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1. Introduction and preliminaries

Let C be a nonempty subset of a real Hilbert space H; a mapping T : C — C is a contraction if there exists k € [0, 1)
such that for all x,y € C we have ||[Tx — Ty|| < k|lx — y||. It is said to be nonexpansive if for all x,y € C we have
ITx—Ty|| < ||lx—y|l.T is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1, oo) withk, — 1suchthat
IT"x—T"y|| < ky||x—y|| forallintegersn > 1andallx, y € C.Clearly, every contraction mapping is nonexpansive and every
nonexpansive mapping is asymptotically nonexpansive with sequence k, = 1, Vn > 1. There are however, asymptotically
nonexpansive mappings which are not nonexpansive (see e.g., [1]).

As a generalization of the class of nonexpansive mappings, the class of asymptotically nonexpansive mappings was
introduced by Goebel and Kirk [2] in 1972 and has been studied by several authors (see e.g., [3-6]). Goebel and Kirk proved
that if C is a nonempty closed convex and bounded subset of a uniformly convex Banach space (more general than a Hilbert
space) then every asymptotically nonexpansive self-mapping of C has a fixed point.

The weak and strong convergence problems to a fixed points of nonexpansive and asymptotically nonexpansive
mappings have been studied by many authors (for example, see [7,8,2,3,9-11] and the references therein).

Let C be a closed subset of a Hilbert space H and T be a self-mapping contraction, the classical Picard iteration method,

xo € C, Xny1 =Tx,, n>1 (1.1)

converges to the unique fixed point of T. Unfortunately, the Picard iteration method does not always converge to a fixed
point of nonexpansive mappings. It suffices to take, for example, T to be the anticlockwise rotation of the unit disk in R?
(with the usual Euclidean norm) about the origin of coordinate of an angle, say, 6.
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In 1953, Mann [12] introduced the iteration sequence {x, },cn Which is defined by
Xnp1 = anXp + (1 — an) Xy, (1.2)

where the initial element xq € C is arbitrary and {a,}ney i @ sequence of real numbers in [0, 1]. Construction of fixed
points of nonexpansive mappings via Mann's algorithm [ 12] has extensively been investigated recently in the literature (see,
e.g., [13,14] and references therein). Related works can also be found in [15,16,14,17,18]. If T is a nonexpansive mapping
with a fixed point and if the control sequence {«,} is chosen so that Z;’io an(1—ay,) = oo, then the sequence {x,} generated
by Mann'’s algorithm (1.2) converges weakly to a fixed point of T (this is indeed true in a uniformly convex Banach space with
a Frechét differentiable norm [14]). However, this convergence is in general not strong (see the counterexample in [19]; see
also [20]). Attempts to modify the Mann iteration method (1.2) so that strong convergence is guaranteed have recently been
made. Nakajo and Takahashi [22] (see also [21]) proposed the following modification of the Mann iteration method (1.2):

Xo € C chosen arbitrarily,
Yn = anXp + (1 — ap) Ty,
C={z€C:lyn—2zl = llxn — zll}, (1.3)
Qu={zeC: X —2z,X —x;) >0},
Xn+1 = Pcyng, (%0), 1 >0,
and proved the following.
Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let T be a nonexpansive mapping of C into
H such that F(T) # . Then F(T) is closed and convex.

Theorem BC. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let T be a nonexpansive mapping of
C into H such that F(T) # (. Then the sequence {x,},en defined by (1.3) converges strongly to z = P (xo), where Pc is the
metric projection mapping from a Hilbert space H onto a nonempty, closed and convex subset C of H.

It is worth mentioning that Scheme (1.3) involves computation of intersection of closed convex subsets C, and Q, for each
n > 1 and hence is not easy for computation.

In [23,24], Schu introduced a Mann type process to approximate fixed points of asymptotically nonexpansive mappings
defined on nonempty closed convex and bounded subsets of a Hilbert space H. More precisely, he proved the following
theorem.

