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Abstract

A sequence {ay} in a group G is a T-sequence if there is a Hausdorff group topology t on G such that a;, —55 0. In this paper,
we provide several sufficient conditions for a sequence in an abelian group to be a T-sequence, and investigate special sequences
in the Priifer groups Z(p°°). We show that for p # 2, there is a Hausdorff group topology t on Z(p®) that is determined by
a T-sequence, which is close to being maximally almost-periodic—in other words, the von Neumann radical n(Z(p®°), 1) is a
non-trivial finite subgroup. In particular, n(n(Z(p°°), t)) € n(Z(p°), t). We also prove that the direct sum of any infinite family
of finite abelian groups admits a group topology determined by a T-sequence with non-trivial finite von Neumann radical.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Given a set X, a point xg € X, and a sequence {x,} of distinct elements in X, one can easily construct a Hausdorff
topology 7 on X such that x, —55 xo. This is, however, not the case for groups and group topologies, as Example 1.2
below demonstrates.

Following Zelenyuk and Protasov [7,11], who were the first to investigate this type of question, we say that a
sequence {a,} in a group G is a T -sequence if there is a Hausdorff group topology T on G such that a, - 0.In
this case, the group G equipped with the finest group topology with this property is denoted by G{a,}. A similar
notion exists for filters, in which case one speaks of a T -filter. Zelenyuk and Protasov characterized T -sequences and
T -filters in abelian groups [7, 2.1.3, 2.1.4] and [11, Theorems 1, 2], and studied the topological properties of G{a,},
where {a,} is a T-sequence. (They also present a characterization of T -filters in non-abelian groups in [7, 3.1.4].)
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Example 1.1. For a prime number p, let A = Z(p®°) be the Priifer group. It can be seen as the subgroup of Q/Z
generated by the elements of p-power order, or the group formed by all p"th roots of unity in C. For ¢, = #, {en}is
clearly a T-sequence in A, because e,, —> 0 in the subgroup topology that A inherits from Q/Z.

Example 1.2. Keeping the notations of Example 1.1, set a, = —% + # = —e| + ey. If a, —> 0 for some group

topology t, then also e,—1 = paj, —%5 0, and therefore, ¢; = Pan+1 — an —%5 0. Hence, 7 cannot be Hausdorff, and
so {a,} is not a T-sequence in A.

Every topological group G admits a “largest” compact Hausdorff group bG and a continuous homomorphism
pc:G — bG such that every continuous homomorphism ¢:G — K into a compact Hausdorff group K factors
uniquely through pg:

G%K

PN M)
v
PG //5|!¢

bG

The group bG is called the Bohr-compactification of G. The image pg(G) is dense in bG. The kernel of pg is called
the von Neumann radical of G, and denoted by n(G). One says that G is maximally almost-periodic if n(G) = 1,
and minimally almost-periodic if n(G) = G (cf. [4]). For an abelian topological group A, let A=3 (A, T) be the
Pontryagin dual of A—in other words, the group of continuous characters of A (i.e., continuous homomorphisms
x:A — T, where T = R/Z), equipped with the compact-open topology. It follows from the famous Peter-Weyl

Theorem [6, Theorem 33] that the Bohr-compactification of A can be quite easily computed: bA = Ag, where Ay
stands for the group A with the discrete topology. Thus, n(A) = () ker x.
€A

T -sequences turn out to be a very useful tool for constructilfg “pathological” examples. For example, Zelenyuk
and Protasov used T'-sequences to show (independently of Ajtai et al. [1]) that every infinite abelian group admits
a non-maximally almost-periodic Hausdorff group topology (cf. [7, 2.6.4], [11, Theorem 16]). There are plenty of
examples of minimally (or maximally) almost-periodic groups (cf. [4,5]). Nevertheless, it appears that no example is
known for a Hausdorff topological group G whose von Neumann radical n(G) is non-trivial and finite. We call such
groups almost maximally almost-periodic. This raises the following question:

Problem I. Which abelian groups A admit a T-sequence {a,} such that A{a,} is almost maximally almost-periodic?
If n(G) is non-trivial and finite, then n(n(G)) = 1, and thus n(n(G)) # n(G), which leads to a second problem:

Problem II. Which abelian groups A admit a T-sequence {a,} such that n(n(A{a,})) is strictly contained in
n(A{a,})?

Note that since n is productive, one may wish to focus on algebraically (respectively, topologically) directly inde-
composable groups, that is, groups that cannot be expressed as an algebraic (respectively, topological) direct product
of two of its proper subgroups.

