
Computers and Mathematics with Applications 62 (2011) 4007–4014

Contents lists available at SciVerse ScienceDirect

Computers and Mathematics with Applications

journal homepage: www.elsevier.com/locate/camwa

Convergence of Mann’s type iteration method for generalized
asymptotically nonexpansive mappings
H. Zegeye a, N. Shahzad b,∗

a Department of Mathematics, University of Botswana, Pvt. Bag 00704, Gaborone, Botswana
b Department of Mathematics, King Abdul Aziz University, P.O.B. 80203, Jeddah 21589, Saudi Arabia

a r t i c l e i n f o

Article history:
Received 10 March 2011
Received in revised form 8 September 2011
Accepted 8 September 2011

Keywords:
Equilibrium problems
Monotone mappings
Relatively quasi-nonexpansive mappings
Strong convergence
Variational inequality problems

a b s t r a c t

LetC be anonempty, closed and convex subset of a realHilbert spaceH . Let Ti : C → H, i =

1, 2, . . . ,N, be a finite family of generalized asymptotically nonexpansive mappings. It is
our purpose, in this paper to prove strong convergence ofMann’s typemethod to a common
fixed point of {Ti : i = 1, 2, . . . ,N} provided that the interior of common fixed points is
nonempty. No compactness assumption is imposed either on T or on C . As a consequence,
it is proved that Mann’s method converges for a fixed point of nonexpansive mapping
provided that interior of F(T ) ≠ ∅. The results obtained in this paper improve most of
the results that have been proved for this class of nonlinear mappings.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction and preliminaries

Let C be a nonempty subset of a real Hilbert space H; a mapping T : C → C is a contraction if there exists k ∈ [0, 1)
such that for all x, y ∈ C we have ‖Tx − Ty‖ ≤ k‖x − y‖. It is said to be nonexpansive if for all x, y ∈ C we have
‖Tx−Ty‖ ≤ ‖x−y‖. T is said to be asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1, ∞)with kn → 1 such that
‖T nx−T ny‖ ≤ kn‖x−y‖ for all integers n ≥ 1 and all x, y ∈ C . Clearly, every contractionmapping is nonexpansive and every
nonexpansive mapping is asymptotically nonexpansive with sequence kn = 1, ∀n ≥ 1. There are however, asymptotically
nonexpansive mappings which are not nonexpansive (see e.g., [1]).

As a generalization of the class of nonexpansive mappings, the class of asymptotically nonexpansive mappings was
introduced by Goebel and Kirk [2] in 1972 and has been studied by several authors (see e.g., [3–6]). Goebel and Kirk proved
that if C is a nonempty closed convex and bounded subset of a uniformly convex Banach space (more general than a Hilbert
space) then every asymptotically nonexpansive self-mapping of C has a fixed point.

The weak and strong convergence problems to a fixed points of nonexpansive and asymptotically nonexpansive
mappings have been studied by many authors (for example, see [7,8,2,3,9–11] and the references therein).

Let C be a closed subset of a Hilbert space H and T be a self-mapping contraction, the classical Picard iteration method,

x0 ∈ C, xn+1 = Txn, n ≥ 1 (1.1)

converges to the unique fixed point of T . Unfortunately, the Picard iteration method does not always converge to a fixed
point of nonexpansive mappings. It suffices to take, for example, T to be the anticlockwise rotation of the unit disk in R2

(with the usual Euclidean norm) about the origin of coordinate of an angle, say, θ .
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In 1953, Mann [12] introduced the iteration sequence {xn}n∈N which is defined by
xn+1 = αnxn + (1 − αn)Txn, (1.2)

where the initial element x0 ∈ C is arbitrary and {αn}n∈N is a sequence of real numbers in [0, 1]. Construction of fixed
points of nonexpansivemappings viaMann’s algorithm [12] has extensively been investigated recently in the literature (see,
e.g., [13,14] and references therein). Related works can also be found in [15,16,14,17,18]. If T is a nonexpansive mapping
with a fixed point and if the control sequence {αn} is chosen so that

