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1. Introduction

Since Gabriel’s work [11], the connection between representation theory of finite-dimensional alge-
bras and Lie theory has been revealed by many mathematicians. In [11], Gabriel showed the existence
of a bijection between the isomorphism classes of all indecomposable modules over a hereditary alge-
bra of Dynkin type and the positive roots of the corresponding semisimple Lie algebra. In [12], Happel
introduced the root categories for finite-dimensional hereditary algebras. Thus Gabriel’s bijection has
been extended to a bijection between indecomposable objects of the root category of a hereditary
algebra of Dynkin type and all the roots of the corresponding semisimple Lie algebra.

Let A be a finite-dimensional hereditary algebra over a field k. Let D?(mod A) be the derived cat-
egory of finitely generated right A-modules. Then the root category R4 of A is defined to be the
2-periodic orbit category DP(mod A)/ X2, where X is the suspension functor. It was proved by Peng
and Xiao [23] that the root category R4 is triangulated via the homotopy category of 2-periodic
complexes of A-modules. With this triangle structure, Peng and Xiao [24] constructed a so-called

E-mail address: changjianfu@scu.edu.cn.

0021-8693/$ - see front matter © 2012 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jalgebra.2012.07.037


http://dx.doi.org/10.1016/j.jalgebra.2012.07.037
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:changjianfu@scu.edu.cn
http://dx.doi.org/10.1016/j.jalgebra.2012.07.037

234 C. Fu / Journal of Algebra 370 (2012) 233-265

Ringel-Hall Lie algebra associated to each root category and realized all the symmetrizable derived
Kac-Moody Lie algebras. In particular, this provides a concrete and useful realization of Gabriel’s
correspondence. In fact, Peng-Xiao’s construction is valid for any Hom-finite 2-periodic triangulated
categories over finite fields. In [21], Lin and Peng realized the elliptic Lie algebras of type Df‘“),

Eél‘l), E;“), Eél‘l) via the 2-periodic orbit categories (which are triangulated) of corresponding tubu-
lar algebras. However, in general, for arbitrary finite-dimensional k-algebra A, the 2-periodic orbit
category DP(mod A)/ X2 is no longer triangulated with the inherited triangle structure from the one
of D?(mod A) (cf. Section 2.7 or [17]). Up to now, there are no suitable Hom-finite 2-periodic triangu-
lated categories to realize the other elliptic Lie algebras via the Ringel-Hall Lie algebras approach. The
aim of this note is to enlarge the application of Ringel-Hall Lie algebra approach and try to establish
more links between representation theory of algebras and Lie theory.

Our motivation also comes from the interaction between singularity theory and Lie theory. Inspired
by the theory that the universal deformation and simultaneous resolution of a simple singularity are
described by the corresponding simple Lie algebras [6], K. Saito associated in [27], a generalization of
root system to any regular weight systems [28], and asked how to construct a suitable Lie theory in
order to reconstruct the primitive forms for the singularities [29]. This has been well-done for simple
singularities and simple elliptic singularities. But, in general, it is not clear how to construct a suitable
Lie theory even for the 14 exceptional unimodular singularities. Based on the duality theory of weight
systems and the homological mirror symmetry, Kajiura, Saito and Takahashi [14,15] (Takahashi [32])
associated a triangulated category 7y to each (simple or unimodular) singularity W. The triangulated
category 7w is equivalent to the bounded derived category of certain finite-dimensional algebra Ay .
If W is a simple singularity, then Ay is the path algebra of a Dynkin quiver Q of the corresponding
type of W. Applying Peng-Xiao’s theorem to the root category Ra, = Rkq of Aw, one gets the de-
sired simple Lie algebra to reconstruct the primitive forms. This fact suggests to study the Ringel-Hall
Lie algebra of Ay for a unimodular singularity W. However, the algebra Ay is no longer hereditary
and never derived equivalent to a hereditary category. It is not clear whether the 2-periodic orbit
category DP(mod Ay )/ X2 is triangulated or not.

In this paper, we propose to associate a 2-periodic triangulated category R4 to any finite-
dimensional k-algebra A of finite global dimension using Keller's construction [17]. By the con-
struction of R4, we have an embedding of categories i : D?(mod A)/XZ? < R 4. Moreover, if the
2-periodic orbit category DP(mod A)/ X2 admits a canonical triangle structure, then the embedding i
is an equivalence, where the canonical triangle structure means that the canonical projection functor
7 : DP(mod A) - DP(mod A)/ X2 is triangulated. This happens if A is a finite-dimensional hereditary
k-algebra. In other words, the category R4 of a finite-dimensional hereditary algebra A coincides with
the root category of A in the sense of Happel [12]. We also remark that, using R 4, one can easily con-
struct 2-periodic triangulated categories whose Grothendieck groups realize the root lattices for any
homogeneous elliptic Lie algebras. It would be interesting to study the relation between the Ringel-
Hall Lie algebras of these categories and the corresponding elliptic Lie algebras in the future. On
the other hand, Keller’s construction is valid for any algebraic triangulated categories satisfying some
finiteness conditions. In [10], the authors have considered the construction for algebraic triangulated
categories generated by spherical objects and have determined the structure of the corresponding
Ringel-Hall Lie algebras.

This paper is organized as follows: in Section 2, for any finite-dimensional k-algebra A of finite
global dimension, we introduce the root category R4 and study its basic properties. It is a Hom-finite
2-periodic triangulated category and admits AR-triangles. We prove that the Grothendieck group of
R, is isomorphic to the Grothendieck group of the derived category DP(mod A). A concrete example
is also given to show that the 2-periodic orbit category is not triangulated with the triangle struc-
ture inherited from the one of DP(mod A). Section 3 is devoted to investigate the root categories of
representation-finite hereditary algebras. Such root categories characterize the algebras up to derived
equivalence. In Section 4, we study the Ringel-Hall Lie algebras associated to the root categories of
a class of finite-dimensional k-algebras of global dimension 2. It turns out that we have a negative
answer to a question on GIM-Lie algebra asked by Slodowy [31]. Let us mention that different coun-
terexamples have been discovered in [1] by using different approach. In Appendix A, we discuss the
universal property of the root category and study recollement associated to root categories. One can
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use this to construct inductively various algebras whose corresponding 2-periodic orbit categories are
not triangulated with the inherited triangle structure from the bounded derived categories.
Throughout this paper, we fix a field k. All algebras are finite-dimensional k-algebras of finite
global dimension. All modules are right modules. Let C be a k-category. For any X,Y € C, we write
C(X,Y) for Hom¢ (X, Y). A triangulated subcategory C of T is called thick if C is closed under direct
summands. For a subcategory M in a triangulated category 7, we denote by tria(\M) the smallest
thick subcategory of 7~ containing M. For a Lie algebra g, let g’ be the derived subalgebra of g.

2. Root categories for finite-dimensional algebras
2.1. Reminder on differential graded categories

We follow [16,19]. Let k be a field. A differential graded (= dg) k-module V is a complex of k-mod-
ules. The tensor product of two dg k-modules V, W is the graded k-module V ®, W endowed with

the differential dy ® 1w + 1y ® dw, where dy and dy are the differentials of V and W respectively.
A dg category is a k-category A whose morphism spaces are dg k-modules and whose compositions

AY,Z)Qr AX,Y) > AX,Y), X, Y,ZeA
are morphisms of dg k-modules (complex of k-modules). We identify a dg algebra with a dg category

with one object.
The dg category Cyg(k) has as objects all dg k-modules and its morphisms are defined by

Cag()(V, W) = @Cdg(k)(V, wW)P,
DEZ

where Cyg(k)(V, W)P is the k-module formed by morphisms f:V — W of graded k-modules of
degree p. The differential of C4z(k)(V, W) is the commutator

dify=dwo f—(=DFfody, feChuk)(V,W)P.

Let A and B be dg categories. A dg functor F : A — B is given by a map F : obj.A — obj B and by
morphisms of dg k-modules

F(X,Y): AX,Y) > B(FX,FY), X,Y €objA,

compatible with the compositions and the units.

A right dg A-module M is a dg functor M : A’ — Cyg(k), where A is the opposite dg category
of A. Let Dif A be the dg category of right dg .4-modules. A dg .A-module P is called K-projective
if Dif A(P,?) preserves acyclicity. For any dg category B, let Z%(53) be the category with the same
objects of 3 whose Hom-space is given by

2°B)(X,Y)=Z(B(X,Y)),

ie. the Oth cocycle of dg k-module B(X,Y). Let H°(13) be the category with the same objects of B
whose Hom-space is given by

HO(B)(X,Y) = HO(B(X, Y)),

i.e. the Oth homology of dg k-module B(X, Y). For the dg category Dif.A, we define C(A) := Z°(Dif A)
and H(A) := H°(Dif A). A morphism L — N in C(A) is called a quasi-isomorphism if it induces an
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isomorphism in homology. Let D(A) be the derived category of A4, i.e. the localization of C(.A) with
respect to the class of quasi-isomorphisms. A dg .A-module L is called compact if D(A)(L,?) com-
mutes with arbitrary direct sums. For instance, the projective .A-modules A(?, A), A € A are both
K-projective and compact. Let per(A) be the perfect derived category of A, i.e. the smallest subcat-
egory of D(A) containing A(?, A), A € A and stable under shift, extensions and passage to direct
factors.

Let X be a dg A% ®; B-module. It gives rise to a pair of adjoint dg functors

Tx
Dif A Dif B.
-
Hx

Assume that X is K-projective as an A% ® B-module, then (Tx, Hx) induces an adjoint pair of
triangle functors (LTx, RHx) over the derived categories, where LTy is the left derived functor of Ty.

L
If both A and B are dg k-algebras, we also write ? ® 4 X for LTx.
2.2. 2-Periodic orbit categories

Let A be a finite-dimensional k-algebra of finite global dimension. Let D?(mod A) be the bounded

derived category of finitely generated A-modules and X the suspension functor. Consider the left
total derived functor of A% ®; A-module X2A

2 =7 éA >2A: D" (mod A) — DP(mod A),
which is an equivalence. For all L, M in DP(mod A), the vector space
DP(mod A)(L, Z*'M)
vanishes for all but finitely many n € Z. The 2-periodic orbit category

DP (mod A)/ X2
of A is defined as follows:

o the objects are the same as those of D?(mod A);
o if L and M are in DP(mod A), the space of morphisms is isomorphic to the space

B D’ (mod A) (L, £*"M).

nez

The composition of morphisms is obvious. If A is hereditary, the orbit category is called the root
category of A which was first introduced by D. Happel in [12].
A Hom-finite k-additive triangulated category R is called 2-periodic triangulated if:

o X221, where X is the suspension functor of R;
o the endomorphism ring Endg (X) for any indecomposable object X is a finite-dimensional local
k-algebra.

