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1. Introduction

A semilinear heat equation on a time-varying domain is intrinsically nonautonomous even if the
terms in the equation do not depend explicit on time. Investigations of its attractor thus require the
concept of a nonautonomous attractor, specifically, that of a pullback attractor [3-8,10,12]. In a recent
paper [13] Kloeden, Marin-Rubio and Real established the existence of a global pullback attractor for a
semilinear heat equation with a homogeneous Dirichlet boundary condition in the case that the spa-
tial domains O are bounded and increase with time. Much of the effort required there was to prove
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the existence and uniqueness of a variational solution satisfying an energy equality. It built on the
extensive existence and regularity theory of partial differential equations on non-cylindrical domains,
especially with nested spatial domains, see for example [1,11,17,16,19] and the bibliography therein.

In the present paper we do not require the domains O; to increase in time, but instead assume
they are obtained from a bounded base domain @ by a C2-diffeomorphism, which is continuously
differentiable in the time variable, and are all contained, in the past, in a common bounded domain.
We follow the ideas and methods sketched in a paper of Limaco, Medeiros and Zuazua [15]. Here
much of our effort is also directed at appropriately formulating the problem and in proving the ex-
istence and uniqueness of strong and weak solutions in appropriate functions spaces as well as in
establishing energy inequalities. In particular, we need to define what we mean, for example, by the
continuity and differentiability of a function t — u(t) € L2(Oy).

We present the basic equations and notation in Section 2 and then, in Section 3, consider in some
detail the appropriate function space setting and properties of functions under the time variable co-
ordinate transformation. A compactness result is also presented there. Strong and weak solutions are
considered in Sections 4 and 5, respectively, in particular their existence and uniqueness. In Section 6
we show that the weak solutions generate a process, that is a 2-parameter semi-group which defines
the nonautonomous dynamical system. This is shown to satisfy an asymptotic compactness condi-
tion in Section 7, which is then used to establish the existence of the pullback attractor. Finally, the
transformed equations are derived in Section 8 for a spatially linear domain transformation.

2. Equations and notation

Let O be a nonempty bounded open subset of RN with C? boundary 80, and r =r(y,t) a vector
function

rec'(O xR;RN), (21)
such that
r(,t): O — O is a C2-diffeomorphism for all t € R. (22)
We define
Qrr:= U O x {t} forany T >7 (2.3)
te(r,T)
and denote

Q¢ := U O x {t} VT eR,

te(r,+00)

Sori= U A0 x {t},  Zgp:= U 90 x {t} VT <T.

te(r,T) te(t,+00)
For any T > 7, the set Q. r is an open subset of RN*+1 with boundary
0Qr =27 17U (OT X {T}) U (OT X {T})

We will also assume that the function 7 = 7(x, t), where 7(-,t) =r~1(-,t) denotes the inverse of
r(-,t), satisfies

reC*(Qer:RY) forallt<T, (2.4)
= OF OF

ie, T, gt 55 and 3}‘223;] belong to C(Q.1;RN), for all 1<i, j<N, for any t < T.
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We consider the following initial boundary value problem for a semilinear parabolic equation with
homogeneous Dirichlet boundary condition,

ou .
Frie Au+gu)=f(@t) inQ,
(2.5)
u=0 on X,
u(t,x) =u-(x), xeO¢,
and, for each T > 1, the auxiliary problem
ou .
o~ AuT gw) = f() in Qcr,
(2.6)

u=0 on X, T,

u(t,x) =ur(x), xe€0O¢,

where T € R, u; : Oy — R and f:Q; — R are given, and g € C'(R,R) is also a given function for
which there exist nonnegative constants «1, oy, 8 and [, and p > 2, such that

—B+ails]P <g@)s<B+aals|P VseR (2.7)
and
g'(s) =—-1 VseR. (2.8)
For later observe that, by (2.7), there then exist nonnegative constants &, &, 8 such that
—B+aulslP <G(s) <P +azlslP VseR, (2.9)

where

S

G(s) ::/g(r)dr.

0
3. Preliminaries
3.1. Functional spaces and preliminary lemmas

We consider a fixed finite time interval [, T]. Let (X, | - llx,) (t € [T, T]) be a family of Banach
spaces such that X; c LL (O,) for all t € [, T]. For any 1 < q < oo, we denote by LI(t, T; X;) the

loc

vector space of all functions u € LFOC(QT,T) such that u(t) =u(-, t) € X; a.e. t € (tr, T), and the function

lu()llx. defined by t+ |ju(t)| x,, belongs to LI(t, T).
By definition, we consider on LY(t, T; X;) the norm given by

lullace,rixo = [ uO x| a1

For each u € LL (Qq.1), we can extend u trivially to RN x (z, T) by

loc

. _Jukx,t, x0)eO x(T,T),
u, t) = {0, x,t) € RN\ O) x (7, T).
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Then, for any 1 < p, q < oo, we have

uell(t, T; LP(0)) = del(r,T:LP(RY)),

and
uell(t, TiHY(Oy) = ieli(r,T; Hy(RV)),
with
ot ou ,
— =— V1<i<N. (3.1)
0xj  0X;

For any u € Ll]oc(Qr,T)v we will denote u’ = u; the derivative of u with respect to time t in the

sense of distributions in Q; 1, defined by

T
W, ¢):=— / /qb/(x, tu(x, tydxdt for all functions ¢ € C°(Qr,1),
T O

where ¢’ = % is the classical partial derivative.

We have the following result.

Lemma 3.1. If u € L*(t, T; H)(Oy) and u' € L?(t, T; L*(Oy)), then the trivial extension @i belongs to
HI@RN x (z, T)), satisfies (3.1), and its derivative with respect to time is given by

~/

i =u. (3.2)

Proof. Evidently, we must only prove (3.2). Observe that u € L%(t,T; Hé(Ot)) and u €
L?(t,T; L*(Oy)), means that u € H'(Q, 1). Applying integration by parts, and using that u(t) €
H(Op) ae. t e (z,T), for any function ¢ € CI(RN x (7, T)) we have

/ Ux, )@’ (x, t)dxdt = / ux, t)e'(x, t)dxdt

RN x(7,T) Qe 1

=— / u'(x,t)@(x, t)dxdt
Q‘[.T

=— f U (x, g (x, t)dxd,

RNx(r.T)
and thus, (3.2) holds. O

Definition 3.2. We say that a function u € L}OC(QT,T) belongs to C([t, T1; L%(Oy)) if its trivial

extension il belongs to C([t,T];L2(RY)) and we say that a sequence {uy} converges to u in
C([t,T1; L*(Oy)) as m — oo, if the sequence {ii,} converges to i in C([t, T]; LZ(RN)) as m — oo.

