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Abstract

Elastic-electroactive (EA) media represent a wide range of materials and physical systems sensitive to mechanical forces and

electric fields, in which time and temperature dependence are additional recurrent features. The behavior of fiber reinforced active

tissues, namely the excitation-contraction coupling, is basically due to the nonlinear interplay between the passive elastic tissue

and the active muscular network. The observed macroscopic dynamics derives as the emergent behavior of a complex multiscale

architecture spanning several length scales. We present a general theoretical framework for the formulation of constitutive equations

for viscous electro-active media. The approach is based on the additive decomposition of the Helmholtz free energy in elastic,

viscous and active parts accompanied to the multiplicative decomposition of the deformation gradient in elastic, viscus and active

parts. We describe a thermodynamically sound scenario that accounts for geometric and material nonlinearities. We specialize

the material model to the behavior of colonic intestine tissue, and simulate the visco-electro-active behavior of the fiber-reinforced

wall layers by using the finite element method.
c© 2014 The Authors. Published by Elsevier B.V.
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1. Introduction

Elastic-electroactive (EA) media represent a wide range of materials and physical systems sensitive to mechanical

forces and electric fields. Although piezoelectric crystals1 and electro-active polymers2,3,4,5 are the two most studied

macro-classes of EA systems, recent efforts have been made into the less explored context of biological media6. A

common feature among the different classes of EA materials is represented by their ability to spontaneously deform

upon the application of an electric field. Similarly, if mechanical forces are applied, the induced deformations alter the

original electric configuration and a mechano-electric feedback (MEF)7,8,9 can appear modifying the original isotropy

of the material.

In particular, soft active materials exhibit rate dependent behaviors at different scales10,11: stress relaxation at

constant strain, creep at constant stress, hysteresis during loading and unloading, strain-rate dependence. Therefore,

in general, stress in soft tissues depends also on the strain history. For most biological materials, the viscoelastic

response is due to the interactions between proteoglycans in the ground substance and collagen fibrils. Cartilage
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—mainly made of water (∼ 75%), collagen fibers, and extracellular matrix— and trabecular bone show viscoelastic

properties due to fluid flow during loading; intervertebral discs (∼ 78% of water) show viscoelasticity due to fluid flow

during loading and shear forces between matrix and fibers during fiber straightening. The physiological motivation

of viscous behaviors is the composite structure of the tissue, while the biological motivation is the protection against

injuries due to fast actions12.

Linear theories of viscoelasticity are used when the deformations are small and for linear elastic materials. The two

most diffused linear viscoelastic models are based on mechanical reological analogs and on Boltzmann superposition

principle. Nonlinear viscoelastic materials may also be analyzed by means of idealized mechanical analogs, based on

simplified reological component. For example, the generalized Maxwell model, which is an extension of the standard

solid model, is often adopted to describe viscosity within finite kinematics.

An interesting approach to incorporate viscoelastic behaviors into a sound thermodynamical framework rely on

the introduction of dissipation potentials, see, e.g., Fancello et al. 13. A generalized theory of viscoelasticity has been

described by Hasanpour et al. 14. Recent contributions on the topic can be found in the context of soft electroac-

tive polymers4,5,3,15,16. Viscosity in multi-physics coupling and visco-magneto-mechanical effects have also been

proposed17,18,19.

In spite of the vast literature on the subject, the role of viscous stresses on electric fields and the reverse feedback

lack of accurate consideration, in particular when their mutual interactions need to be accounted for, as in the case

of anisotropic active biological media. Thus, in this work we discuss a general theoretical framework for active

viscoelasticity in fiber reinforced tissues, and apply the theory to the numerical simulation of the peristalsis in a

portion of the human intestine.

The paper is organized as follows. In Sec. 2 we recall a brief biophysical description of the human intestine. In

Sec. 3 we provide the general theoretical framework of the visco-electroactive mechanical problem. In Sec. 4 we

derive the constitutive relationships by decoupling the Helmholtz free energy according to a multiplicative decompo-

sition of the deformation gradient. In Sec. 5 we introduce a simplified model of the intestine physiology and illustrate

a numerical simulation of peristaltic contraction in a portion of human colon reconstructed from CT images. In Sec. 6

we draw future perspective for the method and the model.

