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I. INTRODUCTION

If », -, x, and p,, -+, p, are nonnegative real numbers with
2p; =1, and we define p, = Z px], then according to Lyapunov’s
inequality [1, p. 27],

POt 0 u <o < w. (1.1)
Since the p; are probabilities, we may consider a random variable X with the
distribution P{X =x,} =p,, i =1, ---,n, in which case u, = EX". But
(1.1) holds for arbitrary nonnegative random variables, so that in the follow-
ing we need only assame that P{X >0} =1 and p, = EX".

Generally speaking, there is no positive constant ¢ for which

wo =y Hy Y, u< o< (1.2)
(A related result is given by Karlin, Proschan, and Barlow [3].)
However, such a constant may exist if further restrictions are placed on the
distribution F of X. For example, if log [l — F(»)] is concave and u is a
positive integer, then Barlow, Marshall, and Proschan [2] obtain

y = [T + DI [ + DI [T + D],
In this paper, we consider the restriction that X is positive and bounded,
i.e., Pim << X < M} =1, with m > 0, and do not require that # be non-

negative. Under this condition, the three special cases of (1.2) obtained by
taking # == 0, v = 0, or @ = 0 have each been recently obtained for discrete
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random variables by Cargo and Shisha [4]. The special case u = v —r,
w=uo-+r r>0 yields

Po—rloir < YIS

and follows from results of Greub and Rheinboldt [5]. When v =0, 7 =1,
this reduces to the well-known inequality of L. V. Kantorovich (for a list
of references and general discussion see [6]).

As is well known, Lyapunov’s inequality can be obtained directly from
Holder’s inequality. It is not surprising then, that in the course of
deriving (1.2), we obtain some general results which also yield reversals of
Holder’s and Minkowski’s inequalities,

II. A FUNDAMENTAL INEQUALITY

By determining conditions when a linear combination of x™ and x° is non-
negative in the interval [m, M], we obtain a fundamental inequality from
which we are able to derive all of the succeeding results of this paper.

For 0 <m < M and r < s, rs % 0, we introduce the notation

Mr—m Mem" — M™m?
a=am M) =3 — > b=HmM)=—p

Note that @ > 0 if and only if s > 0, and & > 0 if and only if s > 0.

Lemma 2.1. If X is a random variable satisfying P{m < X < M} =1,
with m > 0, and Z is a positive random variable, then

r[EZX" — aEZX®* — bEZ] 20, for r<s. (2.1)
Equality holds if and only if P{X = m} + P{X = M} = 1.
Proor. To prove (2.1) it is sufficient to show that for m < x < M,

f(x) =r[x" —ax* — 8] =0, r <s, (2.2)
for then
r[ZX" — aZX? — bZ]1 =0, r <s, (2.3)

with probability one, and (2.1) follows by integrating (2.3).

To prove (2.2), note that f'(x) = r&™Y(r — asx®*") =0 has a unique
zero in (0, =), so that f(x) has at most two zeros in (0, ). But by the choice
of a and b, f(im) = f(M) =0, so that f(x) is of one sign for m < x < M.
If 0 <7 <s, then f(0) = —rb <0 implies that f(x) >0, m << x < M.
If r < 0and r <s, then lim, o f(x) < O implies that f(x) >0, m < x < M.
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Equality holds in (2.1) if and only if equality holds in (2.3) with probability
one, the condition for which is immediate, [Jj

We note that the positivity of Z can be weakened to nonnegativity, but with
some resulting minor changes in the conditions for equality.

Lemma 2.2, If Pim< X < My=1 with m >0, and P{Z >0} =1,
then for r <Cs,
(EZXS)I/S ZY(1/8)—(L/r) 2
(EZX)T < «(EZ) , (2.4)

where

= [(s :(Sr)(—as—) 1)]1/8 [(s i(Sr) (;bl 1)]4”’

and & = M|m. Equality holds if and only if P X =m or X =M} =1 and
EZX® = rbla(s — r)]* EZ.

Proor. From (2.1), it follows that

(EZXS)l/s < (EZXs)lls
(EZX)r = (aEZX® + bEZ)I"

= p(EZX?).