Theorem JS1 (/23, Theorem 1.5, p. 409]). Let H be a Hilbert space, C a nonempty closed convex and bounded subset of H.
Let T : C — C be completely continuous asymptotically nonexpansive mapping with sequence {k,} C [1, co) for all
n>1,limk, = 1, and Zﬁil(kﬁ — 1) < oo. Let {an}p2, be a real sequence in [0, 1] satisfying the conditione < a, < 1—¢€
foralln > 1 and for some € > 0. Then the sequence {x,} generated from arbitrary x; € C by

Xnr1 = (1 — o)Xy + oy T"%,, n>1, (1.4)
converges strongly to some fixed point of T.

In [25], Rhoades extended Theorem JS1 to uniformly convex Banach spaces using a modified Ishikawa iteration method given
in [26].In[10], Osilike and Aniagbosor proved that the theorems of Schu and Rhoades remain true without the boundedness
condition imposed on C, provided that F(T) = {x € C : Tx = x} # 0.

Recently, Chang et al. [7] have proved weak convergence theorem for asymptotically nonexpansive mappings and
nonexpansive mappings. In fact, he proved that, if T is an asymptotically nonexpansive mapping with a sequence {k,} C
[1,00) and k, — 1asn — oo with a fixed point in C and {«,} is a sequence in [0; 1] satisfying the following conditions:
(i) There exist positive a integer ng and € > Osuchthat0 < e < o, < 1—€,n > ny, (ii) Z;’io(kn — 1) < o¢.Then the
Mann type iterative sequence {x,} defined by (1.4) converges weakly to some fixed point x* in C.

But it is worth mentioning that, in all the above results for asymptotically nonexpansive mappings, either compactness
assumption is imposed on the map T or the convergence is weak convergence. Our concern now is the following:

Is it possible to obtain strong convergence of Mann'’s type scheme (1.4) to a fixed point of asymptotically nonexpansive mappings
without any compactness assumption on T?

Let C be a nonempty closed convex subset of a real Hilbert space H.Let P : H — C be the projection mapping of H onto C.
A non-self-mapping T : C — H is called asymptotically nonexpansive if there exists a sequence {u,} C [0, o) with u, — 0
asn — oo such that

T(PT)" '(x) — T(PT)" ' (y) < A+ po)llx —yll, ¥x,yeC, n>1.

The concept of non-self asymptotically nonexpansive mappings as an important generalization of asymptotically
nonexpansive self-mappings was introduced by Chidume et al. [8] and studied by many other authors (see, e.g., [27,28]).

In [8], Chidume et al. proved that, if T : C — H is a completely continuous and asymptotically nonexpansive mapping with
asequence {uy} C [0, 0o) suchthat ) p, < oo,and F(T) # @and {on} C (0, 1) isasequence suchthate < 1—a, < 1—¢
foralln > 1 and some € > 0. Then for an arbitrary point x; € C, the sequence {x,} defined by

X1 €C,  Xpp1 = P((1 — ap)xy + anTPT)" " 'x,), Vn>1
converges strongly to some fixed point of T.
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Recently, Zhou et al. [29] have introduced the following: a mapping T : C — H is called asymptotically nonexpansive if
there exists a sequence {u,} C [0, co0) with u, — 0asn — oo such that

[IPT)'(x) — (PT)"() < (1 + po)llx —yll, Vx,yeC, n=>1. (1.5)

In [29], Zhou et al. proved that, if T, T, : C — H are two weakly inward and asymptotically nonexpansive mappings with

sequences {u,ﬂ”}, {pb,ﬂz)} C [1, 00), Zﬁil ,ur(ll) < 00, Zﬁil ,uflz) < oo, respectively and {x,} C C is a sequence defined by

X1 €C,  Xpy1 = onXn + Ba(PT1)"%n + ¥a(PT2)"xn, VN > 1

where {«,,}, {8}, and {y,} are three sequences in [¢, 1 — €] satisfying o, + B, + y» = 1for some € > 0, then {x,} converges
strongly to a common fixed point of T; and T, provided that one of the T; or T, is completely continuous and F(T;) NF(T;) # 0.

