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2010 MATHEMATICAL SUBJECT CLASSIFICATION: 26D15; 26A51; 26E60; 41A55

Copyright 2015, Egyptian Mathematical Society. Production and hosting by Elsevier B.V.

This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The classical Simpson type inequality has attracted consider-
able attention since it is very important and remarkable in the
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area of inequality application. Plenty of new Simpson type in-
equalities for convex functions have been refined and extended
by many mathematicians in a lot of references, such as [1-3],
and so on. In recent years, Many studies about Simpson type
inequalities can be found by Xi and Qi [4] for logarithmically
convex functions, by Sarikaya et al. [5] for s-convex functions,
by Chun and Qi [6] for extended s-convex functions, by Hua
et al. [7] for strongly s-convex functions, and by Qaisar et al. [§]
for (@, m)-convex functions in the published papers.

With the development of inequality researches, the in-
equalities for generalized convex functions have a rapid
blossom in the field of convex analysis. For example, geometric-
arithmetically-convex functions is one of the generalized con-
vex functions. Very recently, Shuang et al. [9] established
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Hermite-Hadamard type integral inequalities for s-geometric-
arithmetically-convex functions. Hua et al. [10] also studied
s-geometric-arithmetically-convex functions, which concerning
about two differentiable mappings. In 2013, Park [11] and Ji
et al. [12] used the definition of («, m)-geometric-arithmetically-
convex functions to prove some new Hermite-Hadamard
type inequalities, while Park introduced twice differentiable
(a, m)-geometric-arithmetically convex functions. As men-
tioned above, these papers are all involved with Hermite—
Hadamard type inequalities. However, to our knowledge, Simp-
son type inequalities for functions whose three derivatives in
absolute value are the class of («, m)-geometric-arithmetically-
convex functions have not been reported. So we turn our atten-
tion to this new research.

Motivated by [11-13], we are concerned in this pa-
per with some new Simpson type inequalities for functions
whose three derivatives in absolute value are the class of
(o, m)-geometric-arithmetically-convex functions rather than
Hermite-Hadamard type inequalities. Although the inequality
for functions whose derivatives in absolute value are all (c, m)-
geometric-arithmetically-convex functions in [11,12], a point
that should be stressed is that this paper is associated to third
derivatives, which has higher derivative than the previous works
[11,12]. That is to say, this present paper continues the extension
of previous works.

An outline of this paper is as follows. Some preliminaries,
including definitions and lemmas are introduced in Section 2.
Some new results about Simpson type inequalities for («, m)-
geometric-arithmetically-convex functions are then established
in Section 3. Finally some applications to special means of real
numbers are given in Section 4 .

2. Preliminaries

Throughout this paper, we consider a real interval / € R, and
we denote that [° is the interior of I.

The following inequality is well known in the literature as
Simpson type inequality:

a+b . 1 b
’[f()+4f< )+ 10| [ rovas

1Pl (b — a)*,

- 2880 @1
where the mapping f : [¢, b] — R is assumed to be four times
continuously differentiable on the interval (a, b) and || /@ |lo =
Supiean | f@(1)] < oo.

Next let us recall concepts of geometric-arithmetically-
convex and («, m)-geometric-arithmetically-convex functions.

Definition 2.1 [11]. The function f:Ry— R is said to be
geometric-arithmetically convex or GA-convex on 7, if

FEY <tf)+A=0f0) (2.2)
holds, for all x, y € I and ¢ € [0, 1], where x'y'~* and ¢ f(x) +
(1 — 1) f (y) are respectively called the weighted geometric mean
of two positive numbers x and y and the weighted arithmetic
mean of f{x) and f(y).

Definition 2.2 [14]. The function f
[0, 117 If

:[0, b] = R and (a,m) €

SOy < 1% f () +m(1— 1) f () (23)
for all x,y € [0,5] and ¢ € [0, 1], then f{x) is said to be («, m)-
GA-convex function. If (2.3) is reversed, then f{x) is said to be
(o, m)-GA-concave function.

Remark 2.1. It is sure that GA-convexity means just («, m)-GA-
convexity when o = 1 and m = 1.

To establish some new Simpson type inequalities for (c, m1)-
GA-convex functions, we need the following lemmas.