∑
∞

n=0 αn(1−αn) = ∞, then the sequence {xn} generated
byMann’s algorithm (1.2) converges weakly to a fixed point of T (this is indeed true in a uniformly convex Banach space with
a Frechét differentiable norm [14]). However, this convergence is in general not strong (see the counterexample in [19]; see
also [20]). Attempts tomodify theMann iterationmethod (1.2) so that strong convergence is guaranteed have recently been
made. Nakajo and Takahashi [22] (see also [21]) proposed the following modification of the Mann iteration method (1.2):

x0 ∈ C chosen arbitrarily,
yn = αnxn + (1 − αn)Txn,
Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C : ⟨xn − z, x0 − xn⟩ ≥ 0},
xn+1 = PCn∩Qn(x0), n ≥ 0,

(1.3)

and proved the following.
Let H be a Hilbert space and let C be a nonempty closed convex subset of H . Let T be a nonexpansive mapping of C into

H such that F(T ) ≠ ∅. Then F(T ) is closed and convex.

Theorem BC. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let T be a nonexpansive mapping of
C into H such that F(T ) ≠ ∅. Then the sequence {xn}n∈N defined by (1.3) converges strongly to z = PF(T )(x0), where PC is the
metric projection mapping from a Hilbert space H onto a nonempty, closed and convex subset C of H.

It is worth mentioning that Scheme (1.3) involves computation of intersection of closed convex subsets Cn and Qn for each
n ≥ 1 and hence is not easy for computation.

In [23,24], Schu introduced a Mann type process to approximate fixed points of asymptotically nonexpansive mappings
defined on nonempty closed convex and bounded subsets of a Hilbert space H . More precisely, he proved the following
theorem.

Theorem JS1 ([23, Theorem 1.5, p. 409]). Let H be a Hilbert space, C a nonempty closed convex and bounded subset of H.
Let T : C → C be completely continuous asymptotically nonexpansive mapping with sequence {kn} ⊂ [1, ∞) for all
n ≥ 1, lim kn = 1, and

∑
∞

n=1(k
2
n − 1) < ∞. Let {αn}

∞

n=1 be a real sequence in [0, 1] satisfying the condition ϵ ≤ αn ≤ 1 − ϵ
for all n ≥ 1 and for some ϵ > 0. Then the sequence {xn} generated from arbitrary x1 ∈ C by

xn+1 = (1 − αn)xn + αnT nxn, n ≥ 1, (1.4)

converges strongly to some fixed point of T .

In [25], Rhoades extended Theorem JS1 to uniformly convex Banach spaces using amodified Ishikawa iterationmethod given
in [26]. In [10], Osilike and Aniagbosor proved that the theorems of Schu and Rhoades remain true without the boundedness
condition imposed on C , provided that F(T ) = {x ∈ C : Tx = x} ≠ ∅.

Recently, Chang et al. [7] have proved weak convergence theorem for asymptotically nonexpansive mappings and
nonexpansive mappings. In fact, he proved that, if T is an asymptotically nonexpansive mapping with a sequence {kn} ⊂

[1, ∞) and kn → 1 as n → ∞ with a fixed point in C and {αn} is a sequence in [0; 1] satisfying the following conditions:
(i) There exist positive a integer n0 and ϵ > 0 such that 0 < ϵ ≤ αn ≤ 1 − ϵ, n ≥ n0, (ii)

∑
∞

n=0(kn − 1) < ∞. Then the
Mann type iterative sequence {xn} defined by (1.4) converges weakly to some fixed point x∗ in C .

But it is worth mentioning that, in all the above results for asymptotically nonexpansive mappings, either compactness
assumption is imposed on the map T or the convergence is weak convergence. Our concern now is the following:

Is it possible to obtain strong convergence ofMann’s type scheme (1.4) to a fixed point of asymptotically nonexpansivemappings
without any compactness assumption on T?

Let C be a nonempty closed convex subset of a real Hilbert spaceH . Let P : H → C be the projectionmapping ofH onto C .
A non-self-mapping T : C → H is called asymptotically nonexpansive if there exists a sequence {µn} ⊂ [0, ∞) with µn → 0
as n → ∞ such that

||T (PT )n−1(x) − T (PT )n−1(y) ≤ (1 + µn)‖x − y‖, ∀x, y ∈ C, n ≥ 1.
The concept of non-self asymptotically nonexpansive mappings as an important generalization of asymptotically
nonexpansive self-mappings was introduced by Chidume et al. [8] and studied by many other authors (see, e.g., [27,28]).

