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Abstract

Several uniform asymptotics expansions of the Weber parabolic cylinder functions are considered, one group in terms of
elementary functions, another group in terms of Airy functions. Starting point for the discussion are asymptotic expansions
given earlier by F.W.J. Olver. Some of his results are modified to improve the asymptotic properties and to enlarge the
intervals for using the expansions in numerical algorithms. Olver’s results are obtained from the differential equation
of the parabolic cylinder functions; we mention how modified expansions can be obtained from integral representations.
Numerical tests are given for three expansions in terms of elementary functions. In this paper only real values of the
parameters will be considered. (©) 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

The solutions of the differential equation
d’y 1,
are associated with the parabolic cylinder in harmonic analysis; see [20]. The solutions are called

parabolic cylinder functions and are entire functions of z. Many properties in connection with physical
applications are given in [4].
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As in [1, Chapter 19] and [17, Chapter 7], we denote two standard solutions of (1.1) by U(a,z),
V(a,z). These solutions are given by the representations

B 2-y(a,z) 214y, (a,z)
_ /2)a _
Via,z) = vaz? [F(3/4+<1/2)a> F<1/4+<1/2)a)]’

\/sz(l/Z)a [tann<1 1) 271/4)/1(61,2)

r(1/2) — a) 2T 1) TGA+(/2)a)

V(a,z) =

(1.2)

1) 2% yy(a,z)
274 ’

1
—|—cot7t(—a + r'(1/4+(1/2)a)

where

1 11 1 1 11
y(a,z)=e" VM7 F, (——a + == ——22) —MF R <_a + o5
2 1 33 1
2 = (1/4)z F S - . 2
Z) ze 11(261—!—4,2, z)
and the confluent hypergeometric function is defined by
ZOO (a), z"
F : — N
1 l(a’c,Z) n=0 (C)n n!

with (a),=T'(a+n)/I'(a), n=0,1,2,... .
Another notation found in the literature is

D,(z)=U(—-v - %,z).

. 3 (1.3)
wn(a,z) = ze~ (197 F (a +

N —

33
2Ty

(1.4)

There is a relation with the Hermite polynomials. We have

U(—n— Lz) =277 H,(2/v/2),
2 (1.5)
Vn+ 5,2) =227 (i) Hy(iz/V2).

Other special cases are error functions and Fresnel integrals.
The Wronskian relation between U(a,z) and V(a,z) reads

U(a,2)V'(a,2) — U'(a,z2)V (a,2) = /2/m, (1.6)

which shows that U(a,z) and V(a,z) are independent solutions of (1.1) for all values of a. Other
relations are

s :
U(a,z) = cos® mal (12) + a)[V(a, —z) —sinna V(a,z)], .
V(a,z)= W[sin naU(a,z) + U(a, —z)].

The functions y(a,z) and y,(a,z) are the simplest even and odd solutions of (1.1) and the Wronskian
of this pair equals 1. From a numerical point of view, the pair {y, y,} is not a satisfactory pair (see
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[8]), because they have almost the same asymptotic behavior at infinity. The behavior of U(a,z)
and V(a,z) is, for large positive z and z >> |q|

Ula,z) = e V7 770D 1 @(z72)],
V(a,z) = /2/m eV 24D 4 0(z72)].

Clearly, numerical computations of U(a,z) that are based on the representations in (1.2) should be
done with great care, because of the loss of accuracy if z becomes large.

Eq. (1.1) has two turning points at £2/—a. For real parameters they become important if a is
negative, and the asymptotic behavior of the solutions of (1.1) as a — —oo changes significantly if
z crosses the turning points. At these points Airy functions are needed. By changing the parameters
it is not difficult to verify that U(—1p2 utv/2) and V(—31u?, utv/2) satisfy the simple equation

(1.8)

2
e -y =0 (1.9)
with turning points at t = +1. For physical applications, negative a-values are most important (with
special case the real Hermite polynomials, see (1.5)). For positive ¢ we can use the notation
U(Lp, utv/2) and V(4p?, utv/2), which satisfy the equation

d?y

dr?
The purpose of this paper is to give several asymptotic expansions of U(a,z) and V' (a,z) that can
be used for computing these functions for the case that at least one of the real parameters is large. In
[10] an extensive collection of asymptotic expansions for the parabolic cylinder functions as |a| — oo
has been derived from the differential equation (1.1). The expansions are valid for complex values
of the parameters and are given in terms of elementary functions and Airy functions. In Section
2 we mention several expansions in terms of elementary functions derived by Olver and modify
some his results in order to improve the asymptotic properties of the expansions, to enlarge the
intervals for using the expansions in numerical algorithms, and to get new recursion relations for
the coeflicients of the expansions. In Section 3 we give similar results for expansions in terms of
Airy functions. In Section 4 we give information on how to obtain the modified results by using
integral representations of the parabolic cylinder functions. Finally we give numerical tests for three
expansions in terms of elementary functions, with a few number of terms in the expansions. Only
real parameters are considered in this paper.

— (@ +1)y=0. (1.10)

1.1. Recent literature on numerical algorithms

Recent papers on numerical algorithms for the parabolic cylinder functions are given in [14]
(Fortran; U(n,x) for natural n and positive x) and [13] (Fortran; U(a,x),V(a,x), a integer and
half-integer and x>0). The methods are based on backward and forward recursion.

Baker [2] gives programs in C for U(a,x),V(a,x), and uses representations in terms of the
confluent hypergeometric functions and asymptotic expressions, including those involving Airy func-
tions. Zhang and Jin [23] gives Fortran programs for computing U(a,z),V(a,z) with real orders
and real argument, and for half-integer order and complex argument. The methods are based on
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recursions, Maclaurin series and asymptotic expansions. They refer also to [3] for the evalua-
tion of U(—ia,zeVY™) for real a and z (this function is a solution of the differential equation
V' + (41122 —a)y =0). Thompson [19] uses series expansions and numerical quadrature; Fortran and
C programs are given, and Mathematica cells to make graphical and numerical objects.

Maple has algorithms for hypergeometric functions, which can be used in (1.2) and (1.3) [5].
Mathematica refers for the parabolic cylinder functions to their programs for the hypergeometric
functions [21] and the same advice is given in [12]. For a survey on the numerical aspects of special
functions we refer to [7].

2. Expansions in terms of elementary functions
2.1. The case a<0, z>2y/—a,—a+z>0

Olver’s expansions in terms of elementary functions are all based on the expansion O-(4.3)!
g+ LY,

: (2.1)
(12— )= 2

as u — oo, uniformly with respect to ¢ € [1 +¢,00); ¢ is a small positive number and & is given by

E=1nve —1—dn[t+ Ve —1]. (2.2)
The expansion is valid for complex parameters in large domains of the u- and ¢-planes; details on
these domains are not given here.

