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Abstract

In this paper we are concerned with the maximum principle for quasi-linear backward stochastic partial
differential equations (BSPDEs for short) of parabolic type. We first prove the existence and uniqueness
of the weak solution to quasi-linear BSPDEs with the null Dirichlet condition on the lateral boundary.
Then using the De Giorgi iteration scheme, we establish the maximum estimates and the global maximum
principle for quasi-linear BSPDEs. To study the local regularity of weak solutions, we also prove a local
maximum principle for the backward stochastic parabolic De Giorgi class.
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1. Introduction

In this paper we investigate the following quasi-linear BSPDE:

—du(t, x) = 3y, (a" (t, x)qu(t, x) + o7 (1, )07 (1, %)) + b (t, )3 u(t, x)
+c(t, ut,x)+ " (t, x)v" (¢, x)+ g(t, x,u(t,x), Vu(t, x), v(t, x))
+ijfj(t,x,u(t,x),Vu(t,x),v(t,x))]dt (L.1)
—v" @, x)dW, (t,x)eQ:=[0,T]x O;

u(T,x)=G(x), xeO.

Here and in the following we use Einstein’s summation convention, 7' € (0, co) is a fixed de-
terministic terminal time, @ C R” is a bounded domain with 0 € C!, V = (Oxyy .-y Oy,) iS
the gradient operator in R” and W, := (Wl, ..., W™, t €[0,T] is an m-dimensional standard
Brownian motion in the filtered probability space (£2,.%, (%;);>0, P). A solution of BSPDE
(1.1) is a pair of random fields (u, v) defined on £2 x [0, T'] x O such that (1.1) holds in a weak
sense (see Definition 2.2).

The study of backward stochastic partial differential equations (BSPDEs) can be dated back
about thirty years ago (see Bensoussan [2] and Pardoux [18]). They arise in many applica-
tions of probability theory and stochastic processes, for instance in the nonlinear filtering and
stochastic control theory for processes with incomplete information, as an adjoint equation of
the Duncan—Mortensen—Zakai filtration equation (for instance, see [2,13,14,22,25,26]). In the
dynamic programming theory, some nonlinear BSPDEs as the so-called backward stochastic
Hamilton—Jacobi—Bellman equations, are also introduced in the study of non-Markovian control
problems (see Peng [19] and Englezos and Karatzas [11]).

Using the technique of Moser’s iteration, Aronson and Serrin proved the maximum principle
and local bound of weak solutions for deterministic quasi-linear parabolic equations (see [1,
Theorems 1 and 2]), which are stated in the backward form as the following two theorems.

Theorem 1.1. Let u be a weak solution of a quasi-linear parabolic equation
—0iu = Oy, (t, x,u, Vu) + B(t, x,u, Vu) (1.2)

in the bounded cylinder Q = (0, T) x O C R such that u < M on the parabolic boundary
(0, T] x 00) U ({T} x O). Then almost everywhere in Q

u<M+CE(A, B)

where the constant C depends only on T, |O| and the structure terms of the equation, while
B (o, B) is expressed in terms of some quantities related to the coefficients </ and A.

Theorem 1.2. Let u be a weak solution of (1.2) in Q. Suppose that the set Q3, is contained
in Q. Then almost everywhere in Q, we have

|14(1‘7 x)| < C(p_(n+2)/2||MI|W2(Q(3p)) + 0’81, %’))
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where the constant C depends only on p and the structure terms of (1.2), Q) := (t,t + ,02) X
B, (%), 0 € (0, 1) is one of the structure terms of (1.2) and E1(/, PB) is expressed in terms of
some quantities related to the coefficients &/ and HB. In particular, weak solutions of (1.2) must
be locally essentially bounded.

The maximum principle is a powerful tool to study the regularity of solutions, and constitutes
a beautiful chapter of the classical theory of deterministic second-order elliptic and parabolic
partial differential equations. In contrast to the deterministic one, the stochastic maximum prin-
ciple has just caused an attention only recently. We note that Denis and Matoussi [6], and Denis,
Matoussi, and Stoica [7] gave a stochastic version of Aronson and Serrin’s above results, and
obtained via Moser’s iteration scheme a stochastic maximum principle, which claims an L” es-
timate for the time and space maximal norm of weak solutions to forward quasi-linear stochastic
partial differential equations (SPDEs). Any stochastic maximum principle seems to be lacking
for backward ones in the literature, which then becomes quite interesting to know.

In this paper, we concern the maximum principle of a weak solution to BSPDE (1.1). Using the
De Giorgi iteration scheme, we establish the global maximum principle and the local bounded-
ness theorem for quasi-linear BSPDE (1.1), which include the above two theorems as particular
cases. As highlighted by the classical theory of deterministic parabolic PDEs, our stochastic
maximum principle for BSPDEs is expected to be used in the study of Holder continuity of the
solutions of BSPDEs and further in the study of more general quasi-linear BSPDEs.

It is worth noting that our estimates for weak solutions are uniform with respect to w € 2.
In contrast to Denis, Matoussi, and Stoica’s L? estimate (p € (2, 00)) for the time and space
maximal norm of weak solutions of (forward) quasi-linear SPDEs, we prove an L*> estimate for
that of quasi-linear BSPDE (1.1). This distinction comes from the essential difference between
SPDEs and BSPDEs: the diffusion v in BSPDE (1.1) is endogenous, while the diffusion in the
SPDEs is exogenous, which makes impossible any L°° estimate for a forward SPDE due to
the active white noise. On the other hand, indeed, the technique of Moser’s iteration can also
be used to study the behavior of weak solutions of BSPDE (1.1) and to obtain the global and
local maximum principles. However, as the De Giorgi iteration scheme works for the degenerate
parabolic case, we prefer De Giorgi’s method in this paper and leave the application of Moser’s
method as an exercise to the interested reader.

Many works have been devoted to the linear and semi-linear BSPDEs either in the whole
space or in a domain (see, for instance, [8,10,9,13,23,25,26]). A theory of solvability of quasi-
linear BSPDE:s is recently established in an abstract framework in Qiu and Tang [21]. However,
it is prevailing in these works to assume that the coefficients b, ¢ and ¢ are essentially bounded.
To inherit in our stochastic maximum principle the general structure of admitting the unbounded
coefficients b and c in the deterministic maximum principle, we prove by approximation in Sec-
tion 4 the existence and uniqueness result (Theorem 4.1) for the weak solution to the quasi-linear
BSPDE (1.1) with the null Dirichlet condition on the lateral boundary, under a new rather general
framework. This result is invoked to prove Proposition 4.3 as the It6’s formula for the compo-
sition of solutions of BSDE:s into a class of time—space smooth functions, which is the starting
point of the De Giorgi scheme in the proof of subsequent stochastic maximum principles.

This paper is organized as follows. In Section 2, we set notations, hypotheses and the notion of
the weak solution to BSPDE (1.1). In Section 3, we prepare several auxiliary results, including a
generalized It6 formula, which will be used to establish Proposition 4.3 below as a key step in the
study of our stochastic maximum principle. In Section 4 we prove the existence and uniqueness
of the weak solution to BSPDE (1.1). Finally, in Section 5, we establish the maximum principles
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for quasi-linear BSPDEs. In the first subsection, we use the De Giorgi iteration scheme to obtain
the global maximum principles for BSPDEs (1.1) and in the second subsection, we prove the
local maximum principle for our backward stochastic parabolic De Giorgi class.

2. Preliminaries

Let (82, .F,{%}i>0.P) be a complete filtered probability space on which is defined an m-
dimensional standard Brownian motion W = {W;: ¢ € [0, 00)} such that {.%;},>¢ is the natural
filtration generated by W and augmented by all the P-null sets in .%. We denote by & the
o-algebra of the predictable sets on £2 x [0, T'] associated with {.%;};>0.

Denote by Z the set of all the integers and by N the set of all the positive integers. Denote by
| -] and {(-,-) the norm and scalar product in a finite-dimension Hilbert space. Like in R, Rk, Rkx!
with k, [ € N, we have defined

1 1
k 3 2
x| := ( E xtz) and |y|:= (Z E ylzj) for (x, y) € RF x R¥¥!.
i=1 i=1 j

i=1 j=1

For the sake of convenience, we denote

9 9 d 2
= — an =
ST 9s ST 9sot

Let V be a Banach space equipped with norm || - ||y. For real p € (0, o00), SP(V) is the set of
all the V -valued, adapted and cadlag processes (X;):c[o0,7] such that

1/\%
1Xlsry = (E[ sup 1X05]) 7 <oo.
t€[0,7T]

It is worth noting that (57 (V), || - llsr(v)) is a Banach space for p € [1, 00) and for p € (0, 1),

dis(X, X") :== | X — X'llsr(v) is a metric of S”(V) under which S” (V) is complete.
Define the parabolic distance in R!*" as follows:

(X, Y) :=max{|r —s|'2, |x — yl},

for X := (¢, x) and Y := (s, y) € R"*". Denote by Q,(X) the ball of radius r > 0 and center
X = (t,x) € R with x e R":

0,(X):={Y eR"™: §(X,Y) <r}=(t —r’t +1%) x B.(x),
B, (x):= {yeR”: ly — x| <r},

and by |Q,(X)| the volume.

Denote by 9171 the boundary of domain /7 C R”. Throughout this paper, we assume that O is
a bounded domain of R” with 3© € C!. The set Sy := [0, T'] x 9O is called the lateral boundary
of Q and the set 3, Q := S7 U ({T'} x O) is called the parabolic boundary of Q.

For domain IT C R", we denote by C2°(IT) the totality of infinitely differentiable functions of
compact supports in I7, and the spaces like L°°(IT), L? (IT) and W*? (IT) are defined as usual
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for integer k and real number p € [1, 00). We denote by ((-,-))7 the inner product of L*(IT)
and the subscript [T will be omitted for IT = O. Set I1, :=[t, T] x II for t € [0, T). For each

integer k and real number p € [1, co), we denote by W;;p (I1;) the totality of the wk-P(IT)-
valued predictable processes u on [, T'] such that

T

iyt = (E[ /

t

1/p
[Jue(s. ')Hsvkvﬂ(n) ds:|) < 00.