In [8], Chidume et al. proved that, if T : C → H is a completely continuous and asymptotically nonexpansivemappingwith
a sequence {µn} ⊂ [0, ∞) such that

∑
µn < ∞, and F(T ) ≠ ∅ and {αn} ⊂ (0, 1) is a sequence such that ϵ ≤ 1−αn ≤ 1−ϵ

for all n ≥ 1 and some ϵ > 0. Then for an arbitrary point x1 ∈ C , the sequence {xn} defined by
x1 ∈ C, xn+1 = P((1 − αn)xn + αnT (PT )n−1xn), ∀n ≥ 1

converges strongly to some fixed point of T .
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Recently, Zhou et al. [29] have introduced the following: a mapping T : C → H is called asymptotically nonexpansive if
there exists a sequence {µn} ⊂ [0, ∞) with µn → 0 as n → ∞ such that

||(PT )n(x) − (PT )n(y) ≤ (1 + µn)‖x − y‖, ∀x, y ∈ C, n ≥ 1. (1.5)

In [29], Zhou et al. proved that, if T1, T2 : C → H are two weakly inward and asymptotically nonexpansive mappings with
sequences {µ

(1)
n }, {µ

(2)
n } ⊂ [1, ∞),

∑
∞

n=1 µ
(1)
n < ∞,

∑
∞

n=1 µ
(2)
n < ∞, respectively and {xn} ⊂ C is a sequence defined by

x1 ∈ C, xn+1 = αnxn + βn(PT1)nxn + γn(PT2)nxn, ∀n ≥ 1

where {αn}, {βn}, and {γn} are three sequences in [ϵ, 1− ϵ] satisfying αn +βn +γn = 1 for some ϵ > 0, then {xn} converges
strongly to a common fixed point of T1 and T2 provided that one of the T1 or T2 is completely continuous and F(T1)∩F(T2) ≠ ∅.

But it is worth mentioning that all convergence results for non-self asymptotically nonexpansive mappings and hence
non-self nonexpansive mappings requires compactness type assumption, completely continuous, on T or on C . Our second
concern is the following: Is it possible to obtain convergence of Mann’s iteration scheme to a fixed point of class of asymptotically
nonexpansive and hence nonexpansive mappings without the requirement of compactness type assumption?

Let C be a closed convex subset of a real Hilbert space H . A mapping T : C → C is said to be generalized asymptotically
nonexpansive if there exist {µn}, {νn} ⊂ [0, ∞) as n → ∞ such that µn, νn → 0 satisfying the following inequality:

‖T nx − T ny‖ ≤ ‖x − y‖ + µn‖x − y‖ + νn, ∀x, y ∈ C, (1.6)

and T is said to be generalized asymptotically quasi-nonexpansive if there exist {µn}, {νn} ⊂ [0, ∞) such that µn, νn → 0 as
n → ∞ satisfying the following inequality:

‖(PT )nx − x∗
‖ ≤ ‖x − x∗

‖ + µn‖x − x∗
‖ + νn, ∀x ∈ C, x∗

∈ F(T ).

The class of generalized asymptotically nonexpansivemappings was introduced by Shahzad and Zegeye [11]. It is clear from
the definition that a generalized asymptotically nonexpansive mappings include the class asymptotically nonexpansive
mappings. In [11], Shahzad and Zegeye proved that if Ti for i ∈ I = {1, 2, . . . ,N} are uniformly L-Lipschitzian generalized
asymptotically quasi-nonexpansive self mappings of C with F := ∩

N
i=1 F(Ti) ≠ ∅, then implicit Mann’s type scheme

given by:

x0 ∈ C, xn = αnxn−1 + (1 − αn)T k
i xn, ∀n ≥ 1,

where n = (k − 1)N + i, Tn = Tn(modN) = Ti, i ∈ I and {αn} ⊂ [δ, 1 − δ] for some δ > 0, converges strongly to a common
fixed point of the mappings {Ti : i = 1, 2, . . . ,N} provided that one of the mappings Ti is semi-compact.