For any finite-dimensional algebra A over a field k, the homotopy category H2(P) of 2-periodic com-
plexes of finitely generated projective A-modules is a 2-periodic triangulated category. Using H,(P),
Peng and Xiao [23] proved that the 2-periodic orbit category DP(mod A)/ X2 of a hereditary algebra A
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is 2-periodic triangulated with canonical triangle structure, where the canonical triangle structure
means that the canonical projection functor 7 : DP(mod A) — DP(mod A)/X? is triangulated. How-
ever, this is not true in general. The first non-triangulated example is due to A. Neeman who considers
the algebra of dual numbers k[x]/(x2). The 2-periodic orbit category of k[x]/(x?) is not triangulated
(cf Section 3 of [17]). Note that the algebra k[x]/(x?) in this example is of infinite global dimen-
sion.

2.3. Root category via Keller’s construction

When DP(mod A) is triangle equivalent to the bounded derived category of a hereditary category,
the 2-periodic orbit category D?(mod A)/ X2 is triangulated (cf. [23,17]). But in general, the 2-periodic
orbit category is not triangulated. However, a triangulated hull was defined in [17] as the algebraic
triangulated category R4 with the following universal properties:

o There exists an algebraic triangulated functor 4 . pb (mod A) — Ra.
o Let B be a dg category and X an object of D(A°? ® B). If there exists an isomorphism

L L
in D(A°’ ® B) between X2A ®4 X and X, then the algebraic triangulated functor ? ®4 X :
DP(mod A) — D(B) factorizes through 7 into an algebraic triangulated functor.

Consider A as a dg algebra concentrated in degree 0. Let S be the dg algebra with underlying
complex A @ X' A, where the multiplication is that of the trivial extension:

(a,b)(a’,b") = (ad’, ab’ + ba').

Let D(S) be the derived category of S and D(S) the bounded derived category, i.e. the full sub-
category of D(S) formed by the dg modules whose homology has finite total dimension over k. Let
per(S) be the perfect derived category of S, i.e. the smallest thick subcategory of D(S) containing S.
Clearly, the perfect derived category per(S) is contained in DP(S). Denote by p: S — A the canon-
ical projection. It induces a triangle functor p, : D?(mod A) — D?(S). By composition we obtain a
functor

74 : D’ (mod A) — DP(S) — DP(S)/per(S),

where the functor D?(S) — DP(S)/per(S) is the canonical localization functor. Let tria(psA) be the
thick subcategory of DP(S) generated by the image p.A. It is clear that S belongs to tria(p,A).
Hence, per(S) is a thick subcategory of tria(p.A). By Theorem 2 of [17], the triangulated hull of the
orbit category DP(mod A)/ X2 is the category

Ra :=tria(psA)/per(S).

Moreover, there are embeddings i : DY (mod A)/ X2 <> R4 of categories and R4 <> Ha(P) of trian-
gulated categories. If i is dense, then we say that the 2-periodic orbit category DP(modA)/X? is
triangulated with inherited triangle structure from the one of D?(mod A). If A is a finite-dimensional
hereditary algebra over k, the embedding i is dense by the main theorem of Keller [17]. In this
case, using the universal properties of R4, one implies that the triangle structure given by Peng and
Xiao [23] is the same as the one described by Keller. Furthermore, we have equivalences of triangu-
lated categories PP (mod A)/ X2 = R4 = H,(P) in this case.
We have the following nice characterization of R 4.

Lemma 2.1. Let A be a finite-dimensional k-algebra of finite global dimension and S the dg algebra associated
to A as above. Let p, : DP(mod A) — DP(S) be the triangle functor induced by the canonical homomor-
phism p : S — A of dg algebras, where A is viewed as a dg algebra concentrated in degree 0. We have
Ra =DP(S)/per(S).
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Proof. We have inclusions per(S) C tria(p+A) € D?(S). By the definition of R4, it suffices to show
that tria(p<A) = DP(S).

Since S is a negative dg algebra. It is well-known that there is a canonical t-structure (DS, D)
induced by homology over D(S). In particular, DS is the full subcategory of D(S) whose objects
are the dg modules X such that the homology groups HP(X) vanish for all p > 0. The t-structure
restricts to the subcategory DP(S) of D(S) with heart % which is equivalent to mod A. Thus, each
object X € DP(S) is a finite iterated extension of objects in 7. But every object in # belongs to
tria(p4A), since A is of finite global dimension. This implies that Db(S) C tria(p4A). Therefore we
have DP(S) =tria(psA). O

Definition 2.2. We call the triangulated hull R4 := Db(S)/per(S) the root category of A and
74 : DP(mod A) — DP(S)/per(S) = R4 the canonical functor.

Remark 2.3. One can also consider the construction for the orbit category D”(mod A)/ X2 which is
in fact the same as D?(mod A)/X2. Then one replaces the dg algebra S by S’ = A @ X 3A. The root
category can be defined as R = tria(p,A)/per(S’).

2.4. Alternative description of R s

There is another description of R4 in [17]. Let A be the dg category of bounded complexes of
finitely generated projective A-modules. Naturally, the tensor product of X2A defines a dg functor
from A to A. Then one can form the dg orbit category B as the dg category with the same objects
of A and such that for any X, Y € 3, we have

BX.Y) =@ A(X. 2°Y).
nez

Now we have an equivalence of categories

DP(mod A)/ 22 = HO(B).

Let D(B) be the derived category of the dg category B. Let M be the triangulated subcategory of
D(B) generated by the representable functors. The following is a special case of the remarkable the-
orem due to Keller (Theorem 2 in [17], cf. also [18]).

Theorem 2.4. The category D (S) /per(S) is triangle equivalent to the triangulated hull M.

In fact, Theorem 2 in [17] only implies that tria(p.A)/per(S) = M. But by Lemma 2.1 we have
tria(psA) /per(S) = DP (8)/per(S) in the 2-periodic case. This equivalence was induced by the embed-
ding H2(B) = D’ (mod A)/ X2 15 Ra4.

Using this description, we have the following.

Proposition 2.5. Let A be a finite-dimensional k-algebra of finite global dimension. Then the root category R 4
is a Hom-finite 2-periodic triangulated category.

Proof. The Hom-finiteness follows from the description of M, since the homomorphisms between
representable functors of B are finite-dimensional over k. Consider the B°° ® 3-module X: X(A, B) =
B(A, B) for any A, B € B, it induces the identity functor

1:D(B) — D(B).
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Let Y be the B°% ® B-module such that Y (A, B) = ¥2B(A, B) for any A, B € B. Clearly, the module Y
induces the triangle functor

»%:D(B) - D(B).

By the definition of the dg orbit category B, we deduce that X is isomorphic to Y as B°° ® B-modules,
which induces an invertible morphism 1 :1— X2 by Lemma 6.1 of [16]. Thus, to show that R, is
a 2-periodic triangulated category, we only need to show that R, is a Krull-Schmidt category. It
suffices to prove that each idempotent morphism of R4 is split, i.e. R4 is idempotent completed.
In fact, D(B) admits arbitrary direct sums, which implies that D(B) is idempotent completed. Recall
that R4 = M c D(B) is closed under direct summands in D(B), the result follows from the well-
known fact that if an additive category C is idempotent completed, then a full subcategory D of C is
idempotent completed if and only if D is closed under direct summands. O

2.5. Serre functor over R 4

Keep the notations as above. Let D = Hom(?, k) be the usual duality over k. The S ®, S-module
DS induces a triangle functor

L
?®s DS : D(S) — D(S).
We have the following well-known fact (see e.g. Lemma 1.2.1 of [2]).

Lemma 2.6. There is a non-degenerate bilinear form

L
axy :DS)X,Y) xD(S)(Y,X®s DS) — k,

which is bifunctorial for X € per(S) and Y € DP(S).
L
Proposition 2.7. The functor ? ® s DS restricts to auto-equivalences

L L
?7Q®s DS:DP(S) > DP(S) and ? ®s DS : per(S) — per(S).

Proof. Since A is of finite global dimension, we know that DA € perA and hence DS € perS. Simi-
larly, we have S e tria(DS) € D(S). This particularly implies that DS is a small generator of D(S). It
is not hard to show that

D(S)(S, £"S) =D(S)(DS, £"DS), nel.

L
Thus by Lemma 4.2 of [16], we know that ? ® s DS is an equivalence over D(S). Now the functor

L
? ®s DS restricts to per(S) follows from tria(DS) = per(S).
Consider the cofibrant resolution of A as a right S-module, one computes directly that

L . L
H'(A®sDS)=~DA and H'(A®sDS)=0 fori1.

L
By the existence of the canonical t-structure of DP(S), we have A ® s DS = X~'DA in D?(S). Now
again by the finiteness of the global dimension of A, we have p.A € tria(p.(DA)) € D’(S). In partic-

L

ular, we have tria(p«(DA)) = DP(S) as tria(p+A) = DP(S). Thus, ? ®s DS restricts to an equivalence
L

?Q®s DS:DP(S) — DP(S). O
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Before stating the next result, we recall Amiot’s construction [3] of bilinear form for quotient
category. Let 7 be a triangulated category and N C 7 a thick subcategory of 7. Assume v is an
auto-equivalence of 7 such that v(N) C A. Moreover, we assume that there is a non-degenerate
bilinear form:

Bn.x :T(N,X) x T(X,vN) —k,

which is bifunctorial in N e A and X € 7. Let X,Y € 7. A morphism p: N — X is called a local
N -cover of X relative to Y if N is in A/ and it induces an exact sequence:

07X, V)5 7N, Y).
The following theorem is due to Amiot (Lemma 1.1 and Theorem 1.3.1 of [3]).
Theorem 2.8.

1) The bilinear form B naturally induces a bilinear form

Biy : T/INX.Y)x T/N(Y,vEZ~1X) -k,

which is bifunctorial for X,Y € T/N.
2) Assume further T is Hom-finite. If there exists a local N'-cover of X relative to Y and a local N -cover
of vY relative to X, then the bilinear form /3;“, is non-degenerate.

Recall that R4 = DP (S)/per(S). Now we have the following
Proposition 2.9.

1) The bilinear form « induces a bifunctorial bilinear form o’

L
ayy i Ra(X,Y) x Ra(Y, 271X ®s DS) — k.
2) The bilinear form o’ is non-degenerate over R 4.

