:

with (c1,¢2,...,¢k,...) = (G1(b1), Ga(b1,b2), ..., Gk(b1,b2,...),...). When k < n, expres-
sions of P,f in terms of partial derivatives of the Faber polynomials are more complicated.

Theorem 2 S. For the Koebe function f(z) = )2 or f(z) = (1+Zz)2’ we have Pn_l(k = P’i‘Jrk for
>1, k>
P;_kk(bl, by, ... bui) = Py (b1, b2, ... by
for (b1,ba,...)=1(2,3,4,5,6,...), b,=n+1. (2.20)

Conversely, let f(z) =z+ b2+ +b," M+ if P,:_kk = Pf+k forn>1, k> 1, then
f@)= = Ez)z, e=1ore=-1.
Moreover; for the Koebe function, we have Kfn. X 1y>j= K;fj X 1ytj>0, n, j € Z. This

last relation is the same as the classical C,%" = le’jr jon the binomial coefficients.

We verity (2.20) with n = 3, k = 2. With [1, (A.1.7)], we calculate P1_2 =-b,
P2 =Tbs — 20b1 by + 30b1b3 + 35b7b3 — 50b3by + 14b] — 16b2b3.
When b, = (n + 1), we find P2 = PZ = —2. With [1, (A.1.7)],
PZ(by, by, b3, by) = 6by — 12b1b3 — 5b3 + 16b7by — 5bf
and P}(2,3,4,5) =P, 2= 1.

Proof of Theorem 2.5. Let f(z) = a — 7> we have Z; <Z)) }“ and
zf’(z>>2[ ko (1422 K .
h@)] = —pm =1+ DB )
< f @) (1-2) 1

It gives the line integral

n 1 é-f/(g-) 2 k d;
Pn+k: E/( 1) ) [h(;) T Z Residue

¢#0
1 2 4
= / (1( +)§21+2 gni] — Residue at ¢ = 1. i
With (if), we find P"_*Jj = E f/\(C)C" 4 and P,fﬂ = 2171 IRX(olex dg with
§f/(§)>2 —n (1 + ;-)2
A = __a+o°
© ( F @) [f(é‘)] (1- ;)2—2ng-n (iii)

since for n > 1, the function A(¢) has only a pole at £ = 0. We can calculate the two line integrals
on the circle |¢| = 1. Since the function A(¢) is such that A(%) =A(g), we put ¢ = é and we

see that the two line integrals P, j and Pj ; are equal. Consider any f(z) and let the function
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k(z) = f(%), then (lezég) )2 = (”]J:;fl”)))z atu = % The Koebe function satisfies f(z) = f(%). This
proves (2.20).

Conversely, assume that Pi P, +k forn>1,k>
Taking n = 1, we find P1 P "'=1 and P1+/ —OfOI‘] 2. It gives P~ l=0forn>3
and
1 2f(2)?* 1
o 2.21)
f @) f@ z

then f(2) = £ (3).
Taking n = 2, we obtain P42 =1 and PZJ =0for j > 3. Thus P~ =2 =0 for n > 4 and from
(1.4),

S G
f@27 f?2 2
We have Pl_1 = P31 (n =2, j=1). Taking the ratio of (2.20) by (2.21), we see that

711 0 1 2
+ P-4 P Pl (2.22)

14 Pz 422
L+ P e+ P2+ P32t

f@Q=zx

1+P,711+P20z2+P171z3+z4

Let f(z) = zh(z) and 1(z) = 75 = . With 2.21), I(z) = | + Gz +

14+PPz+22
G222+ -+ G2 + - - - must satisfy
/
z .
10— L@y =14 PPz +7* (i)
[(z)
then
(Iz) =zl (z)) =1+ P+ P2+ P B 42t (ii)

Using the identity (2.2), we have P]_ = 0. With (ii), we see that 1 + Ploz + z2 must have a
double root It implies that (Plo)2 = 4. Identifying the coefficients in (ii) gives P = —2 and
f)= i 62)2, =lore=—-1. 0O

For the Koebe function, we prove K nej "= Knj: ; in the same way and then apply (2.2)(ix).

Remark 2.5. Eq. (2.21) has other solutions than the Koebe function, but (2.21) and K ! ;=

1 —
K1+/9 m, _+1,

—1. According to (4.8) below, the condition Kn_1 =0 for n > 3 means that %1 F,=0forn >4.

Jj = 1 or equivalently K{l =1, Kn_1 =0, Vn > 3, implies that f(z)

Remark 2.6. When we write the expressions (E){, (E);, ... of (P,f) in the case of the Koebe
function, with (2.2)(iii), (iv), (x) we obtain relations between the binomial coefficients.

3. The composition of maps

We consider the polynomials

(blabla ’bn) - Fn(blvblv ""b}’l)
(blvbl’ ~'-,bn) - Gn(blvblv ~--,bn)

n/ly
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as functions of (b1, by, ..., b,) and we take composition of maps. We denote F,(Gy,..., G,)
the composition of maps

(b1, b2, ..., by) — F,,(Gl(bl), Ga(b1,b2),...,G,(b1, b2, . ..,bn)).
In the same way, G, (G1, ..., G,) is the composition of maps

(b1,by,...,by) — G,,(Gl(bl), Go(b1,b2),...,Gu(by, b, ...,bn))
and G, (F1, ..., Fy,) is the composition of maps

b1,ba,...,by) — G,,(Fl(bl), F(b1,b2), ..., Fy(by1, by, ..., bn)).
For example, we have F|(G1)(b1) = F1(—b1) =by,....

G1(F1)(b1) = Db,
Ga(F1, F2) (b, by) = F{ — F» =2b,
G3(Fy, F2, F3)(b1, by, b3) = b1by + 3b3,
G4(Fy, Fa, F3, Fy) = 2b3 + 2b1 b3 + 4by,
Gs(F1, Fy, F3, Fy, Fs) = bib3 + Th3by + 3b1by + 5bs,
Ge(F1, Fa, F3, Fy, Fs, Fg) = 4b1byb3 + 2b3 + 6b3 4 10baby 4 4b1 bs + 6bg,
G7(F1, F2, F3, Fy, Fs, Fg, F7)
= 17b3bs + b1b3 + 13bybs + 11b3b3 + 4b1 b3 + 5b1bg + 6b1babs + Thy,
Gg(F1, F2, F3, Fy, Fs, Fg, 7, Fg)
= 6b3b1b3 + 8bsbiby + 12bsby b3 + 2b3 + 125 + 16bab3 + 16bsby
+22bsb3 + 20b3by + 6b1 by + 8bg.

Proposition 3.1. Forn > 1,

Gﬂ(Glana"'5Gn)=bn7 (31)
F,(b1,ba,...,by) + F,(G1,Ga,...,Gy) =0. 3.2)

Proof of (3.1) and (3.2). For (3.1), let h(w) = ﬁ =3 ,50Gnw", then ﬁ = h(w). In
particular, writing G>(G1, G2) = by and G3(G1, G, G3) = b3, we obtain G% — Gy =by and
—G? +2G1Gy — G3 = b3, .... The second relation is an immediate consequence of (1.23) and
(1.24). O

Remark 3.1. 1. The second formula (3.2) can also be proved by recurrence: it is true for n = 1.
‘We shall use the two recursion formulae (2.5) and (2.3),

Fo+biFy_1+byFy o+ +by_1F +nb, =0,
Fo+G 1 +GFy o+ +Gy1F1 —nG, =0.