But it is worth mentioning that all convergence results for non-self asymptotically nonexpansive mappings and hence
non-self nonexpansive mappings requires compactness type assumption, completely continuous, on T or on C. Our second
concern is the following: Is it possible to obtain convergence of Mann'’s iteration scheme to a fixed point of class of asymptotically
nonexpansive and hence nonexpansive mappings without the requirement of compactness type assumption?

Let C be a closed convex subset of a real Hilbert space H. A mapping T : C — C is said to be generalized asymptotically
nonexpansive if there exist {u,}, {v,} C [0, 00) asn — oo such that u,, v, — 0 satisfying the following inequality:

IT"% = T"y[l < [Ix =yl + pallx = yll + v, ¥x,y €C, (1.6)

and T is said to be generalized asymptotically quasi-nonexpansive if there exist {u,}, {v,} C [0, co) such that u,, v, — 0as
n — oo satisfying the following inequality:

I(PT)"x — x*|| < llx — x*|| + pallx — X"l + v, Vx € C, x* € F(T).

The class of generalized asymptotically nonexpansive mappings was introduced by Shahzad and Zegeye [11]. It is clear from
the definition that a generalized asymptotically nonexpansive mappings include the class asymptotically nonexpansive
mappings. In [11], Shahzad and Zegeye proved thatif T; fori € I = {1, 2, ..., N} are uniformly L-Lipschitzian generalized

asymptotically quasi-nonexpansive self mappings of C with F := ﬂ?’;l F(T;) # @, then implicit Mann's type scheme
given by:
X €C,  Xp=apXp1 + (1 — o) Tfxe, ¥n>1,

wheren = (kK — N 4+ i, Ty = Tymoany = Ti, i € I and {a,} C [8, 1 — 8] for some 6 > 0, converges strongly to a common
fixed point of the mappings {T; : i = 1, 2, ..., N} provided that one of the mappings T; is semi-compact.

Itis our purpose, in this paper to prove strong convergence of Mann’s type scheme to a common fixed point of finite family
of generalized asymptotically nonexpansive mappings provided that the interior of common fixed points is nonempty. No
compactness assumption is imposed either on at least one of the mappings or on C. Moreover, computation of closed and
convex set C, for each n > 1 is not required. Consequently, the above concerns are answered in the affirmative in Hilbert
space setting. The results obtained in this paper improve the results of Theorem IS, Theorem MC and improve the results of
Osilike and Aniagbosor [10], Chang et al. [7], Chidume et al. [8], Zhou et al. [29] in a Hilbert space settings.

In the sequel we shall need the following definition and lemmas.

Let H be a real Hilbert space. The function ¢ : H x H — R defined by

P y) = llx = yl* = x> = 2(x,y) + lyl* forx,y € E, (1.7)

is studied by Alber [30], Kamimura and Takahashi [31] and Reich [32].
It is obvious from the definition of the function ¢ that

(xll = yD* < ¢x.y) < (Ix]| + llylD)* forx,y € E. (1.8)
The function ¢ has also the following property:
¢, x) =z, x)+¢(y,z) +2(z—y,x—2z) forallx,y,z €E. (1.9)

Let K be a nonempty subset of a Hilbert space H. For x € K, the inward set of x, I (x), is defined by I (x) := {x + A(u — x) :
ue K,A > 1}. Amapping T : K — H is called weakly inward if Tx € cl[Ix(x)] for all x € K, where cl[Ix(x)] denotes the
closure of the inward set. Every self-map is trivially weakly inward.

In what follows we shall make use of the following.