Proof. The first statement follows from Lemma 2.6, Proposition 2.7 and Theorem 2.8 directly.

The proof of part 2) is quite related to the proof of Theorem 4.3 of [2]. Let P4 =Tot(--- — X"S —
18 5 ... 5 325 5 ¥S§— S — 0— --), ie. P, is the cofibrant resolution of S-module A. Then
one can easily check that D?(S)(A, £™A) is finite-dimensional over k for any m € Z. In particular, we
have

DP(S)(A, Z*MA)=A and D(S)(A, Z?™T1A) =0,

for m >0 and DP(S)(A, Z™A) =0 for m < 0. Since p,(A) = A € DP(S) generates the category D?(S),
which implies that DP(S) is Hom-finite, ie. for any X,Y € D?(S), we have dim; D?(S)(X,Y) < oco.
Since the non-degeneracy is extension closed, it suffices to show that v,y »m, is non-degenerate.
Equivalently, it suffices to show that a;“an is non-degenerate for any n € Z. YBy 2) of Theorem 2.8, it
suffices to show that there exists a local per(S)-cover of A relative to X" A and a local per(S)-cover

L
of X"A relative to A ®s DS. For n < 0, since DP(S)(A, X"A) =0, one can take p: S — A as the
local per(S)-cover of A relative to X™"A. Now assume that n > 0. Let

Pasna:=Tot(--- > 0— ¥"S—> 3" 1S5 ... 5 2§ >S5 —>0—--").
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Clearly P4 sna € per(S). One can easily see that p: P4 sng — A is a local per(S)-cover of A relative
to X"A.

On the other hand, note that A ég DS = ¥ 1DA. A local per(S)-cover of X"A relative to
Y~1DA is equivalent to a local per(S)-cover of A relative to ¥ " 'DA. If n > 0, we have
DP(S)(A, X" 1'DA)=0and p: S — A is a local per(S)-cover of A relative to X~""1DA. Suppose
that n < 0. One can show that

Ppsnipgi=Tot(-->0— YIS 5265 ... 5 S >80 ) > A
is a local per(S)-cover of A relative to X" 1DA. O

The main result in this subsection is the following.

Theorem 2.10. The root category R 4 admits Auslander-Reiten triangles.

L
Proof. Proposition 2.9 implies that ¥~1? ® s DS is the Serre functor over R4 = D (S)/perS. By [25],
one deduces that R4 admits Auslander-Reiten triangles. O

2.6. The Grothendieck group of R 4

We first recall the definition of the Euler bilinear form for a 2-periodic triangulated category. Let
R be a 2-periodic triangulated category and Gg(R) the associated Grothendieck group. The Euler
bilinear form xr (—,—) on Go(R) is defined to be

xw([X1, [Y]) = dim R(X, V) — dimg R(X, V),
where X,Y € R. We claim that it is well-defined due to the 2-periodic property. Let

L-X—>MS5L 3L

be any triangle in R. By applying the functor R(—, Y), we obtain a long exact sequence

S RELY) S RM,Y) = R(X,Y) = R(L,Y)

) (2720

- R(ZT'M,Y) > R(Z7'X,Y) > R(Z'LY R(EZM,Y) - ---.

Note that X2t =t as X2 =1, which implies imt* = im(Z ~2t)*. Hence we have

xR (X1 [Y]) = = (L. [Y]) + x= (IM]. [Y]).

Dually, one can show that if K — Y — N — XK is a triangle in R, then we have

xr(IX1, [Y]) = x= (IX], [K1) + x= (X1, [N]).

Let A be a finite-dimensional k-algebra of finite global dimension and R4 the corresponding root
category. Let Go(Ra) and Go(DP(mod A)) be the Grothendieck groups of R4 and DP(mod A) respec-
tively. Let xwr,(—,—) be the Euler bilinear form over R, defined as above and let x4(—,—) be the
Euler bilinear form over Go(DP (mod A)), i.e.
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xa(IX1,1Y]) = Y (1) dim, D®(mod A) (X, £'Y)
ieZ

for any X, Y € DP(mod A).
We are now in the position to state the main result of this subsection.

Proposition 2.11. Let A be a finite-dimensional k-algebra of finite global dimension and R 4 the corresponding
root category. Let wa : DP(mod A) — Ra be the canonical triangle functor. Then the functor w4 induces
an isomorphism 7y : Go(DP(mod A)) — Go(Ra) of Grothendieck groups which preserves the Euler bilinear
form.

Proof. Suppose that the algebra A has exactly n non-isomorphic simple modules, say Sq,....S; and
let P1,..., P, be the corresponding projective covers. It is well-known that Go(DP(mod A)) = Z[S1]1®
---@Z[Sy]. Let S be the dg algebra defined in Section 2.3. Let p,. : D?(mod A) — DP(S) be the triangle
functor induced by the canonical homomorphism p : S — A of dg algebras. Recall that the canonical
functor 7 : DP(mod A) — R4 is the composition of the functor p, : D?(mod A) — DP(S) with the
canonical localization D?(S) — Db(S)/per(S) =R 4. We first show that the functor p, induces an
isomorphism of groups p* : Go(D?(mod A)) — Go(D?(S)).

Since S is a negative dg algebra, there is a canonical t-structure over D?(S) whose heart  is
equivalent to mod A. As in the proof of Lemma 2.1, each object of X in D?(S) is a finite iterated
extension of H. Hence, the image [X] of X in the Grothendieck group Go(DP(S)) is a finite lin-
ear combination of the images of objects in 7. By the equivalence H = modA and the assumption
that A is of finite global dimension, for any N € #, the image [N] is a finite linear combination of
[p«S1], ..., [P«Sn]). Therefore, for any object X in DP(S), the image [X] of X is a finite linear com-
bination of [p.S1], ..., [p«Sn]. Let i: A — S be the injective homomorphism of dg algebras, we have
the induced triangle functor i, : D?(S) — DP(mod A) and the associated homomorphism of groups
i* 1 Go(DP(S)) — Go(DP(mod A)). Since p oi =14, we have i* o p* = 16, (Db (mod 4))» Which implies
that p* is injective. Hence, [ps«S1],...,[ps«Sn] are linearly independent over Z and form a Z-basis of
Go(Db(8S)). In particular, p* : Go(DP(mod A)) — Go(D?(S)) is an isomorphism of groups.

We have the following exact sequence of triangulated categories

per(S) — DP(S) — Ra,

which induces an exact sequence of Grothendieck groups
Go(per(S)) %> Go(DP(S)) L Go(Ra) — 0.

In particular, we have Go(Ra) = Go(D?(S))/imyr. Let eq, ..., e, be the orthogonal primitive idempo-
tent elements of A. It is clear that i(ej), j=1,...,n are orthogonal idempotent elements of S. Let
Pj =i(e;)S. By using the existence of canonical t-structure over DP(S), it is not hard to see that

P~j, j=1,...,n are all the indecomposable direct summands of S in D?(S). Since S is negative,
each compact object is a finite extension of direct sum of Z‘"PNJ-, n € Z (cf. [16, Remark 5.3]). Thus
for any X € per(S), [X] is a finite linear combination of [P;], i=1,...,n in the Grothendieck group
Go(per(S)). But ¥ ([Pj]) =0 in Go(D?(S)) since y([P;]) = [Pj]+ [XP;] = 0. Therefore imy = 0 and
¢ : Go(DP(S)) = Go(Ra) is an isomorphism of groups.

Since the canonical functor 74 : D?(mod A) — R, is the composition of p, with the localization
functor D°(S) — DP(S)/per(S) = Ra, we infer that 7 = p* o ¢ : Go(D”(mod A)) — Go(Ra) is an
isomorphism of groups. The isomorphism 7 preserves the Euler bilinear form follows from a direct
calculation and the definition of xz,. O

Remark 2.12. If A is a finite-dimensional hereditary k-algebra, then R4 = D (mod A)/ X2, 1t follows
that Go(DP(mod A)/ X2) = Go (D (mod A)).
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2.7. A minimal example

Let Q be the following quiver

Let A be the quotient of the path algebra kQ by the ideal generated by g o . Then A is
representation-finite and has global dimension 2. Let D?(mod A) be the bounded derived category
of finitely generated right A-modules. Let A be the dg enhancement of DP(mod A), i.e. the dg cat-
egory of bounded complexes of finitely generated projective A-modules. Let X2 : A — A be the dg
enhancement of the square of suspension functor of D?(mod A). Let B be the dg orbit category of A
respect to X% (cf. Section 2.4). The canonical dg functor 7 : A — B yields an A% ® B-module

(B, A) — B(B,A),
which induces the standard functors
Ty

D(A) D(B).

TTp
We also have a canonical triangle equivalence F : D(Mod A) — D(A). Now the composition
DP(mod A) < D(Mod A) £ D(A) 5 D(B)
gives the canonical functor 4 : D?(mod A) — Ra.
Proposition 2.13. The canonical functor w4 : DP (mod A) — R 4 is not dense.
Proof. We will construct an object in R4 which is not in the image of 4. Let S; be the simple
A-modules associated to the vertices i and P; the corresponding indecomposable projective modules,

i=1,2. Let l: P — Pq be the embedding and y : P1 — S1 — P; the composition of P; — S1 with

t
S1 <> P;. Let X be the complex --- — 0 — Pzﬂ)P1€BP2ﬂ>P1—>O~~,Where P1 ® P is in

the Oth component. Let Y be the complex ---— 0— 0— P, LN Py — 0---, where the left P, is in
the Oth component. Let f be the following morphism from X to Y in DP(mod A)

1,0) ©o,h*

f: 00— P, —— P ®P; ——= P ——=0
\LO \L(y’l)t ly
0
0 0 Py Py 0,

and g be the following morphism from X to X2Y in D”(mod A)

(1,0) o,nht
g: 0 ——P;, ——=P1®P, —= P ——=0

Pl

0
) ) 0.
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We claim that the mapping cone of w4 (f + g) is not in the image of 4. Let

Ta(X) ZAYTE, 1Y) > Z = SraX)

be the distinguished triangle. Applying the functor 7,, we get a triangle in D(Mod A)

TpA(f+8)
_

T a(X) ToA(Y) = TpZ — X pra(x)-

Note that for any X € D?(mod A), we have Tpma(X) = Dy, 32X Thus, 7T, Z is isomorphic to the
mapping cone of the following chain map of complexes

(00 (00 (00
10 10 10
-—=P1®P —=P1®P —=P1®P; —=P1®P2 —— -

l(y,l)f J/(yﬂ)‘ l(%l)‘ l(yﬂ)t

0 0 0
) Py ) Py

In particular, the mapping cone is

0 00 0 00
(—yOO) (—yOO)
-1 -10 -1 -10

— PP HOPy — PP Py ——> P P11 HPy —m— -

Denote by h the composition Py — S1 < P; and consider the complex P :--- — P LN Pq LN
P1— ---. It is easy to check that the following is a quasi-isomorphism

0 00 0 00
(459) (459)
-1-10 -1-10
= PP ®P —— P ®P1®P —— P ®P1 &P —— -

\L (=1,1,0)¢ \L (~1,1,0)¢ \L (—1,1,0)¢

h I
P, P4 P, '

In particular, 7,Z is isomorphic to P in D(ModA). If there exists U € DP(mod A) such that
ma(U)=2Z, then n,Z =P, X2y, But one can easily show that P is indecomposable in D(Mod A).
This completes the proof. O

This example implies that in general the orbit category DP(mod A)/ X2 is not triangulated even
if A is of small global dimension. In Appendix A, we propose a way to construct various examples
from a known one by using recollement associated to root categories. It would be interesting to know
whether there is an algebra A without oriented cycles such that the orbit category D?(mod A)/ %2 is
not triangulated with the inherited triangle structure.