Definition 3.3. We say that a function u e L} (Qz,7) belongs to C([r,T];H(l)(Ot)) if its trivial

loc
extension i belongs to C([r,T]; H'(RY)) and we say that a sequence {u;} converges to u in
C([t,T]; HY(Oy)) as m — oo, if the sequence {ii,} converges to i in C([t, T]; HI(RN)) as m — oo.
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From now on, we will use (-,-); and | - |; to denote the usual inner product and associated norm
in L2(Oy) or (L2(O))N, indistinctly.
As a consequence of Definition 3.2 and Lemma 3.1, we have

Corollary 34. If u € L(z, T; H)(Op)) and u’ € L?(t, T; L?(O)), then u belongs to C([t, T1; L%(Oy)) and
satisfies the energy equality
t

|u(t2)|f2 - |u(t1)|f1 =2f(u’(r), u(®),dt V<t <t <T. (3.3)

t

Proof. It is enough to observe that by Lemma 3.1, in particular @i and @’ belong to L%(z, T; L>(RN)),
and as a consequence, ii belongs to C([t, T1; L2(RN)), and by (3.2),

5]

2 -~ N
&) :2/(u/(t),u(t))L2(RN) dt V1<t <t <T.
t

!ﬁ(tz)’iZ(]RN) — i

But this last equality is exactly (3.3). O
3.2. Coordinate transformations
Following [15], we consider a finite time interval [t, T], and set
v(y.ty=u(r(y,t),t) foryeO, te[r,T], (3.4)
or, equivalently,
ux, ty=v(Fx,t),t) forxeO, telr,T] (3.5)
By the assumptions on r and r, it is immediate to obtain the following result.

Lemma 3.5. Forany 1 < p,q<oo,u € Li(t,T;LP(O)) & v € LI(t, T; LP(O)). Moreover, there exist two
positive constants C1(p, q) and C2(p, q) (which depend only on p, q, r and t, T) such that

Ci(p, DlullLa,1;er @) < WVILa, ;00 0y < C2(0, Dl Lz, 500 (00 » (3.6)

forany u € L9(z, T; LP(Op)).

On the other hand, by Proposition IX.6 in [2], one has that if for some t € (7, T) the function
u(t) =u(-, t) belongs to H'(O), then the function v(-,t) =u(r(-,t),t) belongs to H'(©0), and

N

av ou ari(y,t)
_(yvt): av. r(yst)st T a.. (3.7)
9yj ; axi( ) 9yj

and analogously, if for some t € (7, T) the function v(t) = v(-,t) belongs to H!(©), then the function
u(-,t) = v(i(, t), t) belongs to H(O;), and

=

—(x t):Z;— (F(x,0),1) {'(x, ). (3.8)
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From (3.7), (3.8), the denseness of C/(O;) in H}(Oy), the denseness of C1(O) in H}(O), and the
properties of r and 7, one easily obtain the following result:

Lemma 3.6. u € L?(t, T; H)(O))) & v € L?(t, T; H} (O)). Moreover, there exist two positive constants Cy
and C (which depend only on r and t, T) such that

Cl ”u”LZ(T,T;Hé(OI)) < ”V”LZ(T,T;HS)(O)) < C2”u”L2(r,T;H(])(Ot))’ (3-9)
forany u € L%(z, T; H{ (Op).
Analogously, one has:

Lemma 3.7. u € L?(t, T; H*(Oy)) & v € L?(t, T; H?(0)). Moreover, there exist two positive constants C}
and C}, (which depend only on r and t, T) such that

Crllull2e 1 w200 < WVl 112000 < Colltll 20 1512000 (3.10)
forany u € L*(z, T; HX(O))).
3.3. Continuity

Now we establish the equivalence of the continuity of u and v.

Lemma 3.8. Under the assumptions on r, the function u belongs to C([t, T1; L2(®})) if and only if the func-
tion v given by (3.4) belongs to C([t, T]; L>(O)).

Proof. (a) Assume first that v belongs to C([t, T]; L%2(©)). By definition, we must prove that the
trivial extension @i belongs to C([t, T]; L2(RN)).
For any pair to,t € [T, T], we have

/\ﬁ(x, t) — 2 (x, to)|” dx
RN

= / |u(x,t)—u(x,tg)|2dx+ / |u(x,to)|2dx+ / |u(x,t)|2dx. (3.11)
Oy N0 O, \Ox OOy,

In the following we will estimate the right-hand terms one by one. _
At first, observe that as a consequence of the uniform continuity of r in O x [z, T],

mes(O, \ Or) > 0 ast — to. (3.12)

On the other hand, as v(y, tg) € L2(©), we have that u(x, to) = v(F(x, to), to) € LZ(OtO), and there-
fore, by (3.12) we obtain

ux, to)yzdx—>0 as t — to. (3.13)
Oy \O¢

Secondly, observe that by (3.12) and the properties of 7 we have mes(r(O; \ Oy, t)) — 0 as t — to.
Thus, by the continuity of v, we have
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|u(x, r)|2 dx
O\Oy

2
= / [v(y.0)| Jac(r, y, t)dy
T(O\Oyq 1)
\v(y,to)yzdy) 50 ast—tg, (3.14)

2
< Cr</|\/(y,t) —v(y.to)|"dy +
@] F(O\Oyy.0)

where we have denoted Jac(r,y,t) the absolute value of the determinant of the Jacobi matrix

(35 (¥ DN
Finally, we have

/ |lux, t) — u(x, to)\2 dx
Oy N0

= |u(r(y, o). £) — v(y, to)|* Jac(r, y. to) dy

F(ONOy.to)

[v(F(r(y. t0). 1), £) = v(y, to)|*Jac(r, y, to) dy

OOy to)
<G (|v(F(r(y.to).t), t) = v(F(r(y. to), t), to) }2 + |v(F(r(y.to). t). to) — v(y, t0)|2) dy.
r(O:NOy . to)

Note that

[v(F(r(y, to). t),t) — v(F(r(y, to). t), t0)|2dy

F(OrNOxy,to)

< /{v(z, t) —v(z, t0)|2Jac(f’1,z, t)dz
Ut

gcr/}v(z, t) —v(z, t0)|2dz—>0 as t — to, (3.15)

Ut

where z= f(y) =7 (y,t0),t), (OD)U; :=7(Or N Oy, to) and we used the continuity of v.
On the other hand, for any arbitrary small ¢ « 1, we have

F(r(y,to),t) > y uniformly for y € F( ﬂ O, to) as t — to,

se[to—e,to+€]

ONO)\ (] OsCcO,\ (] O,

se[top—e,to+€] selto—e,to+e]
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and (since 7(-,-) is Lipschitz)

mes(?(@to\ ﬂ Os,t())) <G mes((’)\?( ﬂ O, t0)> —0 ase—0,

se[to—e,to+€] selto—e,to+€]
therefore, as t € [tg — €, tg + €], from
_ 2
[v(F(r(y.to).t).to) — v(y.to)|“dy
F(ONOy.to)

< / VF(r (. to). ). to) — vy to)[*dy

H(Mseitg—e.tg+e1 Os:to)

+2 / (V. t0).0). ) + vy, o))y,
F((Otmoto)\ﬂse[to—s,t0+s] Os,to)

we obtain

[v(F(r(y.to). t).to) — v(y, tg)|2dy -0 ast—tp. (3.16)
F(OiNOx o)

Substituting (3.13)-(3.16) into (3.11), we obtain that i belongs to C([z, T]; L2(RN)).

(b) Conversely, assume that ii belongs to C([z,T]; L2(RN)). We must prove that then v €
C([t. T L*(O)).