Lemma 1.1. Let H be a Hilbert space. Then forallx,y € Hand o;, € [0, 1] fori=1,2,...,nsuchthat g+ o1+ -+op, = 1
the following equality holds:

n

2 2 2

lotoxo + cr1xs + -+ + anxall> = D aillxill> = Y eyl — x>
i=0

0<i,j<n
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Proof.
llotoxo + - - - + OéanHZ {atoXg + - - - + anXy, clgXo + - - - + apXp)
= o [Ixl1” + - - - + apl|xall?
+ 2apa1Re(xg, x1) + 2apaaRe(xq, x2) + - - - + 2c0anRe(xo, xn)
4+ 2a105Re(xq, X2) + 2a13Re(xq, x3) + - - - + 201nRe(xq, xp)

+ 2an—lanRe<Xn—1 ) Xn)
2 2 2 2
= aqllXoll” 4 - - - + o llxnl

2 2 2 2 2 2
gt ol + It 12 = l1xo = %1112 + -+ + o ol + 112 = %o — ]

2 2 2 2 2 2
oIl + Il = lxi = xal2] 4+ + aran| Il + Ixall2 = lx1 = o]

o a1t 0112 + Il = a1 = ]
= aollxoll* + -+ anlal?

— aoa X0 — X1 [1* = - - — @oenllXo — Xull?

— 105X = X )? = - — arenlX — Xl

— 010 || Xn—1 — Xp ”2
n
=Y aillxl® = Y el — x>

i=0 0<i,j<n
Hence the conclusion holds. O
Lemma 1.2 ([33]). Let {a,}, {B,} and {o,,} be sequences of nonnegative real numbers satisfying the following relation:

nt1 < (1+ Bp)ay + o, 1 =1y,

where, ng is some nonnegative integer. If Y B, < 0o and Y _ o, < oo. Then, lim,_, » a, exists.

Lemma 1.3 ([34]). Let H be a real Hilbert space and C be a nonempty closed convex subset of H with P as a metric projection.
Let T : C — E be a mapping satisfying weakly inward condition. Then F(PT) = F(T).

2. Main results

Theorem 2.1. Let H be a real Hilbert space; C a closed convex nonempty subset of H. Let T; : C — H, fori = 1,2,...,N,
be weakly inward continuous generalized asymptotically nonexpansive mappings with sequences {,u,@ } and {v,(,l)} such that
D et W < o, D et W < oofori = 1,2,...,N defined as in (1.6) and the interior of F := ﬂf; F(T;)) # @. Let
{ozf}f’:(, be such that € < a; < 1 — € for some € > 0 such that Z,N:O a; = 1. Starting from an arbitrary xo € C, define {x,,} by

Xnp1 = doXy + a1 (PT) "%y + - - - + any(PTy)"x,, Vn > 1. (2.1)
Then, {x,} converges strongly to a common fixed point of {T, T, ..., Ty}.
Proof. Let x* € F.Llet u, = max{u,(f), i=1,2,...,N}and v, := min{v,(,i) :i=1,2,...,N}. Then, from (2.1) and
Lemma 1.1 we have that
[Xni1 — X1 = llotoXn + 1 (PT1)"xq + - - - + ay (PTy) "% — X*|1?
lleto (Xn — X*) + 01 ((PT1)"xq — (PT1)"X*) 4 - - - + o (PTy) "%y — (PTy)"x") |1?
aollxn — X" ||+ [|(PT1)"xn — (PT)"x" | + -+ + || (PTy)"xn — (PT)""||?
— o1 [[Xa — (PT)"%, 1> — cto0t2 [|Xn — (PT2)"Xal|* — - - - — atoan [ X0 — (PT)"xa|?
aollXn — x*I1* + oy (14 p) lXn — X% 4+ -+ an (1 + ) 20 — X*I|> + Ny,
— g % — (PT1)"a|> — otz % — (PT2)"Xall> — - = ctoaty %o — (PT))"X 1
(1+ o) %0 — X[ 4 Nvo — atgaty [|Xn — (PTy)" x|
— gz |[xn — (PT2)"xa||* — - - - — ctooun [[Xn — (PT1)" Xy 1

< (1T + p)llx;s — X*|| + Nvy.