(3.3)

From the first relation, we have F>(G1, G2)+ G1F1(G1)+2G> = 0 and from the second relation
F>(b1, by) + G1 F1(b1) — 2G> = 0. Using that (3.2) is true for n = 1 and adding the two relations
above, we obtain (3.2) for n = 2 and the formula by recurrence on n.
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2. We can also find this formula with the recursion formula for the (G;),>0,
G1+b1=0, Gy+biG1+by=0, G3+b1G2+bG1+b3=0 ()

and in general, we have G, +b1G,,—1 +b>G,—2+ - -+ b,—1G1 + b, =0 as follows. From (2.4)
Fr(b1,b2) = —(b1G1 +2b3) and F>(G1, G3) = —(b1G1 4+ 2G»). Adding and using (i) gives the
result. We proceed in the same way for F;,.

3. Another proof of (3.2) is to show that G = F~106 8o F as follows. From (1.23)—(1.24), we

. _ n
have the map ¢p:h > u=1-z7

Fa(by, b Fi(b1, by, ..., b
(bl,bz,...,bn,...)—>(Fl(bl), 201,by) - Fibr b ’),...>.

2 LI} ]
Its inverse map gives the Schur polynomials. We calculate & from u with the relation A (z) =
exp(#). The map

F:(bi,by,....by,..) > (Fi1(b), Fa(b1.,b2),.... Fj(by,....b)),...)
is a bijection. The map S: 1 — z%/ — 1+ z% =1- z% with h = % is also a bijection. Then the

map ¢~ o S o ¢ is just h — h= % This gives (1.26). To calculate Fn_l, we have to solve the
system in (b1, ba, ..., by),

Fi(b1) =c1, F(b1,by) =2, Fy(b1,ba,....by)=cy, ... 34

Proof of (1.31)-(1.32). For p > 1, we consider the map ¢, :h — u=1— pz%/ which allows us
to calculate #”. O

More identities similar to (3.1) and (3.2) can be found.

Theorem 3.2.
Fn(—Fl(bl), —F(b1,b2),...,—Fr(b1,b2,...,by), —F,(b1,ba, ..., bn))
= F(2b1,3b2,4b3, ..., (n+ Db,) — Fy (b1, b2, b3, ..., by), (3.5)
F,(F\,F,...,F,)= Fn(O, —by, —2b3, —3by,...,—(n — 1)bn)
— F(b1,ba,...,by), 3.6)
n
Gu(=F1.—Fy,...,=F)) =Y biGu_i(2b1,3b3,4bs, ... (j + Dbj....), (3.7
k=0
n
Gu(F1, Fav.. Fa) =Y Gy (0, =2, —2b3,....—(j — Dbj....). (3.8)
k=0
ForpeZ, p#0,
n
K (=F1,=Fy,...,=F)) =Y K, 5 (b1.by,....by)
k=0

x K{(2b1,3ba, ..., (j 4+ Dbj,...), (3.9)
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n
KP(Fi, Fay.o F) =) K, B (b1, Do, .. by)
k=0

x KL(0,=by, =2b3, ..., —(j — Dbj,...). (3.10)
Remark 3.2. Consider the maps D! and D~! from M to M,

Dli(bl,bz,...,bk,...)—> (2b1,3b2,4b3,...,(n+l)bn,...),
D7l (b1, by, bk, ) = (0,62, 263, ., (0 — Dby, ..),

then (3.5)—(3.7) can be written as FoSo F=FoD! — Fand Fo F = F o S o D~!. Remark
that K7, F, G, and S are bijection while D~ !is not.

Proof of Theorem 3.2. To prove (3.5), we consider f(z) = zh(2).

()

== 2 PR =Py =BT @)
7 k>1
On the other hand
Iy
IMEAR 1+(7)_1+<f_”_<f/>2)xi
dz f z Lz o f? I
f
1 4 !/ 1 /
=—+f—,—L=——i — N " Fi(2b1,3ba, ..., (k4 Db) 2!
< f < f k>1
Using the expression of = — fT we deduce
%
k—1 k—1 st
S =2 Bl ba e b0 = TR (261, 3ba, o G DB (ii)
7 k=1 k=1

The comparison of (i) and (ii) gives (3.5).

For (3.6), let g(z) = Then u(z) = £@ — 1 4 Y w1 Fab1. by, ... by)7" satisfies

- h( )" (Z)

u'(2)

==Y F(Fi(b1), Fa(b1,b2), ..., Fi(by, ba, ..., b)) @)
u(z)
k=1
Thus we obtain Fi(F1, F2, ..., Fi)) from this expansion. On the other hand, we calculate
W'(z) d < g ’(z))
= —log(u(z Fi+z .
u(z) dz gu@) = Z ke g' (@)
k>1
. ’ _ h()—zh (2) .
Since g'(z) = hor o we obtain

T S A N

" h—zhY 1% h—zhY
g(z) ( zh') 5 ( z)+22szk.

k>1
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Using h(z) —zh'(z) =1+ Zn>2(1 —n)b, 7", we deduce

u'(z 1 ..
u(@ oz k>1 k>1
Then we compare the two identities (i) and (ii).
To prove (3.8), we write % in two different ways,
1
oy = 2 Gn(AGD, Bab1, ), Falbbas o b))
h(w) n=0
& (1+b1w+b2w + - ZGn(O,—bz,...,—(n—l)b,,,...)w"
h(w) — wh'(w) =

since
h(w) — wh'(w) = (1 +byw +bow? + -+ + byw" +--+)
— (brw +2byw* + - + nbyw" + )
=1—byw? —2bw’ = —(n— Dbyw" —---.

To prove (3.7), we consider % To prove (3.9),

=(1-Y_R) =) KV (-F.-F.....-F)7"
h(z) k>1

n=0

This is also equal to M . For (3.10), we take (1 — Z}Jl((zz)))p o

Remark 3.3. With (3.7)-(3.10) we define differential operators on Faber polynomials. For
(3.7)—(3.8), we have (see (1.16)) G,,—x = —% TF”’ thus

Gn(_FL_FZ,n-,_Fn)

1 b 0Fu+1
=— 2b1,3by,4b3, ..., 1)b,). 3.11
nl I:kg(:)k_i_ 1 bgrs ( 1 2 3 (n+1) n) ( )

For (3.9), we take for example p = 2. See Proposition 2.4. With (1.16), we deduce that

P N I R W T I L
=k = 1o \aby ") T nt 206 \9b, "2

1 0 _
1 31) Foy1 )+ K, “(b1,...,by)

1 0 1 82 n+2
- 0) [y — : 3.12
n+2 2(8271 ”+2>+ +2 ob? G142

where Uy is the differential operator

and

KX(=Fi,—Fy,...,—Fy) =

9
U= K?(2b1,3ba, ..., (k+ Db
2 ]; (261,362 (+)k)abk

d d d
=4b;— + (6by + 4b%)— + (8b 12b1by)— + - --. 3.13
]8b1+( 2+ 1)8b2+( 3+ 12)3b3+ (3.13)
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‘We have
U, O Uy=—aL (3.14)
29b;  ob, 2 ! '

where L is given by (1.13). In the same way, in (3.10), we put

9
To=Y K20, —by, —2bs3,...,—(k— Db
2 Z (0, =bo, 3, ( )k)ab
k>1
=—2b 9 4b + (b3 6b)8 + (4byb 8b) + (3.15)
— 28[)2 38[)3 4 a 203 5 . .
Then T3[h(2)] = (h(z) — zh'(2))> — 1. We have
K2(Fy, F F)—LTiF + K72 by)
WL 02,y Iy — 28b1 n+1 n ly---sbn
1 9
—TDF, K. 2(b1,by,....b
n+18b S Fyr1 + K2 (b1, ba, ..., by)
1 9 1 92Fup
- . 3.16
n2 2o T Ton? .10