2. Biophysics and Physiology of the Intestine

We begin by recalling the main anatomical and physiological features of the human intestine. Excitable deformable

tissues respond differently upon isotonic, isometric or dynamic conditions thus making their modeling a non trivial

task. Muscle contraction, in particular, is characterized by multiple over imposed time-dependent phenomena at the

micro-scale, i.e. chemical reactions (ATP binding, hydrolysis, and product release) and cross-bridges mechanical

oscillations. The chemo-mechanical reaction process, therefore, results markedly dependent on the characteristic

frequency of the system20 and usually modeled as the superposition of viscoelastic processes with different time

constants.

2.1. GI wall anatomy and function

Gastrointestine (GI) wall is a very complex system consisting of four main layers: (i) mucosa, (ii) submucosa, (iii)

circular muscularis (CM) and longitudinal muscularis (LM), and (iv) serosa. Each layer has a definite and peculiar

structure. In the following we concentrate on the muscularis layer made of unitary smooth muscle cells (SMC).

Similarly to skeletal muscle cells, SMCs present actin and myosin filaments, see Fig. 1. The contractile feature of

SMCs is due to the interaction of actin and myosin filaments, activated by calcium ions, and the contractile energy

is supplied by hydrolysis processes between ATP and ADP. With respect to skeletal muscles, SMC proteic filaments

show a different spatial organization. In particular, a few myosin filaments intersect many actin filaments, with a

ratio 1/5 to 1/10. The particular structure allows SMCs to contract up to 80% of their resting length, while skeletal

or myocardial muscle cells reduce only up to 30%. Moreover, SMCs contract at a very low frequency with respect

to skeletal muscle cells, but exert force for longer times. This aspect is energetically fundamental for reducing the

overall continuous dissipation. Additionally, due to the different density of the filaments, the unitary force per myosin

head is much higher in smooth muscle than in skeletal muscles.



164   Alessio Gizzi and Anna Pandolfi   /  Procedia IUTAM   12  ( 2015 )  162 – 175 

Fig. 1. Schematic down-scale representation of contractile smooth muscle cells.

Smooth muscle fibers within the intestine wall are grouped in bundles of about 1000 fibers and arranged in the

longitudinal (ML) or circumferential direction (MC). The fibers are highly connected within the bundle and with

other bundles in order to spread the bio-electrical potentials in the most efficient manner. The resulting structure is

a functional syncytium, typical of several electro-active biological tissues, allowing reaction-diffusion processes with

associated propagating behaviors21,22. Additionally, ML and MC bundles present connecting points enabling correct

peristaltic movements.

From the biomechanical point of view, SMCs present different viscoelastic properties with respect to striated

muscles. Visceral SMCs, in fact, are able to recover the original stress configuration in few minutes after abrupt

stretching (see, e. g., bladder SMCs).

2.2. Electrophysiology

Intestine electrophysiology is characterized by slow waves and fast spike behaviors. Slow waves are characterized

by a frequency in the range 3-12 oscillations per minute, a wavelength of about 5-10 cm with average duration of

6 s, and voltage membrane variations of 5-15 mV. Slow waves are fundamental to regulate GI contractility. The

anatomical entities responsible for the slow wave generation and propagation are the so called interstitial cells of

Cajal (ICC)23. ICC are specialized smooth muscle cells, organized in a homogeneous network within the intestine

wall, between the longitudinal and circumferential muscularis. ICC, together with the nervous system, contribute to

the GI pacemaker activity. The control electric activity is generated within the longitudinal muscularis of the small

intestine and propagates via electrotonic effects to the circular layer with an almost synchronous activation. Slow wave

oscillations are present along the whole intestine also in the case of “no contraction”, but their frequency gradually

reduces in the aboral direction.
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Unlikely slow waves, fast spiking waves are real voltage action potentials (AP) signals and appear during wall

contraction superimposed to the slow waves. APs have a frequency in the range 1-10 Hz and a typical duration of

10-20 ms. Fast waves are generated via a threshold phenomenon, i.e., when the resting membrane potential reaches

about −40 mV (from a resting value between −60 and −50 mV). The resulting electromechanical behavior of the

GI system is very sensitive to small variations of the resting membrane potential. Several chemical, electrical and

mechanical factors, in fact, can modify this state. Typical examples are acetylcholine, noradrenaline and sympathetic

stimulations, intestine wall stretching (stretch activated channels) and temperature24.