It is our purpose, in this paper to prove strong convergence ofMann’s type scheme to a common fixed point of finite family
of generalized asymptotically nonexpansive mappings provided that the interior of common fixed points is nonempty. No
compactness assumption is imposed either on at least one of the mappings or on C . Moreover, computation of closed and
convex set Cn for each n ≥ 1 is not required. Consequently, the above concerns are answered in the affirmative in Hilbert
space setting. The results obtained in this paper improve the results of Theorem IS, TheoremMC and improve the results of
Osilike and Aniagbosor [10], Chang et al. [7], Chidume et al. [8], Zhou et al. [29] in a Hilbert space settings.

In the sequel we shall need the following definition and lemmas.
Let H be a real Hilbert space. The function φ : H × H → R defined by

φ(x, y) := ‖x − y‖2
= ‖x‖2

− 2⟨x, y⟩ + ‖y‖2 for x, y ∈ E, (1.7)

is studied by Alber [30], Kamimura and Takahashi [31] and Reich [32].
It is obvious from the definition of the function φ that

(‖x‖ − ‖y‖)2 ≤ φ(x, y) ≤ (‖x‖ + ‖y‖)2 for x, y ∈ E. (1.8)

The function φ has also the following property:

φ(y, x) = φ(z, x) + φ(y, z) + 2⟨z − y, x − z⟩ for all x, y, z ∈ E. (1.9)

Let K be a nonempty subset of a Hilbert space H . For x ∈ K , the inward set of x, IK (x), is defined by IK (x) := {x + λ(u − x) :

u ∈ K , λ ≥ 1}. A mapping T : K → H is called weakly inward if Tx ∈ cl[IK (x)] for all x ∈ K , where cl[IK (x)] denotes the
closure of the inward set. Every self-map is trivially weakly inward.

In what follows we shall make use of the following.

Lemma 1.1. Let H be a Hilbert space. Then for all x, y ∈ H and αi, ∈ [0, 1] for i = 1, 2, . . . , n such that α0 +α1 +· · ·+αn = 1
the following equality holds:

‖α0x0 + α1x1 + · · · + αnxn‖2
=

n−
i=0

αi‖xi‖2
−

−
0≤i,j≤n

αiαj‖xi − xj‖2.
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Proof.
‖α0x0 + · · · + αnxn‖2

= ⟨α0x0 + · · · + αnxn, α0x0 + · · · + αnxn⟩
= α2

0‖x0‖
2
+ · · · + α2

n‖xn‖
2

+ 2α0α1Re⟨x0, x1⟩ + 2α0α2Re⟨x0, x2⟩ + · · · + 2α0αnRe⟨x0, xn⟩
+ 2α1α2Re⟨x1, x2⟩ + 2α1α3Re⟨x1, x3⟩ + · · · + 2α1αnRe⟨x1, xn⟩
· · ·

+ 2αn−1αnRe⟨xn−1, xn⟩
= α2

0‖x0‖
2
+ · · · + α2

n‖xn‖
2

+ α0α1


‖x0‖2

+ ‖x1‖2
− ‖x0 − x1‖2


+ · · · + α0αn


‖x0‖2

+ ‖xn‖2
− ‖x0 − xn‖2


+ α1α2


‖x1‖2

+ ‖x2‖2
− ‖x1 − x2‖2


+ · · · + α1αn


‖x1‖2

+ ‖xn‖2
− ‖x1 − xn‖2


· · ·

+ αn−1αn


‖xn−1‖

2
+ ‖xn‖2

− ‖xn−1 − xn‖2


= α0‖x0‖2
+ · · · + αn‖xn‖2

− α0α1‖x0 − x1‖2
− · · · − α0αn‖x0 − xn‖2

− α1α2‖x1 − x2‖2
− · · · − α1αn‖x1 − xn‖2

· · ·

− αn−1αn‖xn−1 − xn‖2

=

n−
i=0

αi‖xi‖2
−

−
0≤i,j≤n

αiαj‖xi − xj‖2.