Our ultimate goal in this paper is to present ample non-isomorphic algebraically directly indecomposable almost
maximally almost-periodic Hausdorff abelian groups (i.e., having non-trivial finite von Neumann radical), whose
topology is determined by a T-sequence. It will also show that Problems I and II are meaningful.

This aim is carried out according to the following structure: In Section 2, several results that provide sufficient
conditions for a sequence in an abelian group to be a T-sequence are presented (Theorem 2.2). In Section 3, a par-
tial answer to Problem I is provided, namely, we prove that the direct sum of any infinite family of finite abelian
groups admits an almost maximally almost-periodic group topology determined by a T-sequence (Theorem 3.1).
Groups of this form certainly fail to be algebraically directly indecomposable, and they need not be topologi-
cally directly indecomposable either. Thus, they fall short of our ultimate goal. In Section 4, special sequences
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of Priifer groups are investigated (Theorem 4.2), and we prove that for p # 2, Z(p°°) admits a neither maxi-
mally nor minimally almost-periodic Hausdorff group topology 7 (Theorem 4.4). Thus, n(Z(p®°), t) is finite, and
n(n(Z(p*), t)) T n(Z(p>), ). In particular, Problem II is meaningful.

2. T-sequences in abelian groups

In this section, A is an abelian group and a = {a;} € A is a sequence in A. In what follows, we provide several
sufficient conditions for {ay} to be a T-sequence in A. For [, m € N, one puts

Al myg = {mag, + -+ mya, | m <k < <k, mi € Z\O), Y Imi] <1}. @

The Zelenyuk—Protasov criterion for 7 -sequences states:

Theorem 2.1. ([7, 2.1.4], [11, Theorem 2].) A sequence {ay} in an abelian group A is a T -sequence if and only if for
everyl e Nand g #0, there exists m € N such that g ¢ A(l,m),.

Put A[n] = {a € A: na =0} for every n € N. One says that A is almost torsion-free if A[n] is finite for every n € N

(cf. [9]).

Theorem 2.2. Let A be an abelian group, and let {ay} C A be a sequence such that ty := o(ay) is finite for every
k € N. Consider the following statements:

. . Ik
1 = 00. 3
® ki)rrgo ged(ty, lem(ty, ..., t—1)) e ©)
(ii) Foreveryl e N,
lim inf i ’ keN 1=c0 )
m—00 l<z<l ged(r, dem(txy, ooty tgy s - t) 1T '
where Nl _ ={k=(ki,....,k) eN' |m <ky <--- <k}
(iii) Foreveryl e N,
lim mf{ max o(ax, + Ag) | k eNl } 00, 5
m—00 1<i<l
where Api = (Qkys oy Qi1 Qly g - -+ i)

(iv) Foreveryl,n € N, there exists mg € N such that A[n]N A(, m)y = {0} for every m = my.
(v) {ax} is a T-sequence.

One has (1) = (i) = (iii) = (iv) = (v), and if A is almost torsion-free, then (v) = (iv).

Proof. (i) = (ii) is obvious.

(if) = (iii): Clearly, the order of gy, in ({ay,;) + Ak,)/Ak, is equal to its order modulo (ag;) N Ak,, and [{a;) N Al
divides both #; and exp(A,:). The exponent exp(A kl) in turn, divides d = lem(tk,, ..., f_,» tk;yy s - - - » Ik,), because
Ayi is generated by elements of orders ¢, ..., t_,, fk,s - - -, I, Therefore, |(ai,) N A k,-| divides thelr greatest com-
mon divisor of # and d. Hence,

1, |(ax, )|
£0d(th, 1em (- Bty Ty 1)) | ) 0 Al

=o(ay, +AK[)' (6)

(iii)) = (iv): Given [,n € N, let mg € N be such that nl < lmaxh olax, + Ak,) for every 1 < h <[ and every
NIA
k € Nfzno< (By (5), such mg exists.) Let g = mjax, + --- + mpay, € A(l,m), be a non-zero element, where

o<m<k < <kp, mj €Z\{0}, and ) |m;| <. It follows from the last two conditions that & < [. So,
there exists 1 <i < h such that nl < o(ax; + Ayi), and thus n < o(m;ax; + Ayi). To complete the proof, note that

g € mjay; + A, and therefore o(m;ay;, + A;i) | 0(g). Hence, n < 0(g), and so g ¢ A[n], as desired.
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(iv) = (v): Let g € A be a non-zero element. If the order of g is infinite, then g ¢ A(l, 1), for every [ € N, and
so suppose that n := 0(g) is finite. By (iv), for every | € N there exists mq () such that A[n] N A(l, mo(l)), = {0}. In
particular, g ¢ A(l,mo(l)), for every [.