Then (W;;p(ﬂt), -1 ) is a Banach space.

k,
wg? (1)

Definition 2.1. For (p,t,k) € [1,00) x [0,T) x Z, define MXP(IT,) as the totality of u €
WP (I1,) such that

wes2 selt,T]

T 1/p
Nellk,p; i1, == (esssup sup E|:f||u(w,r, ')Ha/kvp(n)dt|£{|> < 00.
A

Foru € Wf;ip (I1;), we deduce from [3, Theorem 6.3] that the process

T
{1[,,T](s)E[/||u(w, T, .)||€Vk,p(n)dr|£g], s €10, T]} e SP(R) forany B € (0, 1).

This shows that the norm || - ||, p.7, in the preceding definition makes a sense. Moreover,
(MEPTL), || - Ik, p:7,) is @ Banach space.
To simplify notations, kK = 0 appearing in either superscript or subscript of spaces or norms

will be omitted and therefore the notations W;-p 1), -1l 0. , MOP(IT,) and || - [lo, p: g, will
%P ) pilly

be abbreviated as Wgz(ﬂ,), Il - ||Wf;(n,)’ MP(IT;) and | - || p. 7, - Note that wO-P([1) = LP(I).
Moreover, we introduce the following spaces of random fields. £%°(I1;) is the totality of
ue W;(Ht) such that

lttlloo: 7, ;= esssup |u(w,s,x)| < 00.
(w,s,x)€R XTI,

L%P(IT;) is the totality of u € W4 (IT;) such that

lulloo, p:1, :=  esssup Hu(a)vsa )H ey < -
(w,s)e2x[t,T]

V2 (I,) is the totality of u € W %> (IT,) such that

1/2
ety = (M2 0. r, + 1Vul3. )" < o0 @1

V2.0(I1;), equipped with the norm (2.1), is the totality of u € V,(I1;) such that
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rlgr(l)”u(s +r, ) —u(s, .)||L2(n) =0, foralls,s+relt,T]

holds almost surely.
We denote by VZ(Q) (1.12’0(17,), W;p (I1;) and Ml’P(H,), respectively) all the random fields
u eV (Q) Waoly), W;p (IT;) and M"-P(I1,), respectively), satisfying

u(w,s,)ag =0, ae (w,5)eR2x|[t,T].

By convention, we treat elements of spaces defined above like WkP(IT) and M*P(IT;) as
functions rather than distributions or classes of equivalent functions, and if we know that a
function of this class has a modification with better properties, then we always consider this mod-
ification. For example, if u € W17 (IT) with p > n, then u has a modification lying in C* (IT) for
a € (0, %), and we always adopt the modification u € wbhr(T)y N CeT). By saying a finite

dimensional vector-valued function v := (v;);c7 belongs to a space like wk.p (IT), we mean that
each component v; belongs to the space and the norm is defined by

1/p
vl wermy = (Z ||vi||’v’vk<p(m) :
iel

For a real number M € (0, co), denote by (312\,[ the totality of ¢ € C (R"*2) such that ¢ : R x
R" x R — R is twice differentiable, ¢’(z, x, 0) = 0 for any (¢, x) € R x R" and

1 n
esssup {|¢”(t,x,s)| +m2|3xi¢/(t,x,s)|
i=1

(t,x)eRMH1 seR\{0}

1
+ s—2|8,¢(t,x,s) - 8,¢(t,x,0)|} <M,

where ¢/ (¢, x, 5) := 050 (t, x, s) and ¢” (¢, x, 5) := ds5P (¢, x, 5). Moreover we denote by Clzv’lo the
totality of u € CZZ\,I with the second-order derivatives being continuous.
Consider quasi-linear BSPDE (1.1). We define the following assumptions.

(A1) The pair of random functions

G 0 y,2): 2 x[0,T]xO—-R" and g(,-, ,9,y,2):2x[0,T]xO—R

are P Q B(O)-measurable for any (9, y,z) € R x R" x R™. There exist positive constants L, k
and B such that for all (91, y1,z1), ($2, ¥2,22) € RxR" x R"*™ and (w,t,x) € 2 x[0,T] x O

K
|f@. 1.5, 91,31 20) = f @, 1,3, 92, 72, 22)| S LI = D2l 5131 =yl + 8211 = 2al,
lg(w, 1, x, 01, y1.21) — g(w, 1, x, 92, y2, 22) | <L (191 — D2l + |y1 — 2l + |21 — 221).

(A2) The pair functions a and o are & Q B(O)-measurable. There exist positive constants
o0 > 1, A and A such that the following hold for all £ € R" and (w,t,x) € 2 x [0,T] x O
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MEP < (2aY (w,1,x) — 00 0 (w, 1, x))ETET < AlE)
|a(a), t,x)| + |a(w,t,x)| < A

and A—k —0'B>0 with Q/::—l.
Q_

(A3) G € L®(82, Fr, L*(0)). There exist two real numbers p >n +2 and q > (n +2)/2

such that

(n+2)
for= F(0o0-.0,0,00 € MP(Q),  goi=g(-.-,0,0,0) € M5t (Q),

and (b')?, (¢")?, ce M4(Q),i=1,...,n;r=1,...,m. Define
Ag:=By(b.c.6) = |IbP] .o+ licllgio + 1], - 22)

(A3)0 G € L®(R, Fr, L*(0)), fo € M*(Q), go € M*(Q) and b, 5, c € L2(Q).
(A4) There exists a nonnegative constant L such that ¢ < Ly.

For p €[2, 00), define the functional A :

p(n+2)
Ap(u,v) = lullp;g + vl IR (u,v) € MP(Q) x M2 (Q),
ptn ?
and the functional H):

Hy@u,v) = ullp:o + 0l po.  @,v) € MP(Q) x MP(Q).

Definition 2.2. A pair of processes (u, v) € W}z(Q) X W}(Q) is called a weak solution to
BSPDE (1.1) if it holds in the weak sense, i.e. for any ¢ € C2°(O) there holds almost surely

T T
lo.u) =106 = [lo. 0" @)aw; + [fo. o u). Vuts),v(s) s
t t
T
_/((8xjgo,a"f8x,-u(s) +0 7V (5) 4 [ (s, us), Vuls), v(s))) ds
t
T
+/((¢,bfax,.u(s)+cu(s>+gfu’(s)))ds, vt €0, T]. (2.3)

t

Denote by % x ¥ (G, f, g) the set of all the weak solutions (u, v) € V1,0(Q) x M?*(Q) of
BSPDE (1.1).
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Remark 2.1. Let (u,v) € W;Z(Q) X Wzy(Q) be a weak solution to BSPDE (1.1). For each
¢(t,x) =y (@)e(x) with ¢ € C°(0) and ¥ € C°(R), in view of (2.3), we have almost surely

("), u(s")) = {e (") u(s)
={e(s") = () u(s")) +{¢ (") uls") = u(s))

N s

_ 1p(s')</<(¢,g(s, u(s), Vu(s), v(s)))ds — /(((p, V() dW]

S/ S/

- /<<3x_,~<p, a'l g u(s) + 000" () + £1 (5. us). Vu(s), v(s))) ds

5"

+ /((go, biaxiu(s) +cu(s) + grvr(s)»ds)

s/

fors” =ty ands’ =t;, wherer =19 <t) <tp <---<ty=T,2<NeNandt; 1 —t;,=T/N,

i=1,2,..., N. Summing up both sides of these equations and passing to the limit, we have
almost surely

T

(e, um)={cm), G) - f (052 (s). uls))ds — / (¢ v ))aw;

t

(0, 2(5), a" B u(s) + 00" () + f1 (s, -, uls), Vu(s), v(s)))ds

+

T
/
T
+ f((;(s), b dgu(s) + cu(s) + ¢"v' (s)) ds
t
T
/((;(s), g(s. - u(s), Vu(s), v(s)))ds, Viel0,T]. (2.4)
t

Since the linear space
N
{Zwi(t)wi(X), (t,x) eRxO: NeN, (¢, ¥i) € CX(0) x CP(R), i =1,2, N}
i=1

is dense in C2°(R) ® C2°(0), under certain assumptions on the structure terms of BSPDE (1.1)
suchasa,b,c,0,¢, f and g, (2.4) holds for any test function £ € C2°(R) ® C°(O).
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Under assumptions (Al), (A2) and (A3)gp, we deduce from [21, Theorem 2.1] that there
exists a unique weak solution (u, v) € (W};(Q) NSZ(L2(0))) x W}(Q), which admits L2(0)-
valued continuous trajectories for u, and which is also said to satisfy the null Dirichlet condition
on the lateral boundary since u vanishes in a generalized sense on the boundary dO. Denote by
U x V (G, f, g) all the random fields lying in % x ¥ (G, f, g) which satisfy the null Dirichlet
boundary condition.

3. Auxiliary results

In what follows, C > 0 is a constant which may vary from line to line and C(aj, a,...) is a
constant to depend on the parameters ay, az, .. ..
First, we give the following embedding lemma.

2(n+2)

Lemma 3.1. For u € Vz(H,) witht € [0, T), we have u € M~ (I1;) and

+2 2/(n+2
lullzwsn . < COOIVUS T esssup [u(, s, )] 500, < COOlullvym,.

(w,5)€2x[1,T]
Proof. By the well-known Gagliard—Nirenberg inequality (cf. [12,15] or [17]), we have

o)

|u@. 5.4y < CIVu@, 5,975 1 Jut@.s. )|L2(17) , ae (w,5)€Rx[t,T],

where « =n/(n +2) and g = 2(n + 2)/n. Integrating on [z, T] for t € [¢, T') and taking condi-
tional expectations on both sides, we obtain almost surely

E|:/|u(s,x)|quds|3‘}:| <CIVul,;  esssup ||u(w,s,.)||(Ll;(j;))q
(0,5)e2x[1,T]

q
<Clully -

Therefore, u € M (Ht) and

+2 2/(n+2)
lull2ws, p < CUVully gt esssup  Jutw, s, )75 < Cllullvya,

(w,5)€2%[t,T]
with C only depending onn. 0O
Lemma 3.2. For any r e R and u € V5 o(I1;) with t € [0, T) we have
w—r)"i=@—r)v0eVo(l).
Moreover, if {ux, k € N} is a Cauchy sequence in V> o(I1;) with limit u € V o(I1;), then
=0.

Jim [ =" =@ =nTy, g,
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Proof. It can be checked that (u — r)* € V2 (IT;). Since
| —rt —@—rF<lu—vl,

then we have
H u—rt+h) —u-— r)+(s)HL2(n) < ”u(s +h) — ”(S)”LZ(H)’ Vs, s+heltT]

Hence, the continuity of u implies that of (u — r)*. The other assertions follow in a similar way.
We complete our proof. O

In contrast to Lebesgue’s integral, the integrand of Itd’s stochastic integral is required to be
adapted, and the technique of Steklov time average (see [16, p. 100]) finds difficulty in our
stochastic situation. We directly establish some Itd formula to get around the difficulty.