Hence the conclusion holds. �

Lemma 1.2 ([33]). Let {an}, {βn} and {σn} be sequences of nonnegative real numbers satisfying the following relation:

an+1 ≤ (1 + βn)an + σn, n ≥ n0,

where, n0 is some nonnegative integer. If
∑

βn < ∞ and
∑

σn < ∞. Then, limn→∞ an exists.

Lemma 1.3 ([34]). Let H be a real Hilbert space and C be a nonempty closed convex subset of H with P as a metric projection.
Let T : C → E be a mapping satisfying weakly inward condition. Then F(PT ) = F(T ).

2. Main results

Theorem 2.1. Let H be a real Hilbert space; C a closed convex nonempty subset of H. Let Ti : C → H, for i = 1, 2, . . . ,N,
be weakly inward continuous generalized asymptotically nonexpansive mappings with sequences {µ

(i)
n } and {ν

(i)
n } such that∑

n≥1 µ
(i)
n < ∞,

∑
n≥1 ν

(i)
n < ∞ for i = 1, 2, . . . ,N defined as in (1.6) and the interior of F :=

N
i=1 F(Ti) ≠ ∅. Let

{αi}
N
i=0 be such that ϵ ≤ αi ≤ 1 − ϵ for some ϵ > 0 such that

∑N
i=0 αi = 1. Starting from an arbitrary x0 ∈ C, define {xn} by

xn+1 = α0xn + α1(PT1)nxn + · · · + αN(PTN)nxn, ∀n ≥ 1. (2.1)

Then, {xn} converges strongly to a common fixed point of {T1, T2, . . . , TN}.

Proof. Let x∗
∈ F . Let µn := max{µ(i)

n , i = 1, 2, . . . ,N} and νn := min{ν
(i)
n : i = 1, 2, . . . ,N}. Then, from (2.1) and

Lemma 1.1 we have that

‖xn+1 − x∗
‖
2

= ‖α0xn + α1(PT1)nxn + · · · + αN(PTN)nxn − x∗
‖
2

= ‖α0(xn − x∗) + α1((PT1)nxn − (PT1)nx∗) + · · · + αN((PTN)nxn − (PTN)nx∗) ‖
2

≤ α0‖xn − x∗
‖
2
+α1‖(PT1)nxn − (PT1)nx∗

‖
2
+ · · · + αN‖(PTN)nxn − (PTN)nx∗

‖
2

− α0α1‖xn − (PT1)nxn‖2
− α0α2‖xn − (PT2)nxn‖2

− · · · − α0αN‖xn − (PTN)nxn‖2

≤ α0‖xn − x∗
‖
2
+ α1(1 + µn)‖xn − x∗

‖
2
+ · · · + αN(1 + µn)‖xn − x∗

‖
2
+ Nνn

− α0α1‖xn − (PT1)nxn‖2
− α0α2‖xn − (PT2)nxn‖2

− · · · − α0αN‖xn − (PT1)nxn‖2

≤ (1 + µn)‖xn − x∗
‖ + Nνn − α0α1‖xn − (PT1)nxn‖2

− α0α2‖xn − (PT2)nxn‖2
− · · · − α0αN‖xn − (PT1)nxn‖2 (2.2)

≤ (1 + µn)‖xn − x∗
‖ + Nνn. (2.3)
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So by Lemma 1.2 we conclude that limn→∞ ‖xn − x∗
‖ exists and hence {xn}, {(PT1)nxn}, {(PT2)n}, . . . , {(PTN)nxn}

are bounded.
Furthermore, from (1.9) we also have that,

φ(p, xn) = φ(xn+1, xn) + φ(p, xn+1) + 2⟨xn+1 − p, xn − xn+1⟩.

