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1. Introduction

In recent years, much attention has been paid to the development and analysis of efficient methods that directly
discretizes the second order system for numerical approximations of second-order hyperbolic equations, see [ 1-7]. Mohanty
et al. [6,7] developed new three-level ADI schemes for two- and three-dimensional linear hyperbolic equations. Dehghan
et al. [1,2] applied the radial basis functions method and the collocation method to wave equations.

For approximating wave problems, explicit schemes [5,8-10] are popular because the solution at each mesh point is
updated by combining information from its near neighbours at previous time levels without the need of solving a large
system of algebraic equations. Standard Fourier analysis for second-order explicit schemes shows that the maximum stable
time-step size is directly proportional to the space mesh size. But this restriction is not so bad since optimal results are
obtained when the space and time resolution are comparable. Once implicit schemes are necessary, the ADI approaches
[11-14] are preferable in various applications because they reduce the solution of a multi-dimensional problem to a
set of independent one-dimensional problems and thus are more efficient than implicit schemes. To achieve high-order
accuracy, global Richardson extrapolations are practical computational methods, see e.g. [15,13,16-20]. They obtain high-
order resolutions by using certain linear combinations of discrete solutions with different grid parameters (time step and
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spacings). The main advantage of the global extrapolations is that they preserve the stability of lower order methods used
initially.

To measure computational error especially the phase error of numerical solutions, maximum norm error is preferable in
practice or numerical analysis. By the standard H' energy analysis, it is not difficult to prove that the difference solutions
for linear hyperbolic problems are convergent in the H! norm, see e.g. [9]. But the H! error estimate does not imply the
maximum norm estimate. In our previous work [16], maximum norm error estimates of ADI and compact ADI solutions
together with their extrapolations for solving parabolic equations were obtained by using an H? energy technique. We now
apply the technique to deal with the second-order hyperbolic problems. Although the idea is similar, a lot of difference are
seen since we consider here the three-level schemes. Typically, consider the following equation in two space dimensions

—Au=fRxy,t), (xy)ef2,0<t<T, (1.1)
ulx,y,t) = ax,y,t), x,y) €02, 0<t<T, (1.2)
ux,y,0) =pkx,y), uxy 0 =vykxy, &y 2, (1.3)

where A is the Laplacian operator, £2 = (0, 1)?, 352 is the boundary and 2 = £2 U 952. Assume that the initial values ¢ and
Y, the boundary value « and exterior force f are regular enough, and satisfy the initial-boundary compatibility conditions

ax,y,0) =ek,y), ar(x,y,0) =¥ (x,y), (X)) €0,
ar(x,y,0) = Apx,y) +f(x,y,0), age(x,y,0) = AY (X, ¥) + fr(x,¥,0), (x,y) € 082

such that the initial-boundary value problem (1.1)-(1.3) admits a smooth solution.

We show that numerical solutions and their Richardson extrapolations of two efficient methods, including the second-
order explicit and ADI schemes, are convergent in the maximum norm. For nonhomogeneous boundary conditions, a
fourth-order accurate approximation of the solution at first time level is necessary for the second-order convergence in the
maximum norm. Although the explicit and ADI schemes are central difference discretizations, two-grid based extrapolation
formula would not promote the second-order methods to fourth-order accuracy. Actually, since the asymptotic expansions
of the difference solutions consist of odd powers of the mesh parameters, a three-grid based Richardson extrapolation
formula will be needed.

The content will be organized as follows. In the next section, some notations and auxiliary lemmas are presented.
Section 3 devotes to the error analysis of the second-order explicit solution and its extrapolation. Theoretical considerations
of the ADI scheme is addressed in Section 4. Numerical experiments are presented in Section 5 to support our analysis. Some
comments including the three-dimensional extensions are presented in the concluding section.

2. Notation and auxiliary lemmas

Let T = T/N for a positive integer N; t; = nt,0 <n < N;andt,_1 = (t, +t;—1)/2,1 < n < N. Given mesh function

— {w"]0 < n < N}, denote w3 = (w" + w'1)/2, §w" 2 = (w" — w1,
2w = (Sw™ 2 — sw"2)/T, D" = W' — w)/@20).

For spatial approximation, let h; = 1/M3, h, = 1/M, for positive integers My, Mo; h = max{h, hy}; x; = ih1,0 <i < My;
and y; = jh,,0 < j < My.The discrete grid £2, = {(x;, y))| 1 <i <M;—1, 1 <j < M, — 1}, 982y is the discrete boundary of
2n, 32y = {(xi,y;)|i=0o0ri= M orj=0orj= M}, and 2, = 2, U 82y For any grid function vy = {v| (xi, ;) € 2n},
let v,y ; = (vy — vi_1)/h1, vy = (8xvi+%,j—8xvi_l’j)/h1,

8yevi_1j 1 = (va,._% : —BXvi_%J_l)/hz, ) axvu 1= (87vy — 82vij-1)/ha.

24 5]
Similar notations 8,v. . 1, 82vi;, SxSyv;_1 . 1, (Sfozv 1 8282v; can also be defined and the discrete Laplacian operator
yuzyJ y'sz y x“y Yy
Apvj = (87 + 8;)v;;. We also denote
M1—1My—1 My My—1 ,
ol = |hihy Y Z L U SRS S W M
i=1 j=1 i=1 j=1
Mi—1My—1 My M .
2
[82v] = thZZ\s vil’,  [|8d] = thZZ\Mu 1l
i=1 j=
Mi—1 My Mi{—1My—-1

[8y87v] = |hihy Z Z |5y5>%vi,jf%

i=1 j=1

2, ||AhUH = h]hz Z Z |Ahvij|2
i=1 j=1
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|

VeV, = {v‘v = {vyl(xi, y) € 24} and vy = 0if (x;, ;) € 8Qh},

and [[8v]. [&7v]]. 880

!(SX(Sjv ” similarly. For any grid function

we introduce

Wl =/ |8’ + 807, 188,00 = \/||5y33u||2 + || 8820

2
)

V||oo = max |vj.
lolloe = max [ug|
0<j<M;
To obtain the error estimate in the maximum norm, we need the following lemmas. Throughout this paper c or c(u) will de-
note a generic positive constant, not necessarily the same at different occurrences, which may be dependent on the solution

and the given data but independent of the time-step size t and the grid spacings h1, h,.

