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1. Introduction

Let k be a field, V a finite dimensional k-vector space of dimension n, G C GL(V) a finite group
and A :=Sym(V*) =Zk[xq,...,xp], the symmetric algebra over the dual space V* with its canonical
G-action and ring of invariants R := A® :={ac A|ga=a, Vg eG).

A classical result of K. Watanabe states that if p = char(k) does not divide |G|, then A® is Goren-
stein if G C SL(V). If moreover G contains no pseudo-reflection, then the converse holds, i.e. if A® is
Gorenstein, then G € SL(V) [18,19]. In the recent paper [4], A. Braun proved an analogue of this result
for the modular case, where the characteristic of k is allowed to divide the group order. Consider the
following
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Hypothesis (AMR). The group G € GL(V) contains no pseudo-reflection (neither diagonalizable nor
transvection).

Then Braun proved the following result:

Theorem 1.1. (See [4].) Let k be an arbitrary field and suppose the Hypothesis (N'R) holds. Then the following
are equivalent:

(i) G SSL(V);
(i) A® = Homc(AS, C) for any polynomial ring C € A® with AC a finitely generated C-module and the
homogeneous generators of C of degrees divisible by |G|.

From this he deduces that if G satisfies Hypothesis (N"R), then the Cohen-Macaulay and Goren-
stein loci of A® coincide and if A® is Cohen-Macaulay it is also Gorenstein. He also obtains a modular
version of the converse: If G satisfies Hypothesis (AM'R) and AC is Gorenstein, then G is contained
in SL(V).

In this paper we generalize Braun’s results in two ways: firstly we avoid Hypothesis (NV'R) al-
together. Secondly we neither assume A to be a polynomial ring nor that the parameter algebra C
is chosen in any particular way. Instead, our main result applies, whenever A is a (not necessarily
graded) k-algebra, which is also a factorial domain with unit group U(A) = U(k). To formulate our
main result we need the following definitions and notation:

Let A be a finitely generated (affine) k-algebra, which is also a factorial domain with unit group
U(A) =U(k) and let G C Aut(A) be a finite group of ring automorphisms of A. We do not assume
that G acts trivially on k, so k' :=kC can be a proper subfield of k.

Definition 1. Let A € Z1(G, U(A)) be a 1-cocycle, i.e. A: G — U(A) with
rgh)=2(g) - g(r(h), Vg heG.

Then we define A; :={a e A| g(a) := A(g)a}, the R-module of relative \-invariants, or A-semi-invariants
in A.

Definition 2. Let P C B be an extension of affine k-domains such that the P-module pB is finitely
generated and assume that P is a Gorenstein ring. Then we call the B-module Homp (B, P) a quasi-
canonical module of B and we call B quasi-Gorenstein (w.r.t. P), if Homp (B, P) = B as B-modules (in
other words, if B is a pre-symmetric P-algebra).

Remark 1. If in addition B is a graded connected k-algebra and P a polynomial k-algebra, generated
by a homogeneous system of parameters, then B is a Cohen-Macaulay ring, if and only if pB is free.
If B is Cohen-Macaulay, then it is well known that wp := Homp (B, P) is a canonical module of B
and B is Gorenstein, if and only if B = wsp.

Let W := W(G) < G be the normal subgroup generated by generalized reflections (see Defini-
tion 5) and let F be any parameter k’-subalgebra F CR:=A¢ C S:=AW C A, ie. F=KI[f1,..., f4l
is a polynomial ring such that R and therefore also A are finitely generated F-modules. Although
not explicitly stated in [15], the following facts are implicit in the proofs of that paper:

(i) The class group Cg of R is isomorphic to the subgroup H of H!(G, U(A)), defined by H :={p €
HY(G,U(A)) | res;,(p) =11in H! (Iq, U(AQ)), YQ € Specy (A)}. (See Theorem 3.4).
(ii) There are explicit bijections between the following sets:
- the divisor class group Cg;
- the set of iso types of finitely generated reflexive R-modules of rank one;
- the set of iso types of R-modules of semi-invariants A, with x € Z1(G,U(A)).
(iii) If x € Z'(G/W,U(A)), then Ay, =R <= [x]1=1€ H'(G/W,U(A)).
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We can now state the main result of this paper:

Theorem 1.2. Let A be an affine k-domain which is also a UFD and let 7 C R C S C A be as described above.
Then the following hold:
The rings S and A are quasi-Gorenstein JF -algebras with natural FG-modules

Homz(S, F)=S-6s=S, Homg(A,F)=A-04=A and D, =Homs(A,S)=A-0ps.

Here Da g = Da,s is the Dedekind-different, which is a G-invariant principal ideal in A (see Definition 7).
Let xs € ZV(G/W,U(k)) and xa, XAS € Z1(G, U(k)) be the “eigen-characters” of 0s, 04 and 0a.s, Te-

spectively and view Z'(G/W, U (k)) as a subset of Z1(G, U(k)) in a natural way. Then xs = Xa - XXls and

Hom £ (R, F) is isomorphic to the R-module of semi-invariants SX§1 = AX;1 . In particular the following hold:

(i) The quasi-canonical R-module Hom £ (R, F) is isomorphic to a divisorial ideal I < R, with ch(cl(I)) =
[xsl=1I[xa/xa.s], wherech:Cr — HY(G/W, U (k)) is the isomorphism of Lemma 3.11.
(ii) The following are equivalent:
(a) The ring R is quasi-Gorenstein;
(b) [xs1=1€H"(G/W,U(k));
(c) [xa.s1=I[xal € H' (G, U(k)).

Remark 2.

(i) In [12] Hinic obtained an analogous result to the equivalence of (ii) (a). Furthermore (b) was
obtained for (A, m) a noetherian local Gorenstein ring and under some technical hypotheses on
the group action. The most significant one is that the inertia group H :={g € G | gk(m) = idkm)}
has order coprime to the characteristic of the residue class field k(m).

(ii) In the special case, where A is a polynomial ring with k-linear G-action, the equivalence of (ii) (a)
and (c) also appears in a paper by A. Broer [5].

Corollary 1.3.If [xs]=1¢€ H'(G/W, U (k)), then the Cohen-Macaulay and Gorenstein loci of R coincide.

_If char(k) = p > 0, set W = (W, P8 | gecG) with P a Sylow p-subgroup of G. In other words,
W < G is the normal subgroup generated by all reflections on A and all elements of order a power
of p. We obtain:

Corollary 1.4. If G acts trivially on k, then H'(G/W , U (k)) = Hom(G/W, U (k)) = Hom(G/W, U (k)) and
Theorem 1.2 also holds with W and S replaced by W and S := AW, respectively. The ring S is a factorial
domain and quasi-Gorenstein; the subring R is quasi-Gorenstein if and only if xz = 1.

Assume for the moment that Hypothesis (AMR) holds, then W =1 and A =S with [xas]=1.
Hence in this case R is quasi-Gorenstein, if and only if [xa] = 1. If moreover A = Sym(V*) with
G C GLi(V), then [xa] = xa = det™! (see Remark 9) and we recover Braun’s result (and Watanabe's
for char(k) {|G|). More generally:

Corollary 1.5. Assume that A = Sym(V*) and S := AW is Gorenstein (e.g. a polynomial ring). Assume more-
over that xs = 1 (note that xs € Hom(G, U (k)) here). Then R = A€ is Gorenstein, if it is Cohen-Macaulay.

It is known by a result of Serre [2] that if Sym(V*)" is a polynomial ring for finite H C GLi(V),
then H = W (H). Since the converse is false, the hypothesis of the above corollary is not automatic. If
however it is satisfied, then the character xs can be explicitly described in terms of the G/W-action
on the homogeneous generators of AW (see Section 6).

It is remarkable that Braun’s original proof, as well as the one of our generalization, uses tech-
niques from the theory of non-commutative Frobenius and symmetric algebras. A slightly more special
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version of Theorem 1.2, in which F is chosen such that the field extension L > Quot(F) is separable
(such an F can always be found by [11, Corollary 16.18, p. 403]), can however be obtained wholly
within the “world of commutative algebra”, by combining Braun’s ideas with methods from algebraic
number theory and information hidden in the proofs contained in a classical paper by Nakajima [15].
We will add a sketch of this argument to our proof of Theorem 1.2 in Section 5.

We will use standard notation and will denote with A-Mod the category of (left) A-modules and
with A-mod the full subcategory of finitely generated A-modules.

2. The divisor class group and reflexive modules of rank one

In this section we collect some definitions and results from [15], including some information which
is implicitly contained via arguments and proofs, but not explicitly stated there. In such a case we in-
clude short proofs. Throughout this paper, A will be an affine normal k-domain, which will be further
specialized in later sections. We define L := Quot(A) and set Spec;(A) := {P € Spec(A) | ht(P) = 1}.
Then for every P € Spec;(A), the localization Ap is a discrete valuation ring with the well-known
property that:

(i) A={pespec, (a) AP;
(ii) for every 0 # £ € L the set {P € Spec;(A) | vp(£) # 0} is finite.

Let D, denote the divisor group of A, i.e. the free abelian group with basis Spec; (A):

Da= P Zdivp).