Lemma 3.3. Let ¢ € Ci,}o and assume that the equation

T T
u(t,x)=u(T,x)+ /(ho(s,x) + Bxihi(s,x)) ds — fzr(s,x)dW;, tel0,T], (3.1

t t

holds in the weak sense of Definition 2.2, where u(T) € L2, Fr, L2(O); Wi € W;(Q), i=
0,1,...,n;and z € Wé(Q). Ifue W}z(Q) N S2(L?(0)), we have almost surely

T
/¢(t,x,u(t,x))dx=/¢(T,x,u(T,x))dx—//8s¢(s,x,u(s,x))dxds
(@] O t O

T T

- / (6/(5. ~ u(s)). 2" ()} W, + / (6 (5. - u()). 1)) ds

t t
T

— /((qb”(s, L 1(5)) 3y u(s) + 3y, @' (s, -, u(s)), h' (s)) ds
t

T
1

-5 19w,

t

2)|*)ds, Vie[o,T1. (3.2)

Remark 3.1. Lemma 3.3 is more general than both It6 formulas of [7] and [20] since our test
function ¢ is allowed to depend on both time and space variables. The extension is motivated by
the subsequent study of the local maximum principle where It6 formula for truncated solutions
of BSPDE:s is required.

Proof of Lemma 3.3. All the integrals in (3.2) are well defined. In particular, the stochastic
integral
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t

1(1) = /((d)’(s, L u(s)), 2 (9))dw], 1€[0,T]

0

is a martingale since

’

te[0,T]

z<s>|>>|2ds)1/2]

S CM|lulls220p Izllwz, (0)-

E[ sup |10)]] <CE|:</|<(|¢>/(S,-,M(S))

We extend the random fields u, 10, k!, ..., h" and z from their domain £ x [0,T] x Oto 2 x
[0, T] x R" by setting them all to be zero outside O, and we still use themselves to denote their
respective extensions. Since u satisfies the null Dirichlet condition on the lateral boundary and
90 e C!, wehaveu € W};([O, T] x R™). It is obvious that all the extensions ho, Kl ... k" and
z liein W2.([0, T] x R™).

Step 1. Consider h' € W;Z(O), i=1,2,...,n. Choose a sufficiently large positive integer
Ny so that {x € O: dis(x,90) > 1/Np} is a nonempty sub-domain of O. For integer N > N,
define

oV .= {x € O: dis(x,00) > 1/N}.

Let p € CZ°(R") be a nonnegative function such that

supp(p) C B1(0) and /p(x)dx =1.

Rn
Define for each positive integer k,
pk(x) := 2Nk)" p(2Nkx), up(s, x) :=u(s) * p(x) 1= / Pr(x — y)u(s, y)dy.
]er
In a similar way, we write
(s, x) i=2(s) % pr(x) and (s, x):=h'(s) % pp(x), i=1,2,...,n.

Then for each x € OV, we have almost surely

T T
up(t,x) =ur(T, x) + /(axih};(s,x) —+ hg(s,x)) ds — /zi(s,x)dWSr, vVt €0, T].

t t

By using It6 formula for each x € OV and then integrating over O with respect to x, we obtain
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T
/¢(r,x,uk(t,x))dx=/¢(T,x,uk(T,x))dx—//8S¢(s,x,uk(s,x))dxds
ON ON t ON

+ [ (' (s. - ur (), K2 (®)) o ds

+ [ {#'(s. - uk(9)). 9y, e (8)) o ds

/
j

()" ds

T
1
=5 J16 ).
t

T

- [ ). Gl awe. 33

t

For the sake of convenience, we define

Spi (t, x) := ¢>(t,x, u(t,x)) — d)(t,x, uk(t,x)),

Sup(t,x) :=u(t,x) —ur(t,x)

and in a similar way, we define 8¢, 8¢/, Shf{ and 8z;,i=0,1,...,nm;r=1,...,m.
Since for almost all (w, s) € 2 x [0, T]

”“k(“”S)lei(Rn) S ”“(“”S)HWLZ(R")’ kl_ifgo||‘3“k(w’s)||wl~2(lkn) -0

109 2y < 190 e Jim 35860l 3y = O

109 Dy < @ Dy 05 ey = 0. i= 1.2,
|2k (@, s)||L2(]R”) < lz(w, 5) HLZ(R”)’ khj;o”‘szk(wv S)||L2(R”) — 0,

by Lebesgue’s dominated convergence theorem, we have as k — oo

n
; 2 2 2
Z ”‘Sh;c(s) ” W 57 ([0,T]xR") + ||6h2(s) ” W2 ([0, T]xR") + ”‘Szk(s) ” W2 ([0.T]xR")

i=1

2
+ 81 L2012 = 0

T T
E|:/ /|6¢k(t,x)|dx dt:| < EU M{Jue )|+ u (o). |8uk(t)|))dt:| =0,
0 O 0



2448 J. Qiu, S. Tang / Journal of Functional Analysis 262 (2012) 2436-2480

T
E|:/ ’¢’(s,x, uk(s,x))axih};(s,x) —¢/(s. x, u(s,x))axihi(s,x)|dx dsi|
0 Rn
T
< E[/ (M|S8ui (s, x)dx, hip (s, x)| + M|u(s, x)||dy, (6h2)(s,x)|)dxds:| — 0,
0 R

n
i=1,...,n
and

T -

E|:f/|¢’(s,x,uk(s,x))h2(s,x) —d)’(s,x,u(s,x))ho(s,x)|dxds
0

R® |
T
<E[f f(Mlauk(s,x)hg(s,x)i+M;u(s,x)||ah2(s,x)|)dxds 0.
0 Rn |

Since the convergence

k]in;o ||8I/lk||WL1;([0,T]><R”) =0

implies that uy(w, t, x) converges to u(w, t, x) in measure d P ® dt ® dx, from the dominated
convergence theorem we conclude that

T
klim E|://|85qb(s,x,uk(s,x)) — 8s¢>(s,x,u(s,x))|dxds:| =0.
00

In a similar way, we obtain

T
E|://}¢>”(s,x,u(s,x))|z(s,x)|2 —¢”(s,x,uk(s,x))|zk(s,x)}2|dxds:| -0
00

and

T

Z /((p/(s, x, up(s, X)) 2 (s, x) — @' (s, x, u(s, x))2" (s, x)) dx dW/

r=17% Rn
1/2
2
ds) :|

|

< CE|:( / (5. . k(). 2 ) — (¢ (5. u()). 2(5))
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T

< CE[(f(HSMk(S)Hiz(Rﬂ)

0

z(s) H i2(Rn) + ”“k(s) HZLZ(R”)

1/2
82k (s) iZ(Rn)) ds) ]

—0 ask— oo.

Hence taking limits in L! (£2 x [0, T], &) as k — oo on both sides of (3.3) and noting the path-
wise continuity of u, we have almost surely

T
/qb(t,x,u(t,x))dx:/¢>(T,x,u(T,x))dx—//8;¢(s,x,u(s,x))dxds
ON ON t ON

+ [ (' (s. -, u(), B2)) ow ds

e— T

+ [ (@ (s u())., 05,1 () o ds
! T
3 16766k 0 Pl s
t
T
- /((qb/(s, L u(s)), 2" () ond W], Vte[0,T]. (3.4)

t

Passing to the limit in L'(£2 x[0,T], 2) by letting N — oo on both sides of (3.4), in view of
the path-wise continuity of # and the integration-by-parts formula, we conclude (3.2).

Step 2. For the general h' € W;(Q), we choose sequences {h};}, {z;} and {uy} from S2(R) ®
C2°(O) such that

n
Jim { ;uah; lw2, o) + 182k llwz, (o) + 18ukllyyrz g, + 84 (0) ||L2(O)} =0.

Consider
t
iu(t,x)=u(,x)+ /(All(s, x)+ 8xiﬁi(s, x) — h0s, x)) ds
0
t
+/z’(s,x)dWS’, tel0,T] (3.5)
0
with

hi(s,x) = —0y u(s, x) — h (s, x).
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From Remark 2.1 and [5, Theorem 2.1], there are unique weak solutions u € W}z(Q) N
S2(L*(0)) to SPDE (3.5) in the sense of [5, Definition 1] or equivalently [7, Definition 4]),

and u* € W}Z(Q) N SZ(LZ(O)) to SPDE (3.5) with u(0, x), z(s, x) and /’Nli(s, x) being replaced
by u (0, x), zk (s, x) and

i (s, x) i= —8gup(s,x) —hi(s,x), k=1,2,....

Then we deduce from [5, Propositions 6 and 7, and Theorem 9] that uk e W;;Z(Q) N W;Z(Q) N
S2(L*(0)) and

i [ a2+ 1o el gz}

n
<ck1ingo{||5uk||wé(g)+||3Zk||WLz¢(Q)+||5uk(0)||L2(O)+;||ah;||wé(g) =0 (3.6
1=l

with the constant C being independent of k. For each k, by Step 1 we have

fd)(t,x, uk(t,x)) dx
@

T
=/¢(T,x,uk(T,x))dx—//Bsd)(s,x,uk(s,x))dxds
O (@]

t
T
+ /((df(s, : uk(s)),hg(s)))ds
t
T
+ / (67 (5. (5)) Byt (5) 4 81,8 (5. -, 14 (5)) . B ¥ () s
t
T
+ f(((b”(s, . uk(s))axiuk(s) + 0,9 (s, uk(s)), flf{(s)))ds
t
X T T
=5 [16 G ). ) Phas = [/t ). 00}

t t

forall t € [0, T], P-a.s. By taking limits as k — 0o, we complete our proof. O
Rewritting (3.1) into

t t

u(t,x):u(o,x)+/(Au(s,x)+ax,iz"(s,x)—ho(s,x))ds+/z’(s,x)dwf
0 0
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with
R (s, x):= — 0y, u(s, x) — h (s, x),
we obtain

Lemma 3.4. Let ¢ € Cy;" with ¢/(s, x,r) < M for any (s,x,r) € R x R" x R and (3.1) hold
in the weak sense of Definition 2.2 with u(T) € L*(22, Zr, L*(0)), z€ W%(Q), h' € W%(Q),
i=1,...,nand h® € WL(Q). Ifu € W5*(Q) N S2(L2(O)), then (3.2) holds almost surely.

