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Abstract

Let (¥, j) be a Riemann surface. The almost complex manifolds (M, J) for which the J-holomorphic curves ¢p: ¥ — M are of
variational type, are characterized. This problem is related to the existence of a vertically non-degenerate closed complex 3-form
on X x M (see Theorem 4.3 below), which determines a family of J-symplectic structures on (M, J) parametrized by X.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction and preliminaries

Below we study the global aspects related to the variational character of Cauchy—Riemann equations from the
Hamiltonian point of view. In the local setting, the solution to the problem under consideration here is particu-
larly simple (see [8]): Cauchy—Riemann equations for holomorphic maps ¢: C — CK are variational if and only if
k is even. The global version of this statement leads one to characterize when the space of J-holomorphic curves
¢: (X, j) — (M, J) from a Riemann surface into an almost complex manifold, coincides with the space of extremals
of a variational principle, i.e. when the Cauchy—Riemann equations can be considered as the Euler-Lagrange equa-
tions of a Lagrangian density. We show (see Theorem 4.3 and Remark 4.4) that the solution to this problem is closely
related to the existence of a holomorphic family of J-symplectic structures on (M, J) parametrized by X.

We recall that the inverse problem of the calculus of variations consists in the characterization of the systems
of differential equations that are ‘equivalent’ to the Euler-Lagrange equations E (L) of a Lagrangian L. From the
early work [4] by J. Douglas (also see [9]), two ways of defining the notion of equivalence in dealing with such
a characterization have been considered. The first one (e.g., see [2,10,12]), which is better formulated in terms of
the Lagrangian formalism, is to consider the system of differential equations as being the components of a certain
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differential operator D and to ask whether a Lagrangian L exists such that D = E(L). The second way, more adapted
to the Hamiltonian formalism, is to consider linear combinations of the given equations with suitable variational
multipliers and then, to ask whether the new differential equations coincide with the Euler—Lagrange equations of a
Lagrangian; for example, see [1]. In this paper we apply the second method to the Cauchy—Riemann equations.

Next, we recall the definition of a module of variational type in the Hamiltonian formulation of the inverse problem
of the variational calculus for first-order partial differential equations (e.g., see [7]); namely,

Definition 1.1. Let p: M — N be a fibred manifold, i.e., p is a surjective submersion. A C°°(M)-module M C
£2™(M) is said to be of variational type if there exists a closed (n 4 1)-form §2 on M such that M coincides with the
image of the map X"(M) — 2"(M), X — X 182, where XV (M) denotes the space of p-vertical vector fields on M.

A differential 2-form on C x CF is called a Cauchy—Riemann form if it belongs to the module spanned over
C%(C x CF) by the forms
du® Adx —dv* Ady, du® Ady +dv* Adx, a=1,...,k,

where z = x + iy is the complex coordinate in C and w® = u® + iv® are the complex coordinates in C¥. We denote
this module by CR(C, CK).
From the identity

dw® Adz = (du® Ndx — dv* Ady) +i(du® Ady + dv® Adx),

we conclude that the Cauchy—Riemann forms are the real and imaginary parts of the forms f,dw® Adz, fy € C*°(C x
Ck, ©).
Taking the following equations:

¥  oyY“
T _ W dx Ndy =¢*(du® Ady + dv* Adx),
ax ay
0p*  oyY“
307 VTN i Ady = ¢ (—du® Adx +dv® A dy),
ay ax

into account, we conclude that a smooth map ¢: C — C¥, with components ¢ = ¢ + i1/, is holomorphic if and
only if ¢*(w) = 0 for every Cauchy—Riemann form w € CR(C, Chy.

In the global setting, i.e., for J-holomorphic maps from a Riemann surface (X, j) into an almost complex manifold
(M, J) the solution to the problem of the variational character of Cauchy—Riemann equations, is more complex. In
fact, it is related to the existence of J-symplectic structures on M, as proved in Theorem 4.3 below.