Lemma 2.1 ([15, Lemma 2.5]). Fort €0, 1], a, b > 0, we have

1—1¢ 1+t —t
——b>a T
2 at 2

1
2

(2.4)

Lemma 2.2 ([6, Lemma 2.1]). Let f: I CR — R be a three
times differentiable mapping on I°, and a,b € I with a < b. If
1" € Lla, b), then the following equality holds:

o (D) rw] - [ rwa

_(b—a)’ S (1=t 1+¢
9% /Ol(l_’)[f<2 +Tb>

1+t 1
_f///< ;L +—b> dr.

2.5)

3. Simpson type inequalities for («, 71)-GA-convex functions

In what follows, we are now in a position to present and prove
some new Simpson type inequalities for functions whose three
derivative absolute values are («, m)-GA-convex functions.

Theorem 3.1. Let f:1 C Ry =[0,00) — R be a differentiable
onl’, a,belwithO)<a<b<oo,f"” e lLlabl, and |f" |
be decreasing on [a,b). If |f""|1 is (¢, m)— GA-convex on
[0, max{a%, by for (a,m) € [0, 1? and q > 1, then the following
inequality

f(u)du

a

(b - 0)3 1 1*@ 111 1
=% <§) |:<K1|f M+ m(ﬁ - Kl)

1
q) q]
holds, where

K — (1)“ (@ —2)2°" 4 o? + 1l + 34 d
'T2) @ D@+ @+3) @+

@ () erw] -5 [

£ (ab)

1
q> q

1" (am) 3.1

(Kuwmw+mQ%—K)

1\* 1
K=z ———.
’ <2>(a+3xa+®
Proof. Since |f"’| is decreasing on [a, b], from Lemma 2.1, 2.2
and using power-mean integral inequality, it follows that

‘[ﬂ)+4d

(b_a)3 )
< g /Ot(l—z)[

)+f@]——L— fdu

i)
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f,,,<1+t N I_Zb>‘]dt we obtain
St

2 2 1 b
< [/ t(1—1)° f( TbT) dt —al,
96 0
f///(am)

(b—a) (1\"1 1
/l‘(l—l‘)z f,,,< %b%)‘dl} = 9% (ﬁ) |:(Kl|f (b)|q+m(ﬁ—K1>
0 1
-1 111 1 o, L ]9 a
; (b—a)3[(/‘1t(1_t)2dt>l ~ +( @ (5 - k)| 7@ )\) }
0

96
! 2| o 1 “}”m L ! B

X(/o (=07 f <(am) b ) dt) Remark 3.1. Under the condition of Theorem 3.1,

(1) if we choose ¢ = 1, we have

+</01t(1—t)2dt) ‘ [f()+4f< >+f(b)}——/ S wdu

1 (l+t)m 1—1 5
e} e
X(/o (=ors <(“ ) ! <9 (<K1+Kz)|f’”<b>|+m<1—1<1—Kz)

96 6
Since [ is («, m) — GA-convex on [0, max{aﬁ, b}], the
following inequalities

f”’((ar}?) “_Zl)mb%>

+

1
q) q

which is the required. [

£7(ak)

)

(2) if we choose @ = 1 and m = 1, we have

‘1§<1+t) (B ‘ [f( )+4f( )+f(b>]—if f@du

1 +1 RNl (b_a)3 1 l_é 1" 117 q i
+ (1 - (T) ) S (am) = 9% <E) [(1720” B+ mv (a)|1>
1
and " 7 1" q 7 .
e ) (m'f B+ sl <a>|1> ]
f///((aa) 7 bT) < < 2 ) |f///(b)|q .
(3) if we choose ¢ = 1, « = 1 and m = 1, we have
- (5 ey
2 ‘ [/’( )+4f< )+f<b)]——f )

(If’”( )+ L7 )D.