By (2.18), K2(—Fy,—F»,...) — K2(F\, F»,...) = —4F, = —n+1L1(Fn+1) see (7.11). With

(3.14), it gives %(Uz 1) F, =0, thus (U — T2) F;, does not depend on by for n > 2. For
d J d

P21 gy — g Ta==2(p = 1) Yizpk = p = Dbi—pzpe

0 d
h— — —Th =-2(p—1 —Db,———=-2(p—1)(L 2W,). 3.17
5y " 3y 2 (p );)(n )nabp+n (p—D(Ly+2W,).  (3.17)

Corollary 3.3. Let (Py)i>2 be the coefficients of the Schwarzian derivative as in (C1), and let

H=T 9 + ” (3.18)
~ b, a2 ’
then Py (b1, b2, b3, ..., br) + (k —2)Fr(2b1,3by, ..., (k + 1)by) is equal to
[HFi421(2b1,3b2, ..., (j + Db, ...). (3.19)

2k +2)

a2 . . . .
Corollary 3.4. Let T = ;7% + Tzaib2 + (% — b % + 8%4). The condition (2.21) is equivalent
1o

(TF)(G1,Ga,y...,Gy2) =0 VYn>4. (3.20)

Proof. The condition (2.21) is the same as
KX(—Fi,—F,..)=by,+biby_1 +byy Vn>1. (3.21)
From (1.26), we have KP o So F = K? o F o G. Thus
1

el _
KX(—=Fi,—F,...)= ?<T . ,,+2>oG+K 26G. (3.22)
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Since G o G = Identity and G1(b;) = —b1, we can write the right side in (3.21) as (G, —
b1G,—1 + G,—») atthe point (G1, G2, ..., G,). With (1.16), we have

1 d d d
G,—b1G,— Gpo=— — —b;— Foi0. 3.23
n 1Gp—1+ G2 n+2<8b2 8b3 +3b ) n+2 ( )

Then (3.22) and (3.23) imply (3.20). The condition (3.20) is always satisfied for n = 1, 2, 3. For
n=4,it gives 3by —2b? =1, forn =5, 5b3 — 3b1b, —b; =0. O

4. The polynomials and their derivatives. Proof of the Main Theorem
4.1. The partial derivatives (%)/@1

Theorem 4.1. For p > 1, n >0,

aFn+p
G,=— . 4.1
(n+p)Gy 9, 4.1)
In particular, < ﬁ = —p, and an =-—nG,— ifk <n. Let (F, ),,21 be the inverse Faber poly-
nomials, then
0 I __
a7 = ek e 42
Proof. Let yy(w)=w+by + 2 + 2% .. and
Yp(w) =y (w) — p=L
We have w” v, (w) = w”y'(w) + (p — )t,
wir) (w) 1
— =1+ Fu(b1,....,bp—1,bp —t,bpy1,...) X —.
Vp(w) ;12>:1 b= i w"

We differentiate this equation with respect to  and we make ¢ =0,

d|  wy,(w) dF, 1
pw)y=—| —L—= L X —.
dr|,—g ¥p(w) = ob, w
On the other hand

wy, (W) wPy (w)+ (p— Dt
Ypw) — wrlyw)—r

We calculate ¢ with this expression

d wyr,(w) _w[(p— 1)wp21P(w)+wP1W(w)] _ . d 1

&t Y, (w) (WP~ Ty (w) — 1)2 Ydw Ty w) — 1)
Atr=0,
d 1
¢(w)=—w@(wp]—w(w)>=— —Z ZGn<n+p> —

n=>0 n>0
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Comparing the two expressions of ¢ and since F;, does not contain b, when n < p, we obtain
the result. To calculate the derivatives of the map F —1 we take

h() =1+ ) F;'(b1,ba,bs, ..., b7
izl

since Fo F~1 = Identity, we have % log(h(z)) = — Zk>1 brzF—1. We differentiate with respect
to by, fork > 1

e (h(z)) d<%h(z))
< e\ ) dz\ ) )

We integrate this identity with respect to z,

o
k h(z)
where C (b1, by, ...) is constant in z. Making z = 0, we see that C = 0. thus

1 0 J0 :
_%z x h(z) = —h(z) Z(@FJ1>Z1.

izl

+ C(by1,by,...)

Since —%zk X h(z) = —%zk(l + Zj>1 F;lzf), we obtain the partial derivatives of F~1. O

Corollary 4.2. Forn >0, p > 1,
aFn+p

8b (Gl(bl),G2(b1,b2)7~-7Gn(bl,b2,~~abn))=_(n+p)bn' (4'3)
P

Proof. Since G o G = Identity, it is a consequence of (4.1). O

Corollary 4.3.
G,
by,

= K2 x Ly (4.4)

Proof. We differentiate G = F~' o So F.
G, Z aF, ! ( aF,-> Z ( 1, )
= o —_— | = ——F (SOF) X(]Gj k)
by s ob; by 1< en Jj
After simpliﬁcation by j, and since F~' o So F = G, we find

ZG"I j—k=— Kn_—zk' U
abk 1<j<n

The following operators up to a minus sign, (Zx)>o were introduced in [2].

Corollary 4.4. With the recursion Fj 1 = — Zogrgj 4+ Dbry1Gj—y, see (2.4), for k >0, we
deduce

Zr=) (r+ Dby —

r=0

and (j+k+ DFjy1 =ZiFjyi.
dbr k11
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Proof. From Theorem 4.1, (j +k+1)G;_, = _ﬁFﬁkH Thus, if k > 0, with the recur-

sion formula (2.4) where we replace G ;_,, we find

G+k+DFii= Y @+Dbp———
o<r<j

0
Fitpr1=Zi(Fjigy1).
dbr1k+1

For k < 0, then ab is defined only if r +k > 0, i.e. r > —k. We decompose the sum F;j =
ZO<r<—k(r+l)br+1G1 —r Z_kgrgj(r-i'l)br-HG]_r. O

4.2. Proof of the main results

Proof of the Main Theorem.

el 1 ) Z* K2,
(i) = i = >

On the other hand, % (ﬁ) = Zn> 1 aaTk G, 7". In these two last expressions, we identify the co-

Fn+p

efficients of equal power of z. It gives (1.17). We have (n + p)G, = — aab
this expression with respect to k, we obtain

, then differentiating

(p+k+n)K—2=82F”ﬂ Vp>1, Vk>1
" dbidb, T
We deduce higher order partial derivatives of F; from
9K, " —(p+1)
T =—pK, " xlyz, fornzl, k=21, p#0, peZ. 4.5)
K} = aalsz = p[(f__k1 X 1, is as follows,
0 1 0 -
R — —(K 14 n. .
abe <h(z>ﬂ) 2 (Kn")e »
n>1
On the other hand
3
i 1 _ _pm(h(z)) —pZ _ ZkZK (p+1) n
ALY A IO TO TR
——p Z K{{—(P+1)Zq+k. (ii)
q=1

The identification of the coefficients of z7 in the two expressions (i) and (ii) gives (4.5). We see
that one can calculate as derivatives of Faber polynomials all the (K, ” i forp>1. O