If k is even, say k = 2r, then the module CR(C, CF) is proved to be variational by means of the 3-form on C x C*
given by (see [8]),

r r r r
Q= (Zdu“ Adu™ =" dv* A dv’+“) Adx — (Zdu“ AdV Y v A du’+“> Ady.

a=1 a=1 a=1 a=1
Clearly, 2 =d®, where
oL

+
e ——n""* Adx+ Ldx ndy

Q) — r+o _ r+o r+a _
e = 0 Ady 8u§+0‘9 Adx+8v§+°‘n Ady 8v§+°‘

is the Poincaré—Cartan form of the Lagrangian

-
L= Z(—u“u;ﬂ‘ + 00T — Y — U,
a=1
and 0% = du® — ufdx — ujdy, n* = dv* — vidx — vidy are the standard contact 1-forms on the first jet bundle
JI(C, CK). Also note that the Euler—Lagrange equations of L coincide with Cauchy—Riemann equations.
The main goal of this paper is to obtain the intrinsic properties of such a form 2 in the case of an arbitrary almost
complex structure.
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2. J-symplectic structures

Let V be an R-vector space of dimension n endowed with a complex structure J; i.e., J: V — V is an endomor-
phism such that J?=—1. Asusual (e.g.,see[11,IX, §1]), weset VE- = VR C, V50 =xer(J —i), VO =ker(J +i),
and, similarly, for the dual space, Vo = (VLo Vo1 = (VvHO.1, Taking account of the canonical decomposition of a
complex-valued R-linear form into a J-linear form and a J-antilinear form, we obtain (cf. [11, IX, Proposition 1.7])
N V¥ =@,y NIV, where AP1V* = NPV oA AT V1 is the space of forms of type (p, ¢), or even,
the space of forms p times J-linear, g times J-antilinear. In particular, the forms of type (p, 0) are the J-multilinear
p-forms; that is, the elements in A\” V] .

Proposition 2.1. We have

@) Ifo=w)+iw € NP V¥, withwi,w; € \P V*, then w is of type (p, 0) if and only if x swp = —Jx swy, Vx € V.

(®) If o € NP V* is of type (p,0) and ) = Re(w), then for every x € V we have x .o = x w1 — i(Jx)_w;. In
particular, ker(w) = ker(w1) N J ker(wy). If p > 1, J ker(w1) = ker(w); hence ker(w) = ker(wy).

(©) Ifwy € \P V*, then an element w € \P V*¢ of type (p, 0) exists such that ) = Re(w) if and only if (J x) x sw; =
0,VxeV.

Definition 2.2. A J-symplectic structure on (V, J) is a non-degenerate form w € /\2’O Ve,

Remark 2.3. By virtue of Proposition 2.1, @ decomposes as w = w; + iwy, where wy, wy € /\2 V*and wy(x,y) =
—w1(Jx,y), o1(Jx,x) =0, Vx € V. Conversely, given w; € /\2 V* satisfying w1(Jx,x) =0, Vx € V, then the
2-form defined by w(x, y) = w1 (x, y) —iw1(Jx, y), is J-bilinear.

Moreover, as ker(w) = ker(wy ), the form w is non-degenerate if and only if @ is non-degenerate.

Remark 2.4. If V admits a complex structure J, then k = dimg V = 2dim¢(V, J) is even. In addition, if (V, J)
admits a J-symplectic structure w, then as w is a J-complex non-degenerate 2-form the complex dimension of (V, J)
must also be even, i.e., dimc(V, J) = 2r; hence dimg V =4r.

Let (M, J) be an almost-complex manifold. The sheaf of germs of smooth sections of the vector bundles /\p T*M,
NP4 T*M are denoted by &}, £577, respectively.

Remark 2.5. Assume w € £ (M), with w = w| +iwy, w1, w3 € 2P (M). Then dw = 0 if and only if dw| = dw; =0.
Furthermore, if w € EP’O(M), then we have wy(X,Y,...) = —w1(JX,Y,...), and hence w is completely determined
by w;. Taking this fact into account we could be led to think that dw; = 0 implies dw = 0, but this is not the case. For
example, if we set w = zdz, then dw =dz Adz =2idx A dy; hence dw; =0, but dw # 0.

Definition 2.6. A J-symplectic form on M is a non-degenerate closed 2-form w € £2°(M).