It is easily seen that the unrestricted maximum of ¢(y) occurs at
Yo = rbla(s — )]t EZ,

and ¢(y,) is the bound of (2.4).
Since m < X < M with probability one, it might appear that (2.4) could
be improved if ¢ is maximized subject to the restriction

sm’EZ < sEZX?® = sy << sMCEZ.

However, we find by a straightforward check that y, does satisfy this restric-
tion. We conclude that equality occurs if and only if equality holds in (2.1),
and in addition, p(EZX*) = ¢(y,). I

III. REVERSAL oF THE LiyaArpuNov, HOLDER,
AND MINKOWSKI INEQUALITIES

To apply the inequalities of Section II, we need only specify the choice of
X and Z. In particular, we consider the cases

(X,2)=(X,XY) and (X, Z)= VU, VU
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When (X, Z) = (X, X!), we obtain from (2.1) and (2.4) with ¢ =u,
r+t=wv s-+t=uwm, that if ¥ <v < w, then

(M- — =) oy — (M= — =)
— (MY — Mm% p,, >0, 3.1)

wW—v y-u

Bo "2 VHY B (3.2
where
(Sw—u _ 8”_“) (w — u) w—u (Sw—u _ Sv—u) (v —_ u) —(v—u)
”=[ " =) (w—v) [ G —1D)(w—09) :

Inequality (3.2) is the reversal of Lyapunov’s inequality mentioned in the
introduction.

When (X, Z) = (VU-, V-7U?®), we obtain from (2.1) and (2.4) that if
P{m < VU M} = 1, with m > 0, then for r <'s,

1[EUs-" — aEV+— — bEU*V-"] >0, (3.3)
(EUs—r)—llr (EVs—r)l/s < K(EUBV—")(I/s)—(l/T)_ (3.4)

An equivalent formulation may be obtained by writing EU* = [ UtdA,
EV* = [V'd\. When A is uniform on [o, 8] or {1,2, -, n}, and r = — 1,
s = 1, both (3.3) and (3.4) have been obtained by Diaz and Metcalf [6].

To obtain a reversal of Holder’s inequality, let f? = Us-r, g? = V*r,
p={(s—r)fs, r <0, and @ = §. A direct substitution in (3.4) and (3.3)
yields

THEOREM 3.1. Let f and g be nonnegative functions such that 1 < f~vg* < If
and [fg dX exists. If p > 1 and (1/p) + (1/g) = 1, then
1/p 170
[fear>c([12ar) ([ gar) ™, (3.5)
and
ILiaglio(gLis — 1) f fPdN + 1-13(61e — 1) f gL (@O —1) f fod), (3.6)

where

¢ = clpr g, 0) = q1/aP1/p01/m(01/(ae__ 1 1);/«1 (6177 — 1)1/» .

Just as Minkowski’s inequality is derived from Hélder’s inequality, we
obtain from (3.5)

(Jorrara)” sc[(fra)” +([ea)"]. o2
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REMARK. Inequalities (3.5) and (3.7) are reversed for 0 <<p < L. It
should be noted that the proofs did not require A to be finite.

A particular case of interest is p == ¢ = 2, which yields the reversal of the
Cauchy inequality due to Schweitzer [7], namely,

] fgd") >%( [ran) ([ eay) - (3.8)

Some interesting results involving the geometric mean can be obtained
from the various inequalities. From (3.1) with v = 0, we obtain

u 3

Momy — mwMu — (m» — Mo 1/u "
[( A )_ m(w )l"w] < p'1/

and a similar upper bound for u}/*. After taking limits as # — 0 (and w — 0),
we obtain

r{(Mr — m") ¢F108X — (EX7) log (M|m) — M~ logm + m"log M} > 0. (3.9)
By a similar argument, from (3.2), we obtain with p = §7¢™-17",
rElog X —log EX"™ 4 logp —loglogp — I =0, (3.10)

a result also obtained by Cargo and Shisha [4].
The two choices of (X, Z) in (2.1) and (2.4) which we have utilized in this
section exemplify the methods. However, other choices, e.g.,

(X,2)=UV, UV o (X, Z)=(X,e¥

lead to other types of inequalities.