The coeflicients .«Z,(¢) are given by the recursion relation
11 dod(r) n 1 [ 3u?+2
2/ -1 dt 8 Jep, (w2 —1)"2
where the constants ¢; can be chosen in combination with the choice of g(u). Olver chose the
constants such that
u(t)

(1) = @ = 1)

where the u,(¢) are polynomials in ¢ of degree 3s, (s odd), 3s — 2 (s even, s>2). The first few are

U(—112, utv/2) ~

tQ{&H(t) = &/x(u)duv t53{0(1‘) = 13 (23)

(2.4)

_ G 91" +249¢* 4 145
uo(t) =1, ul(t)_T: up(t) = 1152
and they satisfy the recurrence relation
(l‘2 - l)ui(t) - 3Slus(t) = rsfl(t)a (25)

where
8ry(t) = (31* + 2)uy(t) — 12(s + Dtry_1(¢) + 4(£> — 1)rl_,(¢).
The quantity g(u) in (2.1) is only available in the form of an asymptotic expansion

. —1
g(p) ~ h(p) (Z ;) , (2.6)

s=0

' We refer to Olver’s equations by writing O-(4.3), and so on.
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where
h(p) = 2~ VAW (1A= | (/208 =(1/2), (2.7)
1 2021
:1 = —, = ?:0 :1,2,...,
9o > g1 24 g3 207360 92 (s )
and in general
gs = lim o/ (2). (2.8)

2.1.1. Modified expansions
We modify the expansion in (2 1) by writing

h(p)e™" 2 (f)
Ui uiv/2) = 75 1)1/4F (1), Fu(t) ~ Z (2.9)
where 2(u) and ¢ are as before, and
1 t
= |——1]. 2.10
i) [\/ﬂ -1 ] (&0
The coeflicients ¢ (1) are polynomials in 7, ¢o(t) =1, and are given by the recursion
Gei1(7) = —47% (1 + 1)2 qsé(r) / (207 + 207" + 3)¢ (') d7'. (2.11)
0

This recursion follows from (2.3) by substituting ¢ = (7 + 1)/y/7(t + I), which is the inverse of the
relation in (2.10). Explicitly,

Po(r) =1,
d1(1) = —é(zor2 1307 4 9),

2

$a(1) = 2—88(61601 + 184807° + 194047 + 80287 + 945),
3
$3(1) = ~3 840(27 2272007° 4+ 122522 4007° + 220 540 3207*
+200 166 1207° 4 94 064 3287 + 20 545 6507 + 1403 325), (2.12)

where 7 is given in (2.10). Observe that lim,_, ., 7(¢) =0 and that all shown coefficients ¢,(7) vanish
at infinity for s > 0. These properties of ¢,(7) follow by taking different constants ¢, than Olver did
in (2. 3) In fact we have the relation

4>(T) - us(1)

s=0 ,LL
where the ﬁrst series appears in (2.6). Explicitly,

uy(t) = (£ — )" igs—jd)j(f)- (2.13)

j=0
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The relation (2.13) can easily be verified for the early coefficients, but it holds because of the unicity
of Poincaré-type asymptotic expansions.
The expansion in (2.9) has several advantages compared with (2.1):

(1) In the recursion relation (2.5), both u, and u occur in the left-hand side. By using computer
algebra it is not difficult to compute any number of coefficients u,, but the relation for the
polynomials ¢g(7) is simpler than (2.5), with this respect.

(ii) The quantity A(u) in (2.9) is defined as an exact relation, and not, as g(u) in (2.1), by an
asymptotic expansion (cf. (2.6)).

(iii) Most important, the expansion in (2.9) has a double asymptotic property: it holds if one or
both parameters ¢ and p are large, and not only if u is large.
For the function V(a,z) we have

= (1)
V(=L pv/2) = © Pt), Py~ (17 2.14
(=34, 1t V'2) RGE Ty Pl Z( N (2.14)
where the ¢ (7) are the same as in (2.9). This expansion is a modification of O-(11.19) (see also
0-(2.12)).
For the derivatives we can use the identities
d e 2,2 1/4 — ¢ — (1)
ai@ O = = DTRG0, Gut) ~ DT
L (2.15)
d etrs 2,2 1/4 2¢ = sl//S(T)
5mpu(f)=+# (£ = 1)Pe™0,(), Q,l(t>~§(—1> 2
The coeflicients 1, can be obtained from the relation
do,_
)= Bu(2) + 225+ D5+ 1iboi(0) + 82 4 17 P (2.16)
s=0,1,2,... . The first few are
ho(2) =1,
U (t) = 112(2812 + 427+ 15),
2
(1) = ——=(72807* + 21 8407> + 23 0287% + 96847 + 1215), (2.17)

288

3

Ws(1) = Slfm(so 4304007° + 136936 8007° + 246 708 0007*

+2244942007° 4+ 106 1223127% + 23489 1907 + 1 658 475).
This gives the modifications (see O-(4.13))

B - G, G~ S @ (2.18)
s=0

U' (=34, mtv/2) = N
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and
1)1 4e,uzf

\/_h()

Remark 2.1. The functions F,(¢), G,(t), P,(¢) and Q,(¢) introduced in the asymptotic representations
satisfy the following exact relation:

Fu()0u(t) + G ()P(t) =2. (2.20)

V-t uv2) = E D0 0, 04~ Z( Iy (T). (2.19)

This follows from the Wronskian relation (1.6). The relation in (2.20) provides a convenient
possibility for checking the accuracy in numerical algorithms that use the asymptotic expansions of
F.(t),G,(t),P,(t) and O,(?).

2.2. The case a<0, z< —2y/—a, —a—z >0

For this case we mention the modification of O-(11.16). That is, for 1>1 + ¢ we have the
representations

h(w) , 2
U(=L2, —urv2) = NG sin(§mp)e ™ “F (1)
Jrf(l/2 + (1/2)p*)eos((1/2)mu?)
2
f/mh*(p)

where F,(¢) and P,(¢) have the expansions given in (2.9) and (2.14), respectively. An expansion
for V(—% 12, —ut\/2) follows from the second line in (1.7), (2.9) and (2.21). A few manipulations
give

e ‘P,L(t)] (2.21)

h(u)
£ — 1)AT(1)2 + (12)12)

V(=i —uV2) = ( [COS(%RMZ Je EF (1)

(/2 + (1/2)p?)sin((1/2)mp)

e P(1)] . (2.22)

f/Th3 () g
Expansions for the derivatives follow from the identities in (2.15). If a= — % w=—n— %, n=0,1,
2,... , the cosine in (2.21) vanishes, and, hence, the dominant part vanishes. This is the Hermite

case, cf. (1.5).
2.3. The case a0, —2v/—a <z <2+/—a

For negative @ and —1 < ¢ < 1 the expansions are essentially different, because now oscillations
with respect to ¢ occur. We have (O-(5.11) and O-(5.23))

U(—%Hz’#l‘ﬁ) M cos(u? 11— 1 Z (=1 ua(t)

2)1/4 t2)3? 4s

. 2 1 = (_l)su2s+l(t)
—sin(un — Zn) Z (1 — £2)3s+0G/2) s+2 ’ (2.23)
s=0
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with u(¢) defined in (2.5) and g(u) in (2.6), and

1) vy
U'(= 312, utV'2) ~ uv2g()(1 — )4 [Sln(ﬂ n— *“)Z ()tzv)zz(?