(v) = (iv): Given I, n € N, and suppose that A[n] = {0, g1, ..., g;} is finite. For each g;, pick m; (/) € N such
that g; ¢ A(l,m;(l))a, and put mo(/) = maxm;(l). Clearly, one has A[n] N A(l, m), = {0} for every m > mo(l), as
desired. O

Remark 2.3. In Theorem 2.2, (iv) does not imply (iii). Indeed, although (iii) fails for the sequence {e,} from Exam-
ple 1.1, itis a T-sequence in Z(p°°).

Corollary 2.4. Let A be an abelian group, and let {ar} C A be a sequence such that ty := o(ax) is finite for every
keN.

(a) Ifthe ty are pairwise coprime, then {ay} is a T -sequence.

®) If tg | trs1 and klim t"t—:' = o0, then {ay} is a T -sequence.
— 00

Proof. If the #; are pairwise coprime, then the expression in (3) is equal to # and #; —> oo. If # | fx+1, then the
expression in (3) is precisely tkt—:l In both cases, the statement follows from Theorem 2.2(1). O
3. Direct sums of finite abelian groups

In this section, we provide a partial answer to Problem I:

Theorem 3.1. Let A = @ F, be the direct sum of an infinite family {F,} of non-trivial finite abelian groups. There
ael
exists a T-sequence {dy} in A such that A{dy} is almost maximally-almost periodic.

Remark 3.2. In the setting of Theorem 3.1, A is obviously not algebraically directly indecomposable. Furthermore,

o
A{dy} need not be topologically directly indecomposable either: Consider the group B =7Z/2Z & @ Z/3Z, and let

n=1

o
7 be a Hausdorff group topology on B. The subgroup B, = € Z/3Z is closed in t, because it is the kernel of the
n=1
continuous group homomorphism x +— 3x. Thus, (B, t) decomposes into a topological direct product of By = Z /27
and B, (where B; and B; are equipped with the subgroup topology). This also shows that B; Nn(B, t) = {0}, because
(B, t) > B/By =7/27 is continuous. In particular, not every finite subgroup of an abelian group A is of the form

n(A, t), where t is a Hausdorff group topology on A.

In order to prove Theorem 3.1, we need the following result:

oo
Proposition 3.3. Let A = €D C; be a direct sum of cyclic groups of order n; = |C;| > 1, and suppose that
i=1

(@) nj =nj41 foreveryi, or
(b) n; <njyq foreveryi.

Then, for every x € A, there is a T-sequence {dy} such that n(A{dy}) is finite and contains x.

Proof. The construction below is a modification of [11, Example 5] and [7, 2.6.2]. The sequence dj is constructed
identically in both (a) and (b), and the two are distinguished only in the proof of {d)} being a T-sequence.

For each i, pick a generator g; in C;. Each y € A can be written as y = > «;g; € A, and the «; are unique modulo
ni. Weset A(y) ={i e N|o; #£0mod n;} and A(y) = |A(y)|. Put ip = max A(x). We define two sequences:
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ag: gi0+192gi0+17 R (ni0+] - l)gi0+]’gi0+252gi0+27 LR} (ni0+2 - l)gi0+2’ L) (7)
be: =X + Gig+1, =X + &ig+2 + Lig+3s —X + Lig+4 T+ Gig+5 T Gig+65 - - - - (8)

Let x : A — T be a character of A. If x is zero on all but finitely many of the C; and x (x) =0, then x(ax) =0
and x(bx) = 0 for k large enough, and so x(ax) —> 0 and yx(by) —> 0. Conversely, suppose that y (ax) —> 0
and x (br) —> 0. Then there is kg € N such that y (ax) C (—%, %) for every k > ko. Thus, there is jo € N such that
x(Cj) < (—%, %) for every j > jo. Since the only subgroup contained in (—%, %) is {0}, this means that x is zero on
all but finitely many of the C;. Therefore, x (by) = — x (x) for k large enough, and hence x (x) =