Lemma 2.1 ([16]). For any grid function v € Vp, Hv”oo < cl|Apv].

Lemma 2.2. For any grid function v € Vy, it holds that || Apv||? < 4(hy? + hy 3 |v2.
Proof. Using the Chauchy-Schwarz inequality, we have

M;—1My—1 M;—1M;y—1
lAwl? = hihy Y > " 82y + 82vy)® = hihy Y > (hy' - hySvy + by - hadlvy)?
i=1 j=1 i=1 j=1
Mi—1M—-1
< iy Y > (7 4 by [(hi82v)? + (ha8)vy)?]
i=1 j=1
Mi—1Mp—-1
-2 -2 2
= (h72 +hy2) - hyhy ; ; I:((SXUH%J — 80y )P+ Gy g —5yvi,,-f%)2]
M{—1M—-1
<

2002+ 150 ke Y D2 [Bety g )P+ Bov g )P+ Gy P + Gy p? ]
i=1 j=1

< 4(h* +hyP)vli. O
Lemma 2.3. For time sequences {w®, w', ..., w"} and {g°g', ..., g"},
k 1 . k—1 . ; k—1 1\ 2
20 g0’ = — |2+ ) @D+ @) | te| @) +T ) (stg“f) +@E9%,
=1 =1 =1

forany e > 0.

Proof. Note that

k k k k
27 gl(thl) — Zgl(wH—l _ wl—]) — Zgl(wl-l-l _ wl) + Zgl(wl _ wl—l)
= =1 =1 =1

=1

k=1 k—1
- —g'w'—1 Z <8tgl+%) W ghyktl Zgly® _ ¢ Z <5tgl+%) wh + ghwk
=1 =1
1 k1 1 1 1
—2g'w? — 27 Z (atgl+§) w3 4 2gkwhts
=1

Thus, with the e-inequality [9] 2ab < gaz + eb?, it is easy to get the claimed result. O
3. Error analysis of the explicit solution and its extrapolation

3.1. Construction of the explicit method and a priori estimation

Define the grid function Ui;? = u(x;, yj, tn) for (x;, ;) € £, and 0 < n < N. Utilizing the Taylor expansion with integral
remainder (see e.g. [16]), one has

U (%0, Yo t) = S7UF — RO, (%) € 25 1<n<N—1, 3.1
— (X, Yjy ta) = =8;Uf + (RO}, (i, ¥) € 25, 1<n<N-—1, (3.2)
—uyy (%, Yjs ta) = —=8;Uf + (R, (X, y) € 2p, 1T<n<N-—1, (3.3)
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where the truncation errors

2 (1T 0%, y;, ta — sT)  3%u(x;, yi, ta + ST)
R — s Yjr tn i» Yj> tn 1—S3dS,
(Re)jj 5 /0 Yo + Py ( )

h2 YT 0%(x; — Ahy, yi, ty)  8%u(x; + Ahy, y;, ty)
Rn=71/ 1 a]an+ i s Jjs tn 1—)\3d)\,
®Roj =7 | | o o (1-2)

h2 (1T 0%u(x;, y; — Aha, t, d%u(x;, y; + Ahy, t
(Ry)?- — 72‘/ u(xl YJ 2 n) u(xl YJ + 2 n) (1 _ k)3dk.

i 6 J, ay* ay*

Adding up the Egs. (3.1)-(3.3) and using the following equality
Ut (Xi, Yj, tn) — Auxi, yj, tn) = f (X, ¥j, ta), (X, ¥5) € 25, 1 <n <N -1,
we have

87U — AnU = f(xi ¥jo ta) + RE, (X)) € 25, 1<n<N-—1, (34)

where the truncation error
Ri = R — RO — R)j,  (Xi,y) € 2, 1<n<N-—1
From the boundary and initial conditions (1.2)-(1.3), one has
Uj = (X, Yj, ta),  (Xi,yj) € 325, 0 <n <N, (35)

U = o). (xi,Y) € 2n. (36)
To find the solution at first time level, we derive from the wave equation (1.1) that

U (Xi, ¥j, to) = Au(xi, yj, to) +f (Xi, ¥j, to), (i, ¥j) € 24,

Ugee (X, ¥j, to) = Auc(X;, ¥, to) + fe(xi, ¥j, to),  (Xi, Yj) € $24.
Let

wj = — 3ok (1—s)’ds, (%,¥) € 2n.

6
Thus using the method of Taylor expansion and the initial conditions (1.3), we get

t /1 d*u(xi, yj, st)
0

72 73
Ui} = u(x;, yj, to) + tue(x;, yj, to) + ?ut[(xisyjs to) + Eum(xi,y]', to) + wjj
= @11, ¥}, T) + wyj, (X, ¥)) € 2, (3.7)

where ¢1(x,y,7) = ¢, y) +T¥ (x,¥) + ? [Ap(x,y) + f(x,y, to)] + % [AY (x,¥) + fr(x, ¥, to)]. Omitting the small terms
R}J‘. and wy;, and replacing U,-’]? with its numerical approximation ug- in the Egs. (3.4)-(3.7), one gets the following explicit
difference scheme

Stuf — Anttf = f(Xi, yj tn), (%)) € 2, 1<N<N—1, (3.8)
uj = a(X, Y, tn), (X, y;) €025, 0 <n <N, (3.9)
Uy =X y).  (Xi.y) € 2, (3.10)
uilj =o1(%, Y, 1), (X, ¥) € 2y (3.11)

Compared with the classical approach, we consider a fourth-order accurate procedure (3.11) to compute the solution at the
first time level. Traditionally, it is approximated by the following third-order accurate difference scheme, see e.g. [9],