(Do) ] , (2.24)

+cos(u’n — 1)y - -
s (1 _ t2)3 +(3/2),u4 +2

as pt — oo, uniformly with respect to |¢| <1—¢, where the coefficients v, are given by (see O-(4.15))
vs(1) = uy(t) + 3tug (1) — 1 o(t) (2.25)
and
n = larccost — 11v/'1 — 2. (2.26)

For the function V(a,z) we have (O-(11.20) and O-(2.12))

F(1/2+ (1/2)2)(1 - )1 2y

e o= (=D e (1)
— SlIl(,u n—+ ZTC)Z (1— t2)3s+(3/2)'u45+2
5s=0

L2 /2y~ 29(1) lCOS L Z( (1)

b

1 w2g(p)(1 — 2)V (—1)va5(2)
O () l‘“(“ " “)ZW

+cos(pPn + im) >

- (= 1) vas41(2)
— (1 — 2GR s | (2.27)

By using the Wronskian relation (1.6) it follows that we have the following asymptotic identity

Z( 1) uz(2) Z( 1)'va(2) i (D'uagn() o~ (1) 0aa(0)

2)3s 1,4 2)3s /4 — #2)35+(3/2) ;4542 — £2)3s5+(3/2) 4s+2
t)s s t)s s 0(1 t)s(/)’us ‘\‘:0(1 t)s(/),us

F(1/2+(1/2),u ) 2021
2u\/mg* (1) 576u*  2488320ut

(2.28)

2.3.1. Modified expansions

We can give modified versions based on our earlier modifications, with g(u) replaced with A(u),
and so on. Because in the present case ¢ belongs to a finite domain, the modified expansions do not
have the double asymptotic property. We prefer Olver’s versions for this case.

This completes the description of U(a,z),U'(a,z),V(a,z),V'(a,z) in terms of elementary functions
for negative values of a.
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2.4. The case a=0, z=0, a+z> 0

For positive values of a the asymptotic behavior is rather simple because no oscillations occur
now. The results follow from Olver’s expansions O-(11.10) and O-(11.12). The modified forms are

U2, uiv/3) = ((“_i—el)/ @ P~ 3 1)5‘1’(” (229)

where

E= V1 + 2+ In(t + V1 + )], (2.30)

h(p) = e(1/4)u2'u7(1/2)u27(1/2)2(1/4)#27(1/4)' (2.31)
The coefficients ¢, in (2.29) are the same as in (2.9), with t replaced by

1 t

I== | — —1]. 2.32

T2 L/l + 12 ] (232)
For the derivative we have

U/ p2) =~ a1+ ) e G, G~ Y -1y, (2:33)

s=0

where Y,(7) is given in (2.16), with 7 defined in (2.32).
2.5. The case a=0, z<0, a—z> 0

Olver’s expansion O-(11.10) and O-(11.12) cover both cases z >0 and z <0. We have the modified
expansions

V2 h(u)e"™s
2 _
UG, —ui/2) = L1224+ (1/2)p2) (1+£2)' PAD.
/o ~ (2.34)
L, —puv/2) = — (e (1 + )0, (1),

fF(1/2+(1/2)u )

where
Bu(t) ~ Z B G~y D,
s=0

In Section 4.1.2 we give details on the derivation of these expansions.

Remark 2.2. By using the second relation in (1.7), the representations for ¥V (a,z) and V’(a,z) for
positive a can be obtained from the results for U(a,z) and U’'(a,z) in (2.29), (2.33) and (2.34).

Remark 2.3. The functions I}H(t), (N?H(t),lsu(t) and QNH(t) introduced in (2.29), (2.32) and (2.34)
satisfy the following exact relation:

Fu()0,(t) + Gu()P (1) =2. (2.35)
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(2.33) a (2.28)
0—(11.10) 0—(11.10)
!
@.21) (2.23) (2.9)
0—(11.16) 0-(5.11) 0-(4.3)
(3.16) @3.1)
0-9.7) 0~(8.11)

Fig. 1. Regions for the modified asymptotic expansions of U(a,z) given in Section 2 and the Airy-type expansions of
Section 3 (which are valid in much larger domains than those indicated by the arrows).

This follows from the Wronskian relation

V21

Ula.2)U'(a, ~2) + U'a:2)U(a:~2) = = oo,

See also Remark 2.1.

Remark 2.4. The expansions of Sections 2.4 and 2.5 have the double asymptotic property: they are
valid if the a+ |z| — oo. In Sections 2.4 and 2.5 we consider the cases z >0 and { <0, respectively,
as two separate cases. Olver’s corresponding expansions O-(11.10) and O-(11.12) cover both cases
and are valid for —oco < ¢ < co. As always, in Olver’s expansions large values of u are needed,
whatever the size of ¢.

In Fig. 1 we show the domains in the ¢, a-plane where the various expansions of U(a,z) of this
section are valid.

3. Expansions in terms of Airy functions

The Airy-type expansions are needed if z runs through an interval containing one of the turning
points +2+/—a, that is, t = £1.