Remark 2.7. If J is integrable, then every J-symplectic form is holomorphic, and we recover the definition of a
complex symplectic structure given in [3, §14.14]. We also recall (see [3, Proposition 14.15]) that every hyperkéhlerian
manifold admits a canonical J-symplectic form.

3. Two spaces of complex forms on (X, j) x (M, J)

Let (M, J) be a almost-complex manifold and let (X, j) be a Riemann surface. We recall that j is integrable (e.g.,
see [5, p. 126]). We want to study the variational structure on the space of J-holomorphic curves, i.e., smooth maps
¢: X — M such that ¢, o j = J o ¢y (e.g., see [6]).

Letm: X x M — X, mp: ¥ x M — M be the canonical projections onto the factors. We identify the sections of
71 to the maps X' — M. For the sake of simplicity, sometimes we denote by the same symbol a differential form on
X oron M and its pull-back to ¥ x M.
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For every pair of integers s, 7 such that 0 < s <2,0 < ¢, let Wj\jtx m C Sifx' 1y be the subsheaf of germs of complex

valued (s 4 #)-forms on X' x M, which are s-horizontal with respect to w1 and ¢-horizontal with respect to m»;
precisely, sttx u =71E, AmyE),. For every w € Wszlx - there exist unique germs of differential forms djw €
Wit dow € Wi such that, do = dijw + dro.

In what follows, we denote by W*!, EP:4 the space of global sections of W*!, £P:4, respectively; i.e., W5 =
WSHH(E x M), EP4 =EP9(X x M).

3.1. The space WP+l 0 Ep+1.0

Above we have considered two bigraduations in the space of complex valued differential forms on X' x M: The
C-linear-C-antilinear bigraduation, denoted by £%.. ,, =P, _ ptq & gz - and the 71 -horizontal-m;-horizontal bigrad-

uation, denoted by &%, ,, = @r=s+z W;JIXM As dimc ¥ =1, we have
p+LO (1,0, p+1 p+1,0 Lp p+1,0
EEXM - (WEXM ng]xM) D (WEXM ngxM)'

The elements in WPt n EPTL.0 are the sections of the sheaf n;‘ £ ,{7_1 , i.e., the J-multilinear (p + 1)-forms on
M with coefficients on X' x M.

Foreach z € X, lett,: M — X x M be the immersion ¢, (x) = (z, x).

If « € WOt 0 EPFLO then we set o, = a e EPTL.0(M). Hence, the form o can be viewed as a family o, €
EPHLO(p) of (p + 1)-forms on each fiber ()" '(2), depending smoothly on z € X.

By taking the differential of « € W71 0 EP+1.0 we obtain da = dya + doa, with dja € WHPH dyor € WO-PF2,
where dy, d» are exterior differentials of factor X' and M. Locally, we have

9 9
da=di AL +az a2
0z

9z’
a_Ol 8_0( c WO,p+1 ﬂEp+l’0,
9z’ 0z
where 0o /dz, do/07 are uniquely determined by this property. Hence, djo = 0 if and only if, da/dz = d/97 = 0.
In other words, dja = 0 is equivalent to saying that « is independent of z € ¥ and hence, « = (72)*a’ for some
o € EPHLO).
As for dra, we have da; = i} (da) = 1} (dra) + 1 (dya) = 1} (dra), because (}dz = 1}dz = 0, and since dya belongs
to W%P*+2 we conclude that door = 0 if and only if da, = 0, Vz € ¥. Hence, o € WP n EPT1.0 is closed if and
only if a = (72)*a’ for some o’ € EPT10(M) with da’ = 0.

3.2. The space WP 0 Ep+1.0

Next, we consider the space wlrn EPTL0. i e the J-multilinear complex valued 1-horizontal (p + 1)-forms on
XX M.

If (U, z) is a holomorphic chart on X' and w € wlrn EptLO for all (z,x) € U x M we have w|yxm(z,x) =
w(z, x) Adz, where u € WP N EP-0 is uniquely determined by this property. We refer to the expression above as the
‘local representation of @ with respect to (U, z)’, and we write it as w|y = u A dz.

Definition 3.1. A form w € W7 N EP+1.0 is said to be vertically non-degenerate if ker(w) Nker(my), = 0.