IA

IA

IA
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So by Lemma 1.2 we conclude that lim,_ . ||Xx, — x*| exists and hence {x,}, {(PT1)"x,}, {(PT>)"}, ..., {(PTy)"x,}
are bounded.
Furthermore, from (1.9) we also have that,

O, X1) = ¢ Xny1, Xn) + (D, Xnp1) + 2(Xnt1 — P, Xn — Xng1)-
This implies that

1

1
(s = DX = Xnt) + 301, X0) = 5 (9B, 30) = BB X11))- 24)

Moreover, since the interior of F is nonempty, there exists p* € F and r > 0 such that (p* + rh) € F, whenever | h| < 1.
Thus, from (2.3) and (2.4) we get that

1 1
0 < (Xp11— @* +rh), x, — Xny1) + 5¢(Xn+1» Xn) + E(Mﬂn + Nvy), (2.5)
for some M > 0. Then from (2.5) and (2.4) we obtain that

1 1
r{h, Xn — Xp1) < Xng1 — P\ X0 — Xnp1) + 5¢(Xn+l,xn) + E(Mllvn + Nvy)

1 1

E((p(p*a Xn) - ¢(p*, Xn+])) + E(Mpbn + N\)n),
and hence

1

My + Nvp).
2r

1
(h,Xn — Xn41) < ;((P(P*, Xn) = P(D", Xny1)) +

Since h with ||h|| < 1is arbitrary, we have
1 1
1% — xni1ll < E((t’(p*, Xn) — o(p*, Xni1)) + E(Mﬂn + Nvp).
So, if n > m, then we get that

”Xm - xn” = ”Xm — Xm+1 +Xm+1 — s — Xp—1 + Xn—1 — xn”
n—1
< D lxi—xigall
i=m

1 =] 1 =t
< oo D @0 x) = 0" i) + 5 3 i+ Nw)

n—1

1 . . 1
> @07 Xm) = @* x) + 5 Y (Mpsi + Nu). (2.6)

i=m

But we know that {¢(p*, x,) }converges, > u, < oo and > v, < oo. Therefore, we obtain from (2.6) that {x,} is a Cauchy
sequence. Since H is complete there exists x* € H such that

X, — X" € H. (2.7)

Thus, since {x,} is subset of C, where C is closed and convex we have that x* € C.
Moreover, from (2.2) and the fact that € < «; foreachi € {= 1,2, ..., N}, we get that

€ llxq — (PT) "Xl + - -+ + € [1%n — (PTN)"Xnll < [Ixn — X*[I* = |Xns1 — X* I + 14aM + Ny
so that

€ xa = PTY xall + -+ € Y %0 — (PTy)"xall < [Ix1 = %*|* + Y (M + Nvp) < 00. (28)

n>1 n>1 n>1

Thus, we get that
lim ||x, — (PT;)"x,|| =0 foreachi=1,2,...,N. (2.9)
n—oo

Furthermore, we claim that ||x,+1 — X,|| = 0asn — oo. In fact, from (2.1) we have that

%41 — Xnll = Il ((PT1)"%n — xn) + -+ - + an ((PTN) "X — %) |
< oq[|(PT)"xn — Xnll + - - - + an [|(PT)"xn — X . (2.10)
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Hence, it follows from (2.9) that

|X+1 — Xall = 0 asn — oo. (2.11)
Then from the fact that T; is generalized asymptotically nonexpansive, for eachi € {1, 2, ..., N}, we get that

%0 = PT)Xull < [1%0 = Xnall + %01 = PT)™ Xy [l + | (PTD" otnir — (PT)™ | + 1T 30 — (PT)xa |