The proof is very similar to that of [6, Proposition 2] and is omitted here. The only difference
lies in the fact that Lemma 3.3 instead of [7, Lemma 7] is used.
Through a standard procedure we obtain by Lemma 3.3 the following

Lemma 3.5. Let ¢ € Cy,. If the function u in (3.1) belongs to W 3*(Q) N S2(L*(Q)) with u* €
W};Z(Q), we have almost surely

T

/d)(t,x, ut(t,x))dx + % /((qb”(s, Lut(s)),
@

t

2(9)[)ds

T
=f¢(T,x,u+(T,x))dx—//8s¢(s,x,u+(s,x))dxds
O t O

+ [ (s, ut (), h“(s)) ds

T
/
T
- /«q&”(s, . u+(s))3xiu+(s) + Bxl.¢’(s, “ u+(s)), hi’”(s)»ds
t
T
/((¢’(s, Lut (), 2 ())dWw], t€[0,T] (3.7)
t

with
R= 1k, i=0,1,...,n
and

=10z, r=1,...,m; = ().

Remark 3.2. Note that the assumption u™* € W};(Q) does not imply that u vanishes in a gener-
alized sense on the boundary 0O and therefore Lemma 3.3 cannot be applied directly to get the
corresponding equation (3.1) for u™.
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Sketch of the proof. Step 1. For k € N, define

0, se(—oo,%];
82 (s — 13, se, 2
Y (s) = Yr(s) = 2’((s——)z %(s—%wﬁ, se (. &l; (3.8)
- PP -3, s € (7. s
s — 5, s € (2, 400).

Then the assumptions on u™ imply that ¥ (1) € WL;(Q)

Take ¢ € C°(O) and set ¥ := @u. Then ¥ € Wf (Q). Since (3.1) holds in the weak sense
of Definition 2.2, we have almost surely for any & € C (0)

T

(£, ou®) ={&. ou(m))+ / (£, 0h0(s) — 3y oh! ()] ds

t
T T
—/((ax,.s,w(s)))ds—/((s,qazr(s)))dwg, vt €0, T].
t t

Hence, there holds

T
Y (t,x)=V(T,x)+ /[(p(x)ho(s, x) — g, (R (s, %) + 3y, (9O (5, %)) ] ds

t

T

—/w(X)z’(s,x)dW{, tel0,T]

t

in the weak sense of Definition 2.2.
For ¢ € C°(0), by Lemma 3.3 we have almost surely

T
/ " »y(s)

—(y(¥(D)).§) + / (¥ )6, oh0(s)) ds — / (05, (G (¥ ())0). 1 (5)) ds

(v (7)), §)+ *)ds

NIH

T
- f((w/(”ﬁ(s))sﬁ, 07" (5))dW!, Vte[0,T]. 3.9)
t
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Choosing ¢ such that ¢ = 1 in an open subset O’ € O (i.e., O’ C O) and supp(¢) C O', we have
almost surely

T

5. v o))+ 5 [16.0" (W) ) as

t
T

= e v (D)} + [ 159 o o)ds

t
T

- [l v o). H@las = [l v/ )< @aw;

t

T
(@, v (u(m)) +/ "(u())h°(s)) ds

T T

_ / (3.9 (u(s))2 () W] — / (95,3 ¥ (u(s)) 1 (5)) ds

t
T

- /((@, v (u(s))dxu(s)h' (s))ds, ¥t el0,T].

t

Since ¢ is arbitrary, we have

T T
1
1ﬁ(bt(t,x))=1//(M(T,JC))+/lﬂ/(u(s,X))ho(S,)C)ds—5/lﬂ”(bt(s,x))|z(s,)€)|2ds
t t

T
—/W’(u(s,x))zr(s,x)dWsr —/w"(u(s,x))Bxiu(s,x)hi(s,x)ds
t t

T

+ / Ay, (¥ (u(s, x))h (s, x)) ds (3.10)

t

holds in the weak sense of Definition 2.2.
Step 2. It is sufficient to prove (3.7) holds for test functions ¢ of bounded first and second
derivatives. Since (3.10) holds for ¢ =y, k=1,2,..., in view of Lemma 3.4 we obtain

T

[ otex o)) x5 1976y @) [y o) o s
@

t

=f¢(T,x,zpk(u(T,x)))dx+/((¢/(s,-,wk(u(s))),w,@(u(s))ho»“(s)))ds
(@] t
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T

- / / 03 (5. x, Y (u(s, x))) dx ds — % / (6 (5. v (). ¥ (u(s)) |2 [P)ds
O

t t

T
- / (6'(5. - W () ). Y () By (VI (5)) s

T

- / (@" (s i (u(®))) W (u()) B, u(s) + ;@' (5, - Y (u(5)) ), Yri (u(s)) 4 (s)) ds

T

= 186 o). Vi) o

t

holds almost surely for all ¢ € [0, T']. From properties of ¢, we have ¢'(z, x,r) < M|r| for any
(t,x,r)€[0,T] x O x R. It follows that for any (s, x) € [0, T] x O,

[ (s x. Y (ue s, 00) ) (s, 0) | < M (s, 0) [0 ()|
M 4k

< w —
S5k X 3 1[%,%](u(s,x))
éMl[%’%](u(s,x)). (3.12)
On the other hand, we check that limy_s oo ||V (1) — | w20 = 0. Therefore, by the dominated
F

convergence theorem and taking limits in L! ([0, T]x 82, Z,R) on both sides of (3.11), we prove
our assertion. [

4. Solvability of Eq. (1.1)
Theorem 4.1. Let assumptions (A1)—(A3) be satisfied and {h, i =0,1,...,n} C M?(Q).

Then % x "/7(G, f+h g+ KO (with h := (hL, ..., h™)) admits one and only one element (u, v)
which satisfies the following estimate

lullvyio) + Wl < CIGH (o2, 1200y + Ap(fos g0) + Ho(h 1)), (4.1
where C is a constant depending on n, p,q,k, A, B8, 0, Ao, T, |O| and L.
Proof. Step 1. Let (A3)g be satisfied. From [21, Theorem 2.1], there is a unique weak solution

(u, v) € (W5 (Q) N S2(L*(0))) x WE(Q) to Eq. (1.1).
We have

Claim ():  (u,v) € % x ¥V (G, f +h, g+ h°)

which will be proved in Step 2.
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By Lemma 3.3, we have almost surely

T
200+ [ 10605
t

T
=1Gl72 0, + 2/((u(s), bl o u(s) + cu(s) + c"v" (s) + h0(s)) ds

t
T

—2[((8x_,u(S),aij8xiu(S)+0j’v’(s)+fj(s, L u(s), Vu(s), v(s)) + h' (s))ds
t
T T

- 2/((u(s), v (s))dw;] +2/((u(s), g(s. - uls), Vu(s), v(s)))ds (4.2)

t t

for all ¢t € [0, T]. Therefore, we obtain that almost surely

T
E[Ilumlliz(@) + [ 10Ol dslﬁ,:|
t

T

= E[||G||i2(0)|%] + 2E[/((u(s), (s, uls), Vu(s), v(s))))ds\f,:|
t

+2FE ((u(s), biaxiu(s) +cu(s) + v (s) + ho(s)>>ds|9t:|

—2E| [ (8,u(s). a" dgu(s) + o/ v (s)

T
/
r T
/
+ (s, uls), Vu(s), v(s)) + hj(s))>ds|¢%:|, Vvt €[0,T]. 4.3)

Using the Lipschitz condition and Holder inequality, we have the three estimates:
T
2E [ / (). () — (8x,u(s), h' (5))) ds |<%}
t

T
<] [T+ I+ 10 9000 )|
t

(4.4)



2456 J. Qiu, S. Tang / Journal of Functional Analysis 262 (2012) 2436-2480

T

esssup sup 2E|:/((u(s), g(s,-,u(s),Vu(s),v(s))))ds}ﬁ,j|
weR t€,T] !
T
<esssup sup 2E|:/<<u(s), go(s)+L(|u(s)|+|Vu(s)|+|v(s)|)))ds}9,:|
we2 et T]

2 2 2
<ellVuldo, +etllvlde, + Cle et Dlul3e,
T

+esssup sup 2E|:/((|u(s)

wef2 telt,T]

3

go(S)}))dSIf%}

1_1
2 2 2 I
<ellVulio, + €103, + Cle.er. L) ull},0, + 210177 llgoll susr o ]l 202 o
n P’ n ’

1_1
2 2 2 7275
<elVuly o, +eilvlo, +Cleer Do, +emIO 7 gl o Iy,
n P’

<el|Vulg.p, +eillvlz.e, + Cle.er, L)lul3.o, +8lul}y 0,

+C (8.1, p. 1211800 502 ) 4.5)
n+2+4p> -t
and
T
esssup sup 2E /((u(s), b’ (5)dy,u(s) + c(s) u(s) + s (W' (9))ds|.F:
wes2 telt,T)
T
T
<(e7'+ 8;]) esssup sup E|:/((]b(s)‘2 + )|+ [s(s) 2 uz(s)))ds|fr:|
weR 1€, T]
T
2 2
+ellVul3.o, +e1lvli3 o,
<ellVull3 o, +elvllz o, + (67 +671) By by e o) lully
g=1"1
_ — 2(1—
<ellVulyo, +e1llvlyo, + (7" +e1") Byboe. lull i ) Null3le”
<e|Vul3p, +1lvi3p,
_ _ 2 2(1—
+ (e o) By (b, e, ) (COullvyo,) llulzig®  (by Lemma 3.1)
<ellVull3.o, +eillvlz.e, + 81l o,
1, -1 o0
+CG,n, (e +&1)Byb,c, )| ullz.0, (4.6)
with o := % € (0, 1) and the three positive small parameters &, €1 and § waiting to be deter-

mined later. Also, there exists a constant § > ¢’ = Q’%l such that A —x — 86 > 0 and
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T
—E[/Z((iju(s), aijaxiu(s) + o/ (s) + f/ (s, u(s), Vu(s), v(s))))ds|flj|
t