Proof of (T2). We wish to calculate Kp for p > 2. Let h(z) h(z) =14+Giz+ G222 +

-+ G,7" + ---. Then (T2) is obtained with the identification of coefficients of equal
powers of z in fz(z)_” =1+ Zn>1K;p(G1,G2,...,Gn)z” = h(z)? with h(2)? =1 +
2,121 K,’,’(b],bz, ..., by)Z". We can also give a proof with the composition of maps Kf =
F~'oploF and

PoG=F'opSoFoF 'oSoF=FloploF=K!. O
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Corollary 4.5. All the KY, n > 1, p € Z can be obtained as derivatives of Faber polynomials.
Forp>1,

(=DP(p—D!n+ki+ka+ - +kp) Ky " (b1, b2, ..., by)

0P Fut 44k,
= by by ey by, ). 4.6
O, b, b, P2 b ) 0

Let

0P Fotkey 4tk

bi,by,....by,....by,..) = ———
PO1 bbby ) =

(b1,b2, .. by s by, ),

for p > 1, we have

(=DP(p— D! +ki +ka+ - +kp) Ky (b1, b2, ..., by)
=¢(Gi(b1,b2,...), Ga(b1, b, ...), ..., Gg(b1, b2, .. ), ...). 4.7)

Corollary 4.6. For p > 1,

_ P F,
(D7 = DY+ PIKy B b, ba) = = B by bas o bugp), (49)
1
(=DP(p — Dn+ p)KJ (b1, b2, ..., by)
P F,
= 8b"p+p(G1(b),G2(b1,b2),...,G,,+,,(b1,b2,...,bn+,,)). (4.9)
1
In particular
_1)n+1 8”+1F2 1
g+ = " by, b, .. by, ), 4.10
(=n" 0" Fopt1
no= Gi1(b1),Ga(b1,b),...,Gy(b1,by,...,by)).
M oD+ D\ bt (G1(b1), Ga(b1, b2) q(b1, b2 )
(4.11)
Proof of the Main Corollary. Let f(z) =z + bi1z> +byz> + -+ + b, z" T 4.
"
f,(Z) == Fi(2b1.3bs. ... (k+ Dbe) ",
1@ k=1
" /
) _ :
<f/ ) =—Y (k= DF(2b1,3ba, ..., (k+ D) 2. (i)
f'@) >
On the other hand

—l<f”(z)>2__i<2f”(z)>2
2\ ') ) 222\ f(2)
2
:_2_12<2Fk(2b1,3b2,...,(k+l)bk)zkﬂ_l)
N
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1 AN ' 1
:_2_12<1+2Fk(2b1,3b2,...)z ) +Z—2<1+2Fk(2b1,3b2,...)z )—2—12

k>1 k>1
= ZKk F1(2by), F2(2b1,3by), . ZFk(2b1 3by, ... )7~ (ii)
k>2 Z k>2

We add the two expressions (i) and (ii) to obtain the Main Corollary. O

Remark 4.1. Let Hy (b1, ba, ..., by) = Fi(2b1,3b2,4b3, ..., (k+ 1)by). With the expressions of
the (Fy,)yn>1in[3], we find Hy(b1) = F1(2b1) = —2by and Ha (b1, by) = F2(2b1,3b2) = 2(219% —
3by)

H3 (b1, b, b3) = F3(2b1, 3by, 4b3) = 2(—4b3 + 9b1by — 6b3),
Hu(by, by, b3, by) = F4(2by, 3by, 4b3, 5by) = 2(8b] — 24b7by + 9b3 + 16b1b3 — 10by).

We can calculate Py, with Py = —(k — 1)Hy — % le‘;i Hi_jH; or we can use (C1).

Proof of (T3). h(z)? = Zn>0 Kl =0 4+biz+br2+--+byz" +-- )P,

KKHL/U+%@H%HWM+ /a+%@w$
" 2in gntl ~ 2ir gntl
and we write Newton binomial formula (1 + ¢, (§))” = 1 + p¢ (6) + &g, ()2 +.... O

Proof of (T4). If by #0, then ¢, (2) = b1z + baz? +b3z> + -+ + b2 =biz(1 + Pz + -+
Z—'I’z”_l). Thus

k by by, 7 bjy i
(¢n(Z)) <l+b—]Z+ +b 1) —bk kZKk< ..,%)Z].

j=1

The coefficient of z” in this expression is obtained for j 4+ k = n. This gives (T4). We can obtain
the exact expression of K}/ as follows,

b b
p ki _ Pk k 2 k 3
kP= Y ciph=3 cief Y Ck2|<b1> Dn2_k1<—b2,...>.

1<k <n 1<k <n 1<ky <n—ky
If by #0,
b
= CPhy, —Clhy+ClB, KD =Clby+ Cfbef(bz) +Clb3,
by b b
=Clby+CPRIKI( =, 2 )+ CPBIK (= ) + CPbt,
b by by
by by by by by by
KI=Clbs+CIbik3 | =, =, — | + C{biK>5 +Crbik} Ccly,
3OO ORI B b 2\b1" by b1+51
by b3 b4 bs by by by
K] =Clbs+ CIbIK3 okl =, = —
6+ Noy bbb ) TS\ G b by

by b by
+ClbiK <b2 b3>+c”b5 <b >+C”b6
1
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If by =0, and by #0,

Ky =Clby, K} =Clbs, Kf =Clbs+CY B3,

b by b
KP =CPbs+Clhk}( =), = CPb+ CI3K3( =, =) + €T3,
by by by
b3 b4 bs b3
Ky =cClb; + ClhiK clR3k3( =), ... O
7 7+ 2 3(b2 by’ b>+ 302Ki\ 3,

5. Identities related to the (W;);>1, the (V;‘)j>1, k € Z and the (V;) j>1

It has been proved in [3] that
WiW,=W,W; forj>1,q2>1. 6D
Forj>1,m>0,
WiFy=méj,, and W;G,=Gp;j 5.2)
with the convention G, = 0if p < 0. Moreover K P =1and

Wj(K,f)=0 forn < j, W(Kp) —pKP» forn>j, peZ. (5.3)

Proof of (5.1)-(5.3). For (5.1), we remark that W; W, [h(2)] = z” *J h(z). For the other identities,
let (b1, ..., bk, ...) = h(z) = L+ biz+bpz?+-- -+ bk +- -, then %i[h(z)] = zJ . Itis enough

to calculate W;[h(z)], use (1.1), then calculate W.,-[ﬁ], use (1.3) by equating coefficients of
similar powers of z. This is done as follows. Let

(b1, by by ..)— (b1, bay .. bi, ).
Since W; is a differential operator Wilexp(¢)] = exp(¢) x W;[¢]. With (1.1), we have
Wilh()] = h(z) x (= $125 -
we deduce that 7/ = Z+°° W’k £ zk. Equating the coefficients of z* gives W;(F,,). To obtain
W] [G,.], we calculate W][hL] = — h(h)(?] With W;[h(z)] = —z/h(2), it gives Wil
z) . With(1.2), it gives

7). Comparing this last expressmn with W;[h(z)] = -7 h(2),

ol =

2 m .
== W;Gp". (i)

In (i), we replace h— by (l 2), thus z/ Qmz0Gmz™) =351 WilGplZ™. In this identity,
equating the coefﬁc1ents of " gives W;(G,). In the same way,

W;[h()?] = ph(2)? ' W;[h(2)] = —pz/ h(z)? = —pz’ <1 + Z K,fz”).
n>1

On the other hand, W [h(z)P] = Zs>1 W; [KP1Z5. Identifying the two expressions of W;[h(z)”],
we obtain —pz/ (1 + D1 Klz" = D1 W;[K1z*. Equating the coefficients of equal pow-
ers of z/ gives W, (KD, o
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Theorem 5.1. The operators (V}‘)j>1, k € Z satisfy (1.11),

2
1 1 0
VEVE+(p+ DV = Y KPTKYT FTST— (5.4)
n>0,] 30 n+s00k+j

and V=350 Ky Wjtn
k
Vi(K{) =—qKI, (5.5)

VEh@)] =~/ [h@ ] (5.6)

The polynomials (P,f)n>0, Pé‘ =1 (see (1.4)) satisfy

k
VE(F,) = pKE ;.