2.3. Movements & Contractions

The GI apparatus contracts following the peristaltic motion. The peristaltic waves propagate in an anterograde

direction with a velocity of 0.5-2 cm/min, showing progressive slowing from the proximal to the distal intestine. For

example, in the small intestine the mean wave velocity is 1 cm/min requiring from 3 to 5 hours to get the chime from

the pylorus to the ileocaecal valve. Peristaltic movements are fundamental to mix the chime in different portions of

the GI system with specific timing. The overall phenomenon is known as migrant motor complex (MMC).

3. Formulation of the Active Electro-Mechanical Problem

We refer to a body of reference mass density per unit volume ρ0 undergoing a motion x(X, t), where X are the co-

ordinates in the material configuration, x are the coordinates in the spatial configuration, F = ∇X x is the deformation

gradient, and C = FT F is the Cauchy-Green deformation tensor. The volume and the boundary with outward normal

N in the material configuration are denoted by B0 and ∂B0 respectively.

The local form of the mass balance is stated by defining the volume change as

det F = J =
ρ0

ρ
, (1)

where ρ is the mass density per unit current volume. The local material form of the linear momentum reads

ρ0

dV
dt
= ∇X · P + ρ0B, (2)

where B are the body forces per unit of mass, V is the material velocity, and P the first Piola-Kirchhoff stress tensor,

and ∇X· denotes the material divergence operator. The angular momentum balance is satisfied through the symmetry

of the product:

PFT = FPT ,

and the boundary tractions T are expressed through the Cauchy’s relation

T = PN.

According to a standard notation, we assume that the material electric field is the gradient of the electric potential ϕ,

thus

E = − ∂ϕ
∂X
= −∇Xϕ.

Let E, D, andΠ denote the material electric field, the material electric induction, and the material polarization density,

respectively. The equations of electrostatics in material form read

∇X × E = 0, ∇X · D = 0,

where ∇X× denotes the material curl operator. The material electric induction is expressed as

D = Jε0C−1E +Π, (3)
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where ε0 is the dielectric constant of the vacuum. The first term in (3) accounts for the distortion of the electric field

due to deformation of the material. The polarization tensor Π must be described through a constitutive relationship.

The material form of the electric diffusion equation is

CE
dϕ
dt
= −1

J
∇X · HE + IE , (4)

where CE is the electric capacitance, IE the total ionic transmembrane current, HE the electric flux, and d/dt denotes

the material time derivative. The corresponding boundary conditions are

−�HE� · N = Ω,

whereΩ denotes the surface charge density in the material configuration. A commonly used expression for the electric

flux assumes a linear dependence on the gradient of the electric potential, through a material second-order tensor of

electric conductivities KE , in the form

HE = −JKE∇Xϕ.

More general definitions of the electric flux can be derived from constitutive assumptions.

Note that the equations of mechanics are decoupled from the equations of electrostatics. Coupling arises from the

constitutive equations, that will be derived here from thermodynamical considerations.

Within an extended electromechanical framework, the specific internal energy U of the system, dependent on F
and on the entropy N, depends also on the electric field through the additive contribution of the electric energy, given

by the electric field E times the material electric induction D25. Accounting for the mass (1) and the linear momentum

(2) balance, the local form of the rate energy balance becomes

U̇ = P : Ḟ + E · Ḋ + ρ0Q − ∇X · HT , (5)

where U̇ is the specific rate of the internal energy, Q the heat supply per unit mass, and HT the material energy flux

vector, consisting of heat flux and non-thermal energy flux. The second law of thermodynamics can be written in a

convenient form that accounts explicitly for the electric field E1, by introducing a modified internal energy Ũ defined

as

Ũ = U − D · E. (6)

Ũ can be interpreted as an electric Gibbs free energy density in the material description. It leads to the following form

of the dissipation inequality

T Γ̇ = T Ṅ − ˙̃U + P : Ḟ − D · Ė − 1

T
HT · ∇XT ≥ 0. (7)

With a harmless abuse of notation, in the following we will use the symbol U instead of Ũ to denote the alternative

expression of the internal energy.