PeSpecy (A)

Let 0 ] < A be an ideal with 0 j € J. Then vp(J) € Z is defined by JAp = P"*)) Ap, hence vp(j) :=
vp(jAp) = vp(J) > 0, and it follows that vq(J) =0 for all but finitely many Q € Spec;(A). If € L
is a fractional ideal, then ¢] < A for some ¢ € A, hence again vg(I) =0 for almost all Q € Specy(A)
and one defines div(l) :=d(I) := Zpespecl Ve div(P). With H4 we denote the group of principal
fractional ideals in A, then the map div embeds H, into D4 as a subgroup with quotient group
Ca :="Da/Ha, the divisor class group of A.

Definition 3. Let R C A be a subring. For ideals I <R or J <A we denote with I and J the correspond-
ing divisorial closures, i.e. I =(\gcquot(r), IcRg R4> and J =(Nger, jcaq AC-

Remark 3. If A is a normal noetherian domain and also a UFD, then I = (1,4 jcqp GA.

The following results are standard, so we omit proofs:

Lemma 2.1. Assume that A is a UFD and R C A a subring with Quot(R)NA = R. Let I <R and | < A be ideals,
then:

IANR=1

J=djAwithd; :=gcd(]) in A.

TA =d; A withd; := gcd(I) := gcd{r € I} (taken inside A).
. ForacA:aj=7a.

. Fora € A and divisorial ideal | < A, a] < A is divisorial.

. Foranyideals ], K<A: J-K=] K.

O UEWN

Let B be an arbitrary commutative ring and N € B-mod a finitely generated B-module. Then N
is torsion free of rank one <= there is an ideal I <{ B containing a non-zero-divisor, such that
N =1 < B are isomorphic as B-modules.
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For every finitely generated module M € A-mod the following hold:

(i) M* :=Homa(M. A) = cspec, () Mj S L ®a M.
(ii) If M is torsion free, then the canonical map c: M — M** induces an isomorphism

M= () M,
peSpec; (4)

(iii) The fractional ideal I € F(A) is divisorial if and only if I is a reflexive A-module.
(iv) ker(c) = Tor(M), the torsion submodule of M, and M* is reflexive.
(v) For M, N € A-mod one has

(Homa(M, N))™ = Homg (M*™*, N**).

Proposition 2.2. Let A be a normal noetherian domain, then there is a bijection between the divisor class
group C4 and the set of isomorphism classes of finitely generated reflexive A-modules of rank one.

Proof. If M, N € A-mod are f.g. reflexive A-modules of rank one, then M =] and N = J with divi-
sorial ideals I, ] < A, so we can assume that M = I, N = ] are divisorial ideals. Let 6:1 — ] be an
isomorphism, then for any i,i’ € I, 6(ii") = i0(i") = i'6(i), so £ :=6(i)/i € L with £-1 C J. By symmetry
we have ¢~ =i/0(i) =071(0(i))/60(1) =60~1(j)/j for every je J, hence j=60"1(j)¢ and | C ¢, so
J=¢-1.1t follows that the classes cl(J) := [div(J)] and cl(I) € C4 coincide.

Now assume cl(J) = cl(I) € C4, then div(l) = div(J) + div(¢A) for some ¢ =a/b € L, hence

div(Ib) = div(I) + div(bA) = div(J) + div(aA) = div(Ja),

and replacing I by Ib=1 and J by Ja= ], we can assume that div(I) = div(J). Hence Ip = Jp for all
P € Spec;(A), so I £ ], since these are reflexive A-modules. O

3. Relative invariants
Now let G C Aut(A) be a finite group of ring automorphisms with corresponding ring of invariants
R := A% and quotient field K = LS. The Galois group G = Gal(L : L) acts as permutation group

on Spec;(A) and on the divisor group D4 and there is an inclusion homomorphism p:Dsc — Ds
satisfying

d(@ > eq- ( > d(Q)) € (Da)°,
QeSpecy (A): QNAG=q

because the ramification index eq 4 :=eq :=e(Q| q) is constant for all Q € Spec,(A) over q. The group
of invariants (D) is a free abelian group with basis consisting of orbit sums

dQ":= ) d(gQ), Qe Speci(A).

8€G/CGy

Here Gq) := Stabg(Q) is the stabilizer (i.e. the decomposition group) of Q. Let ¢ denote a fixed set
of representatives for the G-orbits on Specy(A), i.e.

¢ = Spec; (A)/G = Spec; (A°).
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Then we have a short exact sequence of abelian groups:

0 Dye B (Da)° - P z/egZ— 0. (3.1)
Qe

If aA € (Ha)C, then g(a) = cga with cg € U(A) and gh(a) = cgna = g(cpa) = g(cp)cga, hence cgp =
cg-g(cp), S0 A:=c(y € Z'(G,U(A)) and a € A;.

Lemma 3.1. Let x € Z'(G, U(A)), then 0 # Ay is a reflexive R-module of rank one and is isomorphic to
a divisorial ideal of R. The following hold:

(i) Forevery0#ae A,—1,aAyANR=Aya=aAy <R is divisorial.
(i) Let A € B(G, U(A)), i.e. A(g) =u~'g(u) withu € U(A), and p := x - ». Then u - Ay=A,and A, A=
Ay A, which only depends on the class [x] € HY(G, U(A)).
(iii) Assume A to be a normal domain. Then for every Q € Specy (A), vo(Ay A) <e(Q|q).
Proof. See [15, Lemmas 2.1/2.2]. O
Let ZL(G,U(A)) == {» € Z1(G,U(A)) | Ay £ Q, ¥Q € Spec;(A)}. If A, € Z1(G,U(A)) and Q€
Specy(A), then A;., € Q implies A; - A, € Ay, ©Q, hence A, €Q, or A, € Q. In other words,
Z}(G,U(A)) is a subgroup of Z!(G, U(A)), containing B(G, U(A)) (since A, A= A for A € B(G, U(A))).
Therefore one can define
Definition 4. H,(G, U(A)) := Z}(G, U(A))/B(G, U(A)).

Lemma 3.2. The sequence

0— HA(G.UA) — H'(G.U®) L @ Z/eqZ
QecC

with ¥ :[x]+— (VQ(AX_A))Q€¢ is an exact sequence of abelian groups.
Proof. See [15, Lemma 2.3]. O
The map
Cac = (D) /(HA)® > (Da/Ha)® = (Ca)°
is essentially the natural map ¢ :C,c — Ca and we obtain

Corollary 3.3. The kernel ker(¢) is naturally isomorphic to H%(G ,U(A)) = ker(¥). Moreover, ¢ is injective
if and only if the Ay are free R-modules for all x Z}\(G, U(A)).

Proof. See [15, Lemma 24]. O

3.1. From now on we assume that A is also a factorial domain
Definition 5.

(i) Let Iq :=Gyq) ={g€G|ga—aecQ, Vae A}, the inertia group of Q € Spec; (A).
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(ii) An element g € G is called a reflection on A, if g € Iq for some Q € Specy (A). The group
W =Wy := Wa(G) :=(Iq | Q € Spec; (A))

is a normal subgroup (since G acts on Spec;(A)) and is called the subgroup of (generalized) reflec-
tions on A.

Theorem 3.4. Let A and G be as above and assume that A is a factorial domain. Then
Cac ZH) (G, UA) = H:={p e H'(G,U(A)) | resiy(p) =1in H'(Ig, U(Aq)), ¥Q € Spec; (A)}.

In explicit form: Let I be a divisorial ideal of A®, then IA = aA with semi-invariant a € A. If 6, € Z1(A, U(A))
is the corresponding cocycle, i.e. g(a) = 0,(g)a for every g € G, the class [1] € C4c corresponds to the element
[64] € H.

Proof. See [15, Lemma 2.4]. The explicit form can be seen by following up the isomorphism described
there. O

Proposition 3.5. For x € Z1(G, U(A)) the following hold:

(i) AyA=dyA dy :=gcd(Ay) € Ay, with pu, € Z'(G, U(A)) and a uniquely defined element [11,] €
HY(G, U(A)).
(ii) Ay defines a unique class cl(Ay) € Cg, which satisfies cl(Ay) = [x‘lux] € H (see Theorem 3.4).
(iii) Ay isafree R-moduleifand only if [x]1=[y] € HY(G, U(A)).

Proof. (i): This follows from Lemma 2.1.
(ii): For every a € A, 1 the ideal aAy <R is divisorial and we get from Lemma 2.1: aAy A = ady A

with ady € Ay, . Hence cl(Ay) = [x 'iy]€ H by Theorem 3.4.
(iii): This follows immediately from the above. O

Lemma 3.6. For [x] € H(G, U(A)) the following are equivalent:
(i) [x1€ H=H}(G, U(A);

(ii) dy € U(A);

(iii) [x '1=cl(Ay) eCR = H;

(iv) m =A.

Proof. “(i) <= (ii)": Let [x] e H, then there is a divisorial ideal J < R with cl(J) =[x '], ie.
JA= fA with f €A, 1. The divisorial ideal I := fA, <R satisfies

fAYA=IA=f-A A= fdyA.
Hence = JANR= fANR= fAy =150 fdyA=1A= JA= fA and dy € U(A). On the other hand,
if d, € U(A), then [y]1=1€ H'(G,U(A)) and [x "1=[x "Iyl € H.