T

E|:/ (Bx,u(s), Zaij(s)—onr(s)oir(s))axiu(s)))ds|§,:|

T
£ [1e0 15

t

+

| =

T

+ 2E[/((|Vu(s)|, Llu(s)| + §|Vu(s)| +B3|(s)| + |f0(s)|))ds|ﬁ,}

t

T
—(h—k—BO— 8)E|:/||Vu(s)||iz(0) ds|£2,} +C@lfol30,
t

T T
1 1
+ (5 + 5)E|:/||v(s)||iz(o) ds|3§i| +Cle, L)E[/Hu(s)”iz(o) dsL%}
t t

T
—(h— K — O — 8)E|:/”Vu(s)H2L2(O) ds\%}
t

T
C(é‘, |Q|7 p’L)=E|:/”u(S)HiZ(O) ds}ﬂt:| + ”fO”??,O,}
t

T

1 1 2

+ (5 + 5>E|:/||v(s)||Lz(O) ds|e%:|, Vi €[0,T] as. “.7)
t

Choosing ¢ and ¢ to be small enough, we get

2 2
lul}, 0, + 0130,
T

< 3esssup sup { ”“(T)”iz(O) + E|:f(||Vu(s)||iz(O) + ||v(s)||iz(o))ds|ffr:| }

wes2 telt,T]
T

2 2 0|2

n+2+p’

T
+8||u||%,2(@t)+C(6,n,q,Ao)/||u||%,2(o)ds+c(8 n, . 1) 1801 s O}
t
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with the constant C; being independent of 6. Then by choosing § to be so small that C16 < 1/2,
we obtain

2 2
lull3, 0, + 0130,

T
CUIG w7, 12000 + / Nl o, ds + [Ap(fo. g0)|” + |Ha(h hO) [} (4.8)
t

Thus, it follows from Gronwall inequality that

11,0,y + V150, < {IIGIILOO(Q 75120y T [Ap(fo. g0)|” + [Ha(h. 1) @9

with the constant C depending on 7', L, Ag, A, B, k, 0,71, p,q and |Q|.
Step 2. We prove Claim (x). It is sufficient to prove (u, v) € Vz 0(Q) x ./\/lz(Q) Like (4.4)
and (4.7), we have

T
0+ ] [ 100857
t

T

= E[IG1720) 7] +2E[/<(u(S), g(s. - uls), Vu(s), v(S))))dS|<%}

t

T
+2E |:/((u(s), b 3y u(s) + cu(s) + ¢ v (s) + ho(s)))ds|§,:|

t
T
—2E[f<<8X./”(S)vaijaxiu(s)+0V T (s)
t

+ £/ (s, S u(s), Vu(s), v(s)) +h! (s)))ds|ﬂ,:|

T
ik — B0 —8)E|:/||Vu(s)”i2(o)ds|§,:|
Tt
+ G + % +8>E|:/||v(s)||iz(o) ds|5f,]
t
E[IG122.0,| 7] + C@) (| Ha(fo. 80) | + | Ha(h, h°) )

T
+ C(S’)‘" 137’(7 Qv L’ |||b”|£oc(Q)’ ||C||£OO(Q), |||§”|[:°°(Q))E|:/”u(s)”iZ(O) ds|jti|

(4.10)
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with the positive constant ¢ waiting to be determined later. Letting & be small enough, we have
almost surely

T
e+ | [ 19000+ 1005
13

T
<168 0., 0+ 0 400+ 2] a1 ||
t

for all ¢ € [0, T']. Then, by Gronwall inequality we obtain

T
2 2 2
esan sup s+ | [0+ o) i |

<CIGI w0, 5, 120y T+ [H2(fo. g0) >+ | Ha (. 1)}

with the constant C depending on A, B,«,0, L, T, |Ibllz(g), liclzegys ISl zo()- Hence,
(u,v) e Vz,o(Q) x M2(Q). We complete the proof of Claim (x).

Step 3. Now we consider the general case of assumption (A3). The existence of the solution
can be shown by approximation. As p > n + 2 and M?(Q) C M?(Q), fo € M*(Q). We ap-
proximate the functions b, ¢, ¢ and g by

b :=blyp<ky,  cri=clyeghy, Sk i=¢ljci<ky and gk =g—g0 —i—glé, “4.11)

with gé = gol{jgI<k}- Then we have
Jim By (b — by, ¢ = ek, ¢ = 6i) + A, (0, g0 — £5) =0,

Let (ug, vr) € Vz,o(Q) X MZ(Q) be the unique weak solution to (1.1) with (b, c, ¢, f, g) being
replaced by (bg, ¢k, sk, f + h, gk + hO). Then by estimate (4.9), there exists a positive constant
Co such that

sup{ [l I3, gy + e 13 o} < Co.
keN

For k, [ € N, the pair of random fields (ug;, vi;) := (ux — u;, vg — V) € Vz,o(Q) x M2(Q) is the
weak solution to the following BSPDE:
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—duy(t,x) = [3x_, (ai'j(l‘,x)axiukl(l‘,x) + Ujr(f,x)v;i[(f,x)) +b£(f, x)0x; g (1, Xx)
+ e (t, up (t, x) + g (¢, x)vp, (2, x)

b (1, X0 ug (1, ) + cia (2, Dy (1, %) + 6 (0, XV (1, %)

(k, 1) + gui(t, %, ure (t, ), Vug (£, x), v (¢, X))
3, F (. x up (1,3), Vug (1, x), v (t, x)) | di
—vy(t,x)dW/, (t,x)eQ:=[0,T]xO;
upy(T,x)=0, xe€O
with
fut.x, RY,Z) = f(t,.x, R+u(t,x),Y + Vut,x), Z + v (t, x))
—f(t,x,ul(t,x),Vul(t,x),vl(t,x)),
gult,x, R, Y, Z) = gh(t,x, R+ui(t,x),Y + Vuy(t,x), Z + v (t, x))
- gl (t, x,up(t,x), Vu(t, x), v (t, x)),
(bits crts Gkt x) = (b — by, cx — 1, Sk — 1) (8, X).
Since

T

esssup sup 2E|:/(<uk1(s), b;;,ax,.u,(s) + crui(s) + vy (s)))ds‘ﬁ‘}:|

wesf2 telt,T]
T

T
<28 'esssup sup E|:/((|bkl(s)|2 + |err ()] + [sri(s)

wes2 telt,T]

2, u,%l (s))) ds |ﬂ'}:|
+E(IVurl3.o, + Ivil3.0,)

<E(llurl3 gy + i3, o) + 287" By (b, cua, gk»nukln%,a

_ __ _2q
< ECo+ 8llurtl}y o, + CG.n,q)|e™" By (bar, et su) | lluwa |30,  (by Lemma 3.1),

in a similar way to the derivation of (4.8), we obtain

ki 13,0, + 10ri13.00,
T
_ 2 __ _2q
<Cie+ }Ap(O,glé - gé)! +(1+1]z "B, (bu, cus §k1)|2"””2)/ IIMkIII%;Z(ox)dS]
t
which, by Gronwall inequality, implies

ekt 3,y + vril3.

2
<CE+[4p(0, g5 — gh) ) exp[T (1 + |~ By bus, e, | 772)] @12)
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with the constant C being independent of k, [ and €. By choosing € to be small and then k and
[ to be sufficiently large, we conclude that (uk, vi) is a Cauchy sequence in V2 0(0) x M2(Q).
Passing to the limit, we check that the limit (u, v) € U x 7/(G f+h,g+h%. In view of
estimate (4.9) we prove estimate (4.1).

Step 4. It remains to prove the uniqueness. Assume that (u’, v’ ) and (u,v) are two weak

solutions in V2 0(0) x M2(Q). Then their difference (i1, V) := (u —u', v—7') € U x 7/(0 .8
with

ft.x,RY,Z):= f(t.x, R+u'(t,x),Y + Vu'(t,x), Z+ (1, %))
— f(t,x,u'(t,x), Vi (t,x),0' (2, x)),

gt,x,R, Y, Z):= g(t, X, R+u'(t,x),Y +Vu'(t,x), Z+'(t, x))
— g(t, x,u'(t,x), Vu'(t, x),V(t, x)).

Since fo =0, go =0 and u(T) = 0, we deduce from (4.9) that u = 0 and v = 0. The proof is
complete. O

Remark 4.1. On the basis of the monotone operator theory, Qiu and Tang [21] established a the-
ory of solvability for quasi-linear BSPDEs in an abstract framework. However even for the linear

case (f, g) = (fo, go), assumptions (A1)—(A3) go beyond the framework of Qiu and Tang [21]
since our b, ¢, and ¢ may be unbounded.

Corollary 4.2. Let assumptions (A1)—(A3) be true, {h', i =0, 1,...,n} C M*(Q) and (u, v) €
U XV (G, f+h,g+h") withh:=h',...,h"). Let p € CZZV}O. Then we have almost surely

T

/q‘) t x, u(t, x) dx+ / // s, ,M(S) ’U(S)| >>

t
T
:/qb(T,x,G(x))dx—//&@(s,x,u(s,x))dxds
O O

t

+ /(((ﬁ/(s, L u(s)), b 3y, u(s) + cu(s) + v (s) + ho(s)»ds
t
T

+ /((qb/(s, ; u(s)), g(s, S u(s), Vu(s), v(s))))ds
r
T

- /((qb”(s, L u(s)) 0y u(s) + o, ¢’ (s, -, u(s)), ajii)xju(s) + 0" (s)

t

+ f (s, - u(s), Vu(s), v(s)) + hi(s)))ds
T

- f((d)/(s, L u()), v ())dW], Viel0,T]. (4.13)

t
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The proof of Corollary 4.2 is rather standard and is sketched below.