2(k = p)(n —P+k+j)Kk+j

VAP ) = =@k + it any W0 ikt £0,
V(B = jPYE 420 + p) Facp.
Vi(Prt) = —(2k + j)Pn+J (5.7)
and the Neretin polynomials (C1), z2S(f)(z) = Zk>2 Pezt,
Vi(Pj) =—(K* — k) P/_,. (5.8)
Proof of (5.7)-(5.8). Since V,[h(z)] = —zPh(z)PT!, we deduce for p > 1,
/
(2) _
Volf@]= —f@PH, Vp<f > =—f@" (2 (5.9)
f(@
and v,,(f;.’,/((j;) = —p(p + D f(@)P~! f/(z). We obtain (5.7)~(5.8) by identification of coeffi-
cients. O

In [3], the homogeneity operator Ly = b aaTl + 2b28372 + -4 kbkaaTk + .- is expressed as
Lo=) i1 FjW;.
Lemma 5.2. We have G, = K !, b, = K.,

kG = Z FiGy—; and nK}=—p Z FiKY . (5.10)
1<j<k 1<j<n

Proof of (5.10). From the recurrence relation for the polynomials (Fx)x>0,
Lo=Y kg ==Y R (Lo ) = X AW
k>1 ji>1 k>j i1
KP is homogeneous of degree n, thus LoK}! = nK}. Since LoK! = Zj>1 FiW; Kl =
—Yi<j<n Fij,f_/., we obtain the recursion formula for K/ . See (2.5), (2.7). O

Theorem 5.3. The (a%i)j;l are given in terms of the (W) j>1 with
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d
- — ZGkWHkv (5.11)
9bj k=1
d d d
ij =—b— —-by— — - —bp— — - (5.12)
ab; ab1 oby by
j=>1
satisfies
_ ZGjo~ (5.13)
izl
In particular,
Xo(Fy) = —nGp. 19

Proof. For (%ﬁ) j>1, it is enough to verify that
0 .
%, —[h(@)] ==W;[h()] = > GiW;ui[h(2)]. (i)
k>l
Since W;[h(z)] = —z/h(z), we have

—Wi[h@)] =Y GiWin[h(@] =2/ (1+ Gz + Gaz® + -+ + Gedh + ) x h(2).
k>1

Thus (i) is the same as z/ = z/ (1 + Gz + G222 + - - - + GrzF + -+ -) x h(2). It is the immediate
consequence of (1.3). To prove (5.13), we see that Xo[h(z)] =1 — h(z). We write X as Xo =
>_j>1 H;jW;. Applied to h(2), it gives

Xo[h(2)]=1—h(z) = —[Z szj]h(z).

jz1

Thus

Ch@ -1
7 = - 1%,
2 Hi == e ZG &

jz1

By identification of the coefficient of z/, we find H; = —G;. O

Remark 5.1. If we calculate W, 4 F}, , with (5.2), we obtain with (5.11) another proof of (1.16),
%Fnﬂf =—WpFuip — 2 4>1 CiWptik Fuip = —(n+ p)Gp.

Theorem 5.4. Fork, pe Z, j > 1,

ZKk PVP and Xo=Y [Ki” Ky "]V
n>1 n>1

We can also express the (V;‘) in terms of (V) > with the inverse function f -1 ().
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6. The composition of differentials on coefficients
6.1. The inverse function

The inverse function is important in the study of coefficients regions, see [11, p. 104]. Also
asymptotics of the derivatives of the Faber polynomials are calculated with inverse functions, see
[10]. Let f(w) = wh(w) = w + byw? +bow’ + - + byw" T 4 ...

Fw W)
w 1

= w =1- Fk(bl,bz,...,bk)wk.
(w) h(w) ,;
We denote k(z) = f~'(z) the inverse of f, we have (f o k)(z) =z, letting w = k(z), zi((zz))
fw)
wrw and
k/(z) 1
+00
=14Y Gu(—F1,=Fs, ..., =Fu)k(z)"
m=1

we have k(z) = f1(2) =z — b1z2% — (by — 2b1)Z3 — (b3 + 5b] — 5biby)z* — (bs — 14T +
21b%b2 — 6b1b3 — 3b§)15 + ---. By aresidue calculus, we know that

¢f'(©) 1 [ef©) de
2 27 dr = . 6.1
o= | 7o=2% ;(zm 7@ f(;)") ©D

[E1=p

Theorem 6.1. Let f(z) =z +biz2 + -+ byz" + - - -. The inverse function of f, f~V(f(2)) =z
is given in terms of the derivatives of the Faber polynomials of f(z) with

)=z+ K~ (n+1) n+1
@ ; +1 .

(_l)n+1 1 8n+1 "

— n

=t LG (n+1)![ab"+‘ Fz"“(bl’bz’""bq"")}z o2
n=>1 1

Let g(z) = Zh( )=z+0b1+ bz + 3+ + ”“ + -+, then the inverse function of g is

)=z-b— Z Kn+1

n>1

(_l)n—i-l
=z-b
iobit ) Qn+1)
n>1

an
X — |:8b” F2n+1i|(G1(b1), Ga(b1,b2), ..., Gy(b1, b2, ...),...) = (6.3)
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Proof. zf (z) Zk>0 Fiz* with Fy = —1 and f(z)” = Zp>OK z”, we deduce that

Zf/(z) 1 __ Z FkK;an-i-k—n.
n
f@ f@) p0A30
The residue is obtained for p + k —n = —1 and is equal to — Zogkgn—l FkKn_fkfr This is the
coefficient of z” in the expression of f~!(z). Thus the coefficient of z**! is

K0 Z FeK ¢ (n+1> = KD n M gD
n+1
1<k<n

where we have used the recursion formula (2.7). For example the coefficients of z* is given when
n =3 by }TK3_4 =5b1by — b3 — Sbf. The expressions of the coefficients of f~!(z) in terms
of the (KX) were found in an other way in [2, (1.2.8)~(1.2.9)]. For g~ !(z), we use [2, (1.2.8)]
and (T2). O

Proposition 6.2. We have

M @)= 14 b= 3 K 64)

-1
n>=2

with f(z) = zh(z). Assume that p > 2, then

(@) =1+ Y p’in —Fp? = Y %pl(,f‘”z". 6.5)
I<ng<p-1 nz=p+1
Assume that p > 1, then
- - p —(p+n) _n
[ @)] 7 =1+)  ——K, " (6.6)
n>1 ntp

The function ¥ (z) = h(f ~'(z)) has been considered in [13]. The coefficients of [2( f~!(2))]?,
p € Z have been given in [2, (1.2.4) and (0.7)].