3. The ADE root categories
In this section, we focus our attention on the root categories of finite-dimensional hereditary al-

gebras of Dynkin type. We show that such root categories characterize these algebras up to derived
equivalence.
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3.1. Separation of AR-components

Let A be a finite-dimensional k-algebra of finite global dimension. Let 74 : D?(mod A) — R4 be
the canonical triangle functor. By Theorem 2.10, we know that R4 has Auslander-Reiten triangles
(AR-triangles). When 14 is dense, it is quite easy to show that w4 preserves the AR-triangles, i.e. each
AR-triangle of R4 comes from an AR-triangle of D?(mod A) via the canonical functor 74. In general,
we have the following.

Theorem 3.1. Let A be a finite-dimensional k-algebra of finite global dimension and 74 : DP (mod A) — Ra
the canonical functor. Then the functor w4 maps AR-triangles of DP (mod A) to AR-triangles of R . As a con-
sequence, there is no irreducible morphism between immw4 and R4\ im 4.

Proof. Recall that for arbitrary objects X, Y € D(mod A), we have the canonical isomorphism

Ra(ma(X), ma(V)) = @ D (mod A) (2 X, Y),
i€Z

and DP(mod A)(X2 X, Y) vanishes for all but finitely many i. Denote by S and S the Serre functors
of D’(mod A) and R, respectively. Firstly, we show that 74 S(X) = Swa (X) for any indecomposable
object X € DP(mod A). Consider the functor DR 4(?, T4S(X)) over R4, where D = Homy(?, k) is the
usual duality of k. We have the following canonical isomorphism

DRA(maX, TAS(X)) = (@Db(mod A)(ZHX, S(X)))
ieZ

=P DD’ (mod A)(Z¥ X, S(X))
ieZ

=P DP(mod A)(X, Z*X)
i€Z
ERA(@aX, maX).

The indecomposable property implies that Ra(waX,mwaX) is a local k-algebra. Let n €
DRaA(waX,waS(X)) be the image of 1;,x € Ra(waX,maX) via the canonical isomorphism. Let
n*: Ra(@aX,?) > DRa(?,maS(X)) be the natural transformation corresponding to 7. It is clear
that 1*|imy, is an isomorphism. Furthermore, if f : Y — Z is a morphism in R4 such that 7y and 7}
are isomorphisms, then nam_,(f) is an isomorphism. Since R4 is the triangulated hull of ims,4, one
deduces that n* is an isomorphism over R 4. In particular, DR4(?, moS(X)) is representable. On the
other hand, the Serl:g functor S implies that DR 4(?, §nA X) is also represented by Ra (74X, ?). Thus,
we have m4S(X) = SmaX.

Let 515X L5 v £ X 1 S(X) be an AR-triangle in DP(mod A). Let a(E~15X) 4> W —
maX L m4S(X) be the AR-triangle in R 4. Clearly, 4 (f) is not a split monomorphism. Hence there
is @ morphism t : W — m4Y such that mw4(f) =t o u. Namely, we have the following commutative
diagram of triangles

Ta(Z1sX) — L~ w TaX — > waS(X)

-
a(f) TA(g) (h)
TAETISX) 2 a(y) TR max T mas(X).




246 C. Fu / Journal of Algebra 370 (2012) 233-265

We claim that s is an isomorphism. Otherwise s is nilpotent by the indecomposability of X. Since

r-1sx N vy & x by S(X) is an AR-triangle, we have m4(h) o s =0, which implies that v =0,

a contradiction. Thus, t is also an isomorphism. In particular, the image of X~15X IR y £ x by
S(X) is indeed an AR-triangle of R 4.

Now one can easily deduce that there is no irreducible morphism between imm4 and R4\ immy,
which completes the proof. O

Remark 3.2. For generalized cluster categories [3], the separation property of AR-components has been
proved in [4] by using the theory of graded algebra (Theorem 5.2 in [4]). Let C4 be the generalized
cluster category associated to A and w4 :Db(mod A) — C4 the canonical functor. Let S and S be the
Serre functors of DP(mod A) and C, respectively. By the 2-Calabi-Yau property of Cy4, one deduces
that S o Ta(X) = 74 0 S(X) for any X € DP(mod A). Then one shows that the functor 7, preserves
AR-triangles as above. This gives an alternative proof for Theorem 5.2 in [4].

3.2. The ADE root categories

Let A and B be finite-dimensional k-algebras of finite global dimension. If A and B are derived
equivalent, it is clear that R4 = Rp. But the converse is not known in general. In what follows we
will characterize the algebras sharing the root category with the path algebra of a Dynkin quiver.
Since the derived category of a Dynkin quiver is independent of the choice of the orientation, we
assume Q to be one of the following quivers for simplicity.

An: 1 2 n—-1—-—=n
1\
Dy : /3 4 n
2
3
v
Es 1 2 4 5 6
3
v
E7: 1 2 4 5 6 7
3
v
Eg: 1 2 4 5 6 7 8.

Theorem 3.3. Let A be a finite-dimensional k-algebra of finite global dimension. If the root category R 4 is
equivalent to Ryq for some Dynkin quiver Q, then A is derived equivalent to kQ.

Proof. Since Q is a connected Dynkin quiver, the AR-quiver of D?(modkQ) is connected. The canon-
ical functor mq : DP(modkQ) — Riq is dense, which implies that the AR-quiver of Ryq is con-
nected. By Theorem 3.1, we know that the functor 4 : DP(mod A) — R4 is dense. In particular, each
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X € R4 has at least one preimage in D?(mod A). Let P;, i =1, ...,n be the indecomposable projective
kQ -modules. It is clear that

dimy Riq (kg Pi, ko Pj) <1 fori<j and Ryq (mrq Pi, kg Pj) =0 fori> j.

Let F : Rrq — Ra be the triangle equivalence. We claim that there is an object M in DP(mod A) such
that

7a(M) = F(mkq (kQ)) and D"(mod A)(M, Z'M) =0 fort 0.

Let {¥?"X; | r € Z} be the set of preimages of F(myq (Pi)) in DP(mod A). The condition that
wA(M) = F(mgq (kQ)) = F(mtkq (P1 @ --- @ Pp)) implies that M has exactly n non-isomorphic inde-
composable direct summands, say M1, ..., M,. We assume that M; € {¥?" X; |[re€Z},i=1,...,n and
construct M as follows.

Step 1: Choosing M, € {¥?" X, | r € Z} arbitrarily, since n is the unique sink vertex;
Step 2: Suppose Mj, 1 < j <n have been chosen. Let I be the set of vertices i such that there is an

arrow from vertex i to j. Consider the full subquiver of Q whose vertices are j and i € I;.
Since

dimy Ra (F (kg (Pi)). F(1tkq (P;))) = dimy Riq (kg (Pi), kg (Pj)) =1
for each i € I, there exists a unique r; € Z such that
dimy D (mod A)(Z%1X;,M;) =1 and D’(modA)(Z%X;,M;)=0 fort#r;.

Then set M; = X%iX; for each i € I};
Step 3: Repeat step 2 until j=1.

It is clear that w4 (M) = F(myq (kQ)) and

D(mod A)(M, Z* M) =0 forr #0.

On the other hand, we have

Riq (kg (kQ), T7rq (kQ)) = @ D’ (modkQ) (kQ, Z**'kQ) =0,
rez

which implies D (mod A)(M, £2"t1M) = 0 for any r € Z. In particular, M is a (partial) tilting com-
plex of DP(mod A). We have DP(modkQ) = Db (mod End b (g 4 (M)) = tria(M), where tria(M) is the
smallest thick subcategory of DP(mod A) containing M. We now prove that tria(M) = D (mod A). Let
i: DP(modkQ) => tria(M) < DP(mod A) be the composition. By the universal property of the root
category, we have the following commutative diagram

DY (modkQ) L Db (mod A)

-

Rkq ———— Ra,
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where i is induced by the full embedding i. By Lemma A.2, we know that i is also fully faithful, thus
an equivalence. It follows that i is dense and an equivalence. We remark that there is no reason that
the induced functor i coincides with F : Ryq — Ra. O

3.3. Tame quiver of type Dand E

Let Q be one of the following quivers

2 n—1
_ v |
Dy : 1 3 n—2 n n+1
3
v
4
_ \
Eg 1 2 5 6 7
4
_ v
E; 1 2 3 5 6 7 8
3

-

Es: 1 2 4 5 6 7 8 9.

Theorem 3.3 also holds for tame quiver of type D and E. One can adapt a variant proof of Theo-
rem 3.3.

Proposition 3.4. Let A be a finite-dimensional k-algebra of finite global dimension. If the root category R4 is
equivalent to Ryq for some tame quiver Q of type D or E, then A is derived equivalent to kQ.