Sketch of the proof. First, one can check that all the terms involved in our assertion is well
defined. Similar to the proof of Theorem 4.1, we still approximate (b, c, ¢, g) by (bx, ck, Sk, gk)
which is defined in (4.11). By Theorem 4.1, there is a unique weak solution (ug, vx) € Vz,o(Q) X
M?(Q) to BSPDE (1.1) with (b, c, ¢, f, g) being replaced by (b, cx, ¢k, f + h, g5 + h°). Then
by Lemma 3.3, we have for each k € N,

T

1
/qb(t,x,uk(t,x)) dx + E/((qb”(s, - uk(s)),
@]

t

vk(s)|2>>ds

T
:/¢(T,x,G(x))dx—/f&@(s,x,uk(s,x))dxds
(@] t O

T
+ /((4“(& i (5)), b, ur () + e ur(s) + v () + h0(s)) ds
t
T
+/<<¢/(57'v“k(s))ygk(s, ~ uk (), Vug(s), vi(s))) ds
t
T
- [19/ 6 ). ) aws
t
T
B / (6" (s, - i (9))Bx 10k (9) + 35 @' (5, -, ur (5)), @/ 0k () + 0" v (s)

t

+ F(s, - u (), Vur(s), ve(s)) + h' (s)) ds (4.14)

almost surely for all ¢ € [0, T']. On the other hand, from the proof of Theorem 4.1 it follows that

lim {[lu — ullv,c0) + lv — vellz; 0} =0.

k— 00

Hence passing to the limit in L' (£2,.%) and taking into account the path-wise continuity of u,
we prove our assertion. [

We have

Proposition 4.3. Let assumptions (A1)—(A3) be satisfied, {h', i =0,1,...,n} C M*(Q) and
U, v) €U XV (G, f+h, g +h0) withh := (h", ..., ") and ut € V2,0(Q). Let ¢ € C3;". Then,
with probability 1, the following relation
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T

/d)(t,x,u"'(t,x))dx—i—%/((d)"(s,',u"'(s)),

@ t

v (s)|*) ds

T
=/¢(T,x,G+(x))dx—//asqb(s,x,qu(s,x))dxds
O t O

T

— /((¢//(s, ; u+(s))3xiu+(s) + 8xi¢/(s, . u+(s)), aji(s)8xju+(s)
1

+ 0" ($)v"" (s) + £ (s))ds
T

+ /((q&’(s, L ut(5)), b () ut (s) +c()ut(s) + ¢ ()" (s))ds
13
T

T
+f<(¢/(s,-,u+(s)),g"(s)>)ds—/((d)/(s, Lut (), v () dW]
t

t

holds almost surely for all t € [0, T] where

8" (5. %) 1= Li(s.0): us.0)>0) (5, ) (hO(s, %) + g (5, %, u(s, x), Vu(s, x), v(s, x)));
FH0s,x) 1= 1) usn =0y (8, ) (R (s,%) + f1 (s, %, u(s, x), Vu(s, x), v(s, x))),

i=0,1,...,n;
and

v = (vl’”, o vm’”), V(s x) 1= L) u(s,0)=01 (s, )V (s,x), r=1,...,m.

The proof is very similar to that of Lemma 3.5 and is omitted here. The main difference lies
in Step 1 where we use Corollary 4.2 instead of Lemma 3.3.

5. The maximum principles
5.1. The global case

Theorem 5.1. Let assumptions (A1)—(A4) hold. Assume that (u,v) € V2,0(Q) X M2(Q) is a
weak solution of (1.1). Then we have

ess sup ui(a), t,x)
(w,t,x)ENRXQ

< C{ esssup  ut(w,t,x) + A,(fo, g5) + Hui”z_Q} ()*
(0,1,x)€2 %3, 0 '

where C is a constant depending on n, p, q,«, A, B, 0, Ag, Lo, T, |O| and L.
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Remark 5.1. By the inequality ess sup(,,  v)e@xg,0 4" (@, 1, %) < L1, we mean that (u — L1)* €
“}Q’O(Q) and with probability 1, for any ¢ € C2°(0), there holds

tim (. (u() — L1) ") =0.

Remark 5.2. In Theorem 5.1, assume further that

ess sup |u(a),t,x)| <L <o0.
(w,1,x)€2 %3, 0

We have u € £°°(Q) and
lulloo: 0 < C{L1 + Ap(fo. 80) + llull2; 0} (5.1
where C is a constant depending on n, p, q, k, A, B, 0, Ag, Lo, T, |O] and L.

We start the proof of Theorem 5.1 with borrowing the following lemma either from [4,
Lemma 1.2, Chapter 6] or from [15, Lemma 5.6, Chapter 2].

Lemma 5.2. Let {ax: k=0, 1,2,...} be a sequence of nonnegative numbers satisfying
a1 < Cobfal ™, k=0,1,2,...

where b > 1, § > 0 and Cy is a positive constant. Then if

we have limy_, oo ar = 0.

Sketch of the proof. We use the induction principle. It is sufficient to prove the following asser-
tion:

@<=, k=012,..., (5.2)

with the parameter v > 1 waiting to be determined later. It is obvious for k£ = 0 that (5.2) holds.
Assume that (5.2) holds for k = r. Then we have

1+8 rgd
% 80 Cob’d

r 148 r — 270

ar+1 < Cob a,"" < Cob <l)r> = rtl pré=1-"

Taking v = bs > 1, we obtain

o
pr+l !

w1 < o = o
V+1\vr+1 o0voy =
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Corollary 5.3. Let ¢ : [rg, 00) — R be a nonnegative and decreasing function. Moreover, there
exist constants C1 > 0, o > 0 and ¢ > 1 such that for any l > r > ry,

P () < P(r)°.
(- )"‘
Then for
el L
|¢(ro>| 2%=
we have ¢ (ro +d) =
Sketch of the proof. Define
ry:=ro+d— > k=0,1,2,....
Then
C 2(k+l)a
(i) < — ¢<k)4“— G

In view of our assumption on d, since

Cc2¢
d

S
Ty - 1)2

1
1 o a
$(ro) < 90—( ) 2T =dIC, ¢

we deduce from Lemma 5.2 that limg_, oo ¢ (rx+1) =0. O

Lot

Proof of Theorem 5.1. Assume that Ly = 0, or else we consider i(t, x) := e~ u(t, x) instead

of u. First to prove ()T, it is sufficient to prove our theorem for the case

esssup  ut(w,t,x) < oo.
(w,t,x)€2x0,Q

Then for k > esssup(, ; vye@xa,o 4 (@, 1, %), we have (u —k, v) € % x V(G —k, f*, g") with

(5 &) . t,x, R, Y, Z) == (f, )@, t,x, R+ Kk, Y, Z) + (0, c(w, 1, x)k)

for (w,t,x,R,Y,Z) € 2 x[0,T] x O x R x R" x R™. From Proposition 4.3, we have almost
surely

T

/|(u(t,x) —k)+|2dx+/HUk(S)||iz(o) ds

(@) t

= —2/(<3xj (u(s) — k)+, a3y u(s) + o’ v (s)

t
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+ (Y (s, (uis) = k)T, Vuls), vi(9)) ds
T

+2/ () = k)" b0 us) +c(u(s) = k)" + s v () ds
t

T

+ 2f<<(u(s) — k)", 5 (s, -, (uls) = k)T, Vuls), vi(s))) ds

t

T

—~ 2/<<(u(s) — k)" ()W, Viel0,T]

t

with v := vl,~. Therefore, we have

T
/|(u(l,x) — k) [Pdx + E|:/||vk(s)||i2(o) ds|33tj|
t

@)
T

= —2E[/((ax_, (u(s) —k)*, ad,u(s) + o/ vy (s)

t

+ (fk)j(s, . (u(s) — k)+, Vu(s), vk(s))>)ds|9’,:|

~ T

+2E / () = k)T b0 u(s) + c(uts) — k) + grv;m))dslgzj
=1

- T

+2E /(((u(s)—k)+,g"(s,-,(u(s)—k)*,Vu(s),vk(s))))ds|ﬁ,], as.  (5.3)

=t

Note that
T
esssup sup 2E|:/<<(u(s) — k)+,g16(s)))ds|ﬁfi|
2 telt,T] J
1_1
< 2|| (g§)+| psd. o, “ (u— k)+| 2142). \{u > k}|;,(§t (Holder inequality)
n p’ n_ -t ’
1-2
<= 0" s o, + CON) g2, 110 > Kb,

1-2
<8 =b" [, + €62 D(Ap(fo ) +R) >R, G
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T

esssup sup 2E |:/(((u(s) - k)+, bl o, u(s) + c(uls) — k)Jr + §’v,€(s)>>ds|fri|
weR 1€, T] !
T
< C(g)ess s-élp st E|:/<<|b(s)|2 + |e(s)| + |5(s)|27 |(u(s) — k)+|2>>ds|ffr:|
we telt, T

+e(|Vu =0T |30, + 106130,)

<[V =07 [0, + lul.0,) +CE) A0 —k>+szqu;o,

<e(|V —k)+||2 o, +Iull3.0,) + 8] =k 2(n+2) 0,
+C@8,n,q.¢ Ao)|u —k)+||2;ot, (5.5)
and
T
ot [ivtec -0 ol
t
- T
<¢E /Hv u(s) — HLz(@ ds|F +C(a)E[/”fglpk(s)uiz(o)ds@}
t

1-2
<eE / [V = 0) [0, 4517 |+ C@ =001 750,

<[ [ 1) [} 0,ds] 7

1-2
+Cle.p. LY(|Ap(fo. 8 +K) | > k)| 0.0, as. (5.6)

where ¢ and § are two positive parameters waiting to be determined later and

{u >k}, .0, "= €sssup sup E[|O: N {u > k}||.Z].
2  telnT]

In a similar way to (4.5) and (4.7) in the proof of Theorem 4.1, we obtain from (5.4) and (5.6)
that with probability 1, for all # € [0, T']

T
_2E|:/<(8xj (Lt(S) —k)+’aiJBXiu(s) +G/r r(s)
t

+ (fk)j (s, . (u(s) — k)+, Vu(s), vk(s))))dslﬁt]
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T
<—(A—Kk—PBO— a)E[va(u(s) - k)+||iz(o) ds|<%j|
t
T
1 1 2 —~
(5 5)e] Il et ]
t

T
ree e [1e =971
t

T

+2E[/(IV<u<s> -1, !fé‘(s)l)dsl%}

t

T
<—(h—k—pBo— 28)E|:/HV(14(S) - k)*”iz(o) ds]%]
t
T
1 1 2 —~
(5 5>E|:/||vk(s)||L2(O) ds|,/,:|
t

T
+C(, L)E [/ | (u(s) —k)* ||22(<9) ds|ff,:|
t

+Ce. p (| Ap (for )P+ (> k|0 2

2
oo a 5.7
and

T
esssup sup 2F

[/(((u(s) —k)*. g5 (s, () — k) F. Vo), vk(s))))ds|§ir:|
2 telt,T]

T

<e|Va -0, + el + Cleer. | @ =0t 0,
T

+esssup sup 2E|:/(<(u(s) —k)+,g§(s)>>ds|frj|
2 telt,T) J

<e|Vu— "3, + el o, + Cle.er. D @ -0t
+ 8] (—0*

1-2
T, + CL. 8. p)(|Ap (fo. &)+ K) [l > K0,

where 6, ¢, g1 and § are four positive parameters such that

(5.8)

1
9>L>1, —+—-+e+e <1 and A—k—pBO—4s>0.
o—1 e 0
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Combining (5.3), (5.5), (5.7) and (5.8), we have

l@ =" 5 0, + 106130,

<cle@lw—b* e, +8l @ =0 w0
1-2
+CO (|1 A4p(fo. 88) [+ (u > k)] &, )+ (5:9)

where C is a constant independent of 7 and 6.
2(n+2
By Lemma 3.1, V5 9(O;) is continuously embedded into M o (O,). That is

Jw—y*]

@20: < C” (u — k)+ ||V2(Ot).