For any to,t € [T, T],

/}v(y,t)—v(y,t0)|2dy: / [v(F(x, to). t) — u(x, to)|zjac(F,x, to) dx
o Ot

= / [u(r(F(x, to), t), t) — u(x, to)|2Jac(F, X, to) dx
O

<G (I + 1),

here

Ih(t) = /{u(r(?(x, to), t), 1) — i(r(F(x, to), t), to)| > dx
Or

= /|u(z, t) —1i(z, to)\zjac(h’l, z,t)dz— 0 ast— to, (3.17)
O
where z = h(x) =r(F(x, to),t) : O, = O; and we used the continuity of ii; and

I(t) = / |ii(r(F(x, to), t), to) — u(x, to)|* dx
Ot
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= / |a(r (F(x, t0). ), to) — u(x, to)|* dx

ﬂse[to—s,t0+s] OS

+ / |[a(r(F(x. to), t), to) — u(x, t0)|2dx.

O \Nsettg—e.tg+e1 Os
By a similar argument as that for (3.16) we can get that
I(t) > 0 ast— tp. (3.18)
The continuity of v follows from (3.17) and (3.18) immediately. O
Similarly using Proposition 1X.18 in [2], from (3.7) and (3.8) we can also get the following result:

Lemma 3.9. Under the assumptions on r, the function u belongs to C([t, T]; Hg) (Oy)) if and only if the func-
tion v given by (3.4) belongs to C([t, T]; H}J(O)).

3.4. A compactness result

From Lemma 3.1 we know that if u € L?(t, T; H}(O)) and u’ € L?(t, T; L?(O})), then u belongs
to Hl(Qr,T), and consequently, by Proposition IX.18 in [2] we deduce that the function v defined
by (3.4) belongs to H'(O x (t, T)), and in particular

0
V(.0 =t (. 0.6) + [(Va (r(y.0.)] - 5 0.0,

where - denotes the inner product in RN,
From this and Lemma 3.6, we obtain that if u € L*(z, T; H}(Op)) and u’ € L%(z, T; L?(Oy)), then

the function v defined by (3.4) belongs to L%(t, T; Hé(O)), and its time derivative v’ belongs to
L%(t, T; L2(0)), with

Ve 12000 < CUW 2, :02000) + 1l 2 213 0p)»

for some positive constant C independent of u.
We now generalize the above considerations.

Definition 3.10. We define the space L%(7, T; H~1(O)) as the vector space of all the distributions w
in Q¢ 1, of the form

N
afi )
w=fo— —3}{, fiel*(Qr1), i=0,...,N, (3.19)
i=1

N
3
(w, ¢) = f fopdxdt + / fia—:zdxdt Vo € C(Qr.1).
Q

7,T i=1 Q'[,T
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If w is given by (3.19), let us denote

w(t) = fo(t) — Z fl( ) in the sense of distributions in O, ae. t € (v, T),

where fi(t) := fi(,t).
Let us denote (-,-)_1,¢ the duality product between H='(0;) and Hé(Ot).
Observe that if ¢ € C1(Oy), then

(w®, o) f fox, r)w(X)dXJrZ / filx, t) (x)dx
i= 10

and consequently

N
2 2
[wO 100 < 21O 20,

i=0

It is well known that, without loss of generality, we can assume that in fact the above inequality is
an equality. Thus, we define

T 1/2
2
W2 10100 = (/”W(f)HH](Of) df) , (3.20)
T
and we have
N
IWIZ2 e 11100y = 2 Ifillf2q, - (321)

i=0

Also, observe that if ¢ € C}(Q,,T), then ¢ (t) = ¢ (-, t) belongs to CC1 (Oy) for each t € (r, T), and
therefore

(W.¢) = /fo¢dxdt+2/f,—dxdt

Qr1 i=1q, T
//fg(x O (x, t)dxdt—l—Z//f,(x t)— (x t)dxdt
T O =17 o,

T
= /(w(r), ¢(t))_”dt. (3.22)
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If u e L?(t, T; HY(Oy)), in particular u € L*(Q; 1), then there exists the partial derivative u’ of u
with respect to t, in the sense of distributions on Q. r. We say that u’ € L%(t, T; H1(Oy)), if there
exists a function w € L(t, T; H~1(O})), such that

T
/(W(t),¢(t)>_l,[dt=— / ux, g’ (x, tydxdt Vo € Cl(Qr.1).

T Qr,T

In such a case, w is unique. This last assertion is an immediate consequence of (3.22). Thus, we
identify u’ with w.

Lemma 3.11.

uel?(t,T; Hy(Op) vel?(t,T; HY(O))
<
and u' e L?(z,T; H-1(Oy)) and v €L?(t,T; H1(0O)).

Moreover, there are two positive constants C3 and C4 (Which depend only onr and t, T) such that

||V/||L2(r,T;H*1((’))) < C3(”u,”L2(r,T;H’1(Ot)) + ”u”Lz(r,T;H[l)(Ot))) (3.23)

and
1 20, 71100y < CallV iz, 1110 + VI 13 0))- (3.24)

Proof. Suppose that u € L%(z, T; H{(Oy)) and u’ € L2(z, T; H~1(Oy)).
At first, from Lemma 3.6 we know that v(y,t) =u(r(t, y), t) satisfies

vel?(t,T; Hy(O)). (3.25)

Secondly, we have that there exist N + 1 functions f; € LZ(QT,T), i=0,...,N, such that

T T

N T
/(u/(t),¢(t)>7l,tdt://fg(x, r)¢(x,t)dxdt+Z//f,»(x,r)g—i(x,r)dxdt,

T T O i=17% O
for all ¢(x,t) € C}(Q¢.1), and
N
2 — 112
112z o100y = D M ill 2 g, - (3.26)

i=0

Thus,

T T N T
//u(x, e (x, t)dxdt:—//fo(x, b (x, t)dxdt—Z//fi(x, t)%(x, t)ydxdt, (3.27)

T O T O i=17 Oy

for all ¢(x,t) € C}(Qz.7).
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Let us denote fi(y,t) = fi(r(y,t).0), ¢(y.t) = ¢(r(y,).0), and ¥ (y.t) = ¢(y,0)Jac(r, y,t). Ob-
serve that ¢ € C (O x (t,T)), and from the identity ¢ (x,t) = ¢(F(x, t), t), we obtain

N ~
%(x, )= Z %(r(x t), t)a—(x t) V(x,t)€Qrr. (3.28)

Thus, from (3.27) we obtain

T
/ / u(x, e’ (x, t) dxdt

T O

T
—fffo<y,r>w<y,t>dydt
T O

N T
-y //f,(y t)—(r(y 0, t)—¢(y t)Jac(r, y, t)dydt. (3.29)

Lji=17 o

Taking into account that

] ]
l(y,t) —¢(y HJac(r,y, t) + ¢y, t)—(JaC(r y.0)
9Yj ay;j
_ 1
=9y, (y,DJac, y,t) + ¥ (y, ) 0753 j(Jac(r y.0),
and denoting
gi(y.0) —Zfl(y,o—(r(y,t) t), j=1,....N, (3:30)

i=1

N
gy, 0:=foy,0) = D &y, 0)

j=1

1
ja<C.y.09y; (]ac(r y.0), (3.31)

we deduce from (3.29) that
//u(x ¢/ (x, ) dxde = — f[gow 0wy, t)dydr—Z//g] y. r)—(y Hdyde. (332)
T O =17 o
On the other hand, we have
//u(x e’ (x, t)dxdt—//v(y )¢’ r(y t), t)]ac(r y,t)dydt. (3.33)
T O

From the identity ¢(y, t) = ¢(r(y,t),t), and (3.28), we deduce
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¢y, 0)=¢'(r(y, 0.t +Z (ry.0).1) —(y t)
N ag ar;
=¢'(r(y,0,t) + > ay; Ho 0, t)—(r(y 0),t). (3:34)
i,j= 1