IV. MaTRriX THEORETIC INTERPRETATIONS

If A is an #n X n Hermitian matrix with (real) eigenvalues 8, , -, 8, ,
and if x is a unit row vector, then

xA'* = (sI') DYI™*x*) = yDiy* =3, y:5.0,

where I' is unitary, and Dy = diag (6, , -*-, 8,,). Since y,7; are nonnegative
and add to unity, xA"x* can be regarded as the rth moment, p, , of a random
variable taking values on the eigenvalues of 4. (For another application see
Marshall and Olkin {8].) With this interpretation we obtain from (3.1) and
(3.2), that if 4 is positive definite and 0 <m < 8, < M, i =1, --*, n, then

(Mw—u . mw—u) xA_vx* — (Mv—u _— mu—-u) wa’C*
> (Mw—umv—u _ Mv—umw—u) .9&4”36‘*, (4_1)

(xAPa*yon > p(xAvx*ye—y (xAra*)r—u, (4.2)
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Of particular interest is the choice # = — 1, v = 0, @ = 1, which in (4.2)
yields the more familiar form of Kantorovich’s inequality. From (4.1) we get
a strengthened version of Kantorovich’s inequality,

x A x* < (M + m — xAx*)[Mm. 4.3)

If 4 and B are commutative Hermitian matrices, then they can be simul-
taneously diagonalized by a unitary matrix, so that

xA%* =3 y.9:6F,  *BW* =3 yyel,

xA"BPx* = Z y:7:9%% .

Consequently, these quadratic forms may be regarded as moments E6~,
E®f, and EO*DF, respectively, where

P{@=0i}=P{¢=(P1}=P{@:0iy(D=(Pi}=y.-}7i, i=1,-,n

and

Using (3.3) and (3.4) we obtain, for r <5,

r[xAs-Tx* — axB*'x* — bxA*B~"x*] > 0, (4.4)
[xBo=Tx*]t/e [x AS—rx*] 7T < k[x ASB~T¥]| (M-, (4.5)
Here the roots 8, and ¢; of A and B satisfy m < ¢,/0; << M. Thecaser = — 1

and s = 1 in (4.5) was obtained in [5].

Some further results can be obtained by considering compound matrices.
The pth compound B, of a 2 X I matrix B is defined for p < min (%, /)
to be the (§) X (;) matrix of pth order minors of B arranged in lexicographic
order (see [9] or [10]). We write tr, B = tr B,,,, and make use of the Cauchy-
Binet Theorem (BC),, = B;,C, -

As before, let A :n x n be Hermitian, with characteristic roots
6, = -+ =0, ; then the characteristic roots A; > +-- > /\(:) of A, are the
products of the 6, taken p at a time.

Let X : ] X n satisfy tr, XX* = 1 (so that rank (X) > p). Then

XA*X* = XT'D*[*X* = YD*Y*,
Thus
tr, YD*Y* = tr Do (Y*Y )y = tr Dy Z = 3, Nz .
Since
rZ=tr, Y*Y =tr, YY* =tr, XX* =1, and 2, >0, -

we may regard tr, YD*Y* as the k&th moment of a random variable taking
values on the (3) points A, , i.e., on the products of the roots of 4 taken p at
a time.
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With this interpretation, we obtain from (3.1) and (3.2) that if 4 :n X
is Hermitian with characteristic roots A;, -+, A,, m <{A, < M, and if
X 11 X n satisfies tr, XX* = |, then

(M= — o=y tr, XAPX* — (M- — m'=) tr,, XA X*
2 (]u-w__umv_u . ]‘lu—umu-—u) trp qu.qu*, (46)

(tr, XArX*)o—v > y(tr, XAX*Y0 (tr, XA2X*)ov, 4.7)

In the case I = p, tr, XA*X* = det (XA*X*), and these inequalities take a
particularly simple form. The special case of (4.7) with

(v, w) =(k— 1,k k+1)
was obtained by Schopf [11].