This implies that

⟨xn+1 − p, xn − xn+1⟩ +
1
2
φ(xn+1, xn) =

1
2


φ(p, xn) − φ(p, xn+1)


. (2.4)

Moreover, since the interior of F is nonempty, there exists p∗
∈ F and r > 0 such that (p∗

+ rh) ∈ F , whenever ‖h‖ ≤ 1.
Thus, from (2.3) and (2.4) we get that

0 ≤ ⟨xn+1 − (p∗
+ rh), xn − xn+1⟩ +

1
2
φ(xn+1, xn) +

1
2
(Mµn + Nνn), (2.5)

for someM > 0. Then from (2.5) and (2.4) we obtain that

r⟨h, xn − xn+1⟩ ≤ ⟨xn+1 − p∗, xn − xn+1⟩ +
1
2
φ(xn+1, xn) +

1
2
(Mµn + Nνn)

=
1
2
(φ(p∗, xn) − φ(p∗, xn+1)) +

1
2
(Mµn + Nνn),

and hence

⟨h, xn − xn+1⟩ ≤
1
2r

(φ(p∗, xn) − φ(p∗, xn+1)) +
1
2r

(Mµn + Nνn).

Since hwith ‖h‖ ≤ 1 is arbitrary, we have

‖xn − xn+1‖ ≤
1
2r

(φ(p∗, xn) − φ(p∗, xn+1)) +
1
2r

(Mµn + Nνn).

So, if n > m, then we get that

‖xm − xn‖ = ‖xm − xm+1 + xm+1 − · · · − xn−1 + xn−1 − xn‖

≤

n−1−
i=m

‖xi − xi+1‖

≤
1
2r

n−1−
i=m

(φ(p∗, xi) − φ(p∗, xi+1)) +
1
2r

n−1−
i=m

(µi + Nνi)

=
1
2r

(φ(p∗, xm) − φ(p∗, xn)) +
1
2r

n−1−
i=m

(Mµi + Nνi). (2.6)

But we know that {φ(p∗, xn)}converges,
∑

µn < ∞ and
∑

νn < ∞. Therefore, we obtain from (2.6) that {xn} is a Cauchy
sequence. Since H is complete there exists x∗

∈ H such that

xn → x∗
∈ H. (2.7)

Thus, since {xn} is subset of C , where C is closed and convex we have that x∗
∈ C .

Moreover, from (2.2) and the fact that ϵ ≤ αi for each i ∈ {= 1, 2, . . . ,N}, we get that

ϵ2
‖xn − (PT1)nxn‖ + · · · + ϵ2

‖xn − (PTN)nxn‖ ≤ ‖xn − x∗
‖
2
− ‖xn+1 − x∗

‖
2
+ µnM + Nνn

so that

ϵ2
−
n≥1

‖xn − (PT1)nxn‖ + · · · + ϵ2
−
n≥1

‖xn − (PTN)nxn‖ ≤ ‖x1 − x∗
‖
2
+

−
n≥1

(Mµn + Nνn) < ∞. (2.8)

Thus, we get that

lim
n→∞

‖xn − (PTi)nxn‖ = 0 for each i = 1, 2, . . . ,N. (2.9)

Furthermore, we claim that ‖xn+1 − xn‖ → 0 as n → ∞. In fact, from (2.1) we have that

‖xn+1 − xn‖ = ‖α1((PT1)nxn − xn) + · · · + αN((PTN)nxn − xn)‖

≤ α1‖(PT1)nxn − xn‖ + · · · + αN‖(PTN)nxn − xn‖. (2.10)
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Hence, it follows from (2.9) that

‖xn+1 − xn‖ → 0 as n → ∞. (2.11)

Then from the fact that Ti is generalized asymptotically nonexpansive, for each i ∈ {1, 2, . . . ,N}, we get that

‖xn − (PTi)xn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − (PTi)n+1xn+1‖ + ‖(PTi)n+1xn+1 − (PTi)n+1xn‖ + ‖T n+1
i xn − (PTi)xn‖

≤ ‖xn+1 − xn‖ + ‖xn+1 − (PTi)n+1xn+1‖

+ (1 + µn+1)‖xn+1 − xn‖ + νn+1 + ‖(PTi)n+1xn − (PTi)xn‖. (2.12)

It follows from (2.9), (2.11), (2.12) and continuity of Ti and hence PTi that

lim
n→∞

‖xn − (PTi)xn‖ = 0. (2.13)

Thus, since xn → x∗ as n → ∞ and PTi is continuous we obtain that x∗
∈ F(PTi). Furthermore, by Lemma 1.3 we get that

x∗
∈ F(Ti) for each i ∈ {1, 2, . . . ,N}. Therefore, we get that x∗

∈
N

i=1 F(Ti). The proof is complete. �

We now give an example of generalized asymptotically nonexpansive mappings with interior of F(T ) ≠ ∅.