But the identity r(r(y,t),t) = y implies that

_ N -
orj or; orj

— t),t) + — £),t)—(y,t)=0. 3.35
o (r(yv,0,1) ;:1 % (r(v.0), )at .t (3.35)
From (3.34) and (3.35) we deduce that

¢'(r(y,0),0)=¢'(y,00 + Z —(y t)—(r(y £),1),

and therefore (3.33) can be written

T
/ / u(x, e (x, t) dxdt

T O

T
- / / v(y. 08 (v.0)Jac(r. y. t)dyde

T 0
N 3¢ aF
7
+Z//v(y,t)a—(é(y,t)a—;(r(y,t),t)Jac(r,y,t)dydt. (3.36)
=74 Vi
Now, observing that
2 o 1
¢'(y.0Jac(r,y. t)y =v'(y.t) — D at(Jac(r YD)V (. 10),
and
¢ Ay 1
Wj(y,t)Jac(r,y,t)— Wj(y’t) may (Jac(r Y, t))w(}’ t),

we can rewrite (3.36) as

//u(x e (x, t)dxdt_//v(y Oy’ (y, t)dydt

T O

v(y,t) 9
/f]ac(r y.0) at (Jac(r, y,0) ¥ (y,tdydt
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=

+Z//v(y,t>—(r<y,t> t)_‘”(y,t)dydt

j=1¢

=

_ v(y,t) 8] i
Z//Jac(r 0 (ry.0).t) 5 (Jac(r,y.n)y (y.t)ydydt.

=11 o

From this last equality and (3.32), we deduce

T
f/v(y,t)w’(y,t)dydt
T O

T

N -
v(y,t) 0 ﬁ 0 _
f/{mr m t)[ (Jac(r, y,t) +J§ 5 (0,6 = (Jac(r ¥, t))} go(y,r)}w(y,odydr
N v
-3 f f (v(y r)—(r(y £).t) +gj(y. t))—(y t)dydt, (337)
j= 11'

for any ¥ (y,t) € Cg (O x (t,T)) (the arbitrariness of ¥ comes from the arbitrariness of ¢ and the
fact that r(-,-) is a diffeomorphism). Thus, from (3.37) we have that the derivative of v with respect
to time is given by

ah;
Vi=hp—) L (3.38)

in the sense of distributions on O x (t, T), where

N
— vy |9 iy
ho(y.0) == g0y ) = jon t)[ (Jac(r, y,t) +,E:1 5 r0.0.0) - (JaC(r y. t))}

D

and
31_’]' .
hj(y.t) == V(y,t)g(r(y,t),t) +gj(y.t), j=1,....N.

From (3.38) and the definitions of hg and hj, j=1,..., N, we obtain that v’ € L2(t, T; H1(O)).
Moreover, using (3.26), we easily deduce (3.23).
Similarly, using the inverse transformation r(x, t) of r(y,t), we can obtain the converse results. O

Let p > 2, and set
X =L%(t, T; Hy(Op) N LP (T, T; LP(Oy)),
Y =1%(t, T; HY(O)) N LP (7, T; LP(O)),

and
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X*=1%(r,T; H1(O0) + LI(z, T; LY(O),
Y*=1%(r, T; H1(0)) + L(, T; L1(0)),

where % + % =1.
From the previous results, evidently we have:

Corollary312.uc X < vey.
With a slight modification of the proof of Lemma 3.11, we have:

Lemma 3.13.

ueX { veY
—

and u' € X* and v eY*.
Moreover, there are two positive constants Cs and Cg (which depend only on r and 7, T) such that

V' llys < Cs(llu'llxe + lull 2z 713 00y) (3.39)
and

I/ llxe < oIV llys + 1V li2e 72110 (340)

As a consequence of the results above, we have the following compactness criterion.

Lemma 3.14. Assume that {u;,} is a bounded sequence in X and {u},} is bounded in X*. Then, {un,} is relatively
compact in L2(t, T; L2(O))).

Proof. Let v (y,t) = upn(r(y,t),t), then from Lemma 3.13, we know that {v;;} is bounded in Y and
{v,} is bounded in Y*. Then by the well-known result for fixed domain (e.g., see [17]), we know

that {v,;} is relatively compact in L?(t, T; L>(©)). Without loss generality, we assume v,; — v in
L%(t, T; L2(0)), then from

T T
//|um(x, t) —ux, t)|2dxdt://|vm(y,t) — v(y,t)|2]ac(r,y,t)dydt,
T O

T O,
we deduce that u, — u in L2(t, T; L2(O})), where u(x,t) = v(F(x, t),t). O

Corollary 3.15. Assume {up} is a bounded sequence in L*(t,T; H(l)(Ot)) and {u},} is bounded in
L2(t, T; H-1(Oy)). Then, {un} is relatively compact in L%(z, T; L2(Oy)).

4. Strong solutions

Definition 4.1 (Strong solution). A function u = u(x, t) defined in Q. r is said to be a strong solution
for problem (2.6) if

uel?(t,T; HX(O)) N C([T, Tl Hy(O)) NL® (T, T; LP(Op), ' e L*(x, T; L2(Op),

and the three equations in (2.6) are satisfied almost everywhere in their corresponding domains.
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Associated to problem (2.6), we consider the problem

N
av(y,t) d ' ) _
o —g::l 5 (@j(y, OVy (y,0) + by, t) - Vyv(y, ) + g(v(y, ) = f(r(y, 0),t)
in O x (t,7T), (41)

v=0 ondO x (1, T),

vy, D) =u(r(y, 1)), yeO,

where

N
ajk(y,r)_ il “X(ry,b), t)—’(r(y 0,t), jk=1,...,N;
< 9 axi

and b(y,t) = (b1(y,t),...,bn(y,t)) € RN is defined by

br(y, t)_ (r(y £),t) — Adie(r(y, ), ¢) +Z 3, 0, k=1,2,...,N.
J

A strong solution of (4.1) is a function v € L?(7, T; H*(O)) N C([r, T]; H}(0)) N L*® (7, T; LP(O)),
with time derivative v/ € L?(t, T; L2(©)), such that the three equations in (4.1) are satisfied almost
everywhere in their corresponding domains.

Lemma 42. For any —00 < T < T < 00, ajy € CY(O x [, T)), by € CO(O x [z, T)). In particular,
aji, By =, b e L®°(O x (7, 1)), j,k=1,2,...,N.
Moreover, there exists a § = 8(r, T, T) > 0 such that for any (y,t) € O x [1,T],

N
D ap(y. O&E = 8151 foralls e RN,

j.k=1

Proof. Let A(y,t) = (ajx(y,t))nxn, then A(y, ) =T*(y,H)T(y,t), where T(y, t) := F(r(y,t),t) with

M (xt)  drpxb) . ITNKLD)

3X] 3X] 8)(1
F(x,t) = ,
FD)  BPD . ATN(LD
3XN 3XN 3XN

and T*(y,t) is the transpose of T(y,t).
For any £ € RN, we have

N
3 @y D= (AW, D5 ) gy = (TH (V. OT (V. 5. )y = (TE, TE)pn = | T(y. 0|

jk=1

Note that T(y,t) is reversible, so

T, 0] = |17 . 0] gl
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where ||[T~1(y, t)|| is the operator-norm of T~!(y,t) in RN; consequently, we have

HE

A E) 2> —————.
(As.5) IT-1(y. 012

Finally, due to the continuity of T~1(y,t) and compactness of O x [t,T], we know that
IT~Y(y,t)|| is uniformly bounded from below in O x [t, T] by a positive constant. O

From the assumptions on 80, r and 7, we have (e.g., see [14,9])
Lemma 4.3. For any —oo < T < T < 00, there exist two positive constants 8o and co which dependonr, 7, T,

such that for any u € H*(O) N Ha(O), the following estimate holds

N
2 2
80/}Au(y)| dyg/ E akj(y,t)uykyjAudy+CO[]u(y)‘ dy foralltez,T].
o o ki= o

We have the following existence and uniqueness result of strong solution for problem (2.6).