V. RELATED INEQUALITIES

In (2.2) we defined f(x) = r[x" — ax®* — b] which forr = — l and s = |
becomes
x—mM—x) M4m-—x
mMx o mM

fx) = — &

so that f(x) > 0 is immediate. However, the nonnegativity also follows from
the convexity of 1. The essential point is that the function 1 < ax + b,
m < x << M, with equality at the end points x = m and x = M by choice
of @ and b. This suggests that we consider functions g(x) and A(x) satisfying
8(x) < ah(x) 4+ b, m < x << M, g(m) = ah(m) + b, and g(M) = ah(M) + &.
The latter two conditions determine

_8M) —g(m) . g(m) HM) — g(M) h(m)

¢ = W) = Km)’ K(M) — h(m)

(5.1
If in the interval [m, M), either % is monotone and gh~! is convex, or g is
monotone and hg—! is concave, then g(x) <{ ah(x) + b, and hence

Eg(X) < aER(X) + b, (5:2)

where a and b are defined in (5.1).
If EA(X) > 0 and a << 0, then from (5.2),

ER(X) Eg(X) < alERX)] + BER(X) <

_ __g(m) K(M) — h(m) g(M)]?
4g(M) — g(m)] [A(m) — H(M)]

Equality in (5.3) can be achieved by a distribution concentrating on m and M.

(5.3)
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Of course, if g(x) = x~! and A(x) = x, then (5.3) is just Kantorovich’s
inequality.

Inequality (5.2) is a simple extension of the case that k(x) = x and g
is convex; in this special form it is given by Edmundson [12], andmay be
regarded as a reversal of Jensen’s inequality. Multivariate extensions of
Edmundson’s results have been obtained by Madansky [13]. In both instan-
ces, the results were obtained using convexity properties of moment spaces.

We now consider the multivariate case from the point of view used to
derive (5.2). Let X = (X,, ---, X,,) be a random vector with EX; =p,,
and PO X, <1} =1,¢=1,--,n Let g be a function defined on the
unit hypercube 0 < x, < 1,/ = 1, -+, n, with the property that g(x, , -+, x,,)
is convex in each «; for fixed x, , « %~ 7.

An upper bound for Eg(X) in terms of the u, may be obtained as follows.
Let 5# be the class of functions 2 on 0 < x;, < 1, ¢ = 1, +--, # such that
£(x) << h(x) and ER(X) is a function of the u, . For any 4 € #, we have the
inequality Eg(X) <{ Eh(X), and hence

Eg(X) < inf ER(X).

If Eg(X) = Ehy(X), hy€ #, for some random vector satisfying the moment
conditions, then

inf EA(X) = Ehy(X).

In the case g is invariant under permutations of its arguments, we obtain
inequalities illustrating the method, when the x; may be dependent, and when
the x; are independent.

The following Lemma is useful in proving that g(x) < A(x).

Lemma 5.1. Let Z,, be the set of m-dimensional vectors with components
0 or 1. Suppose g(x,, =, x,) is convex in each x; for fixed %, , « 7 i, and
h(xy , ++, x,) is linear in each x; for fixed x,, o = i. If g(z) < W(3), 2€ Z,,
then g(x) < h(x) for all x in the unit hypercube.

Proor. Let x = (x,, ', x,) be an arbitrary but fixed vector in the unit
hypercube, and x;) = (%, ***, ).
If 2,_1) € Z,_; , then by the linearity of z and convexity of g,

h(x1y s Bnp) = 8% (1) 5 Fm—1)-
Assume that for all 2, ;) €Z,_,,

(%) » Bineiy) == X > Fin—iy)-
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Then

h(% sy » Binoken)) = A% » Xra s Binmi-p))
= X h(*1y » 1 Frmpy) + (1 — %) Bx i 5 05 Bnp-n)
> Xp8®w » 1 Fop-n) + (1~ %501) 8800 > 05 3n—p-n)
= 8% (+1) » Rn—k—1))»

and by induction, A(x) > g(x).

When X, , -+, X, are independent, we consider the function

h(x) = by +b12 % +b22 xpx, Ao +anxi,

where the b; are determined so that g, = g(v;) = A(v,), £ =0, 1, n,
where v, is the vector with first # components equal to 1, and remaining
components equal to zero. These equations may be written in the form

8= (go 181 = 8n) = (bo s> by) 0 0 bU.

Il

It is easily seen that U-! = (#¥) has elements u* = (— 1)+ u;;, so that

b, = (:) 8 — (k —/_z_ l)gk—l + (k i 2) Zi—p — "+ (— 1)F (g) 8o »
k=01 -n

By the Lemma, it remains to show that g(2) < k(z) for z € Z, . Note that
each z € Z,, is equal to v, P for some k and some permutation matrix P. Since
both g and % are invariant under permutations,

8(%) = g(vi) = h(zy) = h(2).