4. Constitutive Relations

Thermodynamically consistent constitutive equations are derived from the Helmholtz thermodynamic potential,

especially advantageous in constitutive theories. We assume26 that the local thermodynamic state of an infinitesimal

neighborhood of the body B0 is completely defined by the variables of state deformation gradient F, temperature T ,

electric field E, and by a set of internal variables X. Internal variables must be included to consider the presence

of dissipative phenomena, such as plasticity, viscosity or damage, that might in turn lead to local increase of the

temperature and activate heat diffusion throughout the body. Note that the mathematical nature of X must be specified

according to the material model and to the dissipative process considered27,28. We postulate the existence of an

Helmholtz free energy density A function of the state variables as

A = U − T N = A(F, T, E, X) (8)
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The stress P is assumed to be the sum of two terms, i. e., the equilibrium stress PE , depending on the variables of

state only, and the viscous stress Pv, which depends also on the rate of deformation Ḟ, i.e.,

P ≡ PE(F, T, E, X) + Pv(F, T, E, X; Ḟ). (9)

The constitutive equations are derived from Eq. (8) thorough the standard variational procedure

PE = ∂FA(F, T, E, X), N = ∂T A(F, T, E, X), D = −∂EA(F, T, E, X),

while the thermodynamic forces Y conjugate to the internal variables are defined as

Y ≡ −∂XA(F, T, E, X).

The framework is completed with the definition of the kinetic relations that enable the determination of Pv and Ẋ.

An accurate discussion on this topic can be found in29,30 where, in view of a variational characterization of the rate

constitutive equations, the concept of a general dissipation potential, dependent on the stress rates, is introduced. By

analogy, to model viscosity we postulate the existence of a dual dissipation potential ψ∗, dependent on the deformation

rates Ḟ, so that the viscous stress derives as

Pv = ∂Ḟψ
∗(F, T, E, X; Ḟ). (10)

4.1. A general Helmholtz potential for active electro-mechanics

Fig. 2. Schematic representation of the multiplicative decomposition of the deformation gradient tensor in elastic and active part.

The multiplicative decomposition of the deformation gradient is a convenient mathematical representation of the

change of configuration of a system undergoing multiphysics processes in large deformations. The approach has seen

successful applications in biomechanics to model growth31 and electromechanical interactions32,9,33. Here we assume

the multiplicative decomposition of the deformation gradient into elastic Fe and active Fa parts6 as schematically

shown in Fig. 2:

F = FeFa, Fe = FFa−1. (11)

The elastic part of the deformation gradient is related to the passive response of the material, while the active part is

introduced to describe the geometrical changes of the initial configuration induced by the effects of the electric field on

unconstrained portions of the material. Assumption (11) introduces one or multiple ideal intermediate non compatible

configurations where all the active phenomena take place without inducing a stress state in the continuum. The

compatibility requirement will relax the body from the intermediate configuration to the final deformed configuration,

where equilibrium and compatibility conditions are fully satisfied.

In the framework of the multiplicative decomposition of the deformation gradient, the Helmholtz free energy can be

conveniently split into two –or more– addends and, by assuming a full separation of the arguments, only one addend
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can be considered as a function of the elastic strain. The additive split of the free energy is appealing because the

elastic function can be chosen among well-known strain energy functions for elastic materials11,34,35. In the present

case, the main motivation for adopting the free energy splitting and the argument separation is the need to achieve the

physical distinction between passive and active behaviors of the material. We assume an additive decomposition of

the free energy density in two distinct contributions as

A(Fe, F, E) = Ae(Fe) + Aa(F, E), (12)

where we state explicitly the dependence on Fe of the free energy density. The term Ae in (12) represents the classical

strain energy density of hyperelastic materials. The term Aa in (12) is an inelastic free energy density that accounts

for the electric field and for all its effects, including inelastic deformations. From assumptions (11)-(12), it follows

that the equilibrium stress PE decomposes into the sum of two terms

PE = ∂FAe(Fe) + ∂FAa(F, E) = Pp + Pa. (13)

We call the two terms passive stress Pp and active stress Pa, respectively. The passive stress is defined as:

Pp = ∂Fe Ae(Fe) ∂FFe = Pe Fa−T .