Theorem 4.4. Let f € L2 (R; L2(O,)) and r and T satisfy assumptions (2.1), (2.2) and (2.4). Assume also that

loc
aOisCZandN<2p/(p—2), or 90 is C™ withm > 2 integer such thatm > N(p — 2)/2p. (4.2)

Then, for any u; € H})(Or) NLP(O;) and any —oo < T < T < oo, there exists a unique strong solution u
of (2.6). Moreover, u satisfies the equality of energy

t t
}u(t)|f+2/|Vu(s)|§ds+2//g(u(x, s))u(x, s)dxds
T

T O
t
= \u(r)ﬁ +/(f(s), u(s)),ds forallte[r,T], (4.3)
T
and the following estimates:
t t
u@f; <e P uc)|; +e / ) £5) g1, 5 + 28740 f |Og|ds,  (44)
T T

t

t t
/(|Vu(s)|§+2a1 /\u(s)|de> dsg/”f(s)”i,l(os)ds—i—m/ |Os|ds + ur |2, (4.5)
T Os T T

forallt € [t, T], where A is the first eigenvalue of —A on Hé(Urssg Os).

Proof. (a) Uniqueness.
Let u;j € H}J(O,) NLP(O;) and u;(t) (i=1,2) be the corresponding strong solutions. Set w(t) =
uq(t) —uy(t), then w(t) is a strong solution of the following equation

we— Aw +g(u1) — g(uz) =0 in Q¢ T,
w(T)=ur1 — U2 on O,
w=0 on X;r.
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By Corollary 3.4 and (2.8), we have

w2 + Vw2 < - f (2(u1() — g(u2())) w(s) dx
Os

li|
2ds
< l|w(s)|§ ae.se(t,T),
so, integrating over [t,t] we deduce that
‘w(t)‘f < ezl(t_f)|w(t)|i =Xy —upy? forany te(r, Tl (4.6)

which implies the uniqueness immediately.
(b) Equality (4.3) and estimates (4.4)-(4.5).
The energy equality (4.3) is a direct consequence of Corollary 3.4.
As a consequence of (4.3), (2.7), and Hélder inequality, we get

d
o w2+ |[Vue)[2 +2enully 0, < | FO 510, + 26105 ae se(@.T). (4.7)

Estimate (4.5) is a direct consequence of (4.7). Also, by (4.7) and the definition of A,;, observing
that T <s <t = Ags > Ay, We have in particular

d
O+ 2w <[ O[5 0, +2610s aese (@0,

and multiplying this inequality by exp(A{;s) and integrating between t and t, we have (4.4).

(c) Existence.

From the results in the previous sections, and using Proposition IX.18 in [2], one obtain (see [15]
for the linear case) that u = u(x,t) is a strong solution for problem (2.6) if and only if the function
v=v(y,t):=u((y,t),t) is a strong solution of the problem (4.1).

Thus, to prove existence of strong solution of problem (2.6) it is enough to prove existence of
strong solution of problem (4.1).

The existence of strong solutions for the transformed equation (4.1) can be obtained by the
Galerkin method (see [9,17,18]). We sketch the proof.

R Without loss of the generality, we can assume that g(0) = 0 (if not, then let g(-) = g(-) — g(0) and
fO) = f©) —g0)).

As in [9], we define the time-dependent bilinear form
N N
v Iw av
Blv, w; t] 2/ D ag(y, ) ———+ Y bi(y,t)—w | dy (4.8)
P Ay dy; 4 Yk
16) k, j=1 k=1
for v,w e H}(O) and T <t <T.
Now, let wy = wy(y) € H*(O)NH}(O) (k=1,2,...) be the eigenfunctions of —A on H}(0), and
let 0 <A1 <Xy < A3 <--- be the corresponding eigenvalues. Then,
Ap—> 00 asn— o0

and we can assume that

{wy}g2; is an orthogonal basis of H(l)(O) and an orthonormal basis of L?(O).
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For each fixed positive integer m, set
m
vn(t) =) di (Dax, (4.9)
k=1

and consider the finite dimensional approximate system
(Vi (©), k) + B[vm(©), @i; t] + (8(vim (D). i) = (F (©), ).

k=1,...,mand T <t<T, (Am)
Vin(T) = Ppve,

where

Fo.0=fr@.o.0),  ve® i=u(r(y. 1),
(-,-) is the inner product in L%(©), with associated norm |- |, and Py, is the projector from L2(®) to
span{wi, wa, ..., wn}. Observe that

fel®(r,T;12(0)), vieHYO)NLP(O),
and thanks to the assumption (4.2),
Pmve — v¢ in HY(O)NLP(O) as m — oo. (4.10)
Noticing that g € C!(R), then as a direct consequence of the existence and uniqueness result
for ODEs, we have that for each integer m =1, 2, ... there exists a unique local solution v, of the
form (4.9) satisfying (Ap,), defined in an interval [z, Tjy], with T < T, < T.

Now we obtain several estimates about the functions v,.
Step 1. Multiplying (An;) by d’,;(t) and taking the sum with respect to k from 1 to m, we get that

Sd V] + B[vimn(©, vin ©: ] + (€(vin(®), vin(®) = (F©), v (), t € [T, Trn].

Then from Lemma 4.2, (4.8) and (2.7) we know that there is a positive constant § (which depends
only on 7, T and the transform function r) such that

Vm®|* +8[Vvm©* + o1 |[vm(® [ 1 0,

N —

d
dt
7 1/2
<IF Ol =10 lva® ] 4y 0) + BIOT+N / max bkl L0 xiz. 71 [V Vm ©)] [Vin ()
) 2 - 2 2
< Vvm®F +Cp(IF O -1 0) + vm®) + BIOL telr, Tnl,
which, combining with the Gronwall lemma and the fact that |Ppv;| < |v¢|, implies that
Tm=T foranym=1,2,..., (4.11)
and

the sequence {vy,} is bounded in C%([z, T]; L(0)) N L2(7, T; HY(O)) NLP (7, T; LP(0)). (4.12)
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Step 2. Multiplying (An) by Akd'fn(t) and summing over k= 1,...,m, also noting that —Av, =
> Mdk (D equals to 0 on 3O and using Lemma 4.3, we deduce that

|va<t)| + 80| Avm ()] —/g(vm(y,o)Avm(y,r)dy
O

Zdt

<\f(t)HAvm(t)!+co\vm(t>|2+N”2133<xN|B,<|Loo<ox<r,r>>wvm<t)}}Avmm!, telr, T,

where

N

Bk(y,o::bk(y,t)—zay (y.t), k=1,2,...,N.
=1 %7

From the above inequality, (2.8) and g(0) =0, we can obtain that
%|va(t)|2 + 80| Avin (0> < Coppa (| F O] + Vv ®]?), telr, Tl
From this inequality, (4.12), and the fact that P v, is bounded in H})(O), we get that
the sequence {vy,} is bounded in C%([z, T1; H}(O)) N L?(t, T; H2(0)). (4.13)