1
< M1 = Xall + (X1 — (PT)™ X

+ (1 fng ) [Xnp1 = Xall + Vg1 + 1 (PT)™ %y — (PT)X, |l (2.12)
It follows from (2.9), (2.11), (2.12) and continuity of T; and hence PT; that
lim |Ix, — (PTi)xy|l = 0. (2.13)
n—oo

Thus, since x, — x* as n — oo and PT; is continuous we obtain that x* € F(PT;). Furthermore, by Lemma 1.3 we get that
X" € F(T;) foreachi € {1, 2, ..., N}. Therefore, we get that x* € ﬂfV:] F(T;). The proof is complete. O

We now give an example of generalized asymptotically nonexpansive mappings with interior of F(T) # #.

Example. Let C := [}, 1] and define T : C — C by
2l Q)] x< (o]
—|sin| - )|, x€(0, —
2 X b4
B
X, xe|—,0].
T

-1

Then clearly, T is continuous and F(T) = [=!,0]. Moreover, following the method in [35] we obtain that T"x — 0,

uniformly, for each x € (0, 1 ]. Furthermore, we observe that T"x = x for each x € [}, 0]. Now, for each fixed n, define

fax, y) =T = T"| — [x—y|, forx,y € C.Set v, := supy ycc fu(X,y) v 0. Then compactness of C gives that for eachn € N
there exists X;, ¥, € C such that v, = sup, yec fu(®,¥) V 0 = fy(Xn, ¥n) V 0 = (IT"%y — T"yu| — |xn — yu|) V 0. Then, since

T(x) =

n n n . 1 -1
(T, —T"yy) — X0 — Yn) = T"%n — X, ifx, € O,; »Yn € 770 s
. 1
vn = T"% — T"al — [Xp — Yul < AT"%p] + |T"ynl, ifXn,yn € <0, 7T:| ,

) -1
[Xn — Yl — X0 — Yl if Xp, yn € [n,o],

we obtain that lim, ., v, = 0 and [T"x — T"y| < |x — y| 4+ v, which implies that |[T"x — T"y| < |x — y| 4+ unlx — ¥| + vy
for u, — 0asn — oo. This shows that T is continuous generalized asymptotically nonexpansive mapping with interior of
F(T) = (Z,0) #4.
If in Theorem 2.1, we assume that N = 1 we obtain the following corollary.
Corollary 2.2. Let H be areal Hilbert pace; C a closed convex nonempty subsetof H.Let T : C — H, be weakly inward continuous
generalized asymptotically nonexpansive mapping with sequences {u,} and {v,} such that anl Un < OO, anl v, < oo and
the interior of F(T) # (. Let {oz,-}f:0 be such that € < o; < 1 — € for some € > 0 such that Zf;o o; = 1. Starting from an
arbitrary xy € C, define {x,} by

X1 = 0oXy + a1 (PT)"'x,, Vn > 1. (2.14)
Then, {x,} converges strongly to a fixed point of Tj.

Proof. Put T = Ty = T, = --- = Ty. Then Eq. (2.1) reduces to Eq. (2.14) and hence the conclusion follows from
Theorem 2.1. O

Ifin Theorem 2.1, we assume that T;, fori = 1, 2, ..., N, are asymptotically nonexpansive we obtain the following corollary.
Corollary 2.3. Let H be a real Hilbert pace; C a closed convex nonempty subset of H.Let T; : C — H, fori=1,2,...,N, be
weakly inward asymptotically nonexpansive mappings with sequences {u,ﬂ') } such that anl M,(f) <oofori=1,2,...,Nand

the interior of F := (., F(T;) # . Let {a;}Y, be such that € < &; < 1 — € for some € > 0 such that "\ ; o; = 1. Starting
from an arbitrary xo € C, define {x,} by

Xny1 = oXn + a1 (PT1)"xp + 02 (PT2) "%, + - - - + an(PTy) "X, Vn > 1.