The stress Pp derives from the strain energy density Ae, which in the intermediate configuration defines the elastic

stress Pe, work-conjugate to Fe. The active stress Pa is originated by the inelastic part Aa of the free energy.

A suitable choice of Aa must be associated to the expression of Fa. In fact, when the particular expression of Fa is

chosen, it is fundamental to account for the characteristics of the material, including the underlying microstructure.

In the following we refer to isothermal processes and drop the dependence on the temperature T .

4.2. A general Helmholtz potential for active visco-electro-mechanics

(a) Viscous Model (b) Multiplicative Decomposition

Fig. 3. Schematic representation of (a) the reological equivalent standard solid model for the viscous behavior, (b) the multiplicative decomposition

of the deformation gradient tensor in elastic, viscous and active part.

The viscous behavior can be seamlessly included in the previous constitutive model by assuming that the purely

elastic behavior of the material is replaced by a visco-elastic behavior. In particular we refer to the standard solid

equivalent model shown in Fig. 3(a). By means of an additional intermediate deformation gradient Fv, which accounts

for rate-dependency, the elastic deformation gradient Fe is replaced by the product FeFv

F = FeFvFa, (14)

see Fig. 3(b). This approach can be formalized within a very general thermodynamic framework30. The viscous

deformation gradient being related to a dissipative behavior, it must be regarded as an internal variable Fv ≡ X.
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Furthermore, the Helmholtz free energy density is extended by adding a new term, which is assumed to be dependent

on the viscous deformation gradient Fv and possibly on the electric field E, i.e.

A(Fe, F, E, Fv) = Ae(Fe) + Av(Fv, E) + Aa(F, E). (15)

Accordingly, the equilibrium stress, PE , and the thermodynamic forces Y follow as

PE = PeFv−T Fa−T
+ Pa, Y = −∂Fv A = −Ye − Yv − Ya. (16)

Finally, the kinetic equations for the evolution of the viscous stress are introduced through a dual dissipation potential

ψ∗ dependent on, e.g., the viscous rate of deformation Dv = sym(ḞvFv−1) and possibly on the electric field E:

Pv = ∂Ḟvψ∗(Dv, E). (17)

4.3. Time discretized problem

In an viscous framework the deformation process has to be considered at discrete times tn. We refer to the consti-

tutive updates in the incremental form36,30 and denote

An = A(Fe
n, Fn, En, Fv

n).

An incremental variational update at the time tn+1 can be formulated by introducing the incremental work of deforma-

tion function fn which includes the dual dissipation potential contribution

fn(Fe
n+1, Fn+1, En+1, Fv

n+1) = An+1 + Δtψ∗ (Dn+1, En+1) − An, (18)

where

Dn+1 =
1

2

log
(
Fv−T

n Cv
n+1Fv−1

n

)
Δt

is the discrete form of the incremental logarithmic viscous strain, and Cv = FvT Fv is the viscous right Cauchy-Green

deformation tensor. By replacing (15) in (18), we obtain:

fn(Fe
n+1, Fn+1, En+1, Fv

n+1) = Ae(Fe
n+1) + Av(Fv

n+1, En+1) + Aa(Fn+1, En+1) + Δtψ∗ (Dn+1, En+1) − An.

The updated viscous deformation Fv
n+1 follows from the minimum principle36,30:

Wn(Fe
n+1, Fn+1, En+1) = min

Fv
n+1

fn(Fe
n+1, Fn+1, En+1, Fv

n+1). (19)

It follows that the Euler-Lagrange equations for the problem (19) define the configurational equilibrium equations:

∂ fn(Fe
n+1, Fn+1, En+1, Fv

n+1)

∂Fv
n+1

= −Ye
n+1 − Yv

n+1 − Ya
n+1 − Yd

n+1 = 0, Yd
n+1 = −Δt

∂ψ∗n
∂Fv

n+1

. (20)

Eqs. (20) can be solved, e.g., by a Newton-Raphson iteration. The requisite linearization of (20) is:

∂ fn
∂Fv

n+1

+
∂2 fn

∂Fv
n+1 ∂Fv

n+1

ΔFv
n+1 ≈ 0. (21)

Thus, the relation to be used at iteration K + 1 is

Fv
K+1 = Fv

K −
⎡⎢⎢⎢⎢⎢⎣
(

∂2 fn
∂Fv

n+1 ∂Fv
n+1

)−1
⎤⎥⎥⎥⎥⎥⎦

K

(
∂ fn
∂Fv

)
K
.