Step 3. Similarly, multiplying (Ar;) by di‘n/(t), summing over k=1, ..., m, and using that a, j = aj x,
we can get that

1d [ &
o + 55 [ 3 a0 potm s potm Ty 0)dy
(@]

‘lfi 00T 0Ty 0dy+ o [ Gm(r.0)d
2) &~ ot v YD G m(y- D)y
o ki= o

<FOvu®|+C|Vvm®)|v,©], telr, TI.
Integrating over [, T], and using Lemma 4.2, the Cauchy inequality, (4.12), (2.9), and the facts that
aj € C1(O x [t,T] (k,j=1,2,...,N), and by (4.10) the sequence Ppv. is bounded in H}(O) N
LP(O), we obtain that
the sequence {vp} is bounded in L>(z, T; LP(0)), (4.14)
and
the sequence {v;,} is bounded in L?(z, T; L?(0)). (4.15)
Step 4. From (4.10), (4.13), (4.14) and (4.15), it is now a standard matter (e.g., see [9,17,18]) to
prove that a subsequence of {vp} (in fact, by uniqueness, all the sequence) converges weakly in

L%(7, T; HX(0)), weakly star in L®(t, T; H)(0)) N L (7, T; LP(0)), and strongly in L?(t, T; H}(O)),
to a function v that is (the unique) strong solution of (4.1). O
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5. Weak solutions

Let us denote
Ur = {p e l*(t,Ti Hy(Op) NLP (1, T; LP(Op)): ¢ € L*(1, T; L*(O))), ¢(t) = ¢(T) =0}.

Definition 5.1. Let u; € L2(Oy), f € L>(t,T; H~1(O;)) and —oco < T < T < oo be given. We say that a
function u is a weak solution of (2.6) if

(1) ue C([t, T]; L2(Op) N L% (., T; HY(Op) N LP (T, T; LP(Oy)) with u(t) = uy;
(2) there exists a sequence of regular data urm € Hj(O7) N LP(O7) and fin € L2 (7, T; L2(Oy)),
m=1,2,..., such that

Uem = Uur 0 L2(Or),  fa— f in *(z.T:H'(OD).
and
um —u in C([z, T1; L*(Op),

where uy, is the unique strong solution of (2.6) corresponding to (Urm, fm);
(3) for all p ey 1,

T T
//u(x, D' (x, t)dxdt—i—//vxwvxgodxdt

T O T O

T T
:—//g(u(x, D), t)dxdt+f/f(x, Hp(x, t)dxdt. (5.1)

T O T O
It is clear from the definition, that every strong solution of (2.6) is a weak solution of (2.6).

Theorem 5.2. Let f € L2 (R; H~1(O})), and the functions r and 7 satisfy assumptions (2.1), (2.2) and (2.4).

loc
Assume also that 82 is C2 and N < 2p/(p — 2), or 882 is C™ with m > 2 integer such thatm > N(p — 2)/2p.

Then for any u; € L*(O¢) and any —oo < 7 < T < oo, there exists a unique weak solution u(t) for Eq. (2.6).
Moreover, u(t) satisfies the following estimates for all t € [7, T],

¢ t
u®]? < e @O |um)|? +e_k“t/ekf‘s | £(s) ”irl(os) ds +2/3e‘*”t/ek”s|(’)s|ds, (52)
T T

t t t
/(|Vu(s)|f+2a1 f}u(s)|pdx> ds</||f(s)||i,_1(os)ds+2ﬁ/ |05/ ds + |uz |2 (5.3)
T O T T

Proof. Let urm € H)(O7) NLP(Oy) and fm € L?(1, T; L?(Oy)) such that

Urm — Ur in [*(O7) and fm— f inL*(7,T; H‘l(O[)) as m— oo. (5.4)
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Then for each (um, fm), m=1,2,..., there exists a unique strong solution upy = upy(t) for the
following problem:

dUm .
—p ~ Aum+ gum) = fm() in Qrr,
un=0 on X; 1, (5.5)
Un(T) =Urm in Of.
Moreover, from (4.4) and (4.5) we have that
the sequence {uy,} is bounded in L?(t, T; H)(O)) N LP (T, T; LP (Oy)). (5.6)

Therefore, taking into account Lemmas 3.5 and 3.6, we can extract a subsequence (denoted also
by {um}) such that

um —u  weakly in L*(t, T; HY(O))), (5.7)
um —u weakly in LP(t, T; LP(Op)), (5.8)
g(um) =¥ weakly in L9(z, T; LY(Oy)). (5.9)

At the same time, by Corollary 3.4, (2.8), and Gronwall lemma, we have

t
2 _ _ 2
|um(©) — un© |} <) |urm — urnl? + 2D /Hfm(s) — fn® g1 0, ds forany telz,T],

T

(5.10)

and therefore {uy} is a Cauchy sequence in C([t, T]; L2(O})). So, by the uniqueness of the limit
and (5.7), we know that

um —u in C([t, T]; L*(Op). (5.11)

Hence, extracting a subsequence if necessary, we can assume that g(un) — g(u), a.e. in Q¢ 1, and
then, by (5.9), we have ¥ = g(u).

On the other hand, for any test function ¢ € U; 1, we know that uy, satisfies (5.1). Then, us-
ing (5.7), (5.9), and (5.11), by passing to the limit, we obtain that u also satisfies (5.1). So, u is a weak
solution of (2.6) with initial data u-.

The estimates (5.2) and (5.3) follow from (4.4), (4.5), (5.4) and (5.11) directly. The uniqueness
follows easily from (5.10). O

6. Process U (t, ) generated by the weak solutions

Definition 6.1. A function u: Ute[rm) O x {t} — R is called a weak solution of (2.5) if for any T > 7,
the restriction of u on (J¢; 11 Or x {t} is a weak solution of (2.6).

By Theorem 5.2, we have:

Theorem 6.2. Under the assumptions of Theorem 5.2, for any u; € L2(Oz) and f € L2 (R; H-1(O})), (2.5)

loc
has a unique weak solution. This weak solution satisfies (5.2) and (5.3) for all t € [T, 00).
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Consider a fixed f € LIZOC(R; H~1(®,)). From Theorem 6.2 above, we can define the operators

Ut,7):L2(Or) = L2(Or), —o0<T <t <00, (6.1)
by
U(t, T)ur == u(t; T,u;) =u(t) for any ur € L%(Oy), (6.2)

where u(-; T, u;) is the unique weak solution of (2.5). Since u € C([t, T]; L2(O})) for any T > 7, the
inclusion u(t) € L2(O;) makes sense.

Then, by the existence and uniqueness again, we know that the family operators {U(t, T): —o0 <
T <t < oo} forms a process, that is:

U(z,7)=1d (identity on L*(O;)) VT €R, (6.3)
U(t,s)U(s,t)=U(t, ) forall —co<t<s<t<o0. (6.4)

In the following, we will give some properties of the process {U(t, 7): —oo < T <t < oo} defined
above.