Proof. It suffices to prove this proposition for Q as one of the above quivers. Note that the canonical
functor myq : D’(modkQ) — Riq is dense. Let F:Ryq — Ra be the triangle equivalence. It is
well-known that the AR-quiver of D?(modkQ) and hence the AR-quiver of Rkq = Ra is the union
of preprojective-preinjective component and tubes up to shifts. We claim that the intersection of
im4 with the preprojective-preinjective component is nonempty. Otherwise, we have imm4 € F(T)U
Y F(T), where T is the union of kQ -modules in the tubes. It is clear that T is a hereditary abelian
subcategory of modkQ . By Theorem 9.1 of [17], we know that DP(T)/ X2 is triangulated and we have
the following commutative diagram

PI(TYC—+ DP(modkQ)

i
DM(T)/2? — = Riq,

where i is induced by i. In particular, the functor i is a full embedding. Now imm4 € F(T) U X F(T)
implies that tria(imsr4) Cim F o i, which contradicts to tria(imms) = Ra.
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Therefore the intersection of the image imm4 with the preprojective-preinjective component is
nonempty. By Theorem 3.1, every object in this component belongs to imm4. In particular, we have a
preimage of F(myq (kQ)) in DP(mod A). Note that in these cases, we have

dimg Ryq (7TkQ (Py), JTkQ(Pj)) <1 fori<j and TRyq (JTkQ (Py), mrq (Pj)) =0 fori>j.
Then one can adapt the proof of Theorem 3.3 to deduce the desired result. O

4. Ringel-Hall Lie algebras and GIM-Lie algebras

Throughout this section, let k be a field with |k| = q. We study the Ringel-Hall Lie algebras of
the root categories for a class of finite-dimensional k-algebras of global dimension 2. Building on the
representation theory of these algebras, we give a negative answer to a question on GIM-Lie algebras
addressed by Slodowy in [31]. We mention here that different counterexamples have been discovered
by Alpen [1] who considered fixed point subalgebras of certain Lie algebras.

4.1. Generalized intersection matrix Lie algebras

We recall the generalized intersection matrix Lie algebra (GIM-Lie algebra for short) following
Slodowy [31]. A matrix C = (¢jj) € M|(Z) is called a generalized intersection matrix, or GIM for short, if
the following are satisfied

Cii =2,
Cij<0 < ¢ji<0,

¢ij>0 & ¢ji>0.

If moreover C is symmetric, then C is called an intersection matrix (IM for short). Note that if the
off-diagonal elements of a GIM C are non-positive, then C is a generalized Cartan matrix. A gen-
eralized intersection matrix C is called symmetrizable, if there exists an invertible diagonal matrix
D =diag{dq, ...,d;} such that DC is symmetric.

Given a GIM C € M;(Z), a root basis with structural matrix C is a triplet (H, vV, A) consisting of

o a finite-dimensional QQ-vector space H;
o afamily v ={ay,..., "}, where o) € H;
o afamily A ={oq,..., o}, where o; € H* = Homg(H, Q)

satisfy the following

1) both sets A and Vv are linearly independent;
2) o) =cjj forall 1<i, j<I;
3) dimg H =2l —rank C.

We call a root basis a GIM-root basis (resp. an IM-root basis, resp. a GCM-root basis) if its structural
matrix is a GIM (resp. an IM, resp. a generalized Cartan matrix).

The GIM-Lie algebra gim(C) attached to the root basis (H, vV, A) is given by the generators h =
H®q@C and e4q, a € A satisfying the following relations:

(1) [n.h]=0, hW eb,
2) [h,eql=a(h)ey, hebh, aae=xA,
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(3) lea.eal=a", aeA,
4) ad(ea)max(l,l—ﬁ(av))eﬂ =0, aeh, Bekn,

(5) ad(e_m)max(l,1—;‘5(—otv))e./3 =0, a€A, Be£A.
If C is a symmetrizable generalized Cartan matrix, then the gim(C) is the Kac-Moody algebra associ-
ated to (H, V, A).

Let ad : gim(C) — End(gim(C)) be the adjoint representation of gim(C). Consider the restriction
of ad to b, the Lie algebra gim(C) decomposes into a direct sum

gim(C) = P gim(0),,
yeb*

of eigenspaces

gim(C)y = {x e gim(C) | [h,x] = y (h)x for all h € b}.

Let R C b* be the set of all y € b* such that gim(C), # {0}. A non-zero « € R is called a root of
gim(C). We have R C I" :=ZA, where I" is called the root lattice of gim(C).
It is clear that h C gim(C)g. The following question has been addressed in [31] by Slodowy.

Question 4.1. Do we have §h = gim(C)o?

Let gim(C)’ := [gim(C), gim(C)] be the derived subalgebra of gim(C). It is known that gim(C) =
gim(C) +5. Set i’ := Zf»zl Ca;” C b, then gim(C)’'Nh =1’ and gim(C)' Ngim(C),, = gim(C),, for y #0.
We remark that the derived subalgebra gim(C)’ can be presented by generators oziv ,1<i<!land ey,
o € £A with the same relations of gim(C).

Clearly, Question 4.1 is equivalent to the following: Do we have dimc gim(C); =1? In [1], Alpen
has given a negative answer by using Lie theory. In the following, a totally different approach is
given, using representation theory of finite-dimensional algebras.

4.2. IM-Lie algebras

Let C be a generalized intersection matrix and (H, vV, A) a root basis associated to C. For any
o € A, let sy : H— H be the transformation

se(M)=h—ama’, heH.

The contragredient action of s, on H* is given by

sa(Y)=y —y(a')e, yeH"
The Weyl group W of the root basis (H, Vv, A) is defined to be the subgroup of Aut(H) generated by
the transformations sy, o € A.

Two GIM-root bases (H, v, A) and (H, V', A’) are called braid equivalent [31] if they can be trans-
formed into each other by a sequence

(H,v,8)=(H,V1,81) > (H, V2, 82) > - > (H, Vi, &) = (H, V', &)

of transformations of the form
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Virr = (Vi \ {B7}) U (s« (8))
A1 = (A \ {BY) U (52 (B))

for some o, B € Ay, k=1,...,m—1.

It is known that there are braid equivalent GIM-root bases giving rise to non-isomorphic GIM-Lie
algebras. To remedy this defect, Slodowy [31] introduced another class of Lie algebras for intersection
matrix.

Let C be an intersection matrix and (H, v, A) the associated IM-root basis. The symmetric struc-
tural matrix C = (Cqp)a,gen induces a symmetric bilinear form

():I'xTI'=>7Z

over the root lattice I =ZA by

(a, B) :==cqp, fora,pen.

Let gim(C) be the GIM-Lie algebra associated to the root basis (H, V, A). Let T be the ideal of gim(C)
generated by all the elements x € gim(C),, with (y,y) > 2. The IM-Lie algebra associated to the root
basis (H, Vv, A) is defined to be the quotient algebra

im(C) :=gim(C)/t.

If C is a symmetric generalized Cartan matrix, we have gim(C) =im(C) = gecm(C), where gcm(C) is
the Kac-Moody algebra associated to C.
The following theorem has been proved by Slodowy [31].

Theorem 4.2. Let (H, V, A) and (H, V', A") be braid equivalent IM-root bases. Let C1 and C, be the cor-
responding structural matrices of (H, V, A) and (H, V', A') respectively. Then the IM-Lie algebra im(Cy) is
isomorphic to im(Cy).
4.3. The Ringel-Hall Lie algebra

We recall the definition of the Ringel-Hall Lie algebra of a 2-periodic triangulated category fol-
lowing [24] (cf. also [34,35,10]). Let R be a Hom-finite k-linear triangulated category with suspension
functor X. By ind’R we denote a set of representatives of the isoclasses of all indecomposable objects

in R.
Given any objects X, Y, L in R, we define

W(X,Y;L)= {(f, g,h) e Homz (X, L) x Homz (L, Y) x Homgz (Y, X X) |
xLr&vyh sxis atriangle}.
The action of Aut(X) x Aut(Y) on W (X, Y; L) induces the orbit space
VX, YD ={(f.g.n" | (f.g.h) e WX, Y: L)},
where
(f.g.h"={(af, gc ", ch(Za)™") | (@, ) € Aut(X) x Aut(Y)}.

Let Homy (X, L)y be the subset of Homg (X, L) consisting of morphisms /: X — L whose mapping
cone Cone(l) is isomorphic to Y. Consider the action of the group Aut(X) on Homp (X, L)y by d-1=dl,
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the orbit is denoted by I* and the orbit space is denoted by Homg (X, L)}. Dually one can con-
sider the subset Homy (L, Y)xx of Homg (L,Y) with the group action Aut(Y) and the orbit space
Homp (L, Y)%. . The following proposition is an observation of [33].

Lemma4.3. |V (X, Y; L)| = [Homg (X, L)} | = [Homg (L, Y)% |-

In the following, we set FL, =|V(X,Y;L)|.

We assume further that R is 2-periodic, i.e. R is Krull-Schmidt and ¥? = 1.

Let Go(R) be the Grothendieck group of R and I (—,—) the symmetric Euler bilinear form of R,
where I (—,—) is defined to be

IR(IX1, [Y]) = x®= (IX], [Y]) + x=(LY], [X])

for any [X],[Y] € Go(R). Let h be the subgroup of Go(R) ®z Q generated by %, where M €ind R
and d(M) = dimy(End(M)/rad End(M)). One can naturally extend the symmetric Euler bilinear form
to h x h. Let n be the free abelian group with basis {ux | X €indR}. Let

g(R)=bdn

be a direct sum of Z-modules. Consider the quotient group

IR)@-1 =9(R)/(q — Dg(R).

By abuse of notations, for any M € R we still use uy;, [M] to denote the corresponding residues in
9(R)(g-1)- Now define a bilinear operation [—,—] on g(R)g—1) as follows.

(a) For any indecomposable objects X,Y € R,

[X]
[ux,uyl= Z (FlL/x - F)L(y)uL - 5x,zym,
Leind R

where 8y, xy =1 for X= XY and 0 else.

(b) [, h]=0.
(c) For any objects X,Y € R with Y indecomposable,

[[(X],uy] =I=([X].[Y])uy, [uy. [X]] = —[[X], uy].
The following remarkable theorem is due to Peng and Xiao (Theorem 3.4 of [24], cf. also [34]).
Theorem 4.4. Together with the operation [—,—], g(R)q—-1) is a Lie algebra over Z/(q — 1)Z.

Let us mention that, for an arbitrary finite-dimensional algebra A over C, Xiao, Xu and Zhang [34]
have proposed to study the homotopy category H(P) of 2-periodic complexes of finitely generated
projective A-modules and have given a geometric construction of a Lie algebra over C directly instead
of over finite fields like in [24].

A triangulated category 7T is called proper, if for any non-zero indecomposable object X € T, [X] is
non-zero in the Grothendieck group Go(7). If the 2-periodic triangulated category R is proper, then
[ux,uxx] = —%, which coincides the origin definition in [24]. Note that the proof in [24] is still
valid for non-proper 2-periodic triangulated category for the Lie bracket defined above (cf. [34]).
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We have the following functorial property of g(R)g-1) (¢f. Corollary 1.16 of [30]).