The foregoing argument shows that if {dy} is any combination of the sequences {a;} and {b;} without repetitions
(such as ay, b1, a3, by, ...) and if {dy} is a T-sequence, then x is a continuous character of A{dy} if and only if x
is zero on all but finitely many of the C; and x (x) = 0. Thus, x € n(A{d,}), and the character x;: A — T defined

by Xj(Zoc,-g,-) = %Dlj is continuous on A{dy} for every j > ig. Therefore, n(A{d}) € C; ® --- ® Cj,, and hence
J
n(A{dy}) is finite, as desired.
We show that dy is a T-sequence. First, observe that for every [ € N and every j > i( there exists m € N such that

o0

Al.mya S (x) o EPCi. )
i=)

Thus, for every [l € N,

ﬂ A(l,m)a C ﬂ ( @@Cl) = (x). (10
i=j

J>io

Therefore, the condition of the Zelenyuk—Protasov criterion (Theorem 2.1) holds for every y ¢ (x), and it remains to
show it for non-zero elements of (x). Let / € N, and for the time being assume only that m > iy. If ax € A(l,m)q,
then

ax = (midi + - +mpdi, ) + (mpy1dyg, 4 + -+ mpdy), an

where Y |m;| <1, m; #0, ki > m, di; is a member of {ax} for 1 <i < hy, and of {bi} for hy + 1 <i < h. (Here, we
only assume that the k; are distinct, but they need not be increasing. ) Thus,

ax = (midy, + -+ mpydi, )+ (may01(diy, oy %)+ mp(dy, +x)) — Z mix. (12)
—h1+1

o
Since k; > m > i, the first and the second expression on the right side belongto & C;, while the left side and the

Jj=io+1
third summand on the right belong to (x). Therefore,
(mldkl +-+ mhldkhl) + (mh1+l(dkhl+1 +X) +--+ mh(dkh + )C)) =0. (13)
The sets A(mp, 4 (dkhl Lt x)) are disjoint, because the k; are distinct, and so
—hy
Mmny 1y 4y +X) 4+ ma(dy, +x)) = Z (g (i, + ) (14)

Since A(ax) =1 for every k, one has A(mdy, + - + mhldkhl) < hp <1, and hence, by (13) and (14),

x(mh1+,»<dkhl+,. +x) <1 (15)

forevery 1 < j < h—hy.
(a) Pick m > igp such that A(dy + x) > + 1 for every k > m such that di is a member of {b;}. Then each
dkh1+j + x is a sum of at least [ 4+ 1 distinct base elements g; of order n = n;, and so )»(mh1+j(dk,,l+j +x)) <!
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h
implies mp, 4 (dkh1+j + x) = 0. Therefore, n | my, 4, and in particular, 7 | > m;. Hence, by (12), ax =0, as
i=h|+1
desired.

(b) Pick m as in (a), but with the additional condition that n; > [ for every i € A(dy + x) and for every k > m such
that dj is a member of {by}. This is possible because the A(by + x) are disjoint and {n;} is increasing. Each dkh1+./ +x
is a sum of at least / + 1 distinct base elements, but of different orders. Thus, my,, y;g; # 0 forevery i € A(dkh| ot x)
and 1 < j <h — hy, because |my, 4| <I <n; (by our assumption), and my, 4 ; # 0. Therefore,

Mmngjdy,  +0)= Y Amugje) 21+, (16)
ieA(dkhIH +x)

contrary to (15). Hence, h = hy, and ax =0, as desired. O

Proof of Theorem 3.1. Since each F, decomposes into a direct sum of cyclic subgroups, we may assume that the
F,, are cyclic from the outset. The set {| Fy| | « € I} is either bounded or contains an increasing sequence. Thus, there

is a countable subset J C I such that A} = @ F, satisfies one of the conditions of Proposition 3.3. Pick y € J, and
ael
let g be a generator of F). Then, by Proposition 3.3, there is a T-sequence {di} in Ay such that n(Ay{d}) is finite

and contains g. For Ay = @ F,, one has A{dy} = A1{dx} x A2, where Aj is equipped with the discrete topology.
ael\J
Therefore, n(A{dr}) =n(A1{dr}) x n(Az) =n(A{d}) is non-trivial and finite, as desired. O