Lemma 6.3. Let uiT e L2(O) and ui(s) = U s, r)uir (i=1,2). Then, we have
lu'@®) - u2(t)|f <X ul(s) - u2(s)|§ forany t <s<t. (6.5)

Proof. Let us fix t > 7. By definition we know that there are two sequences {(u"m, f,iq)} (i=1,2)
satisfying ul,, € H}(O:) NLP(Oy) and f} € L?(t,t; L?(Os)) such that

ul, —ul inL?(Os) and fi— f inL%(t,t; H'(O5)) as m — oo, (6.6)
and
ul, > u' in CO([7,t1; L2(Oy)), i=1,2, (6.7)

where ufn is the unique strong solution corresponding to the regular data (u"Tm, f,%).
Then, similarly to (5.10), we have

t
2 _ 2 _ 2
|Urln(f) _”;(f)‘t < o2t S)|ur1n(s) _uzm(s)‘s 1 et s)/“f,}.l(g) - f%(@)HH,l(Oy)d@. (6.8)
N
Therefore, we get (6.5) immediately from (6.6) and (6.7). O

As a direct consequence of (6.5), we have the following continuity result:

Lemma 6.4. For any —co < T < t < 00, the operator U(t, T) : L2(O7) — L2(Oy) is continuous.
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7. Pullback 2, -attractor

Throughout this section, we assume that

Q= U O is bounded, for any t € R. (71)
s<t
For any t € R, we denote
VY2 00 n
A= min @ —— @7 (7.2)

2
veHy(@).v#0 VI o)

the first eigenvalue of —A on Hé(.Q[). Observe that

Are = A forall T <¢, (7.3)
and

A=Ay forall s<t. (7.4)
7.1. Pullback 9, -absorbing set

Let u; € L2(O¢) and u(t) = U(t, T)u;.
From (5.2) and (7.3) we have that

t
2 _ _ _ 2 —
|“(t)}f e et 2 e mr/eM,r$||f(s)||H71(Os)ds+25|9t|)~1,} vt <t (7.5)

T
Let R,, be the set of all functions p:R — [0, co) such that

2

e T p2(1) >0 as T —> —oo,

and 2,, the class of all families D= {D@®): teR, D(t) C L>(O;), D(t)# @}, such that D(t) C
{ueL?(Op): |ul < pp(t)} for some pp € Ry, .
We assume further that f € L2 (R; H-1(O})) satisfies

loc

¢
/ etes Hf(s)Hz*'(Os) ds<oo forallteR. (7.6)

—00
For each t € R, we set R(t) the positive number given by

t
— 2 —
R2(t) = et / | F ) [ig10,) d5 + 2812127 + 1.

—00

Lemma 7.1. The family of sets

Do :={{uel?*(O): [ult <R®}: t e R} (7.7)
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is a pullback 2, -absorbing family for the solution process U (t, T), that is, for any b= {D(t): T eR} e 9y,
and any t € R, there is a T(t, D) > 0 satisfying

U(t,7)D(t) C {u e L>(0p): luls < R(t)} forallt — T >T(t, 15). (7.8)
Moreover, ﬁo belongs to 9,,,.

Proof. That Dy is pullback Z;,-absorbing, is an immediate consequence of (7.5).

To see that Dg belongs to Z,,, we need to prove that eMtR2(t) - 0 as t — —oo. But this is a
consequence of the fact that by (7.4) and assumption (7.6), for any t < 0 we have

t
eMR2 (1) = / e*l-ts||f(s)||f,,l(os)ds+ 28|82 AT+ et
—00
t
g/e*1v03|}f(s)|\i1,l(os)ds+2ﬁ|90\e“0fx;}]+eM~°f—>0 ast— —oco. O

—00
7.2. Pullback 9, -asymptotic compactness

We recall the notion of pullback &, ,-asymptotic compactness (see [6,13]).

Definition 7.2. The process U (t, 7) is said to be pullback &,,-asymptotically compact if the sequence
{U(t, Ta)up) is relatively compact in L2(O;) for any t € R, any D={D(x): TeR}e Py, and any
sequences {t,} and {u,} with t, - —oo and u, € D(ty).

Let us denote
Beo1:={u € (Or-1): Jule-1 <™ 2RO)},

for each t e R.
We have the following result:

Lemma 7.3. The family of sets {U(t,t — 1)B;—1: t € R} is pullback 92, -absorbing for the process U (t, 7).
Moreover, for each t € R, the set U(t, t — 1)B;_1 is a relatively compact set of L?(O;).

Proof. Let us fix t € R, and denote u(t) = U(t, 7)u,. From (7.5) and (7.3), for any 7 <t — 1, we have

that
t—1

2 _ - _ _ 2 _
Ju(t =D, <e T 7 eTHen 7D _/ e £5) 10, 45 + 28121147 1y
T
t—1
e (e_ht(t_r)mf 7 +eh / e f(s) ||irl<os> ds + zﬂmf')‘l,:)

T

<eMt . RY(t) as T — —o0, (7.9)

which implies that for any b= {D(t): TeR}e Dy,,
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Ut—1,7)D(t) CBi—1 ast— —oo,
and consequently the family {U(t,t — 1)B;—1: t € R} is pullback 2, -absorbing.
In the following, we will show that, for each t € R, the set U(t,t — 1)B;_1 is relatively compact

in L2(Oy).
Step 1. From (5.3) we have

1 t
/<|Vu(s)|il+$+2a1 / ‘u(s)‘pdx>ds</Hf(s)”il,l(os)ds—{—zm.()tl—|—|u0|371, (7.10)
0 t—1

Or—14s

where ug € B;—1 and u(s) =U({t —1+s,t — 1)up.

Set U(t — 1+ -,t — 1)ug the function U(t — 1+ -, t — Dug:s€[0,1] > Ut —1+s,t — Dug €
L?(O¢_145), and denote

A~ ={Ut =14t — Duo: up € Bi—1}.
Then (7.10) shows that
Aje—1, is bounded in L?(0, 1; H)(Or—145)) N LP (0, 1; LP (Or—145)). (7.11)
Consequently, combining this with the equation
u'=Au—g)+ f(),

we know that the set {u’: u € Ap_1,} is bounded in L%(0,1; H~1(Or_145)) + LI(0, 1; LY (O¢_145)).
Then, combining this with (7.11), from Lemma 3.14 we know that

Aft_1. is relatively compact in L2 (0,1; LZ((’)t,1+S)). (7.12)

Step 2. Let ug; € B;—1 and uj(s) =U({t —1+s,t —1ugi, i =1, 2. Set w(s) =uq(s) —uy(s), then from
Lemma 6.3 we have that

lw[? <e?lw)|;_,,, foranyse[0,1]. (7.13)

Step 3. From (7.12), for any ¢ > 0, there exist u; € Ajtr—1}, i =1,2,...,mg, such that for any
u € Ayt,r—1], there is some u; satisfying

1

/}u(s) - ul-(s)\f_l+S ds <e g,
0

consequently, there is a 6 € [0, 1] such that
2 _
[u@®) —ui@®)];_;,, <e e,
which, combining with (7.13), implies that
() —ui (D} <e. (7.14)

Then, by the arbitrariness of ¢ we know that U(t,t — 1)B;_1 is relatively compact in L2(O;) for all
teR. O
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As an immediate consequence of the preceding lemma, we have:
Corollary 7.4. The process U (t, T) is pullback 2, -asymptotically compact.