2
T
Uy = (i, y) + T (%, y) + EY [Ap(xi, y) + F(xi, yj, t0) ], (X, ¥)) € 2n. (3.12)

Now we turn to the theoretical consideration of the explicit scheme (3.8)-(3.11). We prove firstly the following lemma
of a priori estimation. To simplify the notation, we define

n—1
&5 = [lg'" ++ ’Z [aegt2 |+ en)”.
=1
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Lemma 3.1. Let function {w{‘j|(x,-, Yj) € 25, 0 < n < N} be the solution of the following explicit difference system

Swl — Aywl =gl (x.y) € 2p 1<n<N-1, (3.13)
wi =0, (xi,y;) €02y, 0<n=<N, (3.14)
wi =g wp =y (X.Y) € 2 (3.15)

Then under the condition o = \/(t/h1)? + (7 /hy)? < 1, it holds that
(1= s+ fapr | < B < e (3804l L) 0<nsN -1,

where the energy norm

Mi—1My—-1

= |sw 2] +hhzzz " (Anwf), 0<n<N-1
i=

Proof. Multiplying (3.13) by —27h; thtAhw and summing i, j for (x;, ;) € £2,, we have

Mi—1My—1

E'—E"'=—2thihy Y Y gi (DiAw)), 1<n<N-1,

where the discrete Green’s first inequality together with the zero-valued boundary condition (3.14) is applied. Summing
the above equation for n from 1 to k, and then replacing k with n, one gets

n Mi—1My—1

=E'—2thiy Y Y > g (DiAnw))
=1 i=1 j=1

1<n<N-1, (3.16)

1 n-l 1
= 84 gl 43 3 lawt P+ Slawr 2l

where Lemma 2.3 with € = 2 is used (by multiplying the two sides of the inequality with h{h;, summing i from 1to M; — 1
and summing j from 1 to M, — 1). By using Lemma 2.2, we obtain

M1—1Mp—1

E" = |sw"" | + ||Ahw”+2 ” — hih, Z Z [(Ahwz )2 (Ahw"“)(Ahw}})]

i=1 j=1

2
R Yy R VYL T

v

[3ew™ 2 [+ [ anw™ 2 [* = 22y + ) |2
= (1= a8 2|2+ a2 |’ 0<n<N-1. (3.17)

Thus the energy norm E" is positive definite if o < 1. Consequently, the inequality (3.16) becomes

n—1
E" <3+ E+4fg"|L,. 1sn=N-1.
=1

Thus the well-known discrete Gronwall inequality [21] yields the claimed second inequality. It completes the proof. O

Lemma 3.2. Let function {w}}|(xi, yj) € £y, 0 < n < N} be the solution of the difference system (3.13)-(3.15). Then under the
condition o < 1, it holds that

Mi—1M—1

Jw™2 < T [3|5rw2|1 + 3hihy Z Z Apwg) (Apwg) + 48" ”z(a)} O=n=N-1

Proof. Noticing

n+1

AhwU

1T 1
= Apwi""2 + 55tAhwijn+2,



2222 H.-L Liao, Z.-z. Sun / Journal of Computational and Applied Mathematics 235 (2011) 2217-2233

we apply the e-inequality and Lemma 2.2 to find that

| w1

T 2
HAhw“% n EafAhw”% <(+e HAhw”%

2 1 2
+ (1 + 7> HESfAhw”Jr%
€)I12

2

1+¢ HAhw”%

2 1\ 72
+ (1 + —) = s Apwt2
€) 4

2 1 5
< (1 + 6) H Ahwn+% + (1 + E) Tz(h]—z + h2—2) (S[wn+% 1
12 1 ) 112
=(1+4e) H Apw™z|| 4+ (14 =) o? [s,w™ 2
€ 1
Taking € = 13; in the above inequality, we get
At 2~ A 12 1 2[5 nil 2 - EN
[am™ " < =55 (Jame™ 27+ @ = olow™2f, ) < =5

where the inequality (3.17) is used for o < 1. Thus it follows from Lemma 2.1 that

C2E"

2 2
[, = | < SE

R

Then Lemma 3.1 yields the claimed inequality. The proof is completed. O
3.2. Convergence and stability of the explicit method

Now we present the error analysis of smooth solutions.

Theorem 3.1. Let u(x,y,t) € C*4>(£2 x [0, T]) be the exact solution of the hyperbolic problem (1.1)-(1.3). Then, under
the restriction o < 1, the numerical solution of the second-order explicit scheme (3.8)-(3.11) is convergent with an order of
O(t? + h3 + h3) in the maximum norm.

Proof. Let the solution error ﬂ}} = U,?; — uZ Subtracting (3.8)-(3.11) from (3.4)-(3.7) respectively, one has the error system

S{Uf — Aplly = Rj,  (%.y) € 2p, 1<n<N-—1, (3.18)
U =0, (xi,y) €92, 0<n<N, (3.19)
=0, Oj=owj ®.) € 2. (3.20)

Under the condition o < 1, one has @i} = 0 for (x;, y;) € £y, and

|87 | < caye®hyt < cwyr®, 8,87 || < cwyrPhy! < c(u)r?,

where the integral formulation of wj; is applied. Therefore we have

~ -1
Ml =0, (XY € 2y, |82, < cu)T’.
Hence, Lemma 3.2 gives

. 2 CZet,.
il = 25

(3c(u)r4+4||R"||22(8)), O<n<N-—1. (321)
From the integral formulation of the truncation error R;} one obtains
[R"| < cay(z®>+hi+h)), 1<n<N-1.

We now need to evaluate H 8tR”+% H for1 < n < N — 2. Note that

BRI = 8, (R — 8, (RYy"™2 — 8(R)™ 2, (xy) € 2 1<n<N-—2.
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Recalling the integral formula of (Rt)y, we derive

Q=

SR = = [ROM — (ROL]

/ s Yy s —57) UG Yy tn =S g 5y
0 8t4 8['4

T /1 *uxi, yj, trs1 + ST) _ d'u(xi, vy, ta +7)
6 o 31—4 3t4

o /1 /1 O uXi, yj tn — ST+ ut) | °u(Xi, yj, tn + ST + pT)
- -
s o>

[N

_|._

:| (1—1s)3ds

] (1 —s)>dpuds.