Proof. By a residue calculus,

L fh 1 d
(@) = h@) f'¢) (S) dt = Z(zm £ S)

(&) - ¢ f@& fEn-t ez
=p
£ 1 d§>
=14+b -
’ 1Z+Z<2in F© FEr e
"220 =y
Since with (2.7), 31 <<, FiK,~ 1m0 — n_Kl=" the coefficient of z" in the expansion of

—1
h(f~'(2)) is given by K=" — -1 K] =
orem 6.1. In the same way, we have

- 1 £ 1 dé
h 1 p: - n
O = 5 ([ 5 s v )

n>0

—T]K,}’". Then we finish the proof as in The-
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We have SJ{((;)) f(g;n 5= Zk>0’ i>0 Fr K]I.’ "gktitr=n the coefficient of £7 in this expression
is obtained when k 4+ j = n and is equal to

p

- Z FKP =K Z FKP!
0<k<n

1<k<n

when p # n. If p =n, we take the coefficient —F), of £” in & L@

G
Remark 6.1. Following [13], forany pe Z, p #0
[h(f~ ()17 p—(n+1) _n
=L = NV k! . 6.7
THVRIED ; ) ©7
Proof. We have
(/" @17 _ 1 [ hE)?P dE— hEP" dg
'@y 2 ) f(E) -z 2ir J 1-— ﬁ §

_ 1 [ hEP!dE et
_§)<E EhE) € _> Z i [ 1o snﬂz
Since h(£)P~"1 1

p—n—1 P— (”‘H)
T = 2720 K; §n+1 , the residue is K, O

Remark 6.2. With the inverse function, we obtain also expressions of P¥ (see Proposition 2.4)

k+s
Py(bi, b, .. b)) =)

K¥b1,ba, ..., by)
0<s<n

_ 1 _ 1
X K,‘;_S<EK1 200, K5 (b1 ko). K5 Tk (”“),...).

6.8)
Proof. From Proposition 2.3, ¢x(¢) = Zn>0 k%K,’f{". We put ¢ = f~'(z). From Theorem
6.1,

1 _ .
flar=> K( K2, K_3 K34, K, D) .)ZJ. (6.9)
j=0 p
This gives the first expression of P,{‘

O
Remark 6.3.
2k !
f" )()—1+Z o) with yo) = Z((H;p”))! Kot (6.10)
k>1 >0

Proof. We use (T3).
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el (n+D)n _ _ P+
f '@=1+) K, =1+ ) Do D

k!
n>1 1<k<n, 1<n k
_1) m+0)" ok
—1p O (Z @D i D
k>1 n>k

Remark 6.4. For s > 1, p € Z, then

_ —s— (@)
V[ F ()] = g S ks n z
[Frel=:" 2 ’ FFT@)

n=0

_ (f(s“)mh(;“)”“‘)‘
f@) (=1

Let gi(0) = SR x h(0)F = 3,50 52 K¢, we have

k(k
Pln ()] = —¢ 30 KEERES) gkppn, ©6.11)

n S
n=0 +

6.2. Composition of derivations and recurrence formulae

We know (see 1.25) that F,, (b1, ba, ..., b,) + F,,(G1, G2, ..., G,) = 0. In the following, we
show how the differentiation of this identity yields the recursion formula (2.8) with p = —1
and r = —2,ie K, ' = Z()gjgn K]._ZKILJ.. Then we prove that it gives a partial differential
equation satisfied by the (F};),>1.

The differentiation of (1.25) with respect to by gives

9 " /dF, G ;
—F,(b1,by,....b G.,Ga,....G —L(by,by,..)=0. 6.12
3 a1, b2 n)+;<8bj>( 1, G2 W) X Gyt (brba ) (6.12)

We know from (1.16) that 572 (b, b, ..., by) = —nGpi(b1, ba, ..., by). This expression cal-
culated at the point (G(b1), G2(b1, b2), ..., Gy (b1, b2, ..., by)) gives

JdF,
<8b'_’>(Gl,Gz,...,Gn):—nGn_j(Gl,Gz,...,G,,):—nbn_j. (6.13)
J
We replace in (6.12), we obtain
oF, G
"(zn b, .. b,,)—an,, ; (b],bz,...,b )—nab: =0, (6.14)
or equivalently
JF, = 3G,
,by, .. b bi,byr,...,by) — =0.
2 Zn L (b1, bs n) nabk

On the other hand, —nG; =

n—1

dF;, 3Fn G,
— (b1, by, ..., b b bi1,by,...,b,) —
8bk(l 2 )+Zn]abn ]ab(l 2 ) nabk

=0. (6.15)
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We go back to the expressions of the partial derivatives of F}, in terms of the K P to see that (6.15)
is the same as K ! =Y 0<j<n K _2K1

n—j*
Lemma 6.3.
0G
_2 n
-K, 5= T Vn,k,n <k, and
92F, 9
" —_p G rns>1,n>1.
0b, 0by by 4

Proof. From (T1). O

Theorem 6.4. Let Xo =~ ;~, bjaf’Tj = —blﬁ —bg% - —bk% — - --. Then the identity
= ) KK, ; (6.16)
0<j<n

is the same as

92F,

XoF, A/ 1, n>1. 6.17
Dby by aby g, ofn) YRzl (6.17)
Proof. From (6.15), %g” + Z/>1 bj 8‘2 ggk = "G" . The left side of this equation is

Gl ol il
— bj—F, | = ——(XoF,).

On the other hand, n = BG" is given by Lemma 6.3. This proves the theorem. O

7. First order differential operators on M

We have seen that the operators (W;)>1, Xo, % allow to pass from polynomials (Fy)i>1
: J

to polynomials (G,)m>1. In particular, we found (n + p)G, = —%t" and W;Gp, = Gpy—j.
Operators (Zy) in [2] are of this type. In [9], family of vector fields relateld to the Virasoro algebra
have been considered. We found that the operators (Vj)i>1 transforms the Neretin polynomials
P; into —(k3 =k PF - In the following, we construct first order differential operators on the
manifold M which permit to pass from one polynomial to the other.

7.1. The operators (Xi)kez

The operator X = — Zj;l GjW;=—-b 3371 _blaaTz — = bn% — -+ - has appeared to be
a natural operator on M. We have
ad a ad
00— ———Xo=bp—. (7.1)
b, b, by

On the other hand, aaTk =—2i>1GiWjir
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Definition 7.1. For k£ > 1, we put

3
Xk=@=—ZG,»Wj+k and X (==Y GjuW;. (7.2)
izl izl

Since W; =3 > Gp3sg,;,» we deduce

0
X,k = - Z Gj+ka8G |: Z Gr z+kG i|— (73)
i

j=1,p>0 0<i<r—1

Proposition 7.2. For n, k > 1, we have Xo(F,) = —nG, and
Xie(Fu)=-—nGpy X Ixgn and X _(Fy) = —nGyqy. (7.4)

Proof. From W;F, =pé; ,. O

Remark 7.1. In terms of the coordinates (by)x>1,

i) d
X_1=—(br—b} by —biby)—— —---— (b bibp)—— — -+,
1=—( )ab — (b3 12)%2 (bnt1— by )ab,,
d d
X_p=—(b] —2b1by +b3)— — -+ — (biby — baby — bibys1 +bps) — —
ab b,

In terms of the coordinates (Gy)r>1,

9 d
Xo=—Gige-— (G2 4 GY) 55+ (Gn — Ki(G1, G, )

3G, 3G, G,
d
X 1=—-Gr— — (GG G——G G3G G
236G, (G2G1 + G3) Gy (G3+G3G1 + 4)3(}3
— (G 2G,G GG——G 2G4G GG G} — —
(G5 +2G2G3 + Gy 4)8G4 (G6 +2G4G2+GGs + 3)8G5
d
= (Gut1+GuG1 = K74 {(G1, G, .., G, Gy 1)) 7
G,

n>1

Fork>2, X_ =3, Hugg- with
Hy = Guik + Guii—1G1 + Gpik2Ga + -+ Gy Gk — K2 (G1, Ga, ..., Gk

From our main theorem, we see that the coefficient H, is a sum of partial derivatives of Faber
polynomials.