7.3. Pullback 9-attractor

For each t € R, and D1, D, nonempty subsets of LZ((;), let us denote dist;(D1, D) the Hausdorff
semi-distance defined as

dist;(D1, D) := sup inf |u —v|;.

ueD; veD;

Definition 7.5. A family of = (A (t): A (t) CL2(O), </ (t) # P, t R} is said to be a pullback D, -
attractor for the process U (t, 7), if:

(1) & (¢t) is compact in L2(Oy) for all t € R;
(2) of is pullback 92,,-attracting, i.e.,

lim dist; (U(t, 7)D(7), /(t)) =0 for all D € 2;, and all t e R;
——00

3) o is invariant, i.e.,
U, 1)/ (t) =27 (t) forany —oco <7t <t <oo0.

Using the results in [5,6,13], from Lemma 6.4 and Corollary 7.4, and the fact that the sets in D are
closed, and the family 2,, is inclusion closed, we obtain that U(t, ) has a pullback 2, -attractor,
and more exactly:

Theorem 7.6. Under the assumptions of Theorem 5.2, furthermore, assume (7.1) and that f satisfies (7.6). Then
the family of = {7 (t): t € R} defined by

o (t)=A(Do,t), teR,

where Dy is given by (7.7), and for any be Diis

AD,t) = ﬂ( Jue. r)D(t)LZ(Of)>, teR (closurein L*(Oy)),

st TS

is the unique pullback 9, -attractor for the process U(t, T) belonging to 9,,,. In addition, o satisfies

gty= |J AD.0¥© veeR.
f)E@)q

Furthermore, <f is minimal in the sense that if@ ={C(t): t € R} is a family of nonempty sets such that C(t) is
a closed subset of L(O;) and

. lim dist; (U(t, 7)Do(7), C(1)) =0

forallt e R, then &7 (t) C C(t) foranyt € R.
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8. An example
Let r(y,t) =h(t)y for any t e R and y € © c RN, where h € C'(R), and satisfies
h(t)#0 and sup|h(s)| <oo forallteR.
st
So Oy =h(t)O, and 7(x,t) = h(t)"x for x € O; and t € R. We can apply our results to this example.
In particular, for u(x,t) = v({F(x,t),t) = v(y,t) we have

N

Z p®0 (t) (y, 0,

aX;
-1 1

and

32u N 92y o7y 32y
— (x,t)=h"'(t) V. D) — X ) =h~2(t) — (¥, 1),
ox? ,; yidyr "~ 0xi ay;

where Fj(x,t) =h~1(t)xj for j=1,...,N. So,
A (x,t) =h 2()Ayv(y, b).
On the other hand,

0
—(x 0= —(y ) +Z—V<y 051 (.0 = —(y D+ <r>2y1 ..

Thus, the auxiliary equation can be transformed to

%{’0 —h2OAv(y, ) +h' ©Obv, y,0) + g(v(y,0) = f(h©®)y.t) in O x(r,T),

v=0 on a0 x (t,T), (8.1)
v(y, 1) =u(h(r)y), yeO,

where b(v, y,t) =V,v(y,t)-y.
It would be interesting to investigate the effect of the temporal behaviour of the function h, such
as periodicity or almost periodicity, on that of the subsets of the pullback attractor.

References

[1] S. Bonaccorsi, G. Guatteri, A variational approach to evolution problems with variable domains, J. Differential Equations 175
(2001) 51-70.

[2] H. Brezis, Analyse Fonctionnelle. Théorie et Applications, Masson, Paris, 1983.

[3] T. Caraballo, PE. Kloeden, J. Real, Unique strong solutions and V-attractors of a three dimensional system of globally modi-
fied Navier-Stokes equations, Adv. Nonlinear Stud. 6 (2006) 411-436.

[4] T. Caraballo, J.A. Langa, On the upper semicontinuity of cocycle attractors for nonautonomous and random dynamical
systems, Dyn. Contin. Discrete Impuls. Syst. Ser. A 10 (2003) 491-514.

[5] T. Caraballo, G. Ltukaszewicz, J. Real, Pullback attractors for non-autonomous 2D-Navier-Stokes equations in some un-
bounded domains, C. R. Math. Acad. Sci. Paris 342 (4) (2006) 263-268.

[6] T. Caraballo, G. Lukaszewicz, J. Real, Pullback attractors for asymptotically compact non-autonomous dynamical systems,
Nonlinear Anal. 64 (3) (2006) 484-498.

[7] D. Cheban, P.E. Kloeden, B. Schmalfu3, The relationship between pullback, forwards and global attractors of nonautonomous
dynamical systems, Nonlinear Dyn. Syst. Theory 2 (2) (2002) 9-28.



4730 PE. Kloeden et al. / ]. Differential Equations 246 (2009) 4702-4730

[8] V.V. Chepyzhov, M.L Vishik, Attractors for Equations of Mathematical Physics, Amer. Math. Soc. Collog. Publ., vol. 49, Amer.
Math. Soc., Providence, RI, 2002.
[9] L.C. Evans, Partial Differential Equations, Grad. Stud. Math., vol. 19, Amer. Math. Soc., Providence, RI, 1998.
[10] E. Flandoli, B. Schmalfuss, Random attractors for the 3D stochastic Navier-Stokes equation with multiplicative white noise,
Stoch. Stoch. Rep. 59 (1-2) (1996) 21-45.
[11] H. Fujita, The penalty method and some nonlinear initial value problems, in: Eduardo H. Zarantonello (Ed.), Contributions
to Nonlinear Functional Analysis, Academic Press, New York, London, 1971.
[12] PE. Kloeden, J.A. Langa, Flattening, squeezing and the existence of random attractors, Proc. R. Soc. Lond. Ser. A 463 (2007)
163-181.
[13] PE. Kloeden, P. Marin-Rubio, J. Real, Pullback attractors for a semilinear heat equation in a non-cylindrical domain, J. Dif-
ferential Equations 244 (2008) 2062-2090.
[14] O.A. Ladyzhenskaya, The Boundary Value Problems of Mathematical Physics, Springer, 1985.
[15] J. Limaco, L.A. Medeiros, E. Zuazua, Existence, uniqueness and controllability for parabolic equations in non-cylindrical
domains, Mat. Contemp. 23 (2002) 49-70.
[16] G.M. Lieberman, Second Order Parabolic Differential Equations, World Scientific, Singapore, 1996.
[17] J.L. Lions, Quelques Méthodes de Résolution des Problémes aux Limites Non Linéaires, Dunod, Paris, 1969.
[18] ].C. Robinson, Infinite-Dimensional Dynamical Systems, Cambridge Univ. Press, Cambridge, 2001.
[19] G. Savaré, Parabolic problems with mixed variable lateral conditions: An abstract approach, J. Math. Pures Appl. 76 (4)
(1997) 321-351.



	Pullback attractors for a semilinear heat equation on time-varying domains
	Introduction
	Equations and notation
	Preliminaries
	Functional spaces and preliminary lemmas
	Coordinate transformations
	Continuity
	A compactness result

	Strong solutions
	Weak solutions
	Process U(t,tau) generated by the weak solutions
	Pullback D- .4 lambda1-attractor
	Pullback Dlambda1-absorbing set
	Pullback Dlambda1-asymptotic compactness
	Pullback D-attractor

	An example
	References