Then we have ||5[(R[)”+% H < c(u)t?for1 <n < N — 2. Similarly, it follows that
[8:RO™ 2| < caph?,  [8:R)™E| <cwhi, 1<n<N-2.
Thus, utilizing the triangle inequality we get ||8[R“+% | < c@)(r? + h? + h3), and then

|R" H)_T((S) <cw(t®+h+h), 1<n<N-1.

Combining it with (3.21), we have |[i"||_ = O(z* + h% 4 h3). It completes the proof. O

When the condition (1.2) is zero-valued, i.e., ¢ (x, y, t) = 0, we can obtain the same result by replacing the fourth-order
approximation of u(x;, y;, ) with the third-order scheme (3.12).

Theorem 3.2. Let function u(x,y,t) € C*»(£2 x [0, T]) be the exact solution of the hyperbolic problem (1.1)-(1.3) with
a(x,y,t) = 0. Then, under the restriction o < 1, the numerical solution of the explicit scheme (3.8)-(3.10) together with the
third-order accurate approximation (3.12) is convergent with an order of 0(t? + h% + h%) in the maximum norm.

Proof. The zero-valued boundary conditions and the initial-boundary compatibility conditions imply that u}j vanishes along
the boundary 052;,. Noticing the third-order approximation (3.12) of u(x;, y;, t), one can rewrite the error system (3.18)-
(3.20) as

8[2 g AhaZ:Rsv (th]')E-Qha 1<n=<N-1,

Uy =0, (x,y) €02y, 2<n<N,

3 1 93
- - T 9°u(x;, yj, ST) _
=0 = 7/ ——E -9k, () € 2

A similar presentation of the proof for Theorem 3.1 will yield our claim. O
Obviously, Lemma 3.2 implies the conditional stability of the explicit scheme (3.8)-(3.11).

Theorem 3.3. Let {u}}|(xi, yj) € 25, 0 < n < N} be the solution of the explicit scheme (3.8)-(3.11) with «(x, y, t) = 0. Then
under the condition o < 1, it holds that,

2 M1—1M—1
a2, < 55 [3|afuz|l+3h b Y 2 (4 (Ahuu>+4||f">|mi 0<n=N-1.

i=1 j=1

3.3. Richardson extrapolation of the explicit solution

This subsection is devoted to the Richardson extrapolation of the discrete solution generated by the explicit scheme
(3.8)-(3.11).

Theorem 3.4. Let u(x, y, t) be the smooth solution of the hyperbolic problem (1.1)-(1.3) and u; (r hy, hy) be the solution of the
explicit scheme (3.8)-(3.11). If o < 1, it holds that

JU" — e)"|,, = O(z* + hi + h3 + t°h} + T°h3 + h3h3), 1<n <N,

where the extrapolation solution

32 T h] h2 12 T h] I’lz 1
(up)jj = 1 Ul (Z,Z,Z>—ﬁu§§fzj (2,2,2 1 uij (. hi, ho).
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Proof. We define the following auxiliary functions
1 9%u 1 0%u 1 9%u 1 3%u
hxy. =150 Lxy.D=-p5og. fkyD= 2oy Yu(X,y) =
From the derivation of the scheme (3.8)-(3.11) described above, it is not difficult to know that
Rj = 2, (X, Vi t) + Rafy (X, Y1, t) + B3fr (xi, Vi, o) +§,'»}, (xi,y)) € &2p, 1<n<N-—1,
4

T —~
wjj = ?fp(xi,ij to) + TV (X, ¥) + @y, (X1, ¥) € 20,

whereﬁg. = (’Ii);j‘. — (ﬁx),’.} — (/Iiy E and

(ﬁt);} _ ;:; /01 '36u(x,~,)gt,6t,, —sT) n 86u(x,~,)gt,6tn +5'L')i| (1— 5)5ds,
R — i;i!‘ 0‘ :3GU(X1‘ —81211,}’1', ) 3%u(x; +ai:1,y]v tn)] (1 — 3)%dA,
(Ey);} _ g 01 'E)Gu(Xi,YQy—G Aha, tn) n 361,[()(1‘7.)/3;; Ahy, tn):| (1 — A)5da,
&y = ;:3/01 W(l — 5)%ds.

Thus the error system (3.18)-(3.20) can be rewritten as

LU — Al = fp(Xi, ¥j t) T 4 fo (%0, Vs )T + (X0, 5 ta) 15 +73\g-, (i, y)) € 2y, 1 <n<N-—1,
U =0, (x,¥)€d2, 0<n<N,
~0 T 5 ~
uy =0, u;= TE(Xiayja to) + TV (X, ¥) + @5, (X, ¥j) € $25.

We consider the following nonhomogeneous problems with homogeneous initial and boundary conditions:

ptt_Ap:fp(xvyvt)v (XJ/)GQ, O<t§Ta
p(x,y,t) =0, (x,y)€0d2,0<t=T,

p(x,y,00=0, p(x,y,00=0, (x,y)€2;

e — Aq=fox,y,t), (X y)€82,0<t=<T,
qix,y,t) =0, (x,y)€02,0<t<T,
q(x,y,00=0,  q(x,y,0)=0, (x,y)€2;
e — Ar =fi(x,y,t), (x,y)€2,0<t=<T,
rix,y,t) =0, (x,y)€d2,0<t<T,
r(x,y,0) =0, re(x,y,00 =0, (x,y) €.