Lemma 7.3. The condition X _(F,) = —nGu4x for n > 1 and k > 0 determines the operators
X_f in a unique way. Consider differential operators (X k), k =0, of the form

- 9 9 )
X i=Bf— 4+ B — B — . k>0,
k 95y + 235y 4+ 4 "Sbn+ for

where the Bk are homogeneous polynomials in the variables (b1, by, ..., by, ...) of degree n +k
and such that X_ [Fnl=—nGuix forn>1, k>0, then X_k =X_4.
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Moreover, Xolh(2)] = —h(z) + 1, X_1[h(2)] = =22 + 1 4 b1h(2),

h 1 Gih
X ,[h@)] = Zf) + o h@ _ Gon),

h 1 Gih() Gah
X_3[h(2)] = _§ = 1Z2(Z) CEUORNYEY

1 G
Xhl=5- 3 X h().

J
0k

Proof. Let h(z) =1+biz+byz> +---+b,z" +---. For X, the condition Xo[F,] = —nG, for
n > 1 implies that

/

h 1

k>1 k>1
Exchanging the order of derivation X and , we have - d Xo h(h = d (1) Integrating with respect
to z gives XO(h) —|—a where « is aconstant If we take o=-—1, then Xo(h) = 1—h.To express
Xy in the (bk) coordmates we have
0 0
Xo[h(2)] = —b1z = b2z =+ = by — - = —by ab @) — bag-h(@) ~

To get X in terms of the (Gy)x>1 coordinates, we consider ﬁ(z) hL We have

~ 1 - ~
Xo[h(2)] = XO[—] =h(z) —h(z)* = Z[Gn —KX(Gy, ..., G, .. )"

h(Z) n>1

Since 7" = %ﬂ [ﬁ (2)], we obtain the result. For X_ |, the method is the same. From X_;(F},) =
—nGy41 forn > 1, we deduce

/

h k—1 k—1
X_, == ZX,l(Fk)z = ZkaJr]Z

k>1 k>1
1d/ 1 1/ 1 1
_—Zkazk ‘——22sz":——<—>——2(—>+—2.
z 5 25 zdz \ h(z) 22\ h(z) z

Exchanging the order of derivation X_; and d%’ we have

dxam_a( it
dz h h(z) z)

Integrating with respect to z gives X’}l(h) = hl(z) — % + constant. Taking the constant equal to b

gives X_1. In the same way, X _; F, = —nG;, for n > 1 implies that

4 _ _
Xj(;) = —ZW,ijZk ! =Zka+jZk

k>1 k=1

1 . i
= ;Z(k"'J)GkHZkﬂ - ,+1 ZGH/Z
k=1 k=1
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d ( 1 1 X
=—— - — Grz" ). O
ATma-7 X
z\z/h(z) z 0<E<)
7.2. The operators (My)rez
_ J W
We have Ly = Zk>1 kbig5 = Zj>1 FiW;.

Definition 7.2. For k > 1, let

My = Z FjWjy and M_y= Z FiuW;j. (7.5)
i1 j>1

Proposition 7.4. For k > 1, M_; F, = nFyqx, Mi(Fy) = nF,_x X 1,>k. Moreover MM, —
MpMy = (k — p)Myp, for p, k€ Z.

Proof. From W;(F,) =nd, ;. For the last identity, we verify that MyM,F, — M, M F, =
(k= p)MispFa. O

Lemma 7.5. In terms of the coordinates (by)i>1, fork > 1,

Mk=ZFjo+k=bl

ad 0
+2by——+ -+ pby——— At - (7.6)
Y Pt

dbi+1 b2
In particular if h(z) =1 + b1z +brz> + - + bpz? + -, we have
M[h(2)] =" @) fork>1. (1.7)

Proof. We verify the identity on A(z). From W;[h(z)] = —7/h(z). Thus

Mi[h(2)] =~z <ZFZ ) x h(@) =24 ).

j=>1

Since (b ab -+ szbk e pbpgp— Bbk - )h(z) = ZKT1h' (2), we obtain (7.6). For k > 0,
the operators M k= 2121 F]+kW are given by My = Ly,

d 9 9
M_y = (2by — bi)—— + 3b3 —bihy) — + -+ ((n + Dbys1 — biby) —— + -+,
ab; dby

by
)
Moz =3 [+ 2bjsa = bjwaby +b; (b = 262)] -
izl !
. 9
My =Y (bjFx+bjy1Fio1+-+bjp1Fi + (j +Objrk) gy O
j>1 '

Remark 7.2. On M, define the differential operators
Ly=M;—W, fork>1. (7.8)
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With the convention Fp = —1,

L=y FiWip = FoWi+ Fi\Wis1 + FWiqo + -+
Jj=0

then Ly = My — Wi, k > 1, is the Kirillov operator

L= 3, Y b,

by n>1 ab"*k

217

(7.9)

(7.10)

For f(z) =zh(z) =z +b122 + bazd + -+ bpzPt + .- we have L[ f(2)] =z T* £/(2) and

Li(Fp) =nFy_i X 1>.

7.3. The operators (V) j>1 and (V]k)j>1

(7.11)

We do not stay anymore in the class of polynomials (F;), (G,). For j > 1 and k € Z, see

(1.9)—(1.10),

j+1_ 0 k k+1 J
Vi=—)Y KJ 7' —— and Vi=_) kM~
r%(:) 8bn+j / né(:) " abn+j

The polynomials (P,f)n>0, see Proposition 2.4 and [1, (A.1.2)], are given by

zf'(2)
f@

h@ =14 Prf()"

n>1

where f(z) = zh(z). We have the recursion formulas, for g € Z,

n
q j+1q n+1 k+q _ q - j+k
(n+1)bn_0<jz<nP K/ , k+qK,, _ZP KT
qJj—q
> PIK,CY
0<j<n

With (7.14), we replace (n + 1)b, in (7.10). It gives for Ly, k > 1 (with bg = 1),

w=X ¥ K= S TR g | = T e

0<n 0 j<n 0y n=j
For ¢ = —k and k > 1, we obtain

=2 P Vine==_ Pl sV

Jjz0 jz1

Definition 7.3. For any k € Z, with the convention Pk 0if n <0, we put

== PV

j>l

(7.12)

(7.13)

(7.14)

(7.15)

+k

(7.16)

(7.17)
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7.4. The Kirillov operators (L_p) p>1

It has been proved in [1, (A.4.5)] that the vector fields (L) >0 obtained by Kirillov in [7]
are such that for f(z) = zh(z), it holds

Lop[f@]=) Py, f @72 (7.18)

j=0

Proposition 7.6. Let L_,, p > 1 the operator defined by (7.18), then L_, is given by (7.17), we
have