3.1. The case ak0, z=0

We summarize the basic results O-(8.11), O-(8.15) and O-(11.22) (see also O-(2.12)):

A3
U(=L412, utv/2) = 202 g () b(0) lAl(u“/%)Au(o + /%/O B.(0)|. G
1/2,,2/3 (1A
/(g /) = SIS [A’(,ﬁ/g e +Ai/(u4/3C)DM<C)] , (3:2)
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n2u'Pg()p(£) 43 Bi (1))
p /) = A0 [ WA + = BUO)| (3.3)
/ (27T)1/2H2/39(H) Bi(:u4/3C) 4/3
_1 C ” p . 3.4
VsV = S ey | O+ BrPO DO (34)
The coefficient functions 4,({), B,({), C,({) and D,({) have the following asymptotic expansions:

4,0~3 4O gy 2O (3.5)

5s=0 K s=0 K
0~ O piyas &) (3.6)

s=0 H s=0 u

as u — oo, uniformly with respect to 1= — 1 4+ J, where J is a small fixed positive number. The
quantity { is defined by

2= =nq(t), —-1<t<l1, ((<0),

243)2 (3.7)
where 7, ¢ follow from (2.26), (2.2), respectively, and
1/4
¢() = (%) : (3.8)

The function {(¢) is real for t > — 1 and analytic at # = 1. We can invert {(¢) into #({), and obtain
_ —1/3 —2/3¢2 34
t=1+42""P0 - L272Br2 4 L5 4

The function g(u) has the expansion given in (2.6) and the coefficients a,({),b,({) are given by

2s 2s+1
as(C) = Z ﬁmCiO/Z)m&/Zsfm(t) \/st(C) = - Z Oczncie/z)m&{Zsferl(t): (39)
m=0 m=0
where ./,(¢) are used in (2.1), oy =1 and
Cm+1)2m+3)---(6m—1) 6m+1
= = 3.10
" m!(144 )" > Bn 6m— 1 ( )
A recursion for o, reads
(6m + 5)(6m + 3)(6m + 1) —0.12.... .

el = O i m+ H2m + 1)

The numbers «,, f,, occur in the asymptotic expansions of the Airy functions, and the relations
in (3.9) follow from solving (3.1) and (3.3) for 4,({) and B,({), expanding the Airy functions
(assuming that { is bounded away from 0) and by using (2.1) and a similar result for V(a,z)
(O-(11.16) and O-(2.12)).
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For negative values of { (i.e., —1 <t < 1) we can use (O-(13.4))

2s
a ()= (=10 Bu(=0) "ty (1),
m=0

2541 (3.11)
\/ijA(C) = (_1)S71 Z Ocm(_él)ia/Z)m Jz%Zs—m-H(t)a
m=0
where
u(t)
S‘(t) = (1 _ tz)(j,/z)x'
The functions C,({) and D,({) of (3.2) and (3.4) are given by
Cu(O) = 2(ODAD + 4,0 + (B, DD =40+ —; [X(C)BN(C) + B,(O]. (3.12)
The coefficients ¢,({) and d,({) in (3.6) are given by
() = 1(O)ay(0) + a(0) + {by(0),  d(£) = ay(0) + 1(O)bs—1(0) + b,_,(0), (3.13)
where
PO 1= 24O
20 = o0 47 (3.14)
with ¢({) given in (3.8). Explicitly,
\}—CS(C) = - Z ﬁmC_(3/2>m<@2sfm+l(T) dS(C) = - Z amC_G/Z)ngsfm(T)a (315)
C m=0 m=0

where 4,(t) = v,(¢)/(£* — 1)3/2%, with v,(¢) defined in (2.25). Other versions of (3.15) are needed
for negative values of (, i.e., if —1 <t < 1; see (3.11).

3.2. The case a<0,z<0

Near the other turning point t = —1 we can use the representations (0-(9.7))
Ay (U3¢
U442, —putV/2) = 2m 2 i P g () (0 [Sln(zw ){A (040 + ;‘2/3 5 u(o}

) 4/3 - Bi'(ﬂ4/3€)
+ cos(;mu”) § Bi(u C); A0+ T&(C) (3.16)
as u — oo, uniformly with respect to 1= — 1 + §, where J is a small fixed positive number.
Expansions for V(a,z) follow from (3.1) and (3.16) and the second relation in (1.7). Results for
the derivatives of U(a,z) and V(a,z) follow easily from the earlier results.
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3.3. Modified forms of Olver’s Airy-type expansions

Modified versions of the Airy-type expansions (3.1)—(3.4) can also be given. In the case of the
expansions in terms of elementary functions our main motivation for introducing modified expansions
was the double asymptotic property of these expansions. In the case of the Airy-type expansions
the interesting domains for the parameter ¢, from a numerical point of view, are finite domains that
contain the turning points £1. So, considering the expansions given so far, there is no need to have
Airy-type expansions with the double asymptotic property; if u remains finite and |¢f| > 1 we can
use the expansions in terms of elementary functions. However, we have another interest in modified
expansions in the case of Airy-type expansions. We explain this by first discussing a few properties
of the coefficient functions 4,({),B,({), C.({) and D,({).

By using the Wronskian relation (1.6) we can verify the relation

(12 +(12)%)
2u\/ng* (1)
where g(p) is defined by means of an asymptotic expansion given in (2.6). By using the differential

equation (O-(7.2))
daw

A,(0D0) — %BH(C)C#(@ _ (3.17)

v =1+ P OW, (3.18)
where
5 3B+ 9 7 1359 __ 196
() = — =2 2T 7 o3 (319
© 1602 4(2 — 1) 280 11502 © T 269500 © st (3.19)

we can derive the following system of equations for the functions 4,({),B,({):
A" 4+2(B"+B—Y¥(()A=0,
(3.20)
B" +2u*A — W()B =0,

where primes denote differentiation with respect to {. A Wronskian for this system follows by
eliminating the terms with ¥Y({). This gives

2u*A’A+ AB" — A"B — 2(B'B — B* =0,

which can be integrated as

r(1/2+(1/2)p%)
A A (OB — A(OB(O) — B = 3.21
A0 + 4(OB, (L) — 4,(DBW(C) — (B, (0) = 2R () (3.21)
where the quantity on the right-hand side follows from (3.17) and (3.12). It has the expansion
K 1 2021 (3.22)

1— el
57614 | 24883201 T

as follows from O-(2.22) and O-(5.21).

As mentioned before, the interesting domain of the Airy-type expansions given in this section is
the domain that contains the turning point = 1, or { = 0. The representations of the coefficients
of the expansions given in (3.9) cannot be used in numerical algorithms when |{| is small, unless
we expand all relevant coefficients in powers of {. This is one way how to handle this problem
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numerically; see [18]. In that paper we have discussed another method that is based on a system
like (3.20), with applications to Bessel functions. In that method the functions 4,({) and B,({)
are expanded in powers of (, for sufficiently small values of |{|, say |{|<1, and the Maclaurin
coefficients are computed from (3.20) by recursion. A normalizing relation (the analogue of (3.21))
plays a crucial role in that algorithm. The method works quite well for relatively small values of a
parameter (the order of the Bessel functions) that is the analogue of .