The explicit expression of the Hessian of fn will not be in general available, therefore the inversion of the Hessian

must be done numerically once the components have been computed.
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5. Numerical application to a colon section

In order to model the intestine peristalsis, we need to particularize the coupled material model above introduced and

adopt a specific form of the intestine electrophysiology. Thus we apply the material model to a simplified geometry

of a portion of the human colon, obtained from the segmentation of CT images. The model is characterized by a

distribution of two sets of fibers with local orientations a1 and a2, respectively.

5.1. Active behavior: intestine electrophysiology

The simplified model of the electrical activity of mammalian small intestine considered here accounts for the in-

teraction of slow waves, or electrical control activity (ECA), and fast weaves, or electrical response activity (ERA)37.

In the model, the two variables u and v stand for dimensionaless transmembrane potentials and slow currents, respec-

tively. They are mapped back to physical dimensions as

ul =
Vl − Vl,m

Vl,M − Vl,m
, ui =

Vi − Vi,m

Vi,M − Vi,m
,

where Vl is the dimensional transmembrane potential of the LM layer, with Vl,m and Vl,M denoting the minimum and

maximum physiological values, respectively, and Vi the analogous potential for the ICC layer. The electrodynamics

of LM and ICC within the intestine wall layers is described by a pair of partial differential equations per layer

∂tul = f (ul) + Dl∇2ul − vl + Fl (ul, ui) (22)

∂tvl = εl[γl (ul − βl) − vl] (23)

∂tui = g (ui) + Di∇2ui − vi + Fi (ul, ui) (24)

∂tvi = εi (z) [γi (ui − βi) − vi], (25)

where index l (or i) refers to LM (or ICC), ∂t denotes time partial derivative, ∇2 denotes the Laplace operator, and

f (ul) = klul (ul − al) (1 − ul) , Fl (ul, ui) = αlDli (ul − ui)

g (ui) = kiui (ui − ai) (1 − ui) , Fi (ul, ui) = αiDil (ul − ui) .

In particular, Eqs. (22)-(24) describe the LC and ICC transmembrane potentials, respectively, while slow transmem-

brane currents are summarized by Eqs. (23)-(25). The two nonlinear functions f (ul) and g (ui) represent the cubic

Zel’dovich’s bistable term that arises in many contests for excitable tissues21, where the β parameter shifts the equi-

librium point of the system. Fl (ul, ui) and Fi (ul, ui) complete the system by coupling the four equations in similar but

opposite manner. Quantities Dl,Di,Dli,Dil are the constant inter- intra-layer diffusivities. The values of the constants

are selected so that they mimic a strong coupling within the LM layer but a weaker coupling between the two layers

and within the ICC layer (see Table 1).

Finally, the excitability parameter εi for the ICC layer is a function of the distance from pylorus (z-axis) and in the

present application is approximated by the analytical expression fine tuned upon experimental evidences

εi (z) = 0.032 + 0.05 exp
(
− z

68

)
. (26)

Table 1. Parameters of the intestine electrophysiological model 22,37 (units in cm, s).

LM: kl = 10 al = 0.06 βl = 0 γl = 8 εl = 0.15 αl = 1 Dli = 0.3 Dl = 0.4

ICC: ki = 7 ai = 0.5 βi = 0.5 γi = 8 εi = εi (z) αi = −1 Dil = 0.3 Di = 0.04

In the case of anisotropic materials and when referred to the principal anisotropy directions ak , the expression of

Fa can be taken of the form

Fa = I + F(|E|, ak)E ⊗ E. (27)
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For example, we can set

F(|E|, γk) =
∑

k

[
γk

vol I + γ
k
devNk

]
, Nk = ak ⊗ ak ⊗ ak ⊗ ak,

with (I)IJKL = δIKδJL being the unit fourth order tensor34. For orthotropic materials with the preferential directions

a1 and a2, expression (27) becomes

Fa =
(
1 + γvol|E|2

)
I + γ1

dev(E · a1)2a1 ⊗ a1 + γ
2
dev(E · a2)2a2 ⊗ a2. (28)