To summarize, we have obtained

TueoreM 5.2. Let X = (X, , -+, X,) be a random vector with independent
components such that PO< X, < 1} =1 and EX; =p;, 1 =1, -, n. Let

II
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g(xy , ==+, x,) be defined and convex in each x;, 0 < x; < 1, with the further
property that g is invariant under permutations of the x;. Then

Eg(Xy, o X) <o+ 3 [(Fen—(, F () g + -

k=1

+ (= 1 () & 5 (54)

where g; = g(v;)), ;) 15 the vector with first j components one and remaining
components zero, and where s, is the kth elementary symmctric function of the ..
Equality is obtained if X, , ---, X, are independent with

P{X; =1} =p, = 1| — P{X, =0}.

To see this note that this distribution of X is concentrated at points x such
that g(x) = A(x).

In the special case g(x) = II} #(x;) with ¢ convex, b, takes the simple form
by = t77%(2, — to)¥, t, = #0), #, = #(1) and hence (5.4) becomes

E H HX) < 85+ tg 7 (b — 1) 2 i+ 108 — o) Z b
1 i<
+ o (G — ) (g v ) (5.5)

This result for g(x) = exp (x; + x,) was obtained by Madansky [13].
We now remove the condition of independence but retain the choice
g(x) =TI7 t(x,). In this case

h(x) = ag + 2 a;x;,
1

and we determine the a; by g, = g(vy,) = Hvy), £ =0, 1, ---, n. These
equations may be written as

1 11 1
011 1
001 -1
g=(g, v 8n) = (ag, 7, @) . = aqT.
000 - 1
Since T-1 == (t¥) has elements # = |, ##~1{ = — 1, and all other elements

zero, it is easily seen that

a=1(g,8 —&s """ &n — Ln-1)-
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If q, < - < a,, or equivalently,

&k — 8r-1 2= fr1 — Bi-2>» k=1, -mn, (5.6)

then h(9y)) < A(v(yP) for any permutation matrix P, and hence, by the
permutation invariance of g,

gvP) = glom) = hvw) < kv P).

By the Lemma, g(x) < A(x) for all x in the unit hypercube.
The monotonicity condition (5.6) becomes

[(D]* [#O)]"~* — 2[¢(1)J** [(O)]*~*+* + [#(1)]** [#(0)]"*+* = 0,

which is clearly satisfied if #0) > 0, #(1) > 0.
To summarize, we have

Tueorem 5.3, Let (X, , -+, X,,) be a random vector with PO < X, < 1} =1
and EX; = p;, i = 1, -, n. Let g(x) = II} #(x;), where t is convex on [0, 1],
#0) >0, t(1) = 0. Then

Eg(X,, " Xn) < 8o+ 2, (8 — 8ima) - (5.7)
1

The order of the X is arbitrary, and if we assume 1 > p; > - =, =0,
then equality may be attained for P{X = v} = pr, k =0, ---, n, where

(Po s '"’Pn) = (l T T M2y Tt By T M f‘n)

is determined by (py, ", pu) T = (1, ity , ***, tn). Equality is attained
because this distribution of X is concentrated at the points ¥ for which
#(x) = h(z).

The result for g(x) = exp (x, + x,) was obtained by Madansky [13].

Remark. Note that (5.7) holds for any g(x) which is invariant under
permautations, convex in each element, and satisfying the monotonicity
condition (5.6). This class of g’s is convex, and in addition to g(x) = IT} #(x,),
includes, e.g., g(x) = Xy #(x,).

The condition (5.6) was derived from the choice of T, which in turn is
dependent upon the choice of 7 vertices from the 2" possibilities for which
we require s(x) = g(x). The proper choice of vertices depends on the func-
tion g and also upon the p;. Thus, for example, if 0 < gy < - < gn s
2;' i < 1, then

T=(5 )
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yields the sharp inequality

Eg(Xl » "y Xn) <&+ Egil"i .
1

Two such functions g are Z; % and (Z] #;)%.

Note added in progf. An alternative proof of (5.4) was suggested by W. Hoeffding,

and

10.

11.
12.

13.

is based on the fact that if g(%; , ***, x,) is convex in each x, for fixed x, (« 5 i), then

1 1 »
gy, ) <3 Y glin, i [ gt -y

=0 1,=0 =1
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