“(i) <= (iii)” and “(ii) <= (iv)” follow from Proposition 3.5. O

Corollary 3.7. For x € Z1(G, U(A)) we have Ay =dy - Ax
Then a | dy and the following hold:

-1.Assume Ay =a-SwithS C Aanda e A.
My

(i) a~dy < S = A; with [\] =[x ;'] € H (i.e. A, = Ay = R in R-mod).
(i) 1neS e S=R<d, ~acAy.
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; _ -1
Proof. Since d, = gcd(Ay), Axdx CAXM;], hence d, ~AXM;1 CAy, Cdy ~AXM;1, SO

Ay =dy Ay, 1.

(i): If Ay =aS with S € A > aq, then clearly a | dy. If a=ud, with u € U(A), then d 'Axu;l =
Ay =ud,S, hence S:u‘lAXM;1 = A, with [A\]= [Xu)‘(l].

Assume S = A; =R, then dy A=A, A=aA A =aA; A=aA by Lemma 3.6; hence a ~d,.

(ii): If 14 € S, then a € Ay, therefore dy |a and S=1/aAy C R. Hence Ay CaRC Ay and R=
1/aAy =S.1f S=R, then Ay =aR, so gcd(Ay)>aecAy.lfdy ~ac Ay, aR C Ay, hence 14 eRC
1/aAy =S. O

Corollary 3.8. Let [A] € H(G,U(A)) such that A, = dR. Then for every [o] € H we have d =
gcd(Ayp) ~d,q, ie.d and d, are associated. In particular d = d; - u withu € U(R) and A;, = Ad,,..

Proof. We have

dA=dA;A=dRAA=A\Ac AC Ay\sA=dis A=) Ap-1A=dysAs-1A

=dyo AAy 1A= Ao AA 1A= A, AA,—1A C A A =dA.
It follows that d) =u-d withue U(A)NR=U(R). O

Theorem 3.9. Let Pg 4 :={[A] € H'(G,U(A)) | Ay =dyR)}. Then

Pe.a={[x1 € H'(G,U(A)) | cl(Ay) =1},

PeanH=1 and H'(G.UWA)= |H H AL
[AePg,a

S0 Pg.a € H(G, U(A)) is a transversal of the cosets of the subgroup H C H'(G, U(A)).
For every [x]€ H'(G,U(A)) let [11y] € H'(G, U(A)) be the character of dy :=gcd(Ay), ie.dy € Ay, .
Then the following hold:

(i) cl(Ay) =[x " "lpyl with {[1y 1} =Pc.aNH-[x].
(ii) The map

wiH' (G, UA) = Pea,  [XTH> [1ay]
satisfies |4 o L = (4 and it is a projection operator onto the distinguished transversal Pg 4.

Proof. The equation Pg a N H =1 follows from Lemma 3.6 (iv).

Let [A], [6] € Pg.a with [o] := PARRIRS H, then [61 = [A][o], hence by Corollary 3.8, ds ~d; and
[A] = [8]. This shows that every H coset contains at most one element in Pc.A.

Let [x]€ H(G, U(A)), then

AyA=dyAC Allg(l)A C AM;])A :dﬂg{])/\ C AM;Z)A :dug(z)A - AM?)A =...

with

x1= [;,Lg(l)] = [M&Z)] =... mod H.
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It is clear that this ascending chain of divisorial ideals must be stationary, hence we will eventually
have

(i) (i+1) (00) .
duﬁé)A:duﬁé“)A:du}”)’ and therefore [uy’ | =y =[1ny"]=:[A]
with
MA=dACMACAA and [x]=[pyl=--=[n5”] =1 mod A.

It follows that d) = gcd(A,) € A,, hence Ay =d,R, so [A\] € Pg.aN H- X-
It now follows from Corollary 3.8 that

d, ~d o ~d i-n~d j—py~--~d q~dy.
) ) =D =2 usp X

So [uy]:= [/ng)] ePcan H - [x]. By construction we have dy, ~dy, hence popu(lxD = plxD,
which finishes the proof. O

Corollary 3.10. For every [A] € Pg, 4 we have Cr = {cl(Ay) | x € H - [A1}, ie. if x ranges through the full
coset H - 1], then the A « form a transversal of all isomorphism types of rank one reflexive R-modules.

Alternatively the set {AXM? | x € Z1(G, U(A))} is also a full set of representatives of reflexive rank one
R-modules.

Proof. Every rank one reflexive R-module is isomorphic to a divisorial ideal of R, the isomorphism

type of which is uniquely determined by its ideal class. From Theorem 3.9 we see that [us)] =
eigen character of (dy,) = eigen character of (d;) =[A], hence we get

d(Ass) =017 " el =01 A A =017

The last statement follows from Corollary 3.7, since Ay =dy -A, -1 =A_ _1in R-mod. O
XMy XMy

3.2. A factorial domain, U(A) = U (k)
From now on we assume that the affine k-algebra A is also a factorial domain with U(A) = U (k)
with k C A, a field of characteristic p > 0.

Let P =apA € Spec;(A) and o €I :=1Ip. Then for u ek, (c —1)(u) ekNP=0, so o(u) =u and
W C Auty(A). Clearly P is I-stable, so o (ap) = §p(g)ap and the map

sp:lp— Uk), o> dp(g)=a; o(ap)
is an element in Z1(I, U(k)) = Hom(I, U (k)).

Lemma 3.11. For P € Spec;(A), I :=Ip and e := e(P | PN R) we have Hom(I, U (k)) = Hom(I, U(Ap)) =
(8p) = Z/eZ. There is a short exact sequence

0— Cye — H'(G. U(k)) - @D Hom(Iq. U (k)) — 0.
Qe

In particular Cpc = H'(G/W, U (k)).
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Proof. See [15, Lemma 2.6]. In addition to this, we only need to show that H = HY(G/W,U(k)).
Let [x] € H with x € Z1(G,U(k)), then for g.h e W, x(gh) = x(g)g(x () = x(g)x (h), since W
acts trivially on k. Moreover g and h are products of elements on which x is 1, hence xw =1.
We view Z1(G/W, U(k)) as a subset of Z!1(G, U(k)) in a natural way. Then, again since W acts triv-
ially on k we have B!(G, U(k)) € Z'(G/W, U(k)), hence B'(G, U (k)) = BL(G/W, U (k)), s0 Cpc = H=
ZU(G/W,Uk))/BY(G/W,Uk)=HY(G/W,Uk). O

Remark 4. It follows from Lemma 3.11 that AW is factorial, a result originally obtained by Dress for
polynomial rings [10], inspiring the generalization by Nakajima in [15].

3.3. A factorial domain, U (A) = U (k) with trivial G-action

Then H'(G, U(A)) = G* :=Hom(G, U (k)), the group of linear k-characters of G. If N < G is a nor-
mal subgroup, then the restriction map yields a short exact sequence

1— (G/N)* = G* — N* — 1.

Corollary 3.12. There is an isomorphism ch:Chc = G~ = ker(resw), where G := G/W and resy :
G* — W™ is the restriction map on characters.

4. Pre-Frobenius algebras

In this section we develop some tools from the theory of non-commutative Frobenius-extensions
and symmetric algebras, which will be used to prove the Main Theorem 1.2 in the general case.
Although that proof only needs the results in the case of commutative rings, there is little gain in re-
stricting to commutative algebras from the outset, as the methods themselves are “non-commutative”
in nature. Let C denote an arbitrary commutative ring with 1, B a possibly non-commutative
C-algebra such that ¢B is a finitely generated module, and D an arbitrary ring. With gModp we
denote the category of B-D-bimodules. For any object M € gModp the set M* := Hom¢ (M, C) is
an object in pModg by the rule: (dab)(m) := a(bmd) for « € M*, d € D, b € B. Notice that dab
is in M* since C is central. Similarly the set MY := Homg(M, B) is an object in pModg by the
rule dfb(m) := f(md)b. For any bimodule homomorphism x € Homg(N, M)p the map x*: M* — N*,
o~ aox is in Homp(M*, N*)g and x¥:MY — NV, a — «a o x is in Homp(M"Y, NY)g. Thus we have
contravariant functors:

0*:3Modp — pModg, M~ M* and
()VZBMOCID—>DMOC13, M+ MVY.

Definition 6. The (finite) C-algebra B will be called (left) pre-Frobenius, if there is some 6 €
Homc¢ (B, C) such that Hom¢ (B, C) = B = gB as a left B-module. If B =6B = gBp as B-bimodules,
then B is called a pre-symmetric algebra over C. A pre-Frobenius (pre-symmetric) algebra ¢B is called
a (left) Frobenius (or symmetric) C-algebra, if ¢B is finitely generated projective.

Some of the following results on pre-Frobenius algebras are well known in the context of artinian
Frobenius-algebras (see e.g. [9, p. 413 ff.], or [14, p. 407 ff]), but we need them in a non-artinian
situation. We also do not want to impose the condition that ¢B is projective from the very begin-
ning, as it is done in the existing literature, including the original source [16]. Therefore we will add
proofs, whenever we couldn’t find exact quotes in the literature for the result in question. For the
convenience of reading, some of the more technical proofs have been deferred to an extra section
(Appendix A).