Lemma 4.5. Let R and Ry be 2-periodic triangulated categories over k and G : R1 — Rz a fully faithful
triangle functor. Then G induces a homomorphism of Lie algebras G : g(R1)q—1) = 9(R2)@q-1)-

Proof. Let f (resp. hy) be the subgroup of Go(RR1) ®7 Q (resp. Go(R2) ®7z Q) generated by % with
M €indRq (resp. M €indRy). Let n; and ny be the free abelian groups with bases {uy | X € ind R}

and {uy | Y €indR,} respectively. We have

IR g-1y=b1/@—=Dh1 ®n1/(@—Dny and g(R2)g-1)=b2/(@ — Dby ®ny/(q — Dny.

Let G*: Go(R1) = Go(R2) be the homomorphism of groups induced by G : R{ — R2.~Since G is
fully faithful, it is not hard to see that G* induces a homomorphism of abelian groups G : h1/(q —
b1 — bh2/(@ — 1)h2. We extend G linearly to the whole Z/(q — 1)Z-space g(R1)q-1) by setting
E(ux) =ucgy for X eindR. This is well-defined, since {ux | X € indR1} form a Z/(q — 1)Z-basis of
ny1/(q — ny and G is fully faithful.

In order to show that G is a homomorphism of Lie algebras, it suffices to show that G preserves
the Lie operations (a), (b), (c). This is obvious for (b). Since G is fully faithful, we infer that for any
X,Y € R1, we have Ig, ([X],[Y]) = Ir,(IGX],[GY]). This implies in particular that G preserves the
operation (c). For (a), let X,Y €indRq, by the definition of G we have

~ [GX]
G ([ux,uyl) = Z (Fy x = Fx.y)ucL = 8x sv d(X)’
Leind Rq
~ ~ [GX]
[Cux).Guy)]= Y (Fly.ox— Fdx.cr)un — Scx,ch—d(GX).

Neind Ry

Again by G is fully faithful, we have d(X) = d(GX). Therefore, to show 5[ux, uy]= [E(ux), E(uy)], it
suffices to prove

Z (Fy x — Fxy)ucL = Z (Fdy.ox — FOx.cy)un-
Leind Rq Neind R,

Since G is fully faithful, one can view R; as a triangulated subcategory of R,. For any X,Y,L €
indR1, we have F§, = F& .. On the other hand, if F{y ., #0, there exists M € Ry such that

GM =N and F}', = F{x ;y. Hence G induces a bijection between {L €indR1 | Fy y — F§ , #0} and
{N eindRy | Fdy ¢x — Fx gy #0}. Moreover, we have F}, , —F% \ =F& - — FC} .\, which implies
the desired result. O '

We now turn to the ‘integral’ version of Ringel-Hall Lie algebras for finite-dimensional k-algebras.
Let A be a finite-dimensional k-algebra of finite global dimension. Let E be a field extension of k and
set VE = E®, V for any k-space V. Then Af is a finite-dimensional E-algebra and, for M € mod A,
ME has a canonical AE-module structure. The field E is called conservative [26] for an indecomposable
A-module X if (Enda(X)/radEnda(X))E is a field again.

Let k be the algebraic closure of k and set

2 ={E | k C E Ckis afinite field extension and conservative for all simple A-modules}.

For any E € £2, one can show that AE has finite global dimension (cf. e.g. Section 2 of [9]). Let R ar
be the root category of AE which is a 2-periodic triangulated category. By Theorem 4.4, we have
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a Lie algebra g(R 4e)(jg|—1) over Z/(|E| — 1)Z. Now consider the direct product [[z.o 9(R4e)(E-1)
of Lie algebras and let LC(R4) be the Lie subalgebra of [[p., 9(Rae)(E—1) generated by ug; :=
(uge)Eee and uyxs; := (Uxse)geq for all simple A-modules S;. We call LC(R4) the integral Ringel-

Hall Lie algebra of A. It is clear that £LC(R4) has a gradation given by the Grothendieck group Go(RR4),
namely,

LCRA)= P LCRA.
a€CGp(Ra)

such that degus; = [S;] and deguyxs, = [¥'S;]. By the Lie operation (a), one gets that h; :=
[us;,uss;]1 € LC(Ra)o.
Now we can state the main result of Peng and Xiao (Theorem 4.7 in [24]).

Theorem 4.6. Let A be a finite-dimensional hereditary k-algebra with symmetrizable generalized Cartan ma-
trix C. Let R a be the root category of A. Let gcm(C)c be the derived Kac-Moody algebra over C associated to
the generalized Cartan matrix C. Then we have an isomorphism of Lie algebras gcm(C)c = C ®7 LC(Ra).

We end up this subsection with the ‘integral’ version of Lemma 4.5.

Lemma 4.7. Let A be a basic finite-dimensional k-algebra of finite global dimension. Let e be an idempotent
element of A and B = A/AeA. Suppose that B has finite global dimension and for every finite field extension E

L
of k, the derived functor Fg :=? ®pe BE, DP (mod BE) — DP(mod AE) is an embedding. Then the functor

L ~
F :=? ®p B4 induces a homomorphism of Lie algebras F : LC(Rg) — LC(Ra).

Proof. Since A is basic, we deduce that

Q2 :={E | k C E Ckis a finite field extension and conservative for all simple A-modules}
= {E | k C E C kis a finite field extension of k}

= {E | k C E C kis a finite field extension and conservative for all simple B-modules}.

By Lemma A.2, the functor Fg induces an embedding Fp : Rpge — R4 for each E € 2. Hence we
have the induced homomorphisms of Lie algebras

FE : 9(Rge)(E|-1) = 8(RAE)(EI-1)

for any E € £2 by Lemma 4.5. Consider the product of (I:-VE)Egg,

1_[ Fr: l_[ g(Rpe)(E1-1) — H 9(RAE)(EI-1)-

Eef2 Eef2 Eef2

Let F be the restriction of [Teeo I?E to the subalgebra LC(Rp). It suffices to show that the image of F
is contained in the subalgebra LC(Ra) of [[pco 9(Rae)(E—1)- Let S;, i=1,...,m be the pairwise
non-isomorphic simple BN—modules. SNince LC(Rp) is generated by us, and uyxs; for 1 <i<m, we
only need to check that F(us;) and F(uyxs;) belong to LC(Ra). It is clear that FE(SiE) = F(S)F are
simple AE-modules. We have

Fus)= (FE(USiE))EEQ = (Ups)E)Ee2 = UF(s;) € LC(RA)
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and

Fluss) = (FEgsp)pg =Usrs) € LORA). 1<i<m.
This completes the proof. O

4.4. A class of finite-dimensional k-algebras

Let Q be the following quiver

n<=—m-—1< 2<—1——>n+1 >0 —=n4+m.

We assume m > 1, n > 2. Let A be the quotient of path algebra kQ by the ideal generated by B o «,
y oa. It has global dimension 2. Let S;, i =0,1,...,m+n be the simple A-modules corresponding
to the vertices i and xa the Euler bilinear form of A. Let C4 be the Cartan matrix of A. Namely,
Ca = (€ij) m+n+1)x(m+n+1), Where

Citt,j+1 = XA([Si, [Sj1) + xa([S;1.[Si]), O0<i,j<m+n.

Note that C, is a generalized intersection matrix but not a generalized Cartan matrix.

Let R4 be the root category of A and LC(Ra) the corresponding integral Ringel-Hall Lie al-
gebra. In the rest of this paper, we show that dim¢(LC(R4) ®z C)o > m +n + 2 and there exists
a surjective morphism gim(Ca)’ — LC(Ra) ®z C. Consequently, the equality of Question 4.1 does
not hold for the generalized intersection matrix algebra gim(Ca) (c¢f. Corollary 4.12). We remark that
the surjective morphism gim(Ca) — LC(R4a) ®z C does not factor through the canonical projection
7c, 1 gim(Ca)’ — im(Ca)'.

The following lemma gives a lower bound for the dimension of (LC(R4) ®z C)o.

Lemma 4.8. Let R4 be the root category of A and LC(R ) the integral Ringel-Hall Lie algebra of R 4. Set
hi =[us;,uxs;], 0<i <m+nand letE be the subspace of LC(R4) spanned by h;, 0 <i<n+m. Let M
be the unique indecomposable A-module with composition series So, S1, S2, Sn+1. Then um = (Uye)Eee €
LC(Ra) and 0 # [up, uxm] € b. As a consequence, we have dimc(LC(Ra) @z Co >m+n+2.

Proof. Since A is basic, we have §2 = {k C E Ck | E is a finite field extension of k}. A directly com-
putation shows h; = [us;, uyxs;] = ([SiE])Egg. On the other hand, one can easily check that uy;r =
[[[usg, usf]’ usg], USE_H] for any E € £2 by using Lemma 4.3. Thus, both uy;, uxy belong to LC(R4).

Let P; be the indecomposable projective A-modules corresponding to vertex i. Let
0—>P0i> P1—>P,®Pyy1 >M—0
be the projective resolution of M. We clearly have that
Ra(M, M) =D’ (mod A)(M, M) @ D’ (mod A) (M, Z2M).

Moreover, dimy R4 (M, M) =2 and dimgrad R4(M, M) = 1.
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In order to compute [up, U], it remains to compute FLEM y and F,@, s for any indecomposable

LeindRp.Let M > L— XM N X'M be a triangle in R4, then we can write f = fo + f1, where

fo € D’(mod A)(ZM, M) and f; € DP(mod A)(ZM, 3M). If fo 0, then f is an isomorphism and

L =0. Hence, we assume that fop =0, i.e. 0# f1 = f eradRa(M, M), and then the triangle M — L —

ML M is induced by a triangle ¥2M — L - ¥M I s3Min DP(mod A). By computing the

mapping cone of f in DP(mod A), we deduce that L is isomorphic to the complex

i 0PI M@ Py Py@® Py —0---,

where P, @ Py lies in the —1th component.

We claim that L is indecomposable in DP(mod A). Indeed, suppose L= X @ Y in DP(mod A). We
have H*(L) = H*(X) @ H*(Y), where H*(—) is the homology groups of corresponding complex. On
the other hand, the only non-zero homology groups of L are H~1(L) = H~2(L) = M, which are in-
decomposable A-modules. Thus, we may assume X = ¥2M and Y = M. Note that in the root

category Ra, we have ¥2M = M. In particular, we can rewrite the triangle M — L — XM TN M

asM—->M®XM— XM i X'M. By Lemma 3 of [24], we deduce that this triangle is split and
f =0, a contradiction. Thus L is indecomposable. Moreover, for any non-zero f, h in rad R4 (M, M),
the mapping cones of f and h are isomorphic to each other since dimyradR4(M, M) = 1. Therefore
there is a unique indecomposable L such that FEM,M is non-zero.