Example. Let C :=


−1
π

, 1
π


and define T : C → C by

T (x) =


x
2

sin
1
x

 , x ∈


0,

1
π

]
x, x ∈

[
−1
π

, 0
]

.

Then clearly, T is continuous and F(T ) =


−1
π

, 0

. Moreover, following the method in [35] we obtain that T nx → 0,

uniformly, for each x ∈

0, 1

π


. Furthermore, we observe that T nx = x for each x ∈


−1
π

, 0

. Now, for each fixed n, define

fn(x, y) = |T nx− T ny| − |x− y|, for x, y ∈ C . Set νn := supx,y∈C fn(x, y) ∨ 0. Then compactness of C gives that for each n ∈ N
there exists xn, yn ∈ C such that νn = supx,y∈C fn(x, y) ∨ 0 = fn(xn, yn) ∨ 0 = (|T nxn − T nyn| − |xn − yn|) ∨ 0. Then, since

νn =



(T nxn − T nyn) − (xn − yn) = T nxn − xn, if xn ∈


0,

1
π

]
, yn ∈

[
−1
π

, 0
]

,

|T nxn − T nyn| − |xn − yn| ≤ |T nxn| + |T nyn|, if xn, yn ∈


0,

1
π

]
,

|xn − yn| − |xn − yn|, if xn, yn ∈

[
−1
π

, 0
]

,

we obtain that limn→∞ νn = 0 and |T nx − T ny| ≤ |x − y| + νn which implies that |T nx − T ny| ≤ |x − y| + µn|x − y| + νn
for µn → 0 as n → ∞. This shows that T is continuous generalized asymptotically nonexpansive mapping with interior of
F(T ) =


−1
π

, 0


≠ ∅.

If in Theorem 2.1, we assume that N = 1 we obtain the following corollary.

Corollary 2.2. Let H be a real Hilbert pace; C a closed convex nonempty subset of H. Let T : C → H, beweakly inward continuous
generalized asymptotically nonexpansive mapping with sequences {µn} and {νn} such that

∑
n≥1 µn < ∞,

∑
n≥1 νn < ∞ and

the interior of F(T ) ≠ ∅. Let {αi}
2
i=0 be such that ϵ ≤ αi ≤ 1 − ϵ for some ϵ > 0 such that

∑2
i=0 αi = 1. Starting from an

arbitrary x0 ∈ C, define {xn} by

xn+1 = α0xn + α1(PT )nxn, ∀n ≥ 1. (2.14)

Then, {xn} converges strongly to a fixed point of T1.

Proof. Put T := T1 = T2 = · · · = TN . Then Eq. (2.1) reduces to Eq. (2.14) and hence the conclusion follows from
Theorem 2.1. �

If in Theorem 2.1, we assume that Ti, for i = 1, 2, . . . ,N , are asymptotically nonexpansive we obtain the following corollary.

Corollary 2.3. Let H be a real Hilbert pace; C a closed convex nonempty subset of H. Let Ti : C → H, for i = 1, 2, . . . ,N, be
weakly inward asymptotically nonexpansive mappings with sequences {µ

(i)
n } such that

∑
n≥1 µ

(i)
n < ∞, for i = 1, 2, . . . ,N and

the interior of F :=
N

i=1 F(Ti) ≠ ∅. Let {αi}
N
i=0 be such that ϵ ≤ αi ≤ 1 − ϵ for some ϵ > 0 such that

∑N
i=0 αi = 1. Starting

from an arbitrary x0 ∈ C, define {xn} by

xn+1 = α0xn + α1(PT1)nxn + α2(PT2)nxn + · · · + αN(PTN)nxn, ∀n ≥ 1.