When we want to use this algorithm for the present case only large values of u are allowed
because the function g(u) that is used in (3.1)—(3.4) and (3.21) is only defined for large values
of . For this reason we give the modified versions of Olver’s Airy-type expansions. The modified
versions are more complicated than the Olver’s expansions, because the analogues of the series
in (3.5) and (3.6) are in powers of u~2, and not in powers of u~*. Hence, when we use these
series for numerical computations we need more coefficients in the modified expansions, which is
certainly not desirable from a numerical point of view, given the complexity of the coefficients in
Airy-type expansions. However, in the algorithm based on Maclaurin expansions of the analogues
of the coefficient functions 4,({), B,({), C,({) and D,({) this point is of minor concern.

The modified expansions are the following:

2 4/3
sy /) = PR IGO0y 4 WD G,m] (323)
13 h() pe
1,2 () 4 By (1))
VD) = s B RO + GH@] (3.24)
The functions F,({) and G,({) have the following asymptotic expansions:
Fo(0) ~ Z B2 G0~y 0. (3.25)
s=0

The quantity { and the functions ¢({) and A(u) are as in Section 3.1. Comparing (3.23), (3.24)
with (3.1), (3.3) we conclude that

2y/mug(p)h(p)
F.(O)=HwA.(0), G =H(wB.(0), H(u)= . 3.26
(O=H@AQ, G(O=HWB), H@W=p " (3.26)
The function H(u) can be expanded (see 0O-(2.22), 0-(2.27), 0O-(6.2) and (2.6))
s Vs
HOo ~ 1403 1y (327)
po G 12)
where 7y are the coefficients in the gamma function expansions
- Vs 1 e’z " /5
r¢ ~ 7 1) 3.28
(3 +2) ZZ rin” e Z( yo (3.28)
The first few coefficients are
T 1 1 ~ 1003
=TT PTs BT 440
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The second expansion in (3.28) can be used in (3.26) to find relations between the coefficients
ay({) and b,({) of (3.5) and of f({) and ¢,({) of (3.25). That is
1 1 1003
SoO=1, f1(O)=5;, HO=aO+ - (D= ﬁal(C) -

1
24 576 103 680°

1
go(O) =bo(0), g1()= ﬁbo(é),

1 1 1003
9:(0) = bi(O) + b 930 = 5,010 — 1130200

The coeflicients f({), ¢g,({) can also be expressed in terms of the coefficients ¢,(7) that are intro-
duced in (2.9) by deriving the analogues of (3.9).
The system of equations (3.20) remains the same:

F" +2(G + G — W(F =0,

(3.29)
G +2u'F — PG =0
and the Wronskian relation becomes
4p2 / / 200N 4 2y/muh*(p)
HENO + FOGLO) ~ OGO ~ (GIO = i g 5 s (3:30)

The right-hand side has the expansion (see (3.28) and (2.7)) u* Zfio(—l)‘*ys/(% u?)*. Observe that
(3.30) is an exact relation, whereas (3.21) contains the function g(u), of which only an asymptotic
expansion is available.

3.4. Numerical aspects of the Airy-type expansions

In [18, Section 4], we solved the system (3.29) (for the case of Bessel functions) by substituting
Maclaurin series of F({),G({) and ¥Y({). That is, we wrote

FO =) i, GO=Y dwi, PO= ",
n=0 n=0 n=0

where the coefficients s, can be considered as known (see (3.19)), and we substituted the expansions
in (3.29). This gives for n=0,1,2,..., the recursion relations

n

(n+2)(n+ Ve +Qn 4 1)dy=poy po= Y YiCuss
k=0

) (3.31)
(l’l + 2)(” + 1)dn+2 + 2#4(7’1 + l)cn—H = 0Op, Oy, = Z l//kdn—k~
k=0

If p is large, the recursion relations cannot be solved in forward direction, because of numerical
instabilities. For the Bessel function case we have shown that we can solve the system by iteration
and backward recursion. The relation in (3.30) can be used for normalization of the coefficients in
the backward recursion scheme.

For details we refer to [18]. The present case is identical to the case of the Bessel functions;
only the function ¥({) is different, and instead of w* in (3.31) we had the order v of the Bessel
functions.
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4. Expansions from integral representations

The expansions developed by Olver, of which some are given in the previous sections, are all
valid if |a| is large. For several cases we gave modified expansions that hold if at least one of the
two parameters a,z is large and we have indicated the relations between Olver’s expansions and the
new expansions. The modified expansions have in fact a double asymptotic property. Initially, we
derived these expansions by using integral representations of the parabolic cylinder functions, and
later we found the relations with Olver’s expansions. In this section we explain how some of the
modified expansions can be obtained from the integrals that define U(a,z) and V(a,z). Again we
only consider real values of the parameters.

4.1. Expansions in terms of elementary functions by using integrals

4.1.1. The case a=0, z=0; a+z> 0
We start with the well-known integral representation

e (/92
I'(a+ %)
which we write in the form

Za+(l/2)e—(l/4)zz )

o0
U(a,z)= / w12 g=(1/2w —2w dw, a> — % (4.1)
0

U _c v —126=2"9(w) 4 4.2
@D=TFaraay h VT “42)
where
. a
¢(W)=W+%w2—/ulnw, i:Z—Z. (43)

The positive saddle point wy of the integrand in (4.3) is computed from

dd)(w):wz%—w—i:

dw w

0, (4.4)
giving

wo=i[V1+4l—1]. (4.5)
We consider z as the large parameter. When /4 is bounded away from 0 we can use Laplace’s
method (see [11] or [22]). When a and z are such that A — 0 Laplace’s method cannot be applied.

However, we can use a method given in [15] that allows small values of 4.
To obtain a standard form for this Laplace-type integral, we transform w — ¢ (see [16]) by writing

SOv) =t — Jlnt+ A, (4.6)

where A does not depend on ¢ or w, and we prescribe that w = 0 should correspond with £ =0 and
w =wy with ¢t = A, the saddle point in the ¢-plane.
This gives

Za+(1/2) e—(1/4)z2—Az2 oo

(1+42)*T(a+ 1/2) Jo

U(a,z) = 26 F (1) dt, (4.7)
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where

fH=a +4z)1/4\/z‘3— =(1 +4J)1/4\/7% (4.8)

By normalizing with the quantity (1 +41)"* we obtain f(A)=1, as can be verified from (4.8) and
a limiting process (using 1’Hopital’s rule). The quantity 4 is given by

A=iws+wy—Alnwy — A+ Aln i (4.9)

A first uniform expansion can be obtained by writing

o0

f(@) =" a ()t —2)" (4.10)

n=0

Details on the computation of a,(4) will be given in the appendix.
By substituting (4.10) into (4.7) we obtain

—(1/4)2 —A47?
Ula.2) ~ —o7; T Z a, ()P (a)z™", (4.11)
where
P,(a) e T i — 2y dt 0,1,2 (4.12)
(a) = ——F— € — , n=0,1,2,... . .
I'(a+1/2) Jo

The P,(a) are polynomials in a. They follow the recursion relation
P, (a)=(n+ %)Pn(a) 4+ anP,_i(a), n=0,1,2,...

with initial values
Pya)=1, Pi(a)="1.