Let XM — N — M > 2M be a triangle in R 4. Similarly, one can show that N is indecompos-
able if and only if 0 # g € DP(mod A)(M, X2M). Moreover, we have N = ¥~1L. A direct calculation
implies that dimy Ra(M,L) = 1. By Lemma 4.3, we know that FL, ~ =FZ L —1. Now by the
definition of the Lie bracket, in g(Ra)(x—1), We have Y '

[um.usml=—IMI+ Y (F¥mm — Fagsm)lix
XeindRa

_ L >
=—[MI+Fzymut — Fy spls-11

=—[M]+uL—ux.

It is not hard to show that L 22 XL in the root category R 4. Hence we have u; — uy; # 0. Note that
the proof above is valid for any finite field extension of k. Thus, in the integral Ringel-Hall Lie algebra
LC(Ry), we still have [up, uspy] = —[M]+up —uyxr. On the other hand, the degree of [up, usum] is
zero since [M]+ [XM] =0 € Gg(Ra). Therefore we have [up,usxp] € LC(Ra)o and it is not in the
space spanned by h;, i=0,....,m+n. O

Remark 4.9. Let M;;, i > 2, j > 1 be the unique indecomposable A-module with composition series
S0,51,52,...,5i, Sn41, ..., Spqj. Similar to the proof of Lemma 4.8, one can show Um; € LC(Ra)
and 0 # [umy> usmyl is not in the space spanned by the h;, i=0,...,m+n.

As a byproduct of the proof, we have the following

Corollary 4.10. The root category R 4 is not triangle equivalent to the root category of a finite-dimensional
hereditary k-algebra.

Proof. Let B be any finite-dimensional hereditary k-algebra. It is well-known that the root cate-
gory R is proper (cf. e.g. [24]). Suppose that there is a triangle equivalence R4 = Rp, then the root
category R4 is proper. That is for every non-zero indecomposable X € R4, one has 0 # [X] € Go(Ra).
But the proof above shows that there is an indecomposable object L € R4 fitting into a triangle
M — L — XYM — XM, which implies [L] =[M]+ [XM]=0€ Go(R4). O
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Recall that gim(Cp) is the generalized intersection matrix algebra associated to the GIM-root basis
(H, Vv, A). Let gim(Ca)’ :=[gim(Ca),gim(Ca)] be the derived subalgebra of gim(C4). As mentioned
at the end of Section 4.1, the derived subalgebra gim(C4)" can be presented by generators «;’, i =
0,...,m+n, and ey, @ € A ={w;j |i=0,...,m+n} with the same relations of gim(Cp).

Theorem 4.11. There is a surjective homomorphism ¢ : gim(Ca)’ — LC(Ra) ®z C of Lie algebras defined
by

Vv
o = hi =lus;, uss,],
eOt,' = US,-,

e_q > —uUxs, 0<i<n+m.

Moreover, ¢ keeps the gradations.

Proof. The relations (1), (2), (3) for GIM-Lie algebra follow from the definition of Lie bracket of
Ringel-Hall Lie algebra. It suffices to show usg;,, usgs;, 0<i,j<m+n satisfy the Serre relations (4)
and (5). We separate the proof into 4 cases.

Case 1: i, j € {0, 1}. We consider the quotient algebra B = A/A(ez +e3 + --- + ep+m)A, Where e; is
the idempotent associated to the vertex i. Note that B is projective as a right A-module.
Then the algebras A and B satisfy all the assumptions of Lemma 4.7 by Theorem 3.1 in [8].
In particular, we have a homomorphism LC(Rp) — LC(R4) of Lie algebras. Moreover, this
homomorphism restricts to a surjective homomorphism LC(Rp) — (us;,uxs; |[i=0,1) C
LC(Ra). In order to show us,, uyxs;, i =0,1 satisfy the Serre relations (4), (5), it suffices to
prove that the preimage of us;, uyxs;, i =0, 1 satisfy the Serre relations.
Since the algebra B is hereditary of type A1, we infer that £C(Rp) ®7C is isomorphic to the
derived affine Kac-Moody algebra of type A1 by Theorem 4.6. Therefore the preimages of us;,
uys;, i =0, 1 satisfy the Serre relations.

Case 2: i,je€{1,2,...,n+m}. Let B= A/AepA. It is easy to see that Ext%(BA, Ba) =0 for i > 0.
Again by Theorem 3.1 of [8], we deduce that the algebras A, B satisfy all the assumptions of
Lemma 4.7. We have a surjective homomorphism of Lie algebras

LC(Rp) — (us;,uxs; |i=1,2,...,m+n) C LC(Ra).

Note that in this case B is of Dynkin type Apn4n. The Ringel-Hall Lie algebra LC(Rp) ®z C is
isomorphic to the simple Lie algebra of type Ap4+n. Now the result follows similarly.

Case 3: i=0, j#1,2,n+ 1. In particular, by the definition of Lie bracket we only need to show that
[us,, us;1=0 and [us,, uxs;1=0. This follows from the fact that S; has projective dimen-
sion 2 and the projective resolution of S; does not involve Po.

Case 4: i, j€{0,2,n+ 1}. For the case i =0, j =2, we consider the quotient algebra B = A/A(e3 +
--++emin)A and B, =A/A(e2+---+en+eny2+---+epym)A for the case i =0, j=n+1.
Clearly, the algebra B; is isomorphic to By. By Theorem 3.1 of [8], we deduce that A and B;
satisfy the whole assumptions of Lemma 4.7. The algebra By turns out to be a tilted algebra
of tame hereditary algebra of type A. Thus the integral Ringel-Hall algebra LC(R¢,) ®z C
is isomorphic to the derived Kac-Moody algebra of type A,. The surjective homomorphism
of Lie algebras LC(Rp,) ®z C — (us;,uss; |i=0,2,n4+1) C LC(R4) implies the desired
result.

Therefore ¢ is a homomorphism of Lie algebras. Note that LC(R4) is generated by us; and uys;, i =
0,...,m+n, we deduce that ¢ is surjective. Furthermore, since ¢ is homogeneous on the generators,
we know that ¢ keeps the gradations. O
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Combine Theorem 4.11 with Lemma 4.8, we get the following.

Corollary 4.12.

1) Let Cp be the Cartan matrix of the algebra A and (H, Vv, A) the GIM-root basis associated to Cga.
Then dimc gim(Ca)o > dimc H ®q C. In particular, this gives a negative answer to Slodowy’s Ques-
tion 4.1.

2) Let T be the ideal of gim(Cx) generated by all the elements in gim(Cx),, with (y,y) > 2. Then the ideal
T # {0} and hence im(C4) # gim(Cga).

Proof. 1) Since Cp € Mipyn+1(Z) and rank(Ca) = m+-n, we obtain that dim¢c H®g C=2(m+n+1) —
rank(C4) =m + n + 2. Therefore dimc gim(Cs)o = dimc gim(Ca)g + 1 > dimc(LC(RA) ®z C)o +1 >
m+n+3 > dimc H ®g C by Theorem 4.11 and Lemma 4.8.

2) Let B =g + o1 + o2 + apyq. It is clear that (8, B) =4, where (—,—) is the symmetric bilinear
form over the root lattice I" of gim(Cx). We have

Plgim(c ),
gim(Ca)p = gim(Ca)y ——> LC(RA)m)-

By Lemma 4.8, we have 0 # up € LC(Ra)(m), which implies gim(Ca)g # {0}. Hence 7 # {0}. O
We end up this section with the following remark.

Remark 4.13. Let ] be the ideal of kQ generated by Boc, y oé. The quotient algebra kQ /] is derived
equivalent to the hereditary algebra I<Xm+n (¢f. [5]) and its Cartan matrix Cyq/; coincides with Ca.
Let (H,V,A) be a GIM-root basis associated to Crq/; = Ca. It is not hard to see that (H,V, A)
is braid equivalent to a GCM-root basis (H, V/, A”) whose structural matrix is the generalized Car-
tan matrix sz+n of affine type 7\m+n. Note that for the generalized Cartan matrix C;mn, we have
gim(C;mﬂ) = im(C;imn). Applying Theorem 4.2, Theorem 4.6 and Theorem 4.11, we have the following
commutative diagram of Lie algebras

$oTCrq )
gim(Ca)’ === gim(Cxq/))’ ———— gim(Cz, )’
ey i’ffkau
¢ | im(Ch) === im(Ckq,)) % im(CZ,,.,)’
= i n~loto w l =
LC(Ra) ®z C LC(Rkq/y) @2 C % LC(Ry,,.,) ®zC,

where the isomorphism 6 is a consequence of Theorem 4.2, u follows from Theorem 4.6 and 7 follows
from the fact that kQ /] is derived equivalent to kApy4,. However, the surjective morphism ¢ does
not factor through the canonical morphism 7m¢c, : gim(Ca)’ — im(Ca). There is nothing to surprise,
since we have shown that R4 is not triangle equivalent to Ryq,; and the integral Ringel-Hall Lie
algebra LC(R4) is quite different to LC(Ryq,j)- By 2) of Corollary 4.12, we know that the canonical
morphism 7c, = 7¢,,,, is not injective and gim(Cp)" = gim(Cyq /) & gim(C;mM)/. This also provides
a class of examples that braid equivalent GIM-root bases can give rise to non-isomorphic GIM-Lie
algebras.
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Appendix A. Recollement lives in root categories

In this appendix, we show that a recollement of bounded derived categories lives in the corre-
sponding root categories under suitable assumption. This allows us to construct inductively various
algebras whose 2-periodic orbit categories are not triangulated with the inherited triangle structure
from the one of the bounded derived categories.

A.1. The induced functors

Let A and B be finite-dimensional k-algebras of finite global dimension. Let F : DP(mod A) —

DP(mod B) be a standard functor, i.e. F = ? éA Xp for some complex of A°? ®; B-module. Note that for
any triangle functor L : D?(mod A) — D"(mod B), we have L o Z‘f‘ = Eé o L. By the universal property
of dg orbit category (cf. Section 9.4 in [17]), F naturally induces a triangle functor F : R4 — Rp and
we have the following commutative diagram

Db (mod A) — = DP(mod B)

P

Ra — Rs,

where 14, mp are the canonical functors. In the following, we will study the induced functor F
explicitly.