Then, {xn} converges strongly to a common fixed point of {T1, T2, . . . , TN}.
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Proof. Since every asymptotically nonexpansive is continuous generalized asymptotically nonexpansive with νn := 0 for
all n ≥ 1, the proof follows from Theorem 2.1. �

If in Theorem 2.1, we assume that Ti, for i = 1, 2, . . . ,N , are self mappings then we obtain the following corollary.

Corollary 2.4. Let C a closed convex nonempty subset of a real Hilbert pace H. Let Ti : C → C, for i = 1, 2, . . . ,N, be continuous
generalized asymptotically nonexpansive mappings with sequences {µ

(i)
n } and {ν

(i)
n } such that

∑
n≥1 µ

(i)
n < ∞,

∑
n≥1 ν

(i)
n < ∞

for i = 1, 2, . . . ,N and the interior of F :=
N

i=1 F(Ti) ≠ ∅. Let {αi}
N
i=0 be such that ϵ ≤ αi ≤ 1 − ϵ for some ϵ > 0 such that∑N

i=0 αi = 1. Starting from an arbitrary x0 ∈ C, define {xn} by

xn+1 = α0xn + α1T n
1 xn + α2T n

2 xn + · · · + αNT n
Nxn, ∀n ≥ 1.

Then, {xn} converges strongly to a common fixed point of {T1, T2, . . . , TN}.

Theorem 2.5. Let H be a real Hilbert pace; C a closed convex nonempty subset of H. Let Ti : C → H, for i = 1, 2, . . . ,N, be
weakly inward nonexpansive mappings with the interior of F :=

N
i=1 F(Ti) ≠ ∅. Let {αi}

N
i=0 be such that ϵ ≤ αi ≤ 1 − ϵ for

some ϵ > 0 such that
∑N

i=0 αi = 1. Starting from an arbitrary x0 ∈ C, define {xn} by

xn+1 = α0xn + α1(PT1)xn + α2(PT2)xn + · · · + αN(PTN)xn, ∀n ≥ 1. (2.15)

Then, {xn} converges strongly to a common fixed point of {T1, T2, . . . , TN}.

Proof. Following the method of proof of Theorem 2.1 we obtain the required assertion. �

If in Theorem 2.5, we assume that Ti, for i = 1, 2, . . . ,N , are self mappings then we obtain the following corollary.

Corollary 2.6. Let H be a real Hilbert pace; C a closed convex nonempty subset of H. Let Ti : C → C, for i = 1, 2, . . . ,N, be
nonexpansive mappings with the interior of F :=

N
i=1 F(Ti) ≠ ∅. Let {αi}

N
i=0 be such that ϵ ≤ αi ≤ 1 − ϵ for some ϵ > 0 such

that
∑N

i=0 αi = 1. Starting from an arbitrary x0 ∈ C, define {xn} by

xn+1 = α0xn + α1T1xn + α2T2xn + · · · + αNTNxn, ∀n ≥ 1. (2.16)

Then, {xn} converges strongly to a common fixed point of {T1, T2, . . . , TN}.

If in Theorem 2.5, we assume that N = 1 we obtain the following corollary.

Corollary 2.7. Let H be a real Hilbert pace; C a closed convex nonempty subset of H. Let T : C → H, be weakly inward
nonexpansive mappings with the interior of F(T ) ≠ ∅. Let {αi}

2
i=0 be such that ϵ ≤ αi ≤ 1 − ϵ for some ϵ > 0 such that∑2

i=0 αi = 1. Starting from an arbitrary x0 ∈ C, define {xn} by

xn+1 = α0xn + α1(PT1)xn, ∀n ≥ 1. (2.17)

Then, {xn} converges strongly to a fixed point of T .

Remark 2.8. Our results extend and unify most of the results that have been proved for this important class of nonlinear
mappings. In particular, Theorem 2.1 extends Theorem JS1 of Schu [23], Theorem MC of Nakajo and Takahashi [22]in the
sense that our convergence does not require either T be completely continuous or computation of Cn for each n ≥ 1. The
compactness assumption imposed either on T or onC , to get strong convergence, in the results ofOsilike andAniagbosor [10],
Chang et al. [7], Chidume et al. [8], Zhou et al. [29] are not required. Our results provide affirmative answer to the concerns
raised above.
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