4. Special sequences in the Priifer groups

In this section, we present method for constructing an algebraically directly indecomposable Hausdorff abelian
topological groups A such that n(A) is non-trivial and finite. An implicit yet rather thick hint for the construction
of a group with these properties appears in [3], in the proof of Corollary 4.9 and the paragraph following it. It was
Dikranjan who pointed out to the author that considering a suitable T-sequence in a Priifer group (and the maximal
Hausdorff group topology thus obtained) would lead to the desired example. Priifer groups are distinguished by the
property of having only finite proper subgroups, which implies that these subgroups are closed in any Hausdorft group
topology. This property makes Priifer groups particularly suitable candidates for the aforesaid construction, because
if n(Z(p*°){d,}) is a non-trivial proper subgroup, then it must be finite. Therefore, in this section, we study certain
sequences in the Priifer groups Z(p°°), and construct a T -sequence {d,} such that Z(p>°){d,} is neither maximally
nor minimally almost-periodic. A second important property that Priifer groups, being p-groups, have is that for every
a,beZ(p*>),

o(a) #o(b) = o(a+b)= max{o(a), o(b)}. (17)

One says that a group G is potentially compact if for every ultrafilter /{ on G there is x € G such that i/ — x is a
T-filter, that is, { —> x in some group topology 7 (cf. [8,10]). A third noteworthy property is that Priifer groups are
not potentially compact, because they are divisible torsion groups (cf. [10, Theorem 6]).

Recall that if A is a subgroup of an abelian Hausdorff topological group S, and {a;} C A is so thatay —> b in S,
where (b) N A = {0}, then {ay} is a T-sequence in A (cf. [7, 2.1.5], [11, Theorem 3]). The setting of this result is so
that the sequence a;, converges to an external element (namely, b ¢ A) in some group topology. In contrast, in this
section, we investigate sequences in Z(p°) that converge to a non-zero (internal) element of Z(p°°) in the “usual”
topology, that is, the one inherited from Q/Z.

We start off with an immediate consequence of Corollary 2.4.

Lemma 4.1. Let {a;} be a sequence in Z(p®>°), and suppose that o(ay) = p"*. If np41 — ny —> 00, then {ax} is a
T -sequence.

Proof. One has Of:zf;)l) =2z ;f.:l = p"+1=% Therefore, the statement follows from Corollary 2.4(b). O
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Example 1.1 shows that the converse of Lemma 4.1 does not hold in general. Nevertheless, for some special
sequences, the condition of ngy; — ny —> 0o turns out to be necessary for being a 7-sequence, as Theorem 4.2
below reveals.

We proceed by introducing some terminology. A topological group A is precompact if for every neighborhood U
of zero there is a finite subset F C A such that A = F + U. Following [2], we say that a sequence {a,} on a group G
is a T B-sequence if there is a precompact Hausdorff group topology t on G such that a,, 0.

It is easy to see that A is precompact if and only if it carries the initial topology induced by its group of continuous
characters. Thus, if {ax} is a sequence in an abelian group A, then by the universal property of A{ax}, a character
x :A — T is continuous on A{a} if and only if x (ax) —> 0. Therefore, for H = {x € homgz(A, T) | x (ax) — 0},
the closure of {0} in the initial topology induced by H is n(A{ax}) = [ ker x. Hence, {ay} is a T B-sequence if and

xXeH

only if H separates the points of A. (Observe that H = md.)

Theorem 4.2. Let x € Z(p®°) be a non-zero element, {n;} C N an increasing sequence of positive integers, and set

e Z(p™). (18)

g = —X +ep =—X + Pl
(a) {ax} is a T-sequence if and only if nx41 — ny —> oo.
(b) {ax} is a T-sequence if and only if it is a T B-sequence. In this case, Z(p°°){ay} is maximally almost-periodic,
and it has ¢ many faithful characters (in particular, |Z(p>){ax}| = ¢).

Since every T B-sequence is a T -sequence, but the converse is not true in general, (b) of Theorem 4.2 is a non-trivial
result. Its proof, however, requires a technical lemma. Note that the group of all characters of Z(p°) is isomorphic to
the group Z, of the p-adic integers. In other words, Z, =homgz(Z(p*°), T).

o0
Lemma 4.3. Suppose that ng1) —ny —> o0o. For x = Y a,p" € Zp, 0L, <p—Dandy €(0,1), x(en,) — vy

n=0
if and only if
ngt+1—1
Z Ollpl_nk
. I=ny
i 19)
Proof. One has
ngy1—1 ng—1 ngy1—1 ,
> ap > ap! ZZ ap X (en)
_ =0 _ 1=0 =ni _ ni
X(€ngyy) = pl - Pl + Pl - Pl Tk T ks (20)

and thus klim x(en) = klim rr in T (by the equality of limits we mean that one exists if and only if the other does,
— 0 —00

and in that case they are equal), because nyy1 — ny —> 00. Since y # 0, small enough neighborhoods of y in T and
(0, 1) are the same, and therefore klim x(en) = klim rrin (0,1). O
— 00 — 00