We can obtain a second expansion

e—(l/4)z —AZ? fk(i)

U(a,z) ~ a+(|/z)(1+4/1)1/4z Z2k

(4.13)

with the property that in the series the parameters / and z are separated, by introducing a sequence
of functions { f} with fo(¢) = f(¢) and by defining

fk+1(t)=\/ {JW} k=0,1,2,... . (4.14)

The coeflicients f;(4) can be expressed in terms of the coefficients «@,(4) defined in (4.10). To
verify this, we write

fi(t) = i a®yt - 1) (4.15)
n=0

and by substituting this in (4.14) it follows that
al ™ (2) = An+ Dl o(2) + (n + Dal (), k=0, n=0. (4.16)
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Hence, the coefficients f (1) of (4.13) are given by

fi(D)=aP'(h), k=0. (4.17)
We have
f()(/l) = 19
F1(2) = 3[ar(A) + 22ax ()], 4.18)
f2000) = H1222a,(2) + 142a3(2) + 3ax ()], '
f3(2) = §[1207%ag(A) + 2207%as(A) + 1162a4(1) + 15a3(A)].
Explicitly,
So(A)=1,
— — P 2062~ 106 —
S1(2) = =5,(200* — 100 — 1),
2
Fr(2) = #52(616004 — 61600° + 9246 + 200 + 1), (4.19)
- _ p3 6 5 4
S30) = = 414755 (272272000° — 40840 8000° + 16336 3200
—13151600° — 81126* + 28740 + 1003),
where
—1)2 2
=31t = & . (4.20)
2 Viéa + z? g Vaa+ 24z + V4a + 22)

We observe that f(4) is a polynomial of degree 2k in ¢ multiplied with p*.

If @ and z are positive then ¢ € [0, 1]. Furthermore, the sequence {p*/z%*} is an asymptotic scale
when one or both parameters a and z are large. The expansion in (4.13) is valid for z — oo and
holds uniformly for a>0. It has a double asymptotic property in the sense that it is also valid
as a — oo, uniformly with respect to z=>0. As follows from the coefficients given in (4.19) and
relations to be given later, we can indeed let z — 0 in the expansion.

The expansion in (4.13) can be obtained by using an integration by parts procedure. We give a
few steps in this method. Consider the integral

Fu(z) = m /000 fai(l/Z)eizztf(l‘)dt. (4.21)
We have (with 1= a/z?)
- _L’l) = a—(1/2) ,—2*t ; > a—(1/2) \—2*t .
P& = FaTamy J, e it F(a+(1/2))/0 (e () = f(A)]de

R R 1 < [f(@) = (D] | —2a—im0)
=z lf(“_zzr(a+(1/z))/o e e R

_ _—2a— 1 1 > a—(1/ —2%

=D ey e 0
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where £ is given in (4.14) with f,= f. Repeating this procedure we obtain (4.13). More details on
this method and proofs of the asymptotic nature of the expansions (4.11) and (4.13) can be found
in our earlier papers. We concentrate on expansion (4.13) because (4.11) cannot be compared with
Olver’s expansions.

To compare (4.13) with Olver’s expansion (2.16), we write

a=1412, z=puv2t (4.22)
Then the parameters ¢ and p defined in (4.20) become

1 t 27
o=~ 1+]:f+1, = , 423
2{ V1412 P V1421t +V1+182) (423)
where 7 is given in (2.32). After a few manipulations we write (4.13) in the form (cf. (2.29))
h(we s $i(0)
1,2 _ k 'k
UG VD) = oy Fu@ - Fu@) ~ k}%( D (4.24)
where
=[tV1+2 +In(r+ V1 +2)], (4.25)
h(p) = Ve 1=/ =(1/2) o1/ =(1/4) (4.26)
and
b= o (427)
¢ (262t
Explicitly,
Po(0) =1,
~ l-o )
d)l(O') = —(200’ — 100 — 1), (428)
_ ( 0) 3 2
d)z(o) (61606* — 61605° + 9246> + 205 + 1),
e _ (1-o0) 6 5 4
Pi(0)= W(ﬂ 2272000° — 40 840 8000° + 163363200

—13151600° — 811207 + 28740 + 1003),
where ¢ is given in (4.23). Comparing (4.24) with (2.29) we obtain qgk(a) = ¢i(7T), k=0, because
c=1+41.

4.1.2. The case a=0, z<0; a—z> 0
To derive the first expansion in (2.34) we use the contour integral

V2me/H7 I'(a+(1/2)) :
U(a,—z)= ——F——H, H(z)= ——~ 2s+(1/2)s" g—a—(1/2) ¢ 4.29
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where @ is a vertical line in the half-plane R s > 0. This integral can be transformed into a standard
form that involves the same mapping as in the previous subsection. We first write (by transforming
via § =zw)

_ 27 (a +(1/2))

H,(z) > ; o? (12w —a=(112) 4,
1/2)—a
_ AR (A/2) [ g DY (4.30)
21 @ \/w

where ¢(w) is defined in (4.3). By using the transformation given in (4.6) it follows that

(1/2)=ap 1/2 Az? R
Hyz)="Z (a+(1/2))e / &P £y de (4.31)
2mi %
The integration by parts method used for (4.21) gives the expansion (see [18])
ZaeA22 oo fk(i)
H(z) ~ ————— —1) , 4.32
O~ Gag i (4.32)

where the f;(A) are the same as in (4.13); see also (4.18). This gives the first expansion of (2.34).

Remark 2.5. The first result in (2.34) can also be obtained by using (4.1) with z < 0. The integral
for U(a,—z) can be written as in (4.2), now with ¢(w)=iw> —w —In/, Z=a/z*. In this case the
relevant saddle point at wy = (1 4+ +/1 +41)/2 is always inside the interval [1,00) and the standard
method of Laplace can be used. The same expansion will be obtained with the same structure and
coefficients as in (2.34), because of the unicity of Poincaré-type asymptotic expansions. See also
Section 4.1.4 where Laplace’s method will be used for an integral that defines V'(a,z).