L_p,=-— Z oV (7.19)

j=1

Proof. From (5.9), V;[f(z)] = —f@I* o

Remark 7.3. We have
a0
p . p p Jj+l1
L,=) Al - with A = > P2k (7.20)
r>1 r 1<j<r
J4 P _
L_,= ZB W, with B} Z "’ K (7.21)
r=1 1<j<r
_ Jj+2
Proof. From (7.18), L_, = Zj;O,:@O P1+/+pK 3bn+,+1 Thus
— p P J+2.
Lop=) Alyg— witha?, = D> Pk
r>0 r+l 0<j<r
This proves (7.20). We obtain (7.21) with (5.11),
2
L_p=— Z an+]+ij+ GkWn+j+k+l
J>0.n>0,k>0
Z P1+J+p Wikt o
j=0,520
Remark 7.4. We have L _; = M_; — Y_; with
k
Yoo==)_JfW, and Jf=) PRI (7.22)

r>1

In particular L1 =M_1 — X_1.
Proof. From (7.15), M—x =Y, 51 FjeW;j = — 2,51 [Xo<s< ik B5 Ky g IWj

9K _ 9 gS—4 k+sq
Z Py K k+J Y_ZP k+JY Z k-H =

0<s<j+k 0<s<k 1<y

With k = ¢, the second sum is J/’.‘ as in (7.21). The first sum gives Y_;. O
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Remark 7.5. With (1.11) and (5.7), we find forany p € Z, j > 1,

L_pVj=ViL—p= Z (Vj(Rslirp))Vs- (7.23)
ISs<y

8. Second order differential operators

Let 8o =351 421 Fprg(Wprg + WpWy).
Proposition 8.1. Letr Lo = > i1 FjW;j be the homogeneity operator, then

AoF,=n(n—1F, and (Ag+ Lo)F, =n’F,.

Proof. Because of (1.6), W, W, F;,, = 0. On the other hand

Z Ferq Wp+an =n X < Z 8p+q,n>Fn.

p=1l.g21 p=1,g21

Then we remark that (3_ > ;> 8p+gn) =n—1. O
Definition 8.1. We consider Q; = Zp>1,q>1,p+q:j W, W, for j > 2.

Because of (1.8), Ag and Q ; are second order differential operators on the manifold M. With

the expression (1.8) of Wy, + W, W,, we have
O W Wy + W) — Wy Wy W) = Wy,
ab] pP'q p+q pP'"q p+q abj - p 8bq+j q 8bj+p .

Since W, and W, commute, we have Q> = W7 = K3(W1,0), Q3 = 2W W, = K3(W;, W», 0),
Q4 =2W1W3 + W3 = KZ(W1, Wp, W3,0),..., Q, = KZ(Wi, Wa,..., W,_1,0) and Q; W, =
W,Q; for j>2and p > 1.

Since W;_(WiG, = W;_,W,G,, for k < j, p < j, we have Q»,G; = G2, Q3G; =
2Gj_3, ey QnGj = (l’l — 1)Gj_n.

The operator Ag decomposes into Ag = A1 + Ay with

Ay ZZF,,'Q,,',

=2
A2=Z< > 1>Fjo=Z(j—1)Fjo.
j22 "pzlq2l,p+q=j 22

Since W; F,, =néj ,, we have Q;F,, =0, j > 2 and since Q;(G,) = (j —1)G,—;, we find
M F, =0,
M F,=nn—1)F,,
and
MGy =20Gy =) (j = DF;Gy_j.
jz2
We deduce that
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MQj=QjA, WA =D W =59,
A Q= Qj A, Wity =2 W;=j(j —DW;,
and Ay A1 — A Ao :ZkQZk(k_ 1) F Q.

Lemma8.2. Let Xo=—3 ;> G;Wj and Lo=}_ ;5 F;W;, then

XoGn=Gn—K2(G1,Ga,....Gn).  XoFn=-nGy, (8.1)

XoLo = LoXo, (8.2)

Loy =NApLg and LoA1— A LOZZkaQk‘ (8.3)
k>2

Proof. (8.1) results from the expression of X¢ in the (G,),>1 coordinates. Because of (1.6), we
have Lo Xg = Zq}l[ZjZI FiGy_j1W, + Zj}l,q}l FiG,W;W, and

g1 jzlg21

Since Zj>1 FiG,_j =qGy, see (2.5), it proves that XoLo = LoXo. The identities (8.3) are
consequence of (1.6). O

9. The conformal map from the exterior of the unit disk onto the exterior of [—2, +2]

Let ¢ (w) =w + % be the conformal map from the exterior of the unit disk onto the exterior
of [—2, 2]. The Faber polynomials F(z) of [—2, 2] are given by

w? —1 >
_— = F, -,
w2_wz+1 nZO n(Z)w

They satisfy the differential equation
(= DF] () +2F,(2) =n*Fy(2). ©.1)

In the following, we consider Faber polynomials F,, (b1, b>,0,0,...,0). All the b; are zero ex-
cept by and by. We have Fi(by) = —by, Fa(by,br) = b% — 2by, F53(b1,b,0) = —b? + 3b1bs,
F4(by,b2,0,0) = b} —4blby + 203, ...

Theorem 9.1. Faber polynomials associated to ¥ (w) = w + by + %2 verify
((z = b))? —4b2)F)(2) + (z — b)) F,(2) = n*F, (2). (9.2)
In particular, if by =0 and by = 1, we obtain (9.1).

To prove the theorem, we need the following lemmas.
92 3 @
Lemma 9.2. Let L = m —+ m + Zk}l bkm, then LFn = 0

Proof. From (6.15). O
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Lemma 9.3. Consider Ny = Zp}l,q}l FprqgWpiy +W,W,) and let ¢ (b1, by) be a function
defined on M, which depends only of by, by, then

Aog = | (b 2b)32+2bb > +2b282 ¢
O T A Y AT T 1 i

Proof. Let ¢ depend only on the variables by and by. If p > 2 or g > 2, we have [W,, +

W,W,l¢ =0.1f p=2, g =2, then (W4 + W) = Wi¢ = %q). Ifp=2,g=1orp=1,
2

g =2, (W3 + WaWi)¢ = 5= (50 + big)¢. If p=1, g =1, then (Wo + W)$ = [— 50 +

(55 +b1555)°19.
We calculate Agg = [Fo(Wo + W}) +2F3(Ws + WoWy) + Fu(Ws + W3)1. This gives

Ac/)—_F 8+3+b82+2F88+b8+32¢
Lo T \ab T o, Naws by T %n,) T 552

or equivalently

[ (92 32 , 82 32 32 32
Nop=| Fo ~— +2b1——— +b 2F +by F :
0= 2<8b2 by ab2> " 3(8b18b2 ab2> " 48b§}¢

Replacing F;, F3, F4, we find Lemma 9.3. O

Proof of the theorem. From Lemma 9.2, we know that

92 92 9 92
<2b1b2 + 2b5 — )Fn = (—2]92— - sz—)Fn.

ab1dby 2 8b3 db) b}
We replace the right hand side in the expression of Ag and we find
(b7 — 4b )8—2—21; 9 =n(n — 1)F,. 9.3)
T T '

Since F), is homogeneous, b1 ab; F, + 2b2 3h3 F, =nF,. Replacing 2b2 ab3 F, in (9.2), we find

0} —4b) 2l 4 by 3 = 2F,. O
1
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