Let B be a pre-Frobenius algebra; then the left annihilator L — anng(@) := {b € B | b8 =0} is zero.
Moreover, the fact that B* is a B-bimodule implies, that for every b € B there is a unique vy(b) € B
such that 6 - b = vg(b) - 6. From
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vp(ab) -0 =0 - (ab) = (0 - a)b = (vg(a) - 0)b = vy(a)vy(b) - 6,

we see that vy is multiplicative. If z € Z := Z(B), the center of B, then 6-z=60(z-()) =6(()-2) =z-0,
hence vy(z) =z and it follows that vy € Endz(B). If B* = BA, then A =u - 6 for some unit u € B, and
we get vg(b) =u~lv, (b)u for all b € B.

Lemma + Definition 1. Let ¢B be a (left) pre-Frobenius algebra with B* = B6 and center Z = Z(B).
Then the following are equivalent:

(i) vg € Autz(B).
(ii) B =0B and R —anng (@) :={b € B|0b =0} =0 is zero.
(iii) The map gB — pB*, b b-6 =6(()b) is an isomorphism of left modules and the map Bg — B},
b 6-b=0(b()) is an isomorphism of right modules.

If any of these equivalent conditions is satisfied, we call ¢B a balanced pre-Frobenius algebra. In the
context of artinian Frobenius-algebras, vy is called the Nakayama-automorphism.

Proof. (i) = (ii): If vy € Autc(B) and b € B, then b8 = vy (b')0 = 0b’ for some b’ € B, hence B* = B C
6 - B C B*. It follows from the definition of vy, that R — anng(8) C ker(vy) =0.

(ii) = (iii): The fact that ¢B is left pre-Frobenius is equivalent to the statement that the map
b+ b -6 is an isomorphism of left modules. The hypotheses in (ii) imply that the map b+ 6 - b is
injective and surjective, hence an isomorphism of right modules.

(iii) = (i): The first isomorphism is just a restatement of the left pre-Frobenius condition and
therefore induces the map vy. The second isomorphism clearly implies that vy is injective. It also
implies that for every b € B there is b’ € B with b8 = 0b’ = vy (b’)8, hence vy is surjective. O

Remark 5.

(i) A balanced pre-Frobenius algebra ¢B with B* = B is pre-symmetric, if and only if vy = idj.
Indeed: B* = BA = AB = gBp <= bb’'1p = bl1gbh’ = 1gbb’ > bb’A = bAb’ = Abb’ <= A(()bb’) =
A’ Ob) = A(bb' () < vy =id <= vy =u~v,u =id for some unit u € B.

(ii) If ¢B is a commutative (left) pre-Frobenius algebra, then B is automatically balanced and indeed
pre-symmetric.

(iii) If B is an affine commutative graded connected algebra over a field and C < B is a polyno-
mial ring generated by a homogeneous system of parameters (a parameter subalgebra), then
Homc (B, C) is a quasi-canonical module wp in the sense of Definition 2. In this case ¢B is pre-
symmetric <= wp = pB <= B is quasi-Gorenstein.

If moreover B is Cohen-Macaulay, then B is Gorenstein <= ¢B is pre-symmetric.

Let C, B, A be rings such that B is a C- and A is a B-bimodule. Then A = ¢B ®p A and hence by
the adjointness of tensor and Hom-functors, we get an isomorphism ¥ of abelian groups:

Homc¢ (cA, €) =Homc(cB ®p A, C) = Homg (A, Homc (¢ B, 0));
Vips (a> (b9 -0)); iy (@m y@Q@)).
Both abelian groups are also A-C-bimodules and ¥ is an isomorphism of bimodules. Indeed:

¥ (d'¢c)(a)(b) = d'pc(ba) = ¢(bad’) - c = (¥ (¢)(aa’) (b)) - ¢
= (¥ (#)(ad))c) (b) = (a'¥ (¢)c) (@) (D).
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Lemma 4.1. Let A and B be pre-symmetric C-algebras with A* = A - 64 and B* = B - 0. Assume that A is a
B-bimodule. Then Homp (A, B) = A - A, with . € Homp (A, B) defined by the equation

Aa) -0 = (aba) ;B = 6a(-a);B.
The map A is a homomorphism of B-bimodules, and the map
¢B . Ap — Homp(A,B), ar>a-A

is an isomorphism of A-B-bimodules.
In other words, (A, B) is a (possibly non-commutative) “pre-Frobenius pair”.

Proof. See Appendix A. O

We now assume that ¢B is a balanced pre-Frobenius algebra and we fix 6 € B* = B6, together with
v := vy € Autc(B). For M € gModp we define M to be the same C-module as M but with twisted
B-action given by v(a) - ®m := ™ (am), or

a-Vm:=v@m.
Since (a- Vm)d = (v~ (@)m)d = v_1(a)(md) = a - ¥ (nd), it follows that "M € gModp.

Theorem 4.2. Let B be a balanced pre-Frobenius algebra over the commutative ring C with B* = B - 6 and
corresponding vy € Autc(B). Then for any ring D the function 6 induces an isomorphism of functors ()",
O*oY():gModp — pModsp:

65 :Homg (M, B) - Hom¢ ("M, C), B> 00 p.
Proof. See Appendix A. O

Proposition 4.3. Let B, 6 and v be as in Theorem 4.2, M € gModp, such that M** = M, i.e. M is a finitely
generated reflexive C-module. Let £ := Endg (M), then there is a homomorphism of D-bimodules

n:E" — Homg (M, M),
which is an isomorphism if g M is projective.

Remark 6. In the case when ¢B is symmetric (<= v =id), taking D = £ shows that for f.g. B-projec-
tive M, £ =Endg(M) is also a symmetric C-algebra (well known).

Proof of Proposition 4.3. See Appendix A. O
Proposition 4.4. Let C be a commutative ring, S a finite (not necessarily commutative) C-algebra, i.e. such
that the left C-module ¢S is finitely generated, and let G < Autc(S) be a finite group. Set B := S * G to be the

twisted group algebra with sgs'g’ = sg(s')gg’ fors,s’ € S and g, g’ € G. Then the following are equivalent:

(i) S* =Hom¢(S,C)=S- g,ie cSis left (balanced)pre-FrobeniusA.
(ii) B* =Homc¢ (B, C) = B - 6 is left (balanced) pre-Frobenius with 6(Sg) = 0 for all g # 1.

Proof. See Appendix A. O
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Theorem 4.5. Let ¢S be a finite commutative C-algebra and assume it is pre-Frobenius with S* =
Hom¢(S,C) =S - 6. Let G < Autc(S) be a finite group and B := S x G the twisted group ring with center
Z :=Z(B) and R := SC. Then the following hold:

(i) ¢B is balanced pre-Frobenius with B* = B - 8 and corresponding automorphism v := v € Autz(B),

satisfying v(s) =s forall s € S.

(i) The left action of G on S induces a natural right action on S* given by (A, g) — rog.' Fors € S, (s\)og =
g7 1(s)(1 o g), s0 G acts by R-module automorphisms.

(iii) Corresponding to 6 € S* is the cocycle x = xs € Z1(G, U(S)) defined by the formulafog ' =g -0 :=
X0(g) -6 and satisfying v(g) = x, ' (&) - &

(iv) One has for 0’ € S*:

S:6=5-0 < 0 =uh withueU(S) and xy = xo-0U,

where du(g) := gw)u~! € BI(G, U(S)). In other words, [xs] = [x¢']1 € H'(G, U(S)).
(v) There is an identity of R-modules

sVTIG = [ses|vig)s)=s, VgeG)= Sy-1
where S, -1 denotes the module of relative y ~!-invariants.
Proof. See Appendix A. O

We will later use the theory of Galois ring extensions as developed in [7], from where we take the
following result:

Theorem 4.6. Let S be a commutative ring, G < Aut(S) a finite group of ring automorphisms and R := S°.
Then the following are equivalent:

(i) S is a finitely generated projective R-module and j: B := S x G — Endg(S) is an isomorphism.
(ii) Forevery 1# o € G and maximal ideal P of S there is s(P,0) € S withs — o (s) ¢ P.

If either of these conditions is satisfied, then gS is projective in B-mod and R < S is called a Galois ring
extension with Galois group G.

Proof. The equivalence of (i) and (ii) has been shown in [7] and the fact that they imply that gS
is finitely generated projective follows for example from [13, Theorem 2.5]. It also follows from the
fact that, if R < S is Galois, then the bimodule zSp is invertible and induces a Morita-equivalence
between R-mod and B-mod. 0O

We summarize:
Proposition 4.7. Let ¢S be a finite commutative C-algebra, G < Autc(S) a finite group,Awith R :=SC and

twisted group ring B = S % G. Assume ¢ S is a pre-Frobenius algebra with Hom¢ (B, C) = B = gBand v := vy
as in Theorem 4.5. Then there is a homomorphism

n:R* :=Homc (R, C) — Homg (S, "S) = sVTIG = [ses|vi(g)s) =s, VgeG}.

If moreover R < S is a Galois-extension, then the following hold:

1 The corresponding left action is as usual defined by g :=Xog~'.
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(i) S and RS are f.g. projective generators in B-mod and R-mod respectively.
(ii) pSg and gSp induce Morita-equivalences between R-Mod and B-Mod.
(iii) The map n is an isomorphism.