<
- 1152

hold, so we have b —
a+b 1 b
‘ [f(a) +4f( ) +f<b>} - [ s
—dJa Theorem 3.2. Let f:1 C Ry =[0,00) — R be a differentiable
onl’,a,belwith0<a<b<oo,f" e Llabl, and |f" |

b—a)T( [ 2\
Y / t(1 —1)~dt be decreasing on [a,b]. If |f"1¢ is (a, m)— GA-convex on
0 [0, max{a%, b}] for (a,m) € [0, 11? and q > 1, then the following

X </01t(1 1) (( ) Lf" (b inequality
+m<1 — (%) )f’”( %) )d,> ‘é[f(a)“f(“ >+f(b)} ——/ f(u)du
i </01 - t)zd’)l_}, (/ol t1 - f>2((%>a|f’”(b)|" =© ;6@3(3(2;__117 3qq—_11 )) h K(;) o rrer
(1= (5 Y| Yar) ] w1 (3) 2 lrad ')
Using the fact that + ((%)a%ﬂlf’”(b)l"
! o
o3 (-(3) )

B (7> (@ —2)29 4 o2 + 1la + 34 N
2 @rD@+2)@+)a+4)

N

f’”(ﬁ)‘q> } (3.2)

1 holds, where

and

1
B(x.y) :/ PN,
0

" 1\* 1 R
/ tA=0N—| =|5) —5—5 =K,
0 2 2) (a+3)a+4 for x > 0 and y > 0 is the noted Beta function.
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Proof. We proceed similarly as in the proof of Theorem 3.1,
but using Hoélder’s integral inequality instead of the power-
mean integral inequality for (@, m) — GA-convex functions, we

have
b
‘ [f( >+4f(“+b>+f<b>] ‘%/ S du
—da

(b—a)? (1=t 141
= "% A “1")[f'(‘§* +‘7r*>‘

a1+t 1—1¢
+|f (—2 a—l——z b Hdt
(b_a)3 ! 20 g 1=t 141
< T3 [/Ot(l—t)f<azbz>dt

1 =0\ (aF ') |
/0 (=021 (a5 ]
— )3 -4

< (b a) (/ (t(1 — 1)) 7 'dt>
1 (1—. r)m l+l i

X |:<f .fw((am) b ) d[)

1 (1+t)m 1: :7

([ (=) )]
3¢g-1 -
t)?l*'dt>

=

([

(] (5o
ol
(L (5o

fw( %)

+m(l-(%) i Jer) ]

By simple integral calculations and the famous Beta function,
we obtain

‘ [f()+4f(
_1
=] "[<<1>
- 96 g—1 ¢g—1 2
. 1\" 2041 — 1 7\
(1= (3) S )l
] ¢ 1 11 q
+<<E) Oti-i-llf b))
NN 1
#n(1=(3) o)l

Hence the statement in Theorem 3.2 is proved. [

) +f(b)] - f(u)du

| S @d)

1

f"(am)

)

Remark 3.2. Under the condition of Theorem 3.2, if we choose
o = 1and m = 1, we have

] [r@+ar(“F

)+f(b)]—7/ Swdu
<(b—a)3(B<2q—1 3q—1>> 0
=79 T g1

3 " 1 " 5
|G+ @)

1 " 3 o/ q %
+<Z|f BI+ 351 <a>|f) ]

Theorem 3.3. Let f:1 C Ry =[0,00) — R be a differentiable
on I’ a, b € I with 0 < a < b < oo, f" € Lla, b, and
|f""| be decreasing on [a,b). If |f"' |4 is (a, m)-GA-convex on
[0, max{a%, by for (a,m) € [0, 11> and q > 1, then the following

inequality holds:
1 b

‘g[f(a) +4f(—“; ) + f(b)] / fdu

G-t @-1D>

- 9% (Bg—1)(4qg—2)

1\ 20tlg+1
X[(<5) wih@rn O

N 1 N\ 2etla 41 (ah) 7\ 1
—_— —_ . m q
"27\2) @rh@+)
1\* 1
+ _ - i b q
((2) (o + 1)(a+2)|f )l
1 I 1 7\ 1
+m(§_<§) (a+1)(a+2)) )I] G
Proof. Similar as Theorem 3.2, using another version of
Holder’s integral inequality, then
1 b

1 b
'E[f(“) + 4f<—“+ ) +.f(b)] -

(b—a) (! Tl 1=1 141
=% /Ot(l—t)[f( 5 +—b)‘
S+t 11—t
S (bg6a)3|:/0‘ t(l—t) f///( T’[)%)

/Z(l—t) f”’( Lb%)’dt]
0

(b—a)3 ! 5 % 1_5
< % (/0 t((1=1)7) dl)