It is easy to develop the following explicit schemes to approximate the problems (3.23)-(3.25), respectively,

(Stng_AhpZ:fp(xlayj’ tn)s (Xisyj) th’ 1 EHSN_l,
pg:o7 (x,,y])eaﬂh, OSnSN_17

2
T
pj=0, pj= ?fp(xivyj, to), (X, ;) € 2n;

6?q£} — Anqy = foi yj, ta), (X1, ¥j) € 25, 1<n <N -1,
g =0, (xi,y) €92, 0<n<N-1,

2
T
qE} =0, qilj = ?fq(xi,}’j, to), (xi,¥) € 2p;

120 965 |,

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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S — Anrf =X Y ), (i y) € 2p T<N<N-—1,
ri =0, (xi,y) €02, 0<n<N-1,

2 (3.28)
Ti? =0, ri} = %fr(xiv_Vjv to), (Xi,¥;) € $2n.
Theorem 3.2 shows that
PXi ¥js t) — P = O(t> + hi +h3),  (xi,y) € 2n, 1<n <N, (3.29)
Qi yj ta) — qf = 0(x* +hi + h3), (X, y) € 25, 1<n <N, (3.30)
T Yjs ta) — 1§ = 0(* + hi + h3), (x,y) € 25, 1 <n<N. (3.31)

Next, we consider the following homogeneous problems with zero boundary conditions and nonhomogeneous initial
conditions:

Je —AG=0, (xy)eR,0<t<T,
gx,y,5) =0, (x,y)€dR,0<t<T,

‘ ) (3.32)
qx,y,00=0,  G(xy,0)= —5fax.3.0). (x.y) € 2,

fe — AT =0, (xy)€R,0<t=<T,

r(x,y,t) =0, ((x,y)€02,0<t<T, (3.33)

R . 1 _
r(x,y,0) =0, rt(x,y,0)=—5fr(x,y,0), (x,y) € £2;

we —Aw =0, Xy €N 0<t=<T,
wkx,y,t) =0, (x,y)e€d2, 0<t<T, _ (3.34)
w(x,y,0) =0, we(x,y,0) = ¥, (x,y), (X,y) €2

One can construct the following explicit difference schemes to solve the second-order hyperbolic problems (3.32)-(3.34):

8ty — A =0, (x,y) € 2y, 1<n<N-—1,

ag = 0, (X,',yj) S a.Qh, 0 <n< N — 13 (335)
B=0.  8=—2f(xy.0. (e

8T — Apff =0, (xi,y) €2, 1<n<N-1,

?; =0, (xi,yj) €o2p, 0<n<N-1, (336)
=0 B=—Th&20, &) e

Stwj — Apw] =0, (X.y) €2 1<n<N-1,

wi =0, (x,y) €02, 0<n<N-1, (3.37)
wy =0,  wj =1y, %Y, X.¥) € 2

Also, Theorem 3.2 shows that

Q(xi, vy t) — @ = O +hT +h3),  (x.¥) € 2, 1<n <N, (3.38)
(X, yj, ta) — T = O(x* +hi +h), (x,y) €2, 1<n <N, (3.39)
Wi, yj. ta) —wh = 0(z® + hf +h3),  (xi,y) € 2, 1<n<N. (3.40)

Define grid function
2an

n__ ~n 2..n 2. n 2..n 2an 4 .n . ®
e = Uy — TP — h]qij — her — thlqij — rhzru T wy, (Xi,yj)) € 2, 0 <n <N.

Multiplying the difference systems (3.26)-(3.28) and (3.35)—(3.37) by =2, h?, h3, Th?, Th? and t* respectively, and subtracting
the resulting systems from (3.22), we find that the grid function {ej-}} satisfies

8%l — Apel =Rl (X, y) € 2n, 1<n<N-—1,

ej =0, (xi,y) €92, 0<n<N, (3.41)

0 1 -
eij =0, eij = wjj, (x,-,y]-) € Qh.
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Applying the technique in the proof of Theorem 3.1, we know that
~_1

IRz ;) < cad(@* +hT+h3), 1<n<N-2.
Thus applying Theorem 3.3 to the error system (3.41), we get

i — t2pf — Wiqj — h3rj — Thigh — thif) — t*wj = O(r* + hi + h3).
Inserting the equalities (3.29)-(3.31) and (3.38)-(3.40) into the equality above, we have

ui(z, hi, hy) = uxi,yj, ta) — [T°p(Xi, ¥y, tn) + hq(xi, yj, ta) + W31 (%3, Yy, t) | — [Thiq(xi, j ta) + ThSF (x4, ¥, t) ]

+0(t* +h} + hy + T°h3 + t2h3 + W3h3), (%, y) € 2y, 1<n <N. (3.42)

Similarly,

on T hl l’lz
Ll 302

2 2
T\2 h] hz
u(xi, yj, tn) — (5) p(xi, yj, ta) + > q(xi, ¥j, tn) + ) r(Xi, ¥j» tn)

T hl ZA T h2 2A
“13\7 Q(Xi,yj',fn)-i-g 5 T(Xi, Yj» tn)

+0(z* + hf + hy + T2k + o2h + h2h3), (%, ¥) € 2y, 1<n <N, (3.43)
m (T M oh 7\2 hi\* hy\*
Wi\ g 2 2) = u(xi, yj, tn) — (Z) p(xi, yj, ta) + ) q(xi, yj, tn) + " r(Xi, ¥j, tn)

T h1 ZA T h2 2A
“l1a\7 (I(Xi,}’j,tn)-i'z y T (Xi, Yjs tn)

+0(t* + hf + h5 + T2k + ©2h + h3h3), (%, ¥) € 2h, 1 <n <N. (3.44)

Multiplying the equalities (3.42)-(3.44) by 1/21, —12/21 and 32/21, respectively, and adding up the resulting equalities,
we find

u(xi, ¥y, tn) — (up)f = O(* + h{ + h3 + v°h] + 2h3 + hih3),  (xi.y) € 25, 1<n <N.
Thus the proof is completed. O

4. Error analysis of the ADI solution and its extrapolation

Utilizing the Taylor expansion with integral remainder, one has

U (%, Yjs tn) = 87U — R, (%, y) € 2p 1<n<N-—1, (4.1)
n+1 n—1
U (X, Yj, tn) = —83% + (RO + R, (X0, ¥) € 2n, 1<n<N—1, (4.2)
n+1 + n—1
_ o — g2l i n n oy _
uyy(xu.Vja ty) = y 3 + (Ry)ij + (Rty),'j» (th]) €y, 1<n<N-1, (4.3)
Zé?Sﬁ(SZU" (foy)ﬁ}, (i, ) € 2, 1<n<N-—1, (4.4)

where the errors (R; :]‘ (R i (Ry . are defined in the above section, and

8 u(xh y]7 tn ) azu(xi7 y]7 tﬂ + ST)
(Re)ij = f/ [ o2 + o2 (1—s)ds,
2u(xi, ¥j, tn —sT)  9*u(xy, yj, ta + ST)
Ry)jj = — / [ o o2 (1= s)ds,
T 22 [ 0%UXi, ¥y, ta —ST)  D2U(X;, ¥j, ty + ST)
(Ruy)} = 4/ 8262 [ e + 22 (1 — s)ds.