Therefore, choosing § to be small enough, we obtain

1-2
[ = 0" [P, < €l =0 [0, +C(1Ap (fo. 83)* +5) [t > K] 5,

< C(IT = 1]|0) 7 || — k)|

2

A4d). o,
1-2

+ C(|Al’(f0’ g(—)i_)|2 + k2)|{” > k}|oo;€9z'

Choosing #1 € [0, T) such that C(|T — 1 ||O|)ﬁ < %, we get

1=2
[ =0 s, < (145 (o 83) +R) = K]0,

where the constant C does not depend on ¢;.
Define

v:R—>R, W(h)z‘{u>h}‘oo;(9tl‘
Since for any h > k,
=" R o, = = 0% = 1] o,

taking k > A, (fo, gg) we have

2

(h —k)?

1-2

¥ (h)i? < Yk

which implies

Ck*

TETTAAN (5.10)

v(h) <
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where @ = 242 and 7 = W > 0. Take k; = k(2 —271),1=0,1,2, .... Then from

o

¥ (ki) < Lwn‘*é
TS kg — k) '

it follows that
¥ (ki1) < C24UH Dy () 172,

By Lemma 5.2, there exists a constant 6y = 90(6,5) > 0, such that if ¥ (ko) < 6o,
lim;_, oo ¥ (k;) = 0. Note that ko = k and V¥ (ko) = [{u > k}|00;0,l .
Taking

_1
k= esssup u+(w,S,x)+Ap(f0,g(J)r)+902||“+||2~(9,’
(w,5,x)€2x3,0 o

we have

1 2 1
k2 Z %”u-’_”Z;O” > %kzl{u > k}}oo;o,l

which implies
Vo) =|(u> k)| o, <o
Hence, ¥ (ko) = 0. Since koo = 2k, we obtain

esssup  u(w,s,x) <2k
(w,5,x)€R2x Oy,

_1
= 2{ esssup  ut(w,5, %)+ Ap(fo.80) +6, 2 ||u+||2'Q}'
(w,5,x)€2%3p0 '

As T — t; only depends on the structure terms like n, A, k, 8, 0, p, ¢, L, A, |O| and T, by in-
duction, we get estimate ().
In a similar way, we prove estimate (x)~. We complete our proof. O

Theorem 5.4. Let assumptions (Al)—(A4) be satisfied and (u,v) € V2,0(Q) x M*(Q) be a
weak solution of (1.1). If Lo = 0 and with probability 1

f@t,x,r,0,0)= f(¢,x,0,0) and g(t,x,r,0,0) aredecreasinginr e R  (5.11)
for all (t,x) € [0, T] x R", then we assert
ess sup ui(a),t,x)

(w,t,x)eNRXQ

1 1
< esssup  uF(w,1,x)+CA,(fo,g5)IOITr (xx) T
(w,1,x)€2x3,0

with the constant C only depending onn, p,q,«, 7, 8,0, T, Ag and L.
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Proof. We use De Giorgi iteration and the notations in the proof of Theorem 5.1. Similar to the
proof of (5.4) and (5.6), under condition (5.11), we have for each t € [0, T'],

T

esssup sup ZE[/(((u(s) —k)+,g](§(s))>ds|frj|

Q  relt,T]

T

<esssup sup 2E|:/(((u(s) —k)+,go(s)))ds|5‘}:|
2 el T] J

_2

<l -kt |z<n+2> .0, T CO|A(fo. g |{u>k}| 0, (5.12)

and almost surely

T

2E[ U9t - )7

t

k(s)|>>ds|?,:|

- T

2] [119(0 -7 Lol

=1

N

eE /||v u(s) — }|L2(O)ds|f,} +C©)| A (for 8| | tu >k}|<>o bh.o (5.13)

Hence instead of (5.10), we obtain

ClAp(fo.g)I*

h < k 1+5‘.
Y (h) U — k) Y (k)
1 1

By Corollary 5.3, for any 6 > CA,(fo. & )|(9,1 |"+27 7, we have

{u > esssup  ut(wt, x)+90” —0, (5.14)
(@.1,X)€2 %8, Q 00; O
which implies
1 1

sup  u< sup  ut+CAp(fo.85)I0, |72 F (5.15)

(cu,t,x)E.QXO,l (w,1,x)€R2%3,Q

where the constant C depends only on n, A, p, q, B, k, 0, Ag and L. As T — t; only depends on
the structure terms, by induction, we get estimate (x*)* where the constant C also depends on 7.
In a similar way, we obtain estimate (xx)~. We complete the proof. O
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Remark 5.3. In Theorem 5.4, we can dispense with the assumptions that Ly = 0 and the function
r > g(t,x,r,0,0) decreases in r, by considering the function #(z, x) := ez(“‘LO)’u(l, x) instead
of u.

Corollary 5.5. Let assumptions (A1)—(A4) be satisfied with Lo = 0. Let the two pair (f, g') and
(f, gz) satisfy condition (5.11) in Theorem 5.4. Assume that G! and G2 are two random variables
in L®(2, Fr, L*(O)). Let (u;,vi) € % x V(G', f.g"), i = 1,2 and (u; — uz)* € V1,0(Q).
Then if G!' < G? dP ® dx-a.e. and gl(a),t,x, uz, Vi, v2) < gz(a), t,x,u2,Vuy,v2),dP ®
dt @ dx-a.e., we have uj(w,t,x) <ur(w,t,x), dP @dt @ dx-a.e.

Proof. (11 — uj, vy — vp) belongs to % x v (G, f, g) with

fls,x, R Y, Z) = f(s,x, R+ uz(s, x), Y + Vua(s, x), Z + va(s, x))
- f(sa-xa MZ(Sa -x)v Vuz(s5x)a UZ(Sax))a
g(s.x,RY,Z):=g" (s, x, R+ uz(s,x), Y 4+ Vuz(s,x), Z + va(s, x))

- gz(s, x,u2(s,x), Vua (s, x), va(s, x))
and G := G' — G2. Since G <0, g0 < 0and fy =0, the assertion follows from Theorem 5.4. O
5.2. The local case
This subsection is devoted to the local regularity of weak solutions.

Definition 51 For domain Q' C Q, a function ¢ (-,-) is called a cut-off function on Q' if
ic¢e W12’2(Q’), i.e. there exists a sequence {¢/,1 € N} € C2°(Q’) such that

¢ = ¢y :={f(|(;l —0) @0 + o - )a 0
Q/

2
+|v(¢' - C)(t,x)|2 + V3¢ - ;)(:,x)|2) dx dt} (5.16)

converges to zero as / tends to infinity with Vz(gl — ¢)(t, x) being the Hessian matrix of the
function (¢! — ¢)(z, -) at x;

(H0<¢<1;

(iii) there exists a domain Q" € Q' and a nonempty domain Q" € Q" such that

1, (t,x)eQ”,

g“”Z{& (1) e 0\ Q"

(iv) V¢l 05 € L(QN.

For simplicity, we denote

IVl .= VEIlLe(or-
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First, to study the local behavior of our weak solutions, we shall generalize the deterministic
parabolic De Giorgi class (for instance, see [4,15,16,24]) to our stochastic version and introduce
the definition of De Giorgi class in the backward stochastic parabolic case.

Definition 5.2. We say that a function u € V, ¢(Q) belongs to the backward stochastic parabolic
De Giorgi class (BSPDG, for short) if for any k € R, Q, ; 1= [t0 — 7, t9) X By(xp) C Q (with
0,7 € (0, 1)) and any cut-off function ¢ on Q, ;, we have

e =0 * B, o <PAI@=0F g, (14 1Ve g, ) + 10 Iv0,0)

2

+®+a) -t >0}k ] (@)

for some triplet (ag, u,y) € [0,00) x (n + 2,00) x [0, 00). We call ag, u, and y the struc-
tural parameters of BSPDGT. We mean that u € V2.0(Q) satisfies (D1) (D7), respec-
tively) by the inclusion u € BSPDG™" (ag, i, y; Q) (u € BSPDG ™ (ag, i1, v Q), respectively).
We say u € BSPDG(ag, i, y; Q) if both inclusions u € BSPDG" (ag, i, y; Q) and u €
BSPDG™ (ag, i, y; Q) hold.

Proposition 5.6. Let assumptions (A1)—(A3) hold. Assume that (u, v) € V2,0(Q) x M?(Q) is
a weak solution of (1.1). Then we assert that u € BSPDG(ag, i, y; Q), with ag := A,(fo, 80)s
W :=min{p, 2q}, and some parameter y depending onn, p,q,«, A, 3, 0, A, Ag and L.

Remark 5.4. In Proposition 5.6, assumption (.44) is not imposed.

The proof requires the following lemma.
Lemma 5.7. Let assumptions (A1)—(A3) hold, ¢ be a cut-off function on Q, 1 == [ty — T, 1p) X
B, (xp) C O, and (u,v) € V5 0(Q) x ./\/lz(Q) be a weak solution of (1.1). Then, we have almost

surely

)

M+(t)‘2>>3p(xo) +/<<;2(s),

t

(¢,

v () |2>>Bp(xo) ds

fo

= —/2((cas;<s),

t

2
ut ()| ))Bp(xo) ds

fo
+ / A2t (). 5] o) 45
t
o
+ / 2% )ut ()b ()35 u(s) +c)ut (5) + (V1 ®)) g (o ds

t
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10
- / (205, (£2©)u™ (). @’ ()0, u™ (5) + 07 (V) + F11$)) g (1) D5
1

fo

_ /2((42(8)14%), V) g ) AW Vi€ Lo =T 10] (5.17)

t
where
8" (5, %) == Ly(s,): u(s. >0} (5, X)g(s, X, u(s, x), Vu(s, x), v(s, x));
FE (s, x) = L) u(s,x>>0}(s,X)fi(s,x, u(s, x), Vu(s, x),v(s, x)), i=0,1,...,n;

and

V= (vl’“, e vm’“), VO (s, x) = L) u(s0)=01 (5, )0 (s, x), r=1,...,m.
The proof is rather standard and is sketched below.