Proof of Theorem 4.2. (a) Since {n} is increasing, one has ny —> oo. Thus, p"* > o(x) for k large enough, and so
o(ay) = p™ except for maybe a finite number of k (by (17)). Hence, ai is a T-sequence by Lemma 4.1.
Conversely, let p" = o(x), and assume that ng,.; — ny > 00. Then o(p"0~'x) = p,

P e = —p" 7y e ngt1,s (21

and the differences (ngy+1 —no + 1) — (ny — ng + 1) = ngy1 — nxy = 00. Thus, it suffices to show that p”O’lak
is not a T-sequence. Therefore, without loss of generality, we may assume that o(x) = p from the outset. Since
ng+1 — ng > 00, there exists a number d and a subsequence k, of k such that ny, 11 — ng, < d for every r. If
ay —> 0 in a group topology t on Z(p), then in particular, pay, ,, = e, ,—1 —> 0, and so for every 1 <i <d,
€nyyy—i — 0. Thus, the sequence b,, defined as
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Cnyy1—d> € p1—d+1s - o5 Cngy g1 =15 Cngy 1 —ds Cnpy 1 —d+1s -5 €ngy =15 - - -
also converges to 0 in 7. One has ng, 41 —d < ng, <ng, 41 — 1, and therefore ¢, i is a subsequence of b, and hence
ey, — 01in 7. Since ay, = —x + ey, this shows that 7 is not Hausdorff.
(b) If {ar} is a T B-sequence, then clearly it is a T-sequence. Conversely, suppose that {a;} is a T-sequence. In
order to show that {a,} is a T B-sequence, we find a faithful continuous character of Z(p>°){ay}, in other words,

o
X € Z, such that x (ax) —> 0 and ker x = {0}. Let p"0 = o(x). For x = }_ a,p" € Z,,, a character of Z(p™), if
n=0

ap=1, Q) =---=apy-1 =0, (22)

then x acts on the subgroup (x) as the identity, where Z(p°) is viewed as a subgroup of T. Thus, x(e;) =e; #0
and x (x) = x #0, and in particular, x is faithful. By Lemma 4.3, x (ax) —> 0 (i.e., x is continuous on Z(p>°){a})
if and only if

ngt1—1

Z O{]pl_nk
1=
= — sy (23)

Ngt1—N
p k+1 k

Conditions (22) and (23) are satisfied (simultaneously) by continuum many elements in Z,, which completes the
proof. O

We proceed by presenting the construction of a non-minimally almost-periodic non-maximally almost-periodic
Hausdorff group topology on the group Z(p>°) for p # 2. Our technique makes substantial use of the assumption that
p # 2; nevertheless, we conjecture that a similar construction is available for p = 2.

Theorem 4.4. Let p be a prime number such that p # 2, x € Z(p*°) be a non-zero element with p"® = o(x), and put

1 1 1
bn:_x+en3—n2+"'+en3—2n+en3—n+en3=_x+w+“-+m+m

1
o 24)

Consider the sequence d, defined as by, e1, by, e2,b3, €3, .... Then:
(a) {d,} is a T-sequence in Z(p°);

(b) the underlying group of Z(p>){d,} is p"°Z C Z, =homz(Z(p), T);
(©) n(Z(p>){dn}) = (x).

In particular, Z(p°°){d,} is neither maximally almost-periodic nor minimally almost-periodic, and n(Z(p°°){d,}) is
finite.

Corollary 4.5. Let p be a prime number such that p # 2, and put

1 1
by=—e1+es_o+--teps y, tes ,tesz=——+
p pv

Consider the sequence d, defined as by, e1, b, e2,b3, €3, .... Then:

1
+—. 25)

(a) {d,} is a T-sequence in Z(p*°);
(b) the underlying group of Z(p*){d,} is pZ C Z, =homgz(Z(p>), T);

© n(Z(P®)da)) = (5).

In particular, Z(p*>°){d,} is neither maximally almost-periodic nor minimally almost-periodic, and n(Z(p>°){d,}) is
finite.