4.1.3. The case a<0, z>2y\/—a, —a+z>0
Olver’s starting point (2.1) can also be obtained from an integral. Observe that (4.1) is not valid
for a< — % We take as integral (see [1, p. 687, 19.5.1])

rq/2 2 :
U(-a,z)= 12D /2 mf 9 o-tier: / e (V2 a2 g, (4.33)

where o is a contour that encircles the negative s-axis in positive direction. Using a transformation
we can write this in the form (cf. (4.2))

U(—a,z)= 7F(1/22nj_ 0)2(1/2)%67(1/4)22 /ae"b(w) w2 dw, (4.34)
where

p(w)=w — 1w’ — Alnw, ;v:;iz. (4.35)
The relevant saddle point is now given by

wo=1[1-V1-4]], 0<i<i (4.36)

When 4 — 0 the standard saddle point method is not applicable, and we can again use the methods
of our earlier papers [15,16] and transform

d(w)=1— Alnt + 4, (4.37)
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where the points at —oo in the w- and ¢-plane should correspond, and w=w, with £ = /1. We obtain

_ F((1/2) +a) (1/2)—a —(1/4) 22 +2%4 2t ,—a—(1/2)
U(—a,Z)—mZ [ /“e t f(t)dt, (438)
where o is a contour that encircles the negative ¢-axis in positive direction and
t dw w o t—2
D=0 -4 ——=1 -4 | -=—— = 4.39
J0=( #) w dt ( ) tw—wr— 1 (4.39)

Expanding f(¢) as in (4.10), and computing f;(A) as in the procedure that yields the relations in
(4.18), we find that the same values f;(1) as in (4.19), up to a factor(—1)* and a different value of
7 and p. By using the integration by parts method for contour integrals [15], that earlier produced
(4.32), we obtain the result

Za eAz27(1/4)z2 00 kfk()»)
U(_a,Z) ~ m Z(_l) sz . (440)
k=0

where the first (A1) are given in (4.19) with
1 [1+ z } 20 — 1) 272
o= — — |, = = .
2 Vz2 —4a o V22 —da+(z + /22 — da)

This expansion can be written in the form (2.9).

(4.41)

4.1.4. The case a<0, z < —2y/—a, —a—z> 0
We use the relation (see (1.7))

U(—a,—z)=sintaU(—a,z) + V(—a,z), (4.42)

_
I'(1/2) —a)
and use the result of U(—a,z) given in (4.40) or the form (2.9). An expansion for V(—a,z) in
(4.42) can be obtained from the integral (see [9])

e—(1/4)2? R
Via,z) = / e (/2stasga—=(1/2) 4 g (4.43)
2n Juon
where y; and y, are two horizontal lines, y, in the upper half plane Js > 0 and y, in the lower half
plane Js < 0; the integration is from R s= —o0 to R s=+o00. (Observe that when we integrate on

1 in the other direction (from R s=-+o0 to R s=o00) the contour y; Uy, can be deformed into o of
(4.33), and the integral defines U(a,z), up to a factor.) We can apply Laplace’s method to obtain
the expansion given in (2.14) (see Remark 4.1).

4.2. The singular points of the mapping (4.6)

The mapping defined in (4.6) is singular at the saddle point

wo=—2(V1+41+1). (4.44)
If 2=0 then w_ = —1 and the corresponding z-value is —%. For large values of 4 we have the
estimate:
0.4356
t(w_)~ 2 |—02785 — ———|. (4.45)

V.
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This estimate is obtained as follows. The value f_ = #(w_) is implicitly defined by Eq. (4.6) with
w =w_. This gives

(o Ani.— 24 Ani= VT 4L+ dnitAln—

(1 4+ 142y

1
O(* 4.4
as A — oo. The numerical solution of the equation s —Ins—1= £ i is given by s4 =0.2785-- - eT™,

This gives the leading term in (4.16). The other term follows by a further simple step.

—+mi -2V |1+

4.3. Expansions in terms of Airy functions

All results for the modified Airy-type expansions given in Section 3.3 can be obtained by using
certain loop integrals. The integrals in (4.33) and (4.43) can be used for obtaining (3.23) and (3.24),
respectively. The method is based on replacing ¢(w) in (4.34) by a cubic polynomial, in order to
take into account the influence of both saddle points of ¢(w). This method is first described in [6];
see also [11,22].

5. Numerical verifications

We verify several asymptotic expansions by computing the error in the Wronskian relation for the
series in the asymptotic expansions. Consider Olver’s expansions of Section 2.3 for the oscillatory
region —1 < ¢ < 1 with negative a. We verify the relation in (2.28). Denote the left-hand side of
the first line in (2.28) by W(u,t). Then we define as the error in the expansions

__ W(u,t)
A0 = | T (1 /5760) + (20212488 320,8) G-
Taking three terms in the series of (2.23), (2.24) and (2.27), we obtain for several values of p and
t the results given in Table 1. We clearly see the loss of accuracy when ¢ is close to 1. Exactly the
same results are obtained for negative values of ¢ in this interval.

Next, we consider the modified expansions of Section 2.1. Denote the left-hand side of (2.20) by
W(u,t). Then we define as the error in the expansions

A(pt):=[3W (ut) — 1. (5.2)
When we use the series in (2.9), (2.14), (2.18) and (2.19) with five terms, we obtain the results
given in Table 2. We observe that the accuracy improves as u or ¢ increase. This shows the double
asymptotic poperty of the modified expansions of Section 2.1.

Finally we consider the expansions of Sections 2.4 and 2.5. Let the left-hand side of (2.35) be
denoted by W(u,t). Then we define as the error in the expansions

Aty =[S (1) — 1]. (53)
When we use the series in (2.29), (2.33) and (2.34) with five terms, we obtain the results of Table 3.

We again observe that the accuracy improves as u or ¢ increase. This shows the double asymptotic
property of the modified expansions of Sections 2.4 and 2.5.
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Table 1

Relative accuracy A(pu,t) defined in (5.1) for the asymptotic series of Section 2.3