With the previous notations, the definition above is equivalent to saying ker u; =0, Vz € U and any chart in X'.
Taking the differential of w, and recalling that u belongs to W% N EP-%, we have

9
dw|U:d,Mdz:dzuAdz+d1MAdz=d2uAdz+a—‘fdzAdz,
Z

with dyu € wo.ptl dip € WP Hence w is closed if and only if for any chart (U, z) we have doyu =0, 0 /07 =0,
on U; or equivalently, du, =0, 0 /07 =0,Vz € U.
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Remark 3.2. From the previous equations, it follows that a closed form  in W7 N £P+1.0 can be interpreted as
a holomorphic (i.e., dju/9z = 0) 1-parameter family of closed 2-forms (u;) on M. If we consider the local rep-
resentations of w with respect to two local charts (U, z) and (U’,z") of X, then we obtain u Adz = pu' Adz' =
(07 /0z)i’ Adz, and so, u = (37’ /9z)iu’. Hence p transforms itself as a section of a vector bundle over X with fiber
ZPO(M) c EP-O(M), the set of closed p-forms of type (p,0) on M. If (M, J) is a compact complex manifold, this
space is of finite dimension by virtue of the finiteness theorem for elliptic complexes (e.g., see [13, Example 5.5]) and
the condition /97 = 0 means that w corresponds to a holomorphic section of this bundle.

Proposition 3.3. For every w € WP 0 EPFL0 the following conditions are equivalent:

(a) dw =0,
(b) d(Re(w)) =0.

Proof. Obviously, (a) implies (b). Conversely, assume (b) holds. If (U, z) is a local coordinate domain on X and the
local representation of w with respect to (U, z), is w|y = u A dz, then we have

9
da):du/\dzzdzuAdz—i-a—lf/\dZ/\dz,
Z

with dape € WP+ and /07 € WOP N EP-0, Hence
0=d(Re(wly))
=Re(dw|y)
ow
=Re(dou Adz) +Re F AdzAdz ).
Z
Hence Re(dopu A dz) =Re(dpn/0z Adz A dz) = 0. Moreover, we have
0=Re(dou ANdz) =Re(dapt) Adx —Im(dapt) A dy.
Hence Re(dr) = Im(do ) = 0, and then, do 0 = 0. In addition, we have

9
0=Re(—‘f AdZ /\dZ)
07

9
- —2Im<—’f>dx Ady.
0z

Hence Im(91/07) = 0. As d1/37 € £29, this implies d4/9z = 0. Hence, for every chart (U, z) we have dw|y = 0
and consequently dw =0. O

4. Cauchy-Riemann forms

Definition 4.1. The 2-forms in CR(X, M) = {Re(B): B € W N E>O} are called the Cauchy—Riemann forms for
maps from X to M.

Proposition 4.2. Let ¢: X — M be a smooth map. The following conditions are equivalent:
(a) ¢ is J-holomorphic.

(b) ¢*(@) € LX), Vo € ELO(M).

(c) ¢*(B) =0,V e Wh1nE>0

Hence, a smooth map ¢: X — M is J-holomorphic if and only if $*(8) =0, VB € CR(X, M).

Proof. (a) = (b). Let ¢ be J-holomorphic. Forevery g € £1-0(M), X € X(X), we have ¢*(B)(j X) = B(¢+(j X)) =
B(J (X)) =iB(¢+(X)) =i¢*(B)(X). Hence ¢*(B) € E1:0(X).
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(b) = (a). Assume ¢ is not J-holomorphic. Then, there exist z € ¥, X, € T, X such that ¥ = ¢.(j X;) —
Jp@+(X;) # 0. Accordingly, there exists B, € (11,0); 2 such that 8,(Y) # 0, and by extending the covector B; to
aform B € £0(M) and the tangent vector X, to a vector field X € X(X), we have

P*(BY(JX) —i¢*(B)(X) = (¢« (j X) — Jhps(X)) #O,

and therefore, ¢*(8) ¢ £1-0(X).

(b) < (c). Let Bly = u Adz, w € WO N ELO, be the local representation of € whin E20 with respect to a
local coordinate domain (U, z) in . We have ¢, (8|y) = 0 if and only if ¢[}, (1) € £1:9(X). From this, it follows
the equivalence between (b) and (c). O

Theorem 4.3. The Cauchy—Riemann forms CR(X, M) (see Definition 4.1) for maps from X' into M are of variational
type according to Definition 1.1, if and only if there exists a closed and vertically non-degenerate 3-form w € W2 N
E39 (see Definition 3.1).