In order to prove Theorem 4.4, several auxiliary results of a technical nature are required. Until the end of this
section, we assume that p # 2. Each element y € Z(p®°) admits many representations of the form y =Y o,¢,, where
oy € Z (only finitely many of the o, are non-zero), and so we say that it is the canonical form of y if |0, | < pr1 for

every n € N; in this case, we put A(y) ={n € N| o, # 0} and L(y) = |A(y)|-



2930 G. Lukdcs / Topology and its Applications 153 (2006) 2922-2932

Lemma 4.6. Let y = > _ ope, € Z(p™©). Then:

(a) y admits a canonical formy =" o} e,, and Y_ |o,| <> |oul;
(b) the canonical form is unique, and so A is well-defined.

Furthermore,
(©) A(z) < forevery z € Z(p*™)(I, 1), and l e N.

Proof. (a) Let N be the largest index such that oy # 0. We proceed by induction on N. If N =1, then y = oyc;.
Thus, if o1 = 01/ + mp is a division with residue in Z, and al’ is chosen to have the smallest possible absolute value,

then |o]| < pT_l, and

y = (o] + pm)e; =ole| +mpe; =oe. (26)

In particular, |o| < |o1|. Suppose now that the statement holds for all elements with representation with maximal
non-zero index less than N. If oy = 01/\, + kp is a division with residue in Z, and ‘71/\1 is chosen to have the smallest

possible absolute value, then |oy | < pT_l, and

N=2
y - Z onen — (oN—1 +k)en—1 = —ken_1 + onyey = —ken_1 + (o) +kp)eny =open. 27
n=1
N-=2 N-1
The element z = Y one, + (on—1 + k)en—1 satisfies the inductive hypothesis, so z = Y o, e,, where |0, | < prl
N-1 1vi11:l =
and )" |o,| < > |ou| + |k|. Therefore, y =0, cp, |0, < pT_l, and ) |o,| <oy, because oy | + k| < |on].
(bn) ]Supposenthlat > onen = Y upe, are two distinct canonical representations of the same element. Then
> (on —un)e, =0, and |0, — vy| < p — 1. Let N be the largest index such that oy # vy. (Since all coefficients
are zero, except for a finite number of indices, such N exists.) This means that 0 < oy — vy| < p — 1, and

o((ox — vy)en) = p". Therefore, by (17), one has oD (on —vp)ey) = "N, because o > (op —vp)ey) < pN-L
n<N
This is a contradiction, and therefore o, = v, for every n € N.

(c) Let z=pien, + -+ + pnen,, where > |u;| <! and ny <np <--- < ny. By (a), z admits a canonical form
z= phen,and Y |, | < |ui| <I. Therefore, u, # 0 only for at most / many indices. O

Lemma 4.7. Let m € Z\{0}, and put | = [log, |m|]. If n > 1, then A(me,) S {n —1,....,n —1,n} and 1 < A(mey).

Proof. It follows from n > [ that p” > |m|, and so me, # 0. Thus, 1 < A(me,). To show the first statement, expand
m=po+pmip—+--+wpt, where u; € Z and ;| < pT_l Then
mey = o€y + i1ep—1+ -+ (yen—y (28)

is in canonical form, and therefore A(me,) C{n —1,...,n — 1,n}, asdesired. O

Lemma 4.8. Let y, z € Z(p™°) such that .(y) > A(z), and suppose that A(y) = {ki, ..., kg} where ki <--- < kg and
g =A(y). Then o(y + z) > prs—+@.

Proof. Let y =) v,e, and z =Y uye, in canonical form. Then y +z =Y (v, + in)en, and v, + up| < p — 1.
Clearly, o(y + z) = p" for N the largest index such that vy + uy # 0. By the definition of N, p,, = —v,, for every
n > N.In particular, uy, # 0 for every i such that k; > N. Thus, there are at most A(z) many i such that k; > N, and
therefore N > kg_y ;). O

Remark 4.9. If y;,y; € Z(p™©) and A(y;) N A(yz) = @, then A(y; + y2) = A(y;) U A(y2) and
Ay +y2) =2(y1) +2(y2).
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Proposition 4.10. Let y = vie,, + -+ +vyen,, where ny <--- <ny and v; # 0. Put l; = [log , |v;|1, and suppose
that n; <njy1 —li4q foreach 1 <i < f. Then:

(@ f <A
(b) if z € Z(p™) is such that A(z) < A(y), then o(y + z) > p"/—@~li-@),

Proof. (a) By Lemma 4.7, A(vie,,) € {n; —I;,...,n;}, and since n,—1 < n; — [;, the sets A(v;e,;) are pairwise
disjoint. Therefore, by Remark 4.9, A(y) = A(vien,) +--- + A(vren,) = f, and

f
A St =t ony =t —hoone =g =Ly g (29)
i=1

(b) By Lemma 4.8, o(y 4+ 2) > pkm’>—k<1>, where A(y) = {ki,...,kg} (increasingly ordered). Since A(v;ey;) is
non-empty for each i, it follows from (29) that k) (yy—ax) Z 1 f-r) — lf—rz)- O

Corollary 4.11. Let | € N, z € Z(p™®)(, 1), and y = ey, + -+ + €ny such that ny < --- <ny, I < f, and
ni <niy1 — 1. Then o(uy +z) = p"=1=1 > p" =L for every u € Z such that 0 < || <.