Then, {x,} converges strongly to a common fixed point of {Ty, T, ..., Ty}.
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Proof. Since every asymptotically nonexpansive is continuous generalized asymptotically nonexpansive with v, := 0 for
all n > 1, the proof follows from Theorem 2.1. O

If in Theorem 2.1, we assume that T;, fori = 1, 2, ..., N, are self mappings then we obtain the following corollary.

Corollary 2.4. Let C a closed convex nonempty subset of a real Hilbertpace H. Let T; : C — C fori= 1,2,..., N, be continuous
generalized asymptotically nonexpansive mappings with sequences {/1,(1')} and {v,g')} such that an] Mﬁ,') < 00, an] vr(,') < 00
fori=1,2,..., N and the interior of F := ﬂf’:] F(T;) # . Let {a,-},“:O be such that € < a; < 1 — € for some € > 0 such that

Zi'\’:o o; = 1. Starting from an arbitrary xo € C, define {x,} by
Xny1 = 0oXn + o1 Ti%n + a2 Tyxy + -+ - + anTyxp, Vn > 1.

Then, {x,} converges strongly to a common fixed point of {T1, T, ..., Tn}.

Theorem 2.5. Let H be a real Hilbert pace; C a closed convex nonempty subset of H. Let T; : C — H, fori = 1,2,...,N, be
weakly inward nonexpansive mappings with the interior of F := ﬂf": LE(Ty) # 0. Let {oz,-}f’=O be such that € < o; < 1 — € for
some € > 0 such that Z?I:o o; = 1. Starting from an arbitrary xo € C, define {x,,} by

Xn+1 :aOXn+a1(PT1)xn+a2(PT2)xn+"'+aN(PTN)Xm vn > 1. (2-]5)
Then, {x,} converges strongly to a common fixed point of {Ty, T, ..., Tn}.
Proof. Following the method of proof of Theorem 2.1 we obtain the required assertion. O

If in Theorem 2.5, we assume that T;, fori = 1, 2, ..., N, are self mappings then we obtain the following corollary.

Corollary 2.6. Let H be a real Hilbert pace; C a closed convex nonempty subset of H. Let T; : C — C,fori = 1,2,...,N, be
nonexpansive mappings with the interior of F = ﬂf\’:] F(T;) # 0. Let {a;}}, be such that € < a; < 1 — € for some € > 0 such
that Z?I:O o; = 1. Starting from an arbitrary xo € C, define {x,,} by

Xnt1 = ooXp + o1 Tixp + o Toxp + - - - + anTnx,, Vn > 1. (2.16)
Then, {x,} converges strongly to a common fixed point of {T, T, ..., Ty}.

If in Theorem 2.5, we assume that N = 1 we obtain the following corollary.

Corollary 2.7. Let H be a real Hilbert pace; C a closed convex nonempty subset of H. Let T : C — H, be weakly inward
nonexpansive mappings with the interior of F(T) # (. Let {a,—}iZ:O be such that ¢ < o; < 1 — € for some € > 0 such that

21‘2:0 «; = 1. Starting from an arbitrary xo € C, define {x,,} by
Xnt1 = 0oXn + @1 (PT)xn, Vn > 1. (2.17)

Then, {x,} converges strongly to a fixed point of T.

Remark 2.8. Our results extend and unify most of the results that have been proved for this important class of nonlinear
mappings. In particular, Theorem 2.1 extends Theorem ]S1 of Schu [23], Theorem MC of Nakajo and Takahashi [22]in the
sense that our convergence does not require either T be completely continuous or computation of C, for each n > 1. The
compactness assumption imposed either on T or on C, to get strong convergence, in the results of Osilike and Aniagbosor [10],
Chang et al. [7], Chidume et al. [8], Zhou et al. [29] are not required. Our results provide affirmative answer to the concerns
raised above.
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