Moreover, if w is exact, say w = d© for certain @ € Q*(X x M), then the horizontal component of © is a
Lagrangian density whose Euler—Lagrange equations are the Cauchy—Riemann equations.

Proof. If a closed and vertically non-degenerate form w € W12 N E3-0 exists, then we define £2 = Re(w). Certainly
£2 is closed. Furthermore, as w is vertically non-degenerate, the complex vector-bundle homomorphism

V() 2 TM) — nyT10(X) @ 75 T1,0(M),
X+ Xow,

is injective and since rk(rr{ T1,0(X) ® w5 T1,0(M)) = rke (T M), it is a isomorphism. Hence, for every 8 € whinEg20
there exists a vertical vector field Xg such that = X g_w. By taking the real part on both sides of this equation, we
have Re(B) = Xg Re(w) = Xg 182, and we can conclude the first part of the proof.

Conversely, assume §2 is a variational form for the Cauchy—Riemann equations. If (U, z) is a chart in ¥, and
B e wh1n E20 then we have Blu =a Adz, witha € woln gL,

Clearly the map @: 7Ty oM — /\2 T*(U x M), a — Re(a A dz) is injective. From the assumption, the image
of the map 75T M — /\2 T*(U x M), X — X 12 contains im @, and since rk(im @) = rk(71,0M) = rkc(T M), we
conclude that the latter map must also be injective. In particular, the map X — «x, where ax is uniquely characterized
by X_82 = Re(ax A dz), is an isomorphism from the space of 71 -vertical vector fields onto W1 n E1.0,

If X is a my-vertical vector field, letting o;x = Re(ax), ooy = Im(ay), we have X 12 = Re(ax Adz) = ajx A
dx —apx A dy. We conclude that §2 can be written as 2 = u; Adx — u> Ady =Re((i1 +iuz) A dz). We claim
that u =y +ipn € w92 EZ0 ig, in fact, of type (2,0). Actually, for any 71-vertical vector fields X, Y, we have
Y Xour=Yaomx =—(JY)oa1x = —(JY) X uy; thatis, Yy = —(JY)auq and u is of type (2, 0) by virtue of
Proposition 2.1.

Let w|y = u Adz be the local representation of a form w € w20 E30 with respect to (U, z). As X a1 =a1x =0
implies ax = 0 by virtue of Proposition 2.1-(a), and hence X = 0, we conclude that ker u = ker u; = 0. So, w is
vertically non-degenerate and, by Proposition 3.3, we obtain dw = 0.

Finally, the last part of the statement directly follows from the results in [7]. O

Remark 4.4. Let Z7°(M) = {w € Z20(M) : 0(JX,Y) = iw(X, Y)}. The space S;(M) of J-symplectic structures
on M is a—possibly empty—open subset in Zf’O(M ). In particular, a necessary condition for CR(X', M) to be of
variational type is that (M, J) should admit a J-symplectic structure. Assuming this and taking Remark 3.2 into
account, we can interpret a closed and vertically non-degenerate 3-form w € W12 N E30 as a holomorphic section of
abundle B(X, M) over X with fiber S;(M). Hence CR(X, M) is of variational type if and only if this bundle admits
a holomorphic section.

Example 4.5. 1) Suppose that X' admits a non-vanishing holomorphic 1-form ¢, and that M admits a J-symplectic
structure y. Then a A y (or more precisely 7o A 7}y ) satisfies the conditions of the theorem above and hence
CR(X, M) is of variational type.

2) Every hyperkihlerian manifold admits a J-symplectic form; see Remark 2.7. Also see [3, 14.25, 14.28, 14.33].
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3) If M is a compact, connected, complex manifold of complex dimension 2 admitting a holomorphic volume
form, then S;(M) = C\ 0 and hence, B(X, M) is the bundle of complex linear coframes of X'. Accordingly, if X is
compact, then B(X, M) admits a holomorphic section if and only if X' is a complex torus.
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