Sketch of the proof. We use approximation. By the definition of a cut-off function, all terms

of (5.17) are well defined and there is a nonnegative sequence {¢!,/ € N} C CZ(Qp,r) such

that limy_, o |} — | w220, = 0. In view of Definition 2.2 and Remark 2.1, we verify like in
1 p.T

Step 1 of the proof of Lemma 3.5 that for each / there holds

T
Cut,x) = /[ij (a"fax,. ({lu)(s,x) +ol" (s, x) + flj(s,x)) +bi8xj ({lu)(s,x)

t

T
+cclu(s, x) 4+ "¢ (s, x) + &i(s,x)]ds — / ¢ (s,x)dW!, tel0,T],
t

in the weak sense of Definition 2.2, where

8i(s,x):= —8S§‘lu(s, x)+ {l(s, x)g(s, x,u(s,x), Vu(s, x), v(s, x))
— '8¢ uls, x) — 0, 8 f (5. %),
fils,x) :=a" dgu(s,x) + 07" (s,x) + f(s,x, uls, x), Vu(s, x), v(s, x)),
fils. x) = =a"05,¢ uls, x) + ¢ (5, %) f (5. x, u(s, x), Vuls, x), v(s, x)).
Thus, (g“lu, ;“lv) EU x 7/.(0, ﬂ, g1). From Proposition 4.3 we conclude that (5.17) holds with ¢

being replaced by ¢’. Passing to the limit in L' (£2 x Q) and taking into account the path-wise
continuity of u, we prove our assertion. [
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Proof of Proposition 5.6. Consider the cylinder

0p:(X)=X+[-7,0)xB,(0)CQ with X :=(fo, xp).

For simplicity, we denote Q, : (X) and B, (xo) by O, : and B, respectively. Let ¢ be a cut-off
function on Q, ;. Denote i := (u — k)T . From Lemma 5.7, it follows that

fp
E[H;(r)ﬁ(t)nizwp) + f H;(s)vk(s)||iz(3ﬂ)ds|%}

t

fo
=E|:/2((§2(s)12(s),gk(s, .,ﬁ(s),vlz(s),vk(s))))Bp ds|<%:|

t

~ 1o

+E / 22 ()(s), b ()3, u(s) + e(s)ia(s) + g™ () ) 5, |%]
—t

~ 10

~E / 2(¢()a55(s),

=1

o, a1

~ 1o

—E f(<28x, (£%(9)ii(s)), a" (5)y, it (s) + 7" ()vf (5)

=t

+ (Y (s, - i(s), Vi), vk(9)) 5, ds|<%:| (5.18)

holds almost surely for all 7 € [t9 — 7, tp) where v; := vl,~f and for (w,?,x,R,Y,Z) € 2 x
[to —7,70) x O xR x R" x R™

(5 &) . t.x, R, Y, 2) = (f, 9)(@, 1, x, R+ k, Y, Z) + (0, c(w, 1, X)k).

In view of (4.5)—(4.7) and (5.4)—(5.8), we have almost surely for all ¢ € [ty — 7, tp)

fo
E|:/2((§2ﬁ(s), gk(s, S u(s), Viu(s), vk(s))»Bp ds’ﬁzt:|

t

0]
< E|:/2<(§212(s),g]5(s)+L(|L_¢(s)| +[Va©)| + [ve)]) 5, dsygf,]

t

0]
<ellgily, ) +82E[ / ||;(s)vk(s>||iz(3p)dﬂ%}
t
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- 2 -2
+C(DNVE 7o, Il g, +Cler, Lon, p) (|4, (fo 80| +5) [tu > K| .0,
fo

+Cer,ea, DSl g +E[ / 2(¢%i(s),

t

c(s)k|>>Bp ds |5?,],

E[ / 2 IONEOK) Y ds|y,]

— 1 -

<E / (Pla) . e}y, ds|-7: +k2E[ / [z,

L .

) luskl) g, ds}%]

~ 10 -

<] [Ila[ el ds| 7 |+ a0ltu > b

L s -

1-1

q
OO;Q,D,'[ ’

[40]
E|:/2(({2(s)ﬁ(s),bi8x,.u(s)+cﬁ(s)+grv,€(s)))3p|ft:|
t

< =2 2 \v4 2 =12
SXal ||§'4||V2(ij) + 52||§'Uk||2;Qp,r + &1l §||L00(Qp,r)||u”2;Qp_r

fo

+Cler, ez,n)E[/«zzﬁz(s),

t

b(s)]2 +|c(o)| + |§(s)|2))Bp ds‘ﬂ,:|

=2 2 2 ~
<elgully, g, ) +e2lllvellz g, +e1llVEllieg, ) ||u|I§;Qp_,

+ C(er, e2,m) Al it %y

7 1;Qp,r
<2e i3 +elcvells., . +elllVel? llill3
S 281 V20, T E2lI8kl5 g, . +E1IVEIL (g, Hllul2:0, .

+Cler,e2,m,9, A)gal3p, |

and

)
—2E|:/(<3xj (£%(5)), a' dyii(s) + o v (s) + (f")-’ (s, i(s), Vii(s), vk(s))))Bp ds|§tj|

t

0]
= —2E|:/((§28xj12(s), a oy ii(s) + o7 vL () + (f5) (s, @s), Viics), v(s))) 5, ds|3’7,:|

t

fo
- 4E|:/<<ﬁ§8xj§(s), a3y ii(s) + ol v (s) + (fk)j (s, i(s), Vii(s), vk(s))»Bp ds|<%:|

t
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to 0]
g—XOE|:/|}§Vﬁ(s)||iz(Bp)ds|fl:| +ozoE|:/||§vk(s)||iz(3ﬂ)ds|§,:|
t t
1-2
+C (8@l g, . + (|4, (o, g0)[* + K2 > K} oy )

fp
+CE[/(<|EN§(S)|, | f&)| + |i(s)| + [¢ Via(s)| + |gvk(s)|>)ds|gz,]

t
o fo
< —(Ao—8)E|:/||V(§zZ(s))H2Lz<Bp)ds|f,:| +(ao+s)E|:/H{vk(s)‘}iz(gp)ds|9t:|
13 t

1-2
+ C{IVEI nio, o IEIR o, . + 17N, . + (14, (o, g0 + k) [ > K|y, .}

with C:=C(e, p, A, B,0,k, A, L), where op € (0, 1) and Ao are two positive constants depend-
ing only on structure terms such as «, p, A, 0, 8, A and L, and the three parameters ¢, €1, &3 are
waiting to be determined later. On the other hand, it is obvious that almost surely

fo
—E[/z«casc(s), ﬁ(s)|2)>3p ds|%] <2095 llzeo, 0 lEl3. g, .+ Vi€ lio — T, 10).

t

Therefore, combining the above estimates and (5.18) and choosing the parameters ¢, €1 and
&, to be small enough, we obtain

2 2
e =02 g, + IV (e =075,

<1+ 1VE (g, ) + 10E 0y 0) [ = 00 3,

__2z
+ (k2 + |Ap(f01 go)|2)\{(u -kt > 0} ! PA(zq)}

OO;Qp,‘(

where y is a positive constant depending on the structure terms such as n, p,q,k, A, 0, 8, L, A
and Ag. Hence u € BSPDG ™ (ag, i1, v; Q).
In a similar way, we show u € BSPDG™ (ao, 1, v; Q). The proof is complete. O

Theorem 5.8. If u € BSPDG* (ag, 1, y; Q), we assert that for any

0, =[to.t0+p*) x By(x0) C Q, pe(0,1),

there holds

_n+2

S (5.19)

+ -2 E !
eQSizul})u QC{)O 2 ”M ”2;Qp+aop

where C is a constant depending only on ag, i, y and n.
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Proof. Consider u € BSPDG™ (ag, 11, y; Q). Take

R =

DD

1
+2%, kl=k<2—§>, 1=0.1.2, ...

where k is a parameter waiting to be determined later. Denote Ql = Qg, = lto, to + Rl2) X
Bg, (x0). Choose ¢; to be a cut-off function on Q' such that

1, (tx)eQ™
Gt x) = 0, (t,x)e Ql \ O Rr+Rriy
—

and

C(n)

IVET 00y + 18:C I L2(0,) < s
Eriep TR (R — Ry ?

From (D), it follows that

| (u _kl+l)+||$)2(Ql

<C2?p7?| = ki) ||2Ql+c(k2+a0)|{u>kz+1}|w

n+2

For k > ay pl_%_'», we obtain from Lemma 3.1 that

& — ki)t 22(n’j~2);Ql <Claw -kt ||$/2(Q1)

2

<CP 72w — ki) |2 g1 + O~ [ > ki)

00; Ql
Setting
¢ o= — k)t
: 2;0°
we have
42
Gri1 < | G(u — kiy1) ||2~Q1
< |{u > ki) ;erI & — ki)™ | 22 o (Holder inequality)
21 ;) 2 —2(1-12) R

<C2%p~ ¢l|{u>k1+1}ooQ,+Ckp I{u>k1+1}|Oo ol .

Note that

01 ==kt 5 > G = k)P > k)| o1 = K272 > k)| g
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Hence,

n _g 2
¢I+I<C22l(l+ﬁ)[ ke "+2¢ i ,0_2(1 +2)le n+2¢ M+n+2]

4 1-242

n+2 2
= st 2 g R 2 1)

-2 2 2 p=n=2
Fork>aop * +p~ 2 lu"ll2;0,. we have k ¢ < 1 and therefore

< 020+ ~20=1) S =+t
$i+1 < Y ¢] .

Setting

we have

-24.2,
a1 <C12 (1+n+2) n+2

From Lemma 5.2, we see that the following

1 a2
a=k2p™" | w—k)* ”;;Qp <k 2p" ||”+H§;Q,, <fp:=Cp 2 D)

. . L _ 2 . .
with o 1= 5 o implies

lim oy =0 andthus lim ¢; =
[— 00 [—o0

In conclusion, the two inequalities

n+2

k2>60_1,0_"_2||u and k;aopl_%z + 0~ ||u

42
2.0, 2.0,

imply the following one:
o0 < 2K. (5.20)

Hence, (5.20) holds for the following choice

]—nt2 1 e
Emann' 4 (146 )0 F i
which implies our desired estimate.
For u € BSPDG™ (ag, i, v; Q), the desired assertion follows in a similar way. We complete
our proof. O
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