Adding up the Egs. (4.1)-(4.4) and using the following equality
Ut (X, Yj, tn) — Auxi, yj, tn) = f (X, ¥j, ta), (X, ¥5) € 25, 1 <n <N -1,
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we have
p+] + n—1

4
. =1
StUf — Ap————"— + 838087 Uf = F(xi, yj ta) + S, (i, y) € 2, 1< <N -1, (45)

2 4 *Y
where the truncation error
SS = (Rt Z - (Rx)g‘ - (Rtx)g' - (Ry)?j - (Rty)g‘ + (Rtxy)g‘» (Xi, y]) €8y, 1=n=<N-1

Omitting the small terms Sj; and wj;, and replacing Ui;’ with its numerical approximation ug in the Egs. (4.5) and (3.5)-(3.7),
one gets the following approximate factorization scheme

n+1 uq—l 4
o2y — L+ TSI = vy ), () € 2 TSmEN -1, (4©)
uj = a(x, yj, tn), (X, y;) €02y, 0 <n <N, (4.7)
Uy = o), (%i.y) € 2n, (42
uj= 16,95, 0, (X, ) € 2. 9

This scheme can be split into various ADI methods such as the Douglas [22] scheme or the Douglas-Gunn [11] scheme. Using
the identical operator I and the following equality

1 n-1y _ .n v s2ul
we can write the interior scheme (4.6) as

72 72
(1 - 733) (1 - 735) Stull = Apuff + (i, Yji tn).
By introducing intermediate variables

2
VAR . .
u;:(l—zéy)Stu?j, 0<i<M;, 1<j<M,—1,

the above scheme is decomposed into an ADI scheme of the Douglas-Gunn type

2
<I - 383> uj = Apu + f (X, Yy, ta),

0\ 2
n *
<I - ?8y> St ul-]- = UU
1

To find the unknown solution {uj™"|(x;, y;) € £, }, we can run the x-sweep and y-sweep procedures to get {u|(x;, ;) € 21}

and {8[2u3|(xi, yj) € .Qh} respectively, then compute the wanted solution by

n+1 __ n n—1 2¢2..n .
wit =2 -y T8, (%, Y)) € 2.
Now we consider the following lemma of a priori estimation.

Lemma 4.1. Let grid function {w}}l(x,—, yj) € 4, 0 < n < N} be the discrete solution of the following implicit difference system

wﬂ‘l’l wlnfl 1_4
Siwy — Ay————— + &S w =g, (k) € 2 1=n=N-1, (4.10)
wij =0, (xi,y;) €32, 0<n<N, (4.11)
wi =gy wy=vy (%Y € 2 (4.12)

Then it holds that
< e (30 +4lg"|5,). 0Osns=N-1,

where the energy norm

0<n<N-1

4
F = |83 + % (hanw™ 1 + | 2w |*) + - [a, 6802 ],
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Proof. Multiplying (4.10) by —2th hyD; Ay wg and summing i, j for (x;, y;) € £2;, we have

Mi—1Mp—-1
F" —F" ' = —2thhy Z Z gl (DeAnw]), 1<n<N-1,
i=1 j=1

where the discrete Green’s first inequality is applied. Summing the above equation for n from 1 to k, and then replacing k
with n, one gets

n My—1My—1

F' = FO—2thihy ) " ) gj (DeAnwy)

S & &
sW+;MwﬁW+;ngwﬁﬂf+]Mwﬁﬂf+ﬂﬁﬁwv1SnSN—L
where Lemma 2.3 with € = 2 is used. Using the inequality
[ a3 < 5 (Jawm [P + |4 |P) < B 0<nsn-1,
one can obtain that
F" < 3F° 4 ¢ HX_]:F' +4||g”||22(3), 1<n<N-1.
&

Thus the Gronwall inequality [21] yields the claimed inequality. It completes the proof. O

It is to present the error analysis for the smooth solution. It is easy to find that the solution error of the ADI scheme
(4.6)—(4.9) satisfies

~n+1 + aljl—l

4
~ j T ~
8l — Ap————— + 58,81 = S,

(i, yj) € 2n, 1=n=<N-1,
ft}} =0, (x,¥) €082, 0<n<N,
=0, U=y &.Y) € 2.

Under the condition T < ch, it is easy to get that | A,1°| = 0, | Axit' | < c(u)7?, and
82|, <cae®,  |882887 | <c@, 862887 < cw.

The same arguments in the proof of Theorem 3.1 show that
IS"] 55y < cC(@® +H+h), T<n<N-1

Then we obtain from Lemmas 4.1 and 2.1 that
Ja™1) < c|ani™| < cw)(@+m+1), 0<n<N-1 0O

Therefore one has the following theorem.

Theorem 4.1. Let u(x, y, t) € C%4>(£2 x [0, T]) be the solution of the wave problem (1.1)-(1.3). Then the solution of the ADI
scheme (4.6)-(4.9) is convergent with an order of 0(t? + h% + h%) in the maximum norm provided the maximum spacing h is
sufficiently small and the time-step size T = O(h). Further, it is also valid for the difference scheme with the third-order accurate
approximation (3.12) of u(x;, y;, v) if the boundary conditions are zero-valued, i.e., a(x,y,t) = 0.

Obviously, Lemma 4.1 implies the unconditional stability of the ADI scheme.