Proof. Since S* = ¢S, S is C-reflexive with R = Endp(S) and by Theorem 4.5 ¢B is balanced
C-Frobenius. Hence Proposition 4.3 yields the map 1. Moreover we have Homg(S,"S) = (Homs(S,

v$))C = (V5)¢ = §"'C. The rest follows from the results above. O

To apply this result in the case of noetherian normal domains we need the following technical
result (see [3, Proposition 19, p. 537]):

Proposition 4.8. Let A C B be a finite extension of commutative noetherian normal domains. Then for N €
B-mod, N is reflexive <= s N € A-mod is reflexive.

Corollary 4.9. If C < S is a finite extension of (commutative) noetherian normal domains and S is a UFD, then
¢S is pre-symmetric.

Proof. The C-module S* = Hom¢ (S, C) is reflexive with rank¢(5*) = [Quot(S) : Quot(C)] = rankc(S),
hence by Proposition 4.8 S* is S-reflexive with ranks(S*) = rank¢(S*)/rankc(S) = 1. So S* is iso-
morphic to a divisorial ideal and since S is a UFD it is free of rank one (see Proposition 2.2). Hence
S$* =S and ¢S is pre-Frobenius. Since S is commutative, ¢S is pre-symmetric. O

Lemma 4.10. Let T be a noetherian normal domain, M, N € T-mod finitely generated reflexive modules and
¢ € Homr (M, N) such that ¢ : Mp, — Ny is an isomorphism for every prime p € Spec(T) of height one. Then
¢ is an isomorphism.

Proof. Let K := Quot(T); since X € {M, N} is reflexive, it is torsion free with X = ﬂpespecl @ Xp <
K ®r X. By assumption every ¢p: Mp — Nj is an isomorphism, hence so is

p:M= (] Mp— () Npy=N. O

peSpecy(T) peSpecy(T)

Proposition 4.11. Let ¢S be a finite extension of noetherian normal domains, G < Autc(S) a finite group
with ring of invariants R := S¢ and twisted group ring B = S % G. Assume that ¢S is pre-Frobenius with
Homc(S,C) = SO = sS and let x € Z' (G, U(S)) be defined by the formula 6 o g=' = x(g) - 6 (see The-
orem 4.5). Assume that gS is “projective in height one”, i.e. for every p € Specy(R) (or p € Specy(C)), the
localization g, Sy, is projective.

Then there is an isomorphism of R-modules n : R* :=Hom¢ (R, C) — SX_l,

Remark 7.

(i) The assumption on ¢S is satisfied if S is a UFD.
(ii) The assumption on gS is satisfied if the extension R < S is unramified in height one.

Proof. Define § and v := v; as in Theorem 4.5, then R = Endg(S) and by Proposition 4.7 and The-
orem 4.5, Homp(S,"S) = S,, which is a reflexive R-module by Lemma 3.1. Also R* is a reflexive
C-module, hence by Proposition 4.8, both are reflexive C- and R-modules. Under the hypothesis, it
follows from Proposition 4.3 that np: R’S — (Homp(S,"S))p is an isomorphism for every p € Spec; (R)

(or p € Specy (C)?), hence, by Lemma 4.10, 1 is an isomorphism globally.

2 Using “going up” and “going down”.
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The first remark follows from Corollary 4.9.
Now assume that R < S is unramified in height one. Then for every p € Spec;(R) the extension
Rp < Sp is Galois by Theorem 4.6, hence g, Sy, is projective. O

5. Quasi-Gorenstein rings of invariants

Now let k be a field and A a finitely generated normal k-domain with U(A) = U(k), such that the
quotient field IL := Quot(A) is separable over k. Let G C Aut(A) be a finite group of ring automor-
phisms with ring of invariants R := A®. Then k is a separable algebraic extension of k' := k¢ C K :=
Quot(R) and L as well as K are separable over k’. By Noether-normalization there is a k’-polynomial
ring F C R := A® such that R and £A are finitely generated modules, i.e. F =k[fi,..., fs], with
(f1,..., fq) a system of parameters of R as k’-algebra. It follows from [11, Corollary 16.18], that F
can be chosen such that L and K are separable over Quot(F). If F is chosen in that way we will
mark this by using the notation Fg, instead of F.

Definition 7. For a normal subring B C A such that B < A is finite and Quot(A) is separable over
Quot(B) let Dy p I A denote the corresponding Dedekind-different.

It is well known that D4 p and its inverse D;lB are divisorial (fractional) ideals of A such there is
an isomorphism of A-modules

0: DZ,ls := {x € Quot(A) | trq g(xA) C B} — Homp(A, B), x> trg p(x-).
More relevant details about the Dedekind-different can be found in [1, Chapter 3].

Lemma 5.1. Let G < Aut(A) be a finite group and B = AN with N < G or B < AC. Then there are natural
G-actions on the sets D;_?B and Homg (A, B) and the map 0 is a G-equivariant isomorphism.

Proof. Let B = AN, then for any g € G, « € Homg(A, B), a € A and b € B we have g(b) € B, hence

Sa(ba) = g(a(g ' (ba)) = g(a(g ' )g ' @)) = g(g ' (g7 @))
=b-ga(g™ @) =b%a(@),

hence G acts on Homp (A, B) by conjugation. For y € Quot(A),

trap(y)=y n-y=y nf-y= g‘1<Zn(g : y)) =g ' tras(gy).

neN neN neN

For x € D;’lB and a € A we have (g8(x))(a) = g-0(x)(g"1a) = gtra p(x-(g"a)) = gtra p(g~ ' (gx-a)) =
tra,p((gx) -a) = 60(gx)(a), hence G acts on D;fB and 6 is G-equivariant.
Now let B < A®; again G acts on Homgp(A, B) by conjugation, with trivial G-action on B. For g € G

and any y € Quot(A) we have tra r(gY) = ) e hg(¥) = D pec h(y) =tra r(y). Now the transitivity
of traces yields: tra p(gy) = trg.potra r(gy) =trrpotra r(y) =tra g(y). It follows that for a € A

and x € D p: 0(gx)(a) = tra p((gx)a) = tra p(g(x.g 7 1) = tra p(x.g"'a) = H(x)(g @) = 2O (%)) (@),
so 0(gx) = gb(x). Again we conclude that G acts on the inverse different and 6 is G-equivariant. O

The following is an immediate consequence of Lemma 4.1:

Proposition 5.2. Let 7 < S < A with normal domain S. If £S and rA are pre-symmetric with A* :=
Homz(A,F)=A-604 and S* = Hom (S, F) =S - Os, then
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-1 ~
DA,S = Homs(A, S)= A- QA,S,

with 64 s defined by the equation 64 s(a) - 6s = (a0a)(s. If S = AN for N < G, then G acts on D;‘ls and there
are characters xa, xs and xa,s € ZY(G, U(k)) defined by the equations

0a0g ' = xa(g) - ba, 0s0g ' =xs(g)-0s and gobasog '=xas(@ Oas.
These characters satisfy
XA = XS XAS-
Proof. The first claim follows from Lemma 4.1, which also gives 64 = 65 0 94 5. For g € G we
have xa(g)0a =0a0g ' =0s0fasog ' = xas(@  0sog ' obas=xas(@ - xs(8bsobas=
XAs(8) - Xs(8)0a. O
Now we assume in addition that A is a factorial domain (see Section 3.2).

Let S:= AW, then by Lemma 3.11 S is also factorial. The following lemma is well known (at least
in the context of Dedekind domains appearing in number theory):

Lemma 5.3. For any W C H C G the following hold:

(i) Dp,ac =Dy an-
(ii) Dpn pc = (1) = AH.

In particular the extension A¢ < AW is unramified in height one.
Proof. (i): For Q € Spec;(A) let Grq) :={g€ G| (g — 1A CQ} denote the inertia group of Q and
Hyq) := H N Gk(q). It is well known (e.g. from [17, I. No. 7, Proposition 21]) that the ring extensions

A% > A® and AMk@ > AH are unramified at the prime ideals QN A®x@ and QN Afk@, respectively.
A local calculation of the Dedekind-different gives

VQ(Dp,46) = V(D pék)) = V(D k) = V(D an)-
Now the claim follows from the fact that the Dedekind-different is a divisorial ideal.
(ii): Let q € Spec; (AM); then there exists Q € Spec;(A) with ¢ =QnN A" From the Dedekind-tower
theorem and (i) we obtain
d(DA’AG) = d(DA,AH) +d(A . 'DAH’AG) = d(’DA,AH),
hence d(A - Dyn_46) =0, or equivalently, A=A -Dyn_4c. It follows that

0=vQ(A-Dyu 46) =e(Q,q) - Vg(Dyt_pc),

hence vq(Dpn ac) =0. Since Dyu 46 < AH is divisorial, we conclude that Dyn ¢ = AF.
The last statement follows from [17, IIl. No. 5, Theorem 1]. O

Using the fact that g S is unramified in height one we can apply Proposition 4.11 to prove the main
result:

Proof of Theorem 1.2. Recall that F is a parameter subalgebra of R := A® < S := AW < A. Since S
and A are UFD’s, they are symmetric F-algebras with $* = Hom (S, F) =S-0s, A* =Homz(A, F) =
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S - 04 and the Dedekind-different Dg g =Dy s is a principal ideal with D;,ls =Homgs(A,S)=A-04s.