In particular applications, the active strain may be assumed to be purely volumetric. In the present application we

assume that the volumetric active strain derives from a normalized potential ul defined as9

ulnorm
=

ul + 0.358

1 + 0.358
, ful = 50 · 1

2
atan

[
300 log

(
0.1 − ulnorm

0.5

)]
, γvol = 0.37

1.116

1 + 0.0025 ful
+ 0.045. (29)

The model parameters in Eq. (29) have been calibrated accurately to describe the intestine peristalsis activity22. This

potential describes an active strain that persists for a certain lapse of time after the electric potential wave crossing, in

order to model the duration of the muscle contraction. Complete list of parameters is given in Tab. 2.

5.2. Passive behavior: intestine viscoelasticity

In the present applications, we adopted an anisotropic expression of the visco-elastic strain energy density of the

form6:

A = Ae(Fe, a1, a2) + Av(F) + Aa(F, E, a1, a2). (30)

The specific form of the elastic strain energy density is

Ae =
1

2
KJe2

+ μ1

(
I

e
1 − 3
)
+ μ2

(
I

e
2 − 3
)
+

k4

k42

exp k
[(

I
e
41 − 1

)2 − 1
]
+

k6

k62

exp k
[(

I
e
42 − 1

)2 − 1
]
, (31)

where K, μ1, μ2, k4, k42, k6, k62 are material parameters, Je is the jacobian of F, I
e
1, I

e
2, I

e
41, I

e
42 are the first, second,

and the a1, a2 direction modified invariants of F
e
= Je−1/3Fe. Furthermore, we account for a Newtonian viscosity of

Neo-Hookean type30

Av = J
[
1

2
ζtr(D)2 + ηD · D

]
, D = ḞF−1,

with ζ and η volumetric and deviatoric viscosity parameters, respectively. Finally, the expression of the active part of

the strain energy density is taken of the form6

Aa = −1

2
Jε0EF−1 · [I + χ(C, a1, a2)

]
F−T E, (32)

with

χ(C, a1, a2) =
(
χiso + χ

C
iso(I1 − 3)

)
I +
(
χfiber + χ

C
fiber(I4 − 1)

)
a1 ⊗ a1 +

(
χfiber + χ

C
fiber(I6 − 1)

)
a2 ⊗ a2, (33)

where χiso, χfiber, χ
C
iso

, χC
fiber

are material parameters and I1, I4, I6 the first and the a1 and a2 direction invariants of the

total Cauchy-Green deformation tensor C.

We fine tuned the passive material parameters upon biaxial experiments on porcine intestine reported by Bellini et

al. 38. Fig. 4 shows the result of the parameter calibration procedure, where the numerical response for the longitudinal

and circumferential directions is compared to the experimental results. The set of material parameters used in the

subsequent calculations are reported in Table 2.
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Fig. 4. Equi-biaxial loading test comparison between experimental data 38 and passive constitutive material model formulation (see Tab.2). Longi-

tudinal (Long) and circumferential (Circ) directions are shown.

Table 2. Anisotropic material model parameters used in the examples of applications of the viscous active electromechanical model fine tuned upon

porcine experimental data 38.

K μ1 μ2 k4 k42 k6 k62 ζ η
[kPa] [kPa] [kPa] [kPa] [ - ] [kPa] [ - ] [ kPa s ] [ kPa s ]

5.5 1 1 55 56 20 29 0.125 0.09

χiso χfiber χC
iso

χC
fiber

γ1
dev

γ2
dev

[ - ] [ - ] [ - ] [ - ] [ - ] [ - ]

1 5 3 12 -0.05 -0.05

(a) Computational mesh (b) Longitudinal fibers (c) Circumferential fibers

Fig. 5. (a) Geometrical model and FE discretization; (b) Distribution of the longitudinal fibers; (c) Distribution of the circumferential fibers.

5.3. Colon geometry

We refer to a simplified three-dimensional solid model of human colon geometry reconstructed from CT images.