1 NN

([ (@)= ) )

0
1 1 d4+0m 1—¢ q %
# ([ (o)) ]
0
- (b‘“)3(/lz((1 t)z)qqldt>l_}l
= 9 0 B
! 1
[([A((5) vror
0

(at)

+

dt
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(- (e
(A o
(- (5 e

Using the fact that

o))
)]

(q—1)

1
H1—-0)iTdt = —3 "2
/0(( ") Ga— Didq—2)
2a+la+1

[A(5)a=() eivats
0 2 2) (@+D(a+2)

and

[ =) wrvars
o 2 “\2) @+ D@+2)

we get
) + f(b)] S f Fwdu

<b—a>3< (g—1) )“‘1
- 96 (Bg—1(4g—-2)

‘ [f( >+4f(

N 2la+1
X[«i) @i+’ OF

1 N 2%l 41 IUNINTAN
#n(3-(3) @reap)l @)’

1\ 1
- 11 q
+<<2> (a+1)(a+2)|f )]

1 1\“* 1
+m<5 N (5> P 1>(a+2>>

which completes the proof of Theorem 3.3. [

Remark 3.3. Under the condition of Theorem 3.3, if we choose
o =1 and m = 1, we have

‘ [f( )+4f< )+ f(b)] - —/ Fdu
< <b—a)3< (¢—1)° )13
- 96 (Bg—14q-2)

1 111 %
i (a)l">

5.,
x [(Elf O+

1 5 7
1" q 1" q
+<*12|f DI+ Tzlf (@)] ) ]

4. Applications to special means

For positive numbers, 8 > o > 0and n € Z \ {0, —1}, define

a4+ B

1
ﬁnJrl _ Canrl ]ﬁ

A, p) = WEDB -

and L,(«, B) = [

These quantities are respectively called the arithmetic and
generalized logarithmic means of two positive number « and S.

Let f(x) = ,(m)(,m for x > 0 and for some fixed r € (0, 1).
It is obvious that | f”/(x)| = x"~V is decreasing on R*.

We note that

L/ (xy )| = [ e D

< 190D 4 (1 = 1)y

=t "+ A=D1 O
holds, for ¢ € [0, 1], x, y > 0 and ¢ > 1. This implies that the
function | £ (x)|? = x"~19 is GA-convex on R*.

Considering the above function f{x), we have the following
means:

f@+fb) 1

r+2 142
2 Crr+D(r+2) @ &,
a+b . 1 2
f( 2 >_r(r+1)(r+2)A (@.5)
and
)+2
b—a /f()u r(r+1)(r+2) L@ b).

Now applying Remark 3.1 (2), Remark 3.2 and Remark 3.3
respectively to the function | /" (x)|* = x4 yield the follow-
ing propositions.

Proposition 4.1. Let f:[a, )] > R, 0 <a<b,0<r <1 and
q > 1, then we have the following inequality:

| P 2 4
‘gA(a'“, b + §A’+2(a, b) — LIt (a, b)‘

- 96

1
3 i

(r=D)q (r=Dq
[(120”" 100 >

1
7 q
(r=Dygq (r=1)gq
(120|b| + 12Olal ) ] 4.1)

Proposition 4.2. Let f:[a,b] > R, 0 <a < b, 0 <r < 1and
q > 1, then we get the following inequality:

_rr+ Do+ 2) b - a) (1)1—4
12

1 2
‘gA(ar+2’ br+2) 4 §Ar+2(a’ b) _ L;i%((l, b)‘

_rr+ D420 —a) (B<2q— I 3q- 1))”
- 96 q—1 qgqg—1

1 1
3 1 g 1 3 i
Zyp|=ba 4 Zygq)—Da Zp|=Da 4 Zygq)r—Da .

X[(4| | + 7l +{ 510 + 7l

(4.2)

Proposition 4.3. Let f:[a,b] > R, 0 <a<b,0<r < 1and
q > 1, then we obtain the following inequality:

1 2
‘gA(aH—Z7 br+2) + 3A1'+2(a’ b) Lr+2(a7 b)‘

42

- rr+ 1D +2)(b— a)s(

(q—1)? =g
= 96 )

Bg—14q-2)
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