The fact that R* = Hom £ (R, F) = st—l =A_ -1 follows from Proposition 4.11 and xs = xa ~X;15 fol-

Xs

lows from Proposition 5.2. Notice that, using notation from Proposition 3.5, xs € H, hence [py]=1.

It follows that A 4! represents a divisorial ideal of class given by [xs], from which the remaining
S

statements follow. O

A slightly more special version of Theorem 1.2, with F replaced by Fsep, i.e. which requires to
choose the parameter algebra F in such a way that L > Quot(F) is separable, can be proved in a
way which does not depend on the results of Section 4:

Proof of Theorem 1.2, special case with Fp. In this case R* = DE}_ and Ds 7 = Sd, a principal

ideal, since S is a factorial domain. It follows from Lemma 5.1 that $* = Hom (S, F) = D_f is an
isomorphism of S * G-modules. Hence S* = SOs, where 6s € S* can be identified with an element
in Quot(S). Since the fractional ideal D is G/W-stable 6s is a relative invariant with character

Xs € H. By the Dedekind-tower theorem, DS 7 ="Ds rDg 7 < S, which implies (first locally at height
one primes, then globally):

—1 —1 —1
§* =S0s = D5 '» = D5 1 (SD ') = SDR ' < Quot(S).

There is a suitable element r € R with rS6s € S and therefore rS6s = rSDE}_- C S. Hence we get

rSDR N R = rDR F= =rSOs N R, so R* ”DR F= = S6s N Quot(R) = SXS—I = AXS
phism is one of R-modules. Since xs € H we have [ys]1=1, so Ch(CI(AXS—l)) = [xs]. The equation

_1, where the isomor-

XS =XA" x;ls follows immediately from

Da,RDRr,7 =Da,sDs, 7
and Dy s = Da g. The remaining statements follow immediately. O

Proof of Corollary 1.4. Since W /W is generated by p-elements, it follows that C: = Hom(W /W,
U(k)) =1, hence Hom(G/W, U (k)) = Hom(G/W, U(k)) and S is a factorial domain, hence quasi-
Gorenstein. Using Lemma 5.3 the remaining arguments are exactly as above with W replaced by W
and Sby S. O

For the proof of Corollary 1.3 we need the following proposition:

Proposition 5.4. Let P C B be as in Definition 2 and assume that p B is quasi-Gorenstein. Then for every
Q € Spec(B), the localization Bq is Cohen-Macaulay if and only if Bq is Gorenstein. In other words, the Cohen-
Macaulay and Gorenstein loci of B coincide.

Proof. Let Q € Spec(B) be such that Bqg is Cohen-Macaulay. Set q=QN7P € Spec(P) and let
Q:=Qq,.. Qk be the primes of B lying over q. Since Homp (B, P) = B and Bq = X BQI, we get
Bq = (Homp(B P))q = Homp (B, P) @p ’Pq = Hom., (Bq, Pq) = X1 1 Homy, (BQ,,Pq) =X 1BQ
Let 15, = ¥ e with eiej = &j, then Bg, = equ = e;Homyp (Bq,Pq) = Homp,_ (eiBq, Pg) =
Hom, (BQ Pg). Since Bg, is Cohen-Macaulay, so is Bg, and 1t is finite over Pg. It follows

that Hom (BQI,Pq) is the unique canonical module a)B (up to isomorphism) of BQ,.. Therefore
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wBQ,- = BQr It is generally true, that for a finitely generated Bq-module M, the completion M ®p, EQ

is canonical for Bg, if and only if M is canonical for Bg, so we conclude that wp, = Bq and Bq is
Gorenstein. 0O

Proof of Corollary 1.3. This follows immediately from Theorem 1.2 and Proposition 5.4. O

6. The graded connected case

The application of Theorem 1.2 depends on the determination of [xs] or, equivalently [xa] and
[xa.s].- If G acts trivially on k, then these are linear characters in Hom(G/W, U(k)) or Hom(G, U (k)),
respectively. In this section we investigate these characters in the case where A is a graded connected
Cohen-Macaulay ring.

In the case where k has positive characteristic we will make use of the concept of Brauer-
characters, as defined in modular representation theory of finite groups. In this case, k will be part
of a p-modular system (K, R, k), where R is a discrete valuation ring with quotient field K of char-
acteristic 0 and k = R/Rad(R) of characteristic p > 0. In this case one can define for every linear
representation of G on the finite dimensional k-vector space V a K-valued class function xy in such
a way that for every g € G, xv(g) € R and xv(g) €k coincides with the trace trace(g)v). The class
function xy is called the Brauer-character of V. For more details we refer to [8, p. 402 ff]. Through-
out this section A = Zi>0 A; is an Ng graded connected noetherian normal k-algebra, i.e. Ag =k
with U(A) = U (k) and G C Auty(A) a finite group of graded k-algebra automorphisms. We will also
assume that A is a Cohen-Macaulay domain, i.e. A is a free module over some (and then every)
parameter algebra F C A. We keep the previous notation, so R = A® < A is a finite extension of
noetherian normal domains. Let yq, y2,...,yq € R be a homogeneous system of parameters (hsop)
with d; := deg(y;), d = Dim(R) =Dim(A), and set F :=k[y1, ..., y4l.

Definition 8. Let V := EB@O Vn be an Ny graded k-vector space and G a finite group acting on V by
graded k-linear automorphisms. We define the (Brauer-) character series

o
HYD (O =Y Xv, (1",
n=0

where xy, is the (Brauer-) character afforded by the action of G on V,. Note that Hy g(t) € k[[t]],
whereas Hf,ig(t) € Q(e)[[t]l, where € is a primitive order(g)-th root of unity in C.

Note that

Ha(t) :=HY 4(t) =" dimy(Apt' € Q(t)
i>0

is the ordinary Hilbert-series of A. Let U := A := A/FTA, where F*t := (y1,...,y4) < F is the
unique maximal homogeneous ideal of F. Then F ® U is the projective cover of £A in F-mod,
hence, as rA is free, we have F ®, U = A as F-modules. Moreover U = EB?ZO Ui = @f;l k&,
where we choose a homogeneous k-basis {& |i=1,...,¢} with deg(&) =: ;i < Bi+1, B := B¢ and
£ :=dimy(U). We also will choose an F-basis B:={s;|i=1,...,£} of A, such that s; + FTA=5=§
fori=1,...,¢

Note that G acts on A and U and if g(&) = Zle gji&j with (gji) € k¥, then

¢
g(si) = Zgjisj +X
j=1
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with X € FTA. For each j let Aj = (B)xNAj, then A; =P, i Fm Ok An and it is easily seen that

xa(@ =Y dim(Fn) - xu,(8) = coeff; (HE (t) - HY ,(1)).
m-+n=i

B _ B ; _ 1 B
Hence HAfg(t) =Hx(t)- HUfg(t). Since Hx(t) = =) and Hufg(t) € Q(e)[t], we get

Lemma 6.1. The Brauer-character series of A are rational, i.e. Hﬁfg(t) € Q(e)(t).

Now we assume in addition that A is Gorenstein. It is then well known that
Ha®) = (=DM Ha(1/0),

where a(A) = deg(Ha(t)) is the degree of Hx(t). This symmetry is induced by the duality of the
corresponding artinian Gorenstein algebra U = A := A/FTA, where F* := (y1,...,yq) < F is the
unique maximal homogeneous ideal of F. For later use we recall the details:

There is a graded embedding U/U*[—B] < k[—B] C yUg, k= ((U/UN)[—BDg > A > A& It fol-
lows from [6] that y U is injective with Soc(U) =k (up to shift), hence

k[—B1= U/UT[—B] = Soc(yU).

It is well known that *E(k) = U* := Homg(U, k), where *E(k) denotes the graded *injective hull
of k= Up (see [6] for the definition of *injectivity). Note that U = @:.3:0 U;; choosing a homoge-
neous dual k-basis {§* |i=1,...,¢} (such that §(§;) =§; ; and deg(£) = —deg(&;)), we see that
U* = @fzo(u*),f with k = Soc(U*) = U§ and dimy(U*)_; = dimyU;. Since yU is injective and inde-
composable we conclude

uU =" E(Soc(yU)) = *E(k[—B]) = *E()[-B] = U*[-B].

It follows that dimy (U;) = dimy (U*[—B];) = dimy ((U*);—g) = dimy(Ug_;), hence Hy(t) = tPHy(1/t) =
Hy; (t). Since Rad(U*) = Soc(U)+ = (&f.....&/_ 1) we have yU* =U - & as well as a non-degenerate
associative bilinear form

K():UxU—k k(§E)=¢£(5-8).
It follows from Soc(U) =k - &, that for g € G, g(&) = A(g)&;, with some linear character A €

Hom(G, U(k)). Since the G-action preserves degrees, we have g(&;) € Zn<ﬂ U,, hence g‘lég‘(éj) =

£7(g(&)) =0 for every j < ¢ and g7'&; (&) =&/ (g(5)) = A(g) - 1; hence g& = 1(g)~'&; for every
g €G. It follows that x(g(&), g(§j)) = A(g) -k (&, &)).