Proof. Since || </, uy = pen, +-- -+ ey, satisfies the conditions of Proposition 4.10 (because logp || < 1), and
thus, I < f < A(vy). On the other hand, by Lemma 4.6(c), A(z) < [, and therefore o(vy + z) > p”/'—MO_l > p".f—’_l
pursuant to Proposition 4.10(b). O

Proof of Theorem 4.4. To shorten notations, put A = Z(p°).
(a) In order to prove that {d,} is a T-sequence, we show that (iv) of Theorem 2.2 holds. For n large enough,

o(by) = p”3, and so by Lemma 4.1, {b,} is a T-sequence; {e,} is evidently a T -sequence (cf. Example 1.1). Thus, by
Theorem 2.2, there exists mg such that

An]N A, m), = Aln]N A, m), = {0} (30)

for every m > mq (because A is almost torsion-free). Without loss of generality, we may assume that mg > [ +n + no.
Observe that

A(l,2m)g C AL, m)p U AU, m), U (AW, m)p\{0} + AU, m),\{0}), 31)

and therefore it suffices to show that A(l, m),\{0} + A(/, m),\{0} contains no element of A[rn] for every m > my.
Let z € A(l,m) \{0} and w = mby, + - - + mpby, € A(l,m),\{0} where m <ny <--- <nj and 0 < 3" m;] <.
Put y = €y _n2 4+ 4 €3, + € The number of summands in y is n; + 1, and the differences between the
indices of the terms is ny,. By the construction, nj > m > mg > . Thus, the conditions of Corollary 4.11 are satis-
fied, and since |my| < I, we get o(mpy + 2) > p"z’”%’l > p(”h’l)S. Therefore, o(—mpx) # o(myy + z) (because
o(—myx) < p" < p~t < p@r=D?) and

| 1y
o(mpbu, +2) = o(—mpx +mpy +72) 2 max{o(=m;x), o(myy +2)} > p 1. G2
One has
; 3 (32
o(w —mpbp,) < o(bn,_,) = pli-1 < ptnD’ 2 o(mpby;, +2), (33)
and hence
o(w+2z) = o((w—mpby,) + (2 + muby,)) (34
D max{o(w — mubn,), 0(z +mpby,)} > ptn=D" > pon=D’ 5y, (35
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(b) As noted earlier, a character y € homy(Z(p°), T) is continuous on Z(p*>°){d, } if and only if x (d,) —> 0 (by
the universal property)—in other words, x (b,) —> 0 and x (e;,) —> 0. The latter is equivalent to x having the form
of myy, where yx1 is the natural embedding of Z(p°) into T and m € Z (cf. [11, Example 6], [3, 3.3]). Since

1 1 1 n+1

pn37n2 Tt pn372n pn37n F = pn37n2

one has xi(b,) — —x, and consequently x (b,) = myi(b,) —> 0 if and only if —mx =0 (i.e., x € ker x). This
means that x = my; if and only if o(x) = p"0 | m, as desired.

(c) We have already seen that x € ker y for every continuous character of Z(p°°){di}. On the other hand,
n(Z(p>){dy}) Ckerp"x; = (x). O

0< — 0, (36)

Remark 4.12. A careful examination of the construction in Theorem 4.4 reveals that the only following properties of
the sequence {b,} are essential:

(1) Growing number of summands in b,,—in other words, A(b,) —> 00;
(2) Growing gaps between the orders of summands in b,, (in its canonical form);
(3) b, — —x in the topology of inherited from T, where x € Z(p°°) and x # 0.

Condition (1) and (2) are needed in order to apply Corollary 4.11, while (3) guarantees that m x is continuous if and
only if o(x) | m (where yx1 is the natural embedding of Z(p°°) into T).

We conclude with a problem motivated by Theorem 4.2 and Remark 4.12:
Problem IIL. Is there a T-sequence {a} in Z(p>°) with bounded A(ay) that is not a T B-sequence?
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