Theorem 4.2. Let {u,fj’.|(x,-,yj) € £, 0 < n < N} be the solution of the approximate factorization scheme (4.6)-(4.9) with
ao(x,y,t) = 0. Then,

Pw <é (3w +aly,). 0sn<n-1,
where ) = 34 2 4 (|t [P+ e ) + 5 a3

We also consider the fourth order extrapolation of the discrete solution.
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Theorem 4.3. Let function u(x, y, t) be the smooth solution of the wave problem (1.1)-(1.3) and ug.(t, h1, hy) be the numerical
solution of the ADI scheme (4.6)-(4.9). Then it holds that

Jum — )], = 0 (c* + ht +h3 + h? + o2h3 + h2h3) . (% y) € 2 1<n <N,
where the extrapolation solution

32

g (T M) 12
21 %9\ 4" 4 4

2 T h] hz 1
21u232j <57 ?9 ?) + ﬁuﬁj (777 hh hZ) .

(UE)E- =

Proof. We define the following smooth functions

Foo 5 1 9%u Fo 0 1 9% 1 8%
Xy t) = ———, Xy, ) =—= - :
iy 12 ot %y 20x202 2 0yt

1 0%u(x,y,t) 1 9%u(x,y, t) 1 8°u
Fo,y,t) = —— o2V ey =S D ey = — 8
Y0 =" i R W) = 5090,

From the derivation of the ADI scheme (4.6)-(4.9), it is not difficult to know that
Si = Fp1 (i, ¥, ) T° + Fpo (X, ¥j tn) T 4 Fy(%i, Yj, ta)h7 + Fr (%3, Y, ta)h5 +357

ij°
74 5 =
0y = S F (%5, 0) + 70 (%, ) + @y,
where

St= R} — ROE— Rt — ROE— Ry + Ryl (x1,) € 2 1SN <N—1.

The small terms (ﬁt)?j, (ﬁx)}}, (ﬁy)g- are defined in the proof of Theorem 3.4, and
~ ™ U T 8%(x, yi ta —sT)  3%u(x;, yi, ty + ST)
n __ 2 1>J]> 'n 15 J]> *n _ 3
Reij = 2.3!/0 | ot ot ](1 s
2h? /1 3u(x; — Ay, yj, tn)  3%u(x; + Ahy, yj, t) (1— 03dn
2:31 ) L 9x*at? x*ot? i
~ ™V T 8%x, yi, ta —ST) %X, yi, ta + ST)
R n: 82 s J]s *n s J]s *n 1—S3d5
R 2-3!/0 v ot at (1=
n t2h3 /1 %u(x;, yj — Aha, ty)  0%u(xi, yj + Ahy, ty) (1 — 2)da.
2-31 o | ay*ot? ay*ot? ]

Then, with the aid of Theorems 4.1 and 4.2 together with Lemma 2.1, one can get the claimed result by presenting similar

arguments for Theorem 3.4.

5. Numerical experiments

O

To verify our theory, we solve the hyperbolic problem (1.1)-(1.3) numerically by the explicit scheme (3.8)-(3.11) and
the ADI method (4.6)-(4.9). In the runs, we use the same spacing h in each spatial direction, h; = h, = h. All experiments
were carried out on a PC with 1024 RAM using the student version of MATLAB.

The explicit scheme (3.8)-(3.11) updates the solution at time level t,,; by the explicit formula

n+1 __

Ui

uf —uf "+ T [ A+ f XYy t)] . Ky) € 2n TSASN-T;

but the time step is restricted by t < h/\/f. The ADI method (4.6)-(4.9) can use a larger time-step size, but it computes
the solution at time level ¢, by solving tridiagonal linear systems. In the x-sweep, one would run the well-known Thomas

algorithm to solve

Aui =b;, 1<j<M-1,
where
1+ 202 —o?
—o? 1+ 20% —o?
A=

14 202

—0
14 202
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Table 1
Computational cost of explicit and ADI solutions with time-step t = h/2.

h T Explicit method ADI method

e(t, h) CPU time (s) e(t, h) CPU time (s)

1/160 1/320 1.37e—06 5.484 9.78e—07 29.89

1/320 1/640 3.42e—07 45.94 2.45e—07 157.0

1/640 1/1280 8.56e—08 375.0 6.12e—08 1003
Table 2
Convergence of explicit solution using the fourth-order start with time-step r = h/2.

h T e(t, h) Rate y eg(t, h) Rate yg

1/4 1/8 2.11e—03 - 3.38e—06 -

1/8 1/16 5.35e—04 1.98 2.36e—07 3.84

1/16 1/32 1.36e—04 197 1.50e—08 3.97

1/32 1/64 3.42e—05 2.00 9.26e—10 4.02

1/64 1/128 8.56e—06 2.00 - -

1/128 1/256 2.14e—06 2.00 - -

— .L_Z —
2 2 2
ut, Apu; +f(x1, Y5, t) + 0 (1 - ?8y> 8¢ Ugy
L
uy; Anuy; + f (%2, Y, ta)
* __ . * .
u = cos b= :
U2 Apy_yj + f (Xm—2, Yjs tn)
I 72
»J n 2 2 2.n
| Antiyy_y +fGp-1,yj, ta) 07 (I — 35}, S uy; |

In the y-sweep, one would run the Thomas algorithm to solve

Aw,=uf, 1<i<M-1,

where
* 202, 1
Wit u; + U* 8¢ Ui
Wiz Up
. *
W,‘ = : ) ui ==
k
Wi M—2 Ui y—2
WimM-1 ufy_g + o’8ul,

Then the solution at time level t,, is obtained by

n+1 __ n
u = 2u1-j

— u}}’1 + 7w, (.y) €y 1<n<N-1

We see that, to compute the solution at time level t,. 1, the ADI method sweeps the spatial grids three times while the
explicit method needs one sweep only. It is to be expected that the ADI scheme would be computationally more expensive
than the explicit scheme on the same grids. With an exact solution u(x, y, t) = e*™ sin t, we compute the maximum norm
error of the discrete solution, e(z, h) = max;<;<y [U" — u"||,, on the space-time domain §2 x (0, 1]. Table 1 reports the
CPU cost of the explicit and ADI method on the halving grids with the coarsest grid (h = 1/160, T = 1/320). We observe
that the ADI method is accurate as the same as the explicit method for this example, but the CPU cost is much more than
that of the explicit scheme.