Proposition 6.2. Let A be a graded connected Gorenstein algebra, then the Brauer-character series of A and U
satisfy the following identities:

(i) H ;) =3(g) - tPHE _ (1/1);

U.g™!
(ii) HY (O
11 .

A = (DU (g) with a(A) = p — 3 di = deg(H} , (©)).

In particular

. HE™ (t)
1\ 1 Ag
Mg =(=D"- lim HY (/8]
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Remark 8. It follows from (i) that the character A only depends on A and not on the choice of F.
Therefore we denote it by A4 and we will denote the corresponding Brauer-character by 4.

Proof of Proposition 6.2. (i): Let 2 :={ay,...,an} and B := {by, ..., by} be k-bases of U; and Ug_;,
respectively, then «(g(a;), g(bj)) = A(g) - ¥ (aj,bj). On the other hand, this is equal to My (g)" o
Q o M3 (g), where Q = (k(a;j, bj)) € k™™, For every 0 < v < g with v # 8 —i we have

Uy C Ui :={aeU |k(a U)=0}.

Hence the map U; x Ug_; — k, (a,b) = «(a,b) is a perfect pairing, in particular Q is a non-singular
matrix. Therefore Mg (g)" = A(g) - Q o My (g)~! o Q! and trace(gu;) = A(g) trace(gljjlﬁii), from

which (i) follows immediately.
(ii): Using (i), the LHS is equal to

H ®  TLa -4~

HE /) T —t—9)-1 :i(g) -tﬁ_zid:‘(_l)d‘ -
u,g- i

Remark 9. Let g € GL(V) semisimple, A :=Sym(V*) =k[x1, ..., xp] with x1,...,x, a basis of V*. We
can assume that g(x;) = A;x; with eigenvalues A; € U (k), so with slight abuse of notation we obtain

n

— 1
HE (t) = trace(gja) = [ [(1 + Xt + X 224 )= = .
i i 1= At det(1 —tg)

It follows that

1 B ¢ _ t"det(g)
det(l—g-11/t) det(t—g-1) det(gt—1)

A g 1(1/t) -
= (—1)"" det(g) - ——— = (—1)"t"det(g) - HE', ).
det(1 — gt) ’
Hence 74(g) = det(g) .

Proposition 6.3. Let A be a graded connected Gorenstein domain and also a factorial domain. Then
Hom (A, F) = A64 with )(A’1 = A4 as defined in Remark 8. Moreover Hom £ (R, F) = A,, where

(i) A := Ay if char(k) does not divide |G|;
(i) A:=xs € Hom(G/W, U(k)), if S = AW is Cohen-Macaulay (and therefore Gorenstein).

In each of those cases R = A® is quasi-Gorenstein if and only if » = 1.

Proof. It follows from Theorem 1.2 that there exists some function 6 := 6, with Hom (A, F) = A-6.
From [6, Proposition 3.3.3 (a)] we get

A-6 =Homg(A,F)®F/F" =Homy(U,k)=U &},

hence 6 = c-&; with some non-zero scalar c € k. Setting A := A4, it follows that g6 = g(6) = A(g)~'6,
so g(0) —A(g)~' -6 € FtHomz (A, F). On the other hand G maps 6 onto another module generator
and therefore g(0) =sg -0 with a unit sz € k = Ag. It follows that g(6) — rMg) vl oek-onFtAo=0

and we conclude g(9) = A(g)~! - 6. This shows x4 = Af.
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Since S is a factorial domain, it is Gorenstein if Cohen-Macaulay, so the same argument as above
gives xs = Agl. The statement about Hom £ (R, F) follows from Theorem 1.2.

For the rest of the proof we can assume that char(k) does not divide |G|. We consider the re-
striction map res:Homgz(A, F) — Homz(R, F), ¥ — ¥g. Since t:A — R, s+~ |G|~ ! dec g(s) is an
epimorphism of F-modules and £R is free, we have A = xR @ £X for some complement £X C A,
hence res is surjective. Let ¢ € Hom (R, F), then there is s € A with ¢ =s-6(]g) =6(s- (). For any
r € R we get

1 1 1
o= e > o(gn= G > o(sgn) = i > 0(g(g7s)r))
geG

geG geG
1

=G > M@0(g  or) =0(ta(s)r).

geG

where t; := ﬁ dec)»(g)g” :A — A, is the projection operator in Homz(A, A;). Thus we have
Hom £ (R, F) C res(A;, - 6). Again it follows from £A = £R @ £X, that Hom = (X, F)¢ = 0, hence

Homy (A, F)© = resg (Homz(A, F)¢) = Homx (A, F).

Clearly A; - 6 € Homz(A, F)¢, so Homz(R, F) =res(A; - 0) = rA,. If A =1, then Homz (R, F) =
R -res(f) is a cyclic R-module, so wg =Hom£(R, F) = gR and R is Gorenstein. O

Remark 10. In the special case where A = Sym(V*) with linear G-action the result above for the
non-modular case also appears in [15, Corollary 3.2]. The proof indicated there depends on the results
of [18,19]. In contrast to this our proof above is elementary and independent of Watanabe’s results as
well as of our Theorem 1.2.

One can apply the results above for example in the situation where A :=Sym(V*) for finite di-
mensional kG-module V, and S =AW or S =AW, with G :=G/W or G/W acting on S. However,
even if S=Kk[x1,...,x,] is a polynomial ring (with deg(x;) =: d; > 1), then action of G will in general
be non-linear and the k-space (x1,...,X,)x will be not G-stable. Nevertheless we can use Remark 9
to determine As = X5_1.

Let M be a finite dimensional kG-module with kG-submodule N C M. As a vector space we have
M=NeU, with U= M/N as a kG-module. Even though M and N @ U are in general not isomorphic
as kG-modules, one has xy = xn + xm/n. It follows that Sym(M) = Sym(N) ® Sym(U) as a k-algebra,
but in general not as kG-module. Nevertheless we have Hggm(M)’g(t) = Hg)r,m(N)’g(t) . Hggm(M/N)’g(t).
Even more generally, the following lemma includes the case of a graded, but non-linear G-action on
the algebra generators:

Lemma 6.4. Let G act on A by graded algebra automorphisms and B < A a G-stable graded subalgebra.
Assume that A = B ®y A/B+ A as a k-algebra (not necessarily as kG-module). Then

Hy () = HE g(©) - Hijp 4 g(0).
Proof. Let A/B; A =: C and identify the k-algebras B ®, C = A, via b® c =bc. Let x,...,x, be a

k-basis of By and y1,...,y, a k-basis of Cn. Then g(y;) = >, 8c.jyr + BE with BE e Y 1_; B;Cns
and the matrix (gc.¢;) describing the representation of g on the kG-module C; = (A/BA);. Hence

gy =gx)EV) =Y (8p:siXs) Y_(&cujye + BE)
s t

= 8Biii - 8C:jj XiYj + Z 8B:si8C;tjXsyr + X,
(5.0 J)
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with X € Y°_; BmtrCn_r C B4 A. It follows that Xa,,..g = XBm.g * XCog and therefore Hir’g(t) =
Hgfg(t) . ngfg(t). O

Proposition 6.5. Let A = K[X11,...,X1j,,X21,---,X2jy, ..., Xe1, ..., X¢j,] be a polynomial ring with gener-

ators of degrees 1 <dy <dp <--- <dg. Fori:=1,..., ¢ let U; denote the kG-module Aq;,/AT AT N Ay, €
kG-mod and det; : G — k, g — det(gy,). Then for every g € G:

e 4 ¢
1 —~ — _
HA O = [HSmuy O =[[ ——=— and Fx@) =] deti®)".
i=1 i=1 det(1 —t¢ g) i=1
Proof. The subalgebra B :=k[x11,...,x1j,]=Sym(U;) € A is G-stable and we have A =B ® A/BTA

with polynomial ring A/BTA = k[X21,...,X2j,, ..., X¢1, ..., X¢j,]. Now the first equality follows from
Lemma 6.4 and an obvious induction. The rest follows in a way similar to Remark 9. O

If char(k) = p > 0, then by definition p does not divide [G : W], hence if AW s Cohen-Macaulay,
so is AC. With regard to the Gorenstein property we obtain the following:

Corollary 6.6. Let A := Sym(V™*) with finite dimensional kG-module V and assume that AW = k[x11, ...,
X1j1>X215 -+ X2j5, -+ -5 Xe1, ..., X¢j, ] 1S a polynomial ring with generators of degrees 1 <dy <dy < --- < dy.
Then A is Cohen-Macaulay and A€ is Gorenstein if and only if []i_, deti(g) ' =1 forall g € G.
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Appendix A. Proofs of results of Section 4
Proof of Lemma 4.1. It is clear that Homg(A, B) is a natural A-B-bimodule. For each a € A, the
map a- 04 =04((-) -a)|g is in B*. Hence for each a there is a unique element A(a) € B, such that

(@) - 0 = (a0a)|p. Denote pAO 1A — A* ar>a-604 and ¢8O :B — B* b+> b -0g, then we have
the bijection:

4B = (6B "), 0w 0™ Ag — Homp(3A, B),

which maps a € A to the function

((67) 0,0 > (b (a-04(0))) = > (60) (a(20a)
hence a+> a- A. The fact, that A € Hompg(gA, B) can also be seen directly:

indeed, (bA(a))dg(b’) = A(a) -0 (b'b) which is, by definition 84 (b’ba), but this again is by definition
A(ba)dp (b)).