We consider the anatomical part connecting the ileum and the colon sections. In order to reduce the complexity of

the computational model, we do not consider the ileo-caecal valve, the internal soft layers (villi), and the surrounding

soft tissues that offer a compliant confinement. The computational mesh consists of 5571 nodes and 16645 tetrahedral
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finite elements, see Fig. 5(a). At each integration point we describe longitudinal and circumferential smooth muscle

fibers, see Fig. 5(b)-(c). The two ends of the computational mesh are constrained not to move in the direction of the

longitudinal axis. The external and internal surfaces are traction free. Time integration is achieved by means of an

explicit algorithm, with time steps sufficiently small to satisfy the Levy-Courant stability conditions.

The active strain wave is computed according to the physiological model previously described, as originated by

the sequence of two electric potential waves. The total duration of the process is 15 s. We conducted two dynamic

analyses, the first considering an inviscid behavior, the second one by accounting for viscosity of the material.

5.4. Results

Fig. 6 shows the propagation of the electric signal on the model assumed to be rigid. Auto-oscillatory propagating

phenomena can be observed in the longitudinal direction. Due to the non symmetric geometry of the model, the

electric wave propagation is not characterized by concentric circular, regularly spaced, signals but by distorted and

interrupted waves, as occurs in real conditions39.

(a) (b) (c) (d)

Fig. 6. Purely electric peristaltic wave propagation. Consecutive frames (a-d) with Δt = 1s. Color code refers to the non-dimensional voltage

membrane ul; red-blue refer to high-low action potential, respectively.

The effect of the electric activity is the contraction of the model in the circumferential direction along sections

moving form one end to the other end of the model, reproducing the peristaltic motion of the intestine. The numerical

simulations show how the crossing of the electric wave causes the circumferential contraction of the segment of

intestine, leading to a strong reduction of the intestine lumen. The contraction is more evident in correspondence to

the smallest section of the model (ileo-caecal valve location). The contraction is followed by the expansion of the

lumen, that regains the original size, after the completion of the wave cycle. In the case of the viscous behavior, the

contraction and the expansion phase are delayed in time, thus the peristaltic motion is slowed down, and the stress

level is also reduced.

(a) (b)

Fig. 7. Numerical calculations. Stress distribution [MPa] at time of the maximum contraction. (a) Electro-active response. (b) Visco-electro-active

response.
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A comparison between the results of the numerical analyses for the purely elastic and the visco-elastic material

models are shown in Fig. 7. The images show the longitudinal stress distribution at the time of the maximum cir-

cumferential contraction. In the case of the active elastic material, the longitudinal stress varies in the range [-0.797,

0.536] MPa; while in the case of the active viscoelastic material, it varies in the range [-0.293, 0.236] MPa.

6. Conclusions

We presented a general theoretical framework for viscous electro-active soft materials. Our formulation is based

on the classical additive decomposition of the Helmholtz free energy density in elastic, viscous and active parts,

accompanied to a multiplicative decomposition of the deformation gradient in elastic, viscous and active part. Vis-

cous behaviors are included through an ideal standard solid equivalent. A particular viscous two-fiber anisotropic

electromechanical model derived from the general framework has been implemented in a finite element code.

The code has been used for the simulation of the peristaltic motion in a portion of human intestine. The material

parameters have been fine tuned upon experimental data obtained from biaxial tests on porcine intestine wall38. The

passive material model accounts for the presence of smooth muscle fibers. The active behavior has been modeled in

order to mimic the excitation-contraction coupling, modifying an electrophysiology model usually adopted in cardiac

electromechanics9.

A simplified three-dimensional model of human colon was reconstructed upon CT data, and different analyses,

purely electric, electromechanical, and visco-electromechanical were conducted. The analyses demonstrated that

viscosity is of relevance in the description of the intestine peristalsis, since the level of the stress is overall reduced

and the contraction induced by the electric signal is maintained for longer times.

The computational study presented in this work is built upon several simplifying assumptions on the geometry

model. In particular, in order to account for the internal chime pressure and the external compliant support of the

surrounding tissues, more realistic boundary conditions should be considered.

Further investigations on the complex nonlinear feedback induced on the intestine wall in presence of environmen-

tal coupling, e.g. temperature gradients24, will be conducted with the model here described. Additional improvements

will be the introduction of the internal soft layers, mucosa and submucosa.
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