Now we examine the numerical accuracy of the explicit and ADI schemes with the solution u(x, y, t) = e*™sint. On
the space-time domain £2 x (0, 1], the maximum norm errors of the discrete solution and its Richardson extrapolation
ep(t,h) = maXj<p<y [[lU" — (up)"|l are computed. For our comparisons, two different approximations of solution
u(x;, yj, 7), including the fourth-order scheme (3.11) and the third-order scheme (3.12), are considered to start the two
difference methods. Succinctly, the former is called the fourth-order start and the latter the third-order start.

In Tables 2 and 3, the solutions are approximated by the explicit method, using the fourth-order start and the third-order
start respectively, on the halving grids. Setting time step size T = h/2, the experimental rate (listed as Rate in the tables) of
convergence, in h, is computed by observing that e(z, h) & ch?, eg(t, h) &~ ch’t and utilizing y ~ log, (e(2t, 2h)/e(t, h)),
Ve ~ log, (ex(27, 2h)/ex(t, h)). We observe that, as predicted by Theorems 3.1 and 3.4, the explicit scheme (3.8)-(3.11)
generates a second order accurate solution and one Richardson extrapolation produces a fourth order approximation. The
solution of the explicit method using the third-order start is also second-order convergent but the extrapolated solution is
only approximately third-order accurate.
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Table 3

Convergence of explicit solution using the third-order start with time-step ¢ = h/2.
h T e(t, h) Rate y ex(t, h) Rate yg
1/4 1/8 3.03e—03 - 1.03e—04 -
1/8 1/16 8.91e—04 1.77 1.36e—05 2.92
1/16 1/32 2.42e—04 1.88 2.21e—06 2.62
1/32 1/64 6.35e—05 1.93 3.35e—07 2.72
1/64 1/128 1.63e—05 1.96 - -
1/128 1/256 4.15e—06 1.98 - -

Table 4

Convergence of ADI solution using the fourth-order start with time-step t = h.
h T e(t, h) Rate y ex(t, h) Rate yg
1/8 1/8 3.42e—03 - 9.21e—06 -
1/16 1/16 8.66e—04 1.98 5.86e—07 3.97
1/32 1/32 2.15e—04 2.01 3.94e—08 3.90
1/64 1/64 5.38e—05 2.00 2.57e—09 3.94
1/128 1/128 1.35e—05 2.00 - -
1/256 1/256 3.36e—06 2.00 - -

Table 5

Convergence of ADI solution using the third-order start with time-step 7 = h.
h T e(t, h) Rate y ec(t, h) Rate yg
1/8 1/8 6.67e—03 - 1.99e—04 -
1/16 1/16 1.69e—03 1.98 2.31e—05 3.10
1/32 1/32 3.55e—04 2.25 3.22e—06 2.85
1/64 1/64 8.76e—05 2.02 4.93e—07 2.71
1/128 1/128 2.18e—05 2.00 - -
1/256 1/256 5.45e—06 2.00 - -

0.04

0.03

0.02

0.01

09

-0.01

-0.02

-0.03

-0.04 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 1. Errorsaty = 1/2, T = 1 of the explicit scheme with h = 1/20 and T = 1/40.

We also apply the ADI scheme of the Douglas-Gunn type to solve the above model. Data in Tables 4 and 5 are obtained in
a similar way to those in Tables 2 and 3. Again, similar numerical phenomena are seen. In particular, data in Table 4 support
the results of Theorems 4.1 and 4.3.

At last, we show the difference between the third and fourth order start of the two methods in approximating a traveling
wave u(x,y, t) = sin(10(x + y + ﬁt)) at different time. Given the h = 1/20 and T = 1/40, we compute the explicit
approximation, at T = 1and T = 10 respectively, as shown in Figs. 1 and 2, in which numerical errors aty = 1/2 are
plotted. Observation shows that the numerical error of the fourth-order start is smaller than that of the third-order start.
Similar phenomena are also seen in Figs. 3 and 4, where the solution is approximated by the ADI scheme.
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Fig. 2. Errorsaty = 1/2, T = 10 of the explicit scheme with h = 1/20 and t = 1/40.
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Fig. 3. Errorsaty = 1/2, T = 1 of the ADI scheme with h = 1/40 and 7 = 1/40.
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Fig.4. Errorsaty = 1/2, T = 10 of the ADI scheme with h = 1/40 and t = 1/40.
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6. Concluding remarks

The recently suggested H? energy analysis is applied to theoretical considerations of the well-known second-order
explicit and ADI methods for second-order hyperbolic problems. It has been shown that the explicit and ADI solutions
are convergent in the maximum norm. Even though the centered schemes are employed for temporal discretizations, the
asymptotic expansion of the explicit or ADI solution consists of odd powers of the time-step due to the inconsistency
between the global scheme and the start procedure at the first time level. Thus an unusual Richardson extrapolation formula
is needed in promoting the second-order solution to fourth-order accuracy. Numerical tests are included to verify our results.
Our experiments show that the explicit scheme is more efficient than the ADI method in the sense of computational cost.

Extensions of the explicit and ADI approaches to three-dimensional wave equation are straightforward. As noted in [16],
Lemma 2.1 are valid on the three-dimensional cuboidal domain. Thus, by applying the fourth-order start at the first time level
and the suggested H? energy technique, it is easy to obtain the maximum norm error estimates of the numerical solutions
and their Richardson extrapolations. Since the three-dimensional ADI method would sweep the entire grids more times than
the two-dimensional version, the computational cost would be more expensive than the explicit method in getting certain
accuracy. Future work is planned to improve the resolving efficiency of ADI approach and reduce the computational count
of extrapolation.
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