Obviously ¢*®) is an isomorphism of left A-modules. The fact that ¢4 is a bimodule homo-
morphism follows, if A is a B-bimodule homomorphism, so we verify this:

A(ab) = A(a) - b.
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By the assumptions we have
M) -b-60p(b) =6p(b'A(a)b) =65 (bb'A(a)) = 6a(bb'a) = 64 (b'ab) = A(ab)6p (b").
This finishes the proof. O

Proof of Theorem 4.2. For € Homg(M, B), d € D and b € B we have

0(dBb)(m) = 6(B(md)b) = 6 (v~ (b)B(md)) = 6(B(v™" (b)ymd)).
On the other hand,

(d6+(B)b) () = 6,.(B) (b - md) = 6(B(b - md)) = 6(B(v" (b)md)),

hence 6, is a morphism of D-B-bimodules.

For x € Homg (M, N)p we get x*(04(B8)) =60x(B)ox =00 Box=0,(x"(B)). Hence 6, is a morphism
of functors.

We have to exhibit an inverse of 6,: For any m € M and o € M* the map o, m: b+ a(bm) € C is
an element in Hom¢ (B, C), hence &, m = by.m - 6 for a unique by m € B. Consider the map

xM): ("M)* - MY, ar> (mi>bgmeB).

Since 6(b"by pm) = c(b”b'm) =6 (b"b’by 1), we have by pm = b'by m. Hence x (M)(«) € Homp(M, B).
For B € Hompg(M, B) and m € M we get

Xo Ox (ﬂ)(m) = bOOﬁ,m

with 6(bbgogm) = 6(B(bm)) = 6(bB(m)) hence bgog.m = B(m). For o € ("M)*: 0, o x(a)(m) =
O(x (@)(m)) = (b, m) = (m). So, indeed, x is the two-sided inverse of 6,. Naturality, as well as
the fact that x consists of bimodule isomorphisms follow automatically from this. O

Proof of Proposition 4.3. Note that for any rings X, Y, Z and U € xMody, V € xMod; the set
Homy (U, V) € zMody by the rule zay(u) := a(uy) - z. Hence the right D-action on M makes
& = Homg (M, M), Homg(M, M) and £* into D-bimodules. Similarly MY = Homg(M, B) € pModg,
hence MY ®g M is a D-bimodule. Let t denote the canonical homomorphism

t:MY ®p M — Homp(M, M), a®@m> (m'— a(m’)m).

Then t(da @ md")(m’) = do(m")ymd' = a(m'dymd’ = (e (m'd)m)d’ = (¢ @ m)(m'd)d’ = d(t(ae @ m))d'(m’),
hence t is a homomorphism of D-bimodules. Consider the homomorphism of C-modules:

&£* = Homc (Homg (M, M), C) - Hom¢ (MY ®g M, C)
= Homg (M, Hom¢ (MY, €)) —* " Homg (M, Homc (M), C))
=Homg (M, ("M)™) = Homg (M, "M).

The middle map ¥ :Hom¢(MY ®p M,C) — Homg(M,Homc(MY,C)) satisfies ¥ (y)(m)(B) =
y (8 ® m). Both sides are D-bimodules and we get ¥ (dyd")(m)(B) =dyd (B ®m) = y(d'8 ® md) =
U (y)(md)(d'B) = [¥(y)md)d'](8) = [d¥ (y)d']1(m)(B), hence ¥ is an isomorphism of D-bimodules.
The canonical map M — M™** with m**(0) = 6(m) satisfies (md)**(0) = 6(md) = do(m) = m**(do) =
m**d(9), so it is a D-module homomorphism. It follows that the intermediate maps from £* to
Homgp (M, Y M) are morphisms of D-bimodules. All of them are also isomorphisms, except possibly t*.
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It is well known that if gM is f.g. projective, then t and therefore t* are isomorphisms as well. (Since
cM is finitely generated, so is gM.) O

Proof of Proposition 4.4. For ;€ B* and b € B we have b - u = u(0Ob) = (() - b)*u, hence g - u =
(0g)* (). Therefore the commutative diagram of C-modules with obvious projections and inclusions

i] T
S——B———>S

0g l l 0g J/ 0Og

Sg ——= B —— Sg
ig g

induces the dual diagram

s

S* B* S*

g.T Tg. Tg_

(S B (59"

1%
g lg

For s € S: m1 0 (s =(som, ie for b= .csnh € B we have mq(bs) = m1(} ¢ Shh(s)h) =
s1s =m1(b) - s. Hence for p € §*, 7 (sp)(b) = (sp)(w1(b)) = (w1 (b)s) = (w1 (bs)) = 7w (w)(bs) =
(s (p))(b), so m} € Homg(S*, B*). For v € B* and s,s' € S we have ij(sv)(s') = (sv)(s') = v(s's) =
(s-if(V))(s"), so i} € Homg(B*, S*).

(i) = (ii): Assume that ¢S is left pre-Frobenius. For every Ag € Sg* = Hom¢(Sg, C), there is
£(g) € S with gig = £(g)0. Hence g - ng(kg) =7 (£(g)8) = £(g) - T/ (F). So ng(kg) =g (g -
71 (0) € B- 7 (9). It follows that

B* =P n;(Sg*) S B 7} (©®) < B*.
geG

Let § := () and b = nggg € B with §(bB) = 0, then for every he G, 0 = Zgé(sggSh”) =
0(spS), so s, =0 and b =0. It follows that ¢B is left pre-Frobenius. .

Now assume that ¢S is balanced pre-Frobenius. Then 6(Bb) = 0 implies 0 = e(h—1szg Sg8) =
Zgé(sh‘1(sg)h‘1g) =60(Sh~(sp)), so h~1(sy) =0 and s, = 0 for every h € G. In a similar way as
before we see that B* =4 - B, so ¢B is balanced pre-Frobenius in the way as described.

(ii) = (i): Assume first that ¢B is left pre-Frobenius as described. Since i{(g6)(s) = 6(sg) =0 for
all g # 1, we have S* =i%(B*) = i%(B - ) = i5(50) = Sit (). If s € S with si*() =0, then 4(Ss) =0,
hence é(Bs) - Zgé(Sgs) - Zgé(Sg(s)g) = é(Ss) =0, so s =0. It follows that S is left pre-Frobenius.
If ¢B is balanced pre-Frobenius, it follows in a similar way that ¢S is balanced with 6 := iT(é). O

Proof of Theorem 4.5. We use the notation of Proposition 4.4.

(i): Since ¢S is (balanced) pre-Frobenius it follows that ¢B is balanced pre-Frobenius with
B*=Bf and § = 75 (8). Since 6 - s(s') = 0(ss') = 6(s's) = s6(s") we get Os(s'g) = O(ss'g) = O(s'sg) =
0(s'g(s)g) = 6(s'gs) = sH(s'g). It follows that v(s) =s.

(ii)-(iv): For s € S,

() og(s) =2 (gs') =r(g(s)s) =1 (g(s'g 7 (9))) =ro0g(s'g7 () =g () (h 0 g)(s),
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SO (SA)og =g 1(s)(Log). Let A€ S* then Aog !=t-0 for some t €S. Set s:= g~ 1(t), then
rog l=g(s)8, 50 A=(g(s)-f)og=5s-(Bog)eS®Bog). It follows S*=S-6=5-(0o0g), hence
0 o g =sg0 with sg € U(S).

For g€ G let v(g) =Y e V()N with vy (g) € S; then for s’ € S and h € G we have 6-g(s’h) =
0(gs'h) = 0(g(s))8gn,1 = v(g) - 0(s'h) = O(s'hv(g)) = D O(S"h (v (8))hN') = 0(s'h(v)-1(g))). For
h# g ! we get 6(sh(v,-1(g))) =0 for all s, hence v,-1(g) =0 and for h = g7' we get
0(s'g 1 (vg(8) =0 0g(s"), 50 6 og =g '(vg(g)) - 6. Define x(g) by x(g)0 =g-0=00g ', then
X(8) =gWg-1(g7") and v(g) = g(x(g~"))g. It is straightforward to see that x € Z'(G, U(S)), hence

1=x(gg™ ) =x(@gx(e™") and gx (g™ N =x@ "' =x"" (.
Clearly S6 = S0’ <= ¢’ = u6 with unit u € U(S). Set x’ := x4, then it follows 6’0 g™ = x’ ()¢’ =

X/ (g)u6 = ud)og™' =gu)®og ") =gu)y(g)6. Hence x'(g) = x () gwu".
(v): Let v=1(g) = 3, sph with s, € S, then g =3, v(sp)v(h) =Y spx ' (h)h, so s, =0 for all

h#g and s; = x ' (g)~! € S. It follows that s € S0 = vTl(g)(s) =5 = x(g)g(s) =5 =
seS, 1. O
P
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