u 5 10 25 50 100
t
0.00 0.32e — 09 0.78¢ — 13 0.13e — 17 0.32e — 21 0.78e — 25
0.10 0.26e — 09 0.63e — 13 0.11e — 17 0.26e — 21 0.63e — 25
0.20 0.81e — 10 0.20e — 13 0.33¢ — 18 0.82¢ — 22 0.20e — 25
0.30 0.16e — 08 0.39¢ — 12 0.65¢ — 17 0.16e — 20 0.39¢ — 24
0.40 0.88¢ — 08 0.22e — 11 0.36e — 16 0.89¢ — 20 0.22e — 23
0.50 0.51e — 07 0.13¢e — 10 02le — 15 0.52¢ — 19 0.13e — 22
0.60 0.40e — 06 0.99¢ — 10 0.17e — 14 0.40e — 18 0.99¢ — 22
0.70 0.53e — 05 0.13e — 08 0.22e — 13 0.54e — 17 0.13e — 20
0.80 0.20e — 03 0.50e — 07 0.84e — 12 0.20e — 15 0.50e — 19
0.90 0.35¢ — 00 0.24e — 04 0.41le — 09 0.10e — 12 0.25¢ — 16
Table 2
Relative accuracy A(p,t) defined in (5.2) for the asymptotic series of Section 2.1
I 5 10 25 50 100
t
1.1 0.51e — 01 0.48¢ — 05 0.72e — 10 0.18¢ — 13 0.43e — 17
1.2 0.39¢ — 04 0.79¢ — 08 0.13e — 12 0.32e — 16 0.78¢ — 20
1.3 0.83e — 06 0.19¢ — 09 0.32e — 14 0.78¢ — 18 0.19¢ — 21
1.4 0.56e — 07 0.13e — 10 0.23e — 15 0.55¢ — 19 0.13e — 22
1.5 0.71e — 08 0.17e — 11 0.29¢ — 16 0.70e — 20 0.17e — 23
2.0 0.10e — 10 0.25¢ — 14 0.43e — 19 0.10e — 22 0.25¢ — 26
2.5 021e —12 0.52e — 16 0.87e — 21 021e —24 0.52e — 28
5.0 0.12e — 16 0.28¢ — 20 0.48¢ — 25 0.12¢ — 28 0.28¢ — 32
10.0 0.20e — 20 0.48¢ — 24 0.81e — 29 0.20e — 32 0.48¢ — 36
25.0 0.30e — 25 0.73e — 29 0.12e — 33 0.30e — 37 0.73e — 41
Table 3

Relative accuracy A(u,t) defined in (5.3) for the asymptotic series of Sections 2.4 and 2.5

n 5 10 25 50 100
t
0.00 0.32e — 09 0.78¢ — 13 0.13e — 17 0.32e — 21 0.78¢ — 25
0.25 0.12e — 09 0.28¢ — 13 0.47e — 18 0.12e — 21 0.28e — 25
0.50 0.45e — 11 0.11e — 14 0.19¢ — 19 0.46e — 23 0.11e — 26
0.75 0.57e — 11 0.14e — 14 0.24e — 19 0.58e — 23 0.14e — 26
1.0 027e — 11 0.65e — 15 0.11e — 19 0.27e — 23 0.65¢ — 27
1.5 0.29¢ — 13 0.70e — 17 0.12e — 21 0.29¢ — 25 0.70e — 29
2.0 0.20e — 13 0.48¢ — 17 0.81e —22 0.20e — 25 0.48¢ — 29
2.5 0.43e — 14 0.11e — 17 0.18e — 22 0.43e — 26 0.11e — 29
5.0 0.45e — 17 0.11e — 20 0.18¢ — 25 0.45e — 29 0.11e — 32
10.0 0.16e — 20 0.38¢ — 24 0.64e — 29 0.16e — 32 0.38¢ — 36
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6. Concluding remarks

As mentioned in Section 1.1, several sources for numerical algorithms for evaluating parabolic
cylinder functions are available in the literature, but not so many algorithms make use of asymptotic
expansions. The paper [10] is a rich source for asymptotic expansions, for all combinations of real
and complex parameters, where always |a| has to be large. There are no published algorithms that
make use of Olver’s expansions, although very efficient algorithms can be designed by using the
variety of these expansions; [3] is the only reference we found in which Olver’s expansions are used
for numerical computations.

We started our efforts in making algorithms for the case of real parameters. We selected appropriate
expansions from Olver’s paper and for some cases we modified Olver’s expansions in order to get
expansions having a double asymptotic property. A serious point is making efficient use of the
powerful Airy-type expansions that are valid near the turning points of the differential equation (and
in much larger intervals and domains of the complex plane). In particular, constructing reliable
software for all possible combinations of the complex parameters a and z is a challenging problem.

A point of research interest is also the construction of error bounds for Olver’s expansions and
the modified expansions. Olver’s paper is written before he developed the construction of bounds
for the remainders, which he based on methods for differential equations, and which are available
now in his book [11].

Appendix. Computing the coefficients f;(1) of (4.13)

We give the details on the computation of the coefficients f;(A) that are used in (4.13). The first
step is to obtain coefficients d; in the expansion

W:do‘i‘dl([—;»)"‘dz(t—;h)z+"', (Al)
where dy = wy. From (4.6) we obtain

dw w t— 2

= . A2
dt tw4+w-—1 (A.2)
Substituting (A.1) we obtain
= A3
P+ 2w)’ (A3)

where the saddle point wy is defined in (4.5). From the conditions on the mapping (4.6) it follows
that d; > 0. Higher order coefficients d; can be obtained from the first ones by recursion.

When we have determined the coefficients in (A.1) we can use (4.8) to obtain the coefficients
a,(4) of (4.10).

For computing in this way a set of coefficients (1), say fo(4),..., f15(4), we need more than
35 coeflicients d; in (A.1). Just taking the square root in (A.3) gives for higher coefficients d; very
complicated expressions, and even by using computer algebra programs, as Maple, we need suitable
methods in computing the coefficients.
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The computation of the coefficients dy,a,(4) and f,(1) is done with a new parameter 0 € [0, %n)
which is defined by

4), = tan’ 0. (A4)
We also write
o = cos’ 10, (A.5)
which is introduced earlier in (4.20) and (4.23). Then
l1—0 o(l —o0) 20 — 1
= A=— 2 d = ) A.6
R P Qo1 977, (A-6)

In particular the expressions for w, and d, are quite convenient, because we can proceed without
square roots in the computations. Higher coefficients d; can be obtained by using (A.2).
The first relation fo(A) = ago)(/l) =1 easily follows from (4.3), (4.8), (A.7) and (A.6):

fo(A)y=(1+ 4/1)1/4\/zc11 —1.
Wo

Then using (4.8) we obtain

cos? O(1 + 2¢)? ()= cos* 0(20c* + 40¢® + 30c? + 12¢ + 3)
6c + Hez - T 24(c + 1)2ct .

where ¢ = /g = cos 0. Using the scheme leading to (4.17) one obtains the coefficients f;(4). The
first few coefficients are given in (4.19).

We observe that f;(1) is a polynomial of degree 2k in ¢ multiplied with p*. If ¢ and z are
positive then o € [0, 1]. It follows that the sequence {p*/z%*} is an asymptotic scale when one or
both parameters a and z are large, and, hence, that {f;(1)/z*} of (4.13) is an asymptotic scale
when one or both parameters a and z are large.

Because of the relation in (4.27) and ¢, ()= ¢, (7), higher coefficients f (1) can also be obtained
from the recursion relation (2.11), which is obtained by using the differential equation of the parabolic
cylinder functions.

a() =1, ai)=—
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