Let 4 Xp be K-projective as an A°? ®; B-module. Clearly, X has finite total homology. Moreover,
AXp is compact as a left A-module and a right B-module respectively for the reason that A and B

L
are of finite global dimension. Then we have the canonical isomorphism RHomp(4X3p,?) = ? ®p
RHomp (4 XB, B)a. Let gY4 —p RHomp(4Xg, B)4 be a K-projective resolution of g RHomg(4 X5, B)a

L
as a B’ ®, A-module. Thus, the right adjoint G of F is naturally isomorphic to ? ®p Ya.

Let A be the dg category of bounded complexes of finitely generated projective A-modules and 53
the dg category of bounded complexes of finitely generated projective B-modules. The tensor products

by X and Y define dg functors ? é)A X:A— B and ? QLZ>B Y : B — A. By abuse of notation, we
denote these dg functors by F and G as well. Similarly, one can lift the square of the shift functors
Z‘i : DP(mod A) — DP(mod A) and Eﬁ : Db(mod B) — DP(mod B) to dg functors Ef\ :A— A and
Zé :B— B.

Let R 4 be the dg orbit category (cf. Section 5 of [17]) of A respects to Eﬁ. Let R be the dg
orbit category of B respects to 25. We have canonical dg functors 74 : A— R 4, 75 : B — Rp and
natural isomorphisms Ef; oF=Fo Ef‘, Eﬁ oG=Go Z‘é of dg functors. Thus, by the universal property
of dg orbit categories, F and G induce dg functors F: R 4 — R and G : Rg — R 4. Clearly, F yields
an R% ® Rp-module Xz

Xz (B, A) > Rp(B, F(A)).
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Similarly, G induces an ROBP ®k R.4-module Yz

Y&(A, B) > R4 (A, G(B)).

Let LTx; : D(R4) — D(RB) be the derived tensor functor of Xz and LTy, : D(RB) = D(R.A) the
derived tensor functor of Y¢. In the following, we identify the objects of .4 with the ones of R 4 and
the objects of B with the ones of R respectively.

Lemma Al LTy, is left adjoint to LTy,.

Proof. Clearly, X’;i_i = XF(?,Z) is K-projective for any Aec A and LTx; is left adjoint to RHx,. It
suffices to show that LTy, = RHx;. For any AcA, XF(?,Z) =Rp(?, F(K)) which is compact in
D(Rp)- By Lemma 6.2 (a) in [16], we have LTyr =RHx,, where X; is defined by

F

XL(A.B) =Dif Rp(X(2. A). B").

Thus, it suffices to show that we have a quasi-isomorphism Yz — X; of R‘l’gp ®k R_4-modules. For
any A e A and B € B, we have

XT(A,B)=DifRp(Xp(2. A). B")
= DifRg(F(A)", B")
=Rp(F(A), B)
=P B(F(A). =3"B)

nez

= @RHOY’HB(Z ®a XB, Eéng)

nez

= P RHom, (A, RHomp (X, 5"B)).

nez

~ L ~ ~
Recall that we have a quasi-isomorphism Z‘é”B ®p RHomp (X, B) — RHomg(4 X3, Z‘é”B) and A is
K-projective as a right A-module. It follows that we have a quasi-isomorphism

P RHoma (A, =3B %5 RHomg (X, B)) %2 B RHoma (A, RHoms (4 X5, Z3"B)).

nez nez

~ ~ L
On the other hand, we also have a quasi-isomorphism Eé"B Qg Y — Z‘ﬁ”B ®p RHomg (X, B), which
implies

@D RHoma (A, £2'F @ ¥) 15 D) RHoma (A, 52 @5 RHom (X, B)).

nez nez

Moreover, we have canonical isomorphisms



C. Fu /Journal of Algebra 370 (2012) 233-265 261

P RHoma(A. 23"B ®5 Y) = P RHoma (A, Z3"(B @5 Y))

nez nez
=P A(A 27"c(B))
nez
=R A(A,G(B))
=Yz(A, B).

In other words, we get a quasi-isomorphism Y5(7\, E) — Xl'_f (7\, E), which is natural in both A and B.
This completes the proof. O

We also have the following

Lemma A.2. If F : D’ (mod A) — DP(mod B) is fully faithful, then LTx_ : D(R 4) — D(Rp) is fully faith-
ful.

Proof. It follows from Lemma 4.2 (a) and (b) of [16] directly. O

Let R4 be the perfect derived category of R 4 and Rp the perfect derived category of Rp. In
other words, R4 and Rp are the root categories of A and B respectively. Clearly, the triangle functors
LTx; and LTy, restrict to an adjoint pair of triangle functors

LTXF'
I

o —
LTy(_;

Ra Rp.

For simplicity, we still denote by F the functor LTx. : Ra — Rp and by G the functor LTy, :
RB — RA.

A.2. Recollement lives in root categories

Suppose we are given triangulated categories D', D, D" with triangle functors

i* Jr
D/ ix=l D j*:f D”
it Jx
such that
o (i*,i4,1") and (ji, j*, jx) are adjoint triples;
o iy, ji, jx are fully faithful;
o j*oiy=0;
o for any X in D, there are distinguished triangles

ii'X > X — j.j*X > Ziji'X and jij'X - X — i,i*X - Tjij'X,

where the morphisms ii'X — X, X — j,j*X, etc. are adjunction morphisms.



262 C. Fu / Journal of Algebra 370 (2012) 233-265

Then we say that D admits a recollement relative to D’ and D”. This notation was first introduced by
Beilinson, Bernstein and Deligne [7] in geometric setting with the idea that D can be viewed as being
glued together from D’ and D”. It is not hard to show that if both D’ and D" are Krull-Schmidt
categories, so is D. Recollement in algebraic setting was studied extensively due to its close relation
with tilting theory (see e.g. [13,20]).

Let A, B, C be finite-dimensional k-algebras of finite global dimension. Suppose that the bounded
derived category DP(mod B) admits a recollement relative to D?(mod A) and DP(mod C). In particular,
we have the following diagram of triangulated categories and triangle functors

iy=i) =i
DY (mod A) — = DP(mod B) ——— Db (mod C).
< <
it Jx

Assume further that both the functors i* and j, are standard. Then we have the following

Theorem A.3. Keep the notations above. Let A, B and C be finite-dimensional k-algebras of finite global dimen-
sion such that the derived category DP (mod B) admits a recollement relative to DP (mod A) and DP (mod C).
Assume that the functors i* and j, are standard. Then the root category Rp admits a recollement relative to
Ra and R¢. Moreover, we have the following commutative diagram of recollements

=i, j*=J
Db(mod A) — = D(mod B) ———— DP(mod C).
- -~
7 i g Lx e

i* N

1=l 7=

Ra Rp Rc

il Jx

Proof. Since i* and j, are standard, then all the functors iy, i', j*, j. are standard for the reason that
A, B, C are all of finite global dimension. Thus, we have the corresponding induced functors i*, iy,
i', ji, j*, jx. The commutativity of the above diagram follows from the universal property of the root
categories. It remains to show that Rp admits a recollement relative to R4 and R¢ together with
the functors i*, iy, i', ji, j*, js. By Lemma A.1, we deduce that (i*,i,,i') and (ji, j*, j.) are adjoint
triples. On the other hand, Lemma A.2 implies that i,, ji, j. are fully faithful. Since R4 is generated
by ma(A), to show that j*oi, = 0, it suffices to show j* oi,(wa(A)) = 0. By the commutativity of the
above diagram, this result follows from j* oi, = 0. It remains to show that for any X € Rp there are

distinguished triangles
X = X = L X —> DhiX,  J'X > X > LiFX - D)X

We prove the existence of the first triangle, the second one is similar.
If X € immg, then there is an object Y € D(modB) such that X = mg(Y). By the definition of
recollement in DP(mod B), we have the following triangle

'Y > Y — j.j'Y > Zii'y.
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Applying the triangle functor g, we get a triangle in Rp

mp(ini'Y) = 7p(Y) — g (juj*Y) = Zwp(iii'Y).
By the commutativity of the functors, we have

hitp(Y) = 7wp(Y) - L Fp(Y) > Zhilmp(Y).
Clearly, this triangle is isomorphic to

Bt (V) 2 mp(Y) < JFmp(Y) — Shitmp(Y),
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where 1y, €x are adjunction morphisms, which implies that the later one is a distinguished triangle.
Let f: X — Y be the morphism fitting into the triangle X Iy z5 X' X, where X,Y €immp.

We consider the following commutative square

Tl nx
X —— X

J/}Jf lf

B Y ——Y,
from which one gets the following commutative diagram of triangles

] nx €X -
WX —— X —— jj*X

lj*j*f f lj*j*f

i) Y €y —
Y —Y —— jj*Y

li_z& s lj_*gz

EUZ$—ZHV-]._*VZ

by nine lemma.

Let p(u) : Uz — i'Z be the morphism corresponding to u and ¢(v) : j*Z — Vz the morphism
corresponding to v under the natural isomorphisms. It is clear that ¢(u) and ¢ (v) are isomorphisms.

Thus, one gets the following commutative diagram

W; —=27 —">j,v; —= xiUy

J/ hip(u)

nz €z

- _ F) -
'z z Ttz oihi'z,

lj*(d)(V)]) lEW)(U)

where § = j,¢(v) o w o Xi\¢(u). Hence we deduce that

'z 1% 7 2, 7,77 — ¥iilz

is a distinguished triangle. Now this holds true for any Z € Rp by ‘devissage’.
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Corollary A.4. Keep the assumptions in Theorem A.3. If the canonical functor g is dense, then both w4 and 7¢
are dense.

Proof. Let X be any object in R4. By the density of g, there is an object Y € DP(mod B) such that
w8(Y) =i, X. In DP(mod B), we have the distinguished triangle

'Y > Y — . j'Y = Zii'y.
Applying the functor g, we get
mp(ini'Y) — mp(Y) — 7wp (jij*Y) — Zwp(iii'Y),
which is isomorphic to the distinguished triangle
Ll X) — 11X — 0 — Yii' ([ X).
It follows that X = w(i'Y). In particular, 4 is dense. Similar proof implies that 7r¢ is dense too. O

Remark A.5. If only one of i* and j, is standard, say i* is standard, then Lemmas A.1, A.2 and Theo-
rem 2.4 (a) of [22] imply that there is a recollement

Corollary A.4 also holds in this case (one should replace the functor m¢).
The following is quite obvious.

Corollary A.6. Let A and B be finite-dimensional k-algebras of finite global dimension. Assume the 2-periodic
orbit category of A is not triangulated with the inherited triangle structure. For any finite-dimensional
B°P ® A-module M, the 2-periodic orbit category of the triangular extension of A and B by M is not tri-
angulated with the inherited triangle structure.
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