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Abstract

Let ðX ; mÞ be a measurable topological space. Let S1;S2;y be a family of finite subsets of

X : Suppose each xASi has a weight wixARþ assigned to it. We say fSig is fwig-distributed
with respect to the measure m if for any continuous function f on X ; we have

limi-N

P
xASi

wix f ðxÞP
xASi

wix
¼
R

X
f ðxÞ dmðxÞ:

Let SðN; kÞ be the space of modular cusp forms over G0ðNÞ of weight k and let

EðN; kÞCSðN; kÞ be a basis which consists of Hecke eigenforms. Let arðhÞ be the rth Fourier

coefficient of h: Let xh
p be the eigenvalue of h relative to the normalized Hecke operator T 0

p: Let

jj 	 jj be the Petersson norm on SðN; kÞ: In this paper we will show that for any even integer

kX3; fxh
p : hAEðN; kÞg; p[N is fjarðhÞj2e
4pr

jjhjj2 g-distributed with respect to a polynomial times the

Sato–Tate measure when N-N:
r 2003 Elsevier Inc. All rights reserved.

1. Introduction

Let SðN; kÞ be the space of modular cusp forms on G0ðNÞ of weight k and for
p[N; let Tp be the Hecke operator on SðN; kÞ as defined in [Se2]. We shall consider

T 0
p ¼ p
ðk
1Þ=2Tp: Denote the eigenvalue of a Hecke eigenform h relative to T 0

p by xh
p:

The Ramanujan–Petersson conjecture (Deligne’s Theorem) asserts that jxh
pjp2 for

ð p;NÞ ¼ 1: Furthermore, it is conjectured that the set fxh
p : ðp;NÞ ¼ 1g is
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equidistributed with respect to the Sato–Tate measure (refer to [Se1, Chapter 1])

dm
N
ðxÞ ¼

1
p

ffiffiffiffiffiffiffiffiffiffiffiffi
1
 x2

4

q
dx when xA½
2; 2�;

0 otherwise:

(

Let EðN; kÞ be a basis of SðN; kÞ consisting of Hecke eigenforms. Serre [Se2]

considered the distribution of fxh
p : hAEðN; kÞg for fixed p: He used the Selberg trace

formula for the Hecke operators and showed that when N-N; the set fxh
pg is

equidistributed as

dmpðxÞ ¼
p þ 1

ðp1=2 þ p
1=2Þ2 
 x2
dm

N
ðxÞ: ð1Þ

In this paper, we established a weighted distribution for fxh
p : hAEðN; kÞg for fixed p:

Let ðX ; mÞ be a measurable topological space. Let S1;S2;y;Si;y be a family of

finite subsets of X : Suppose each xASi has a weight wixARþ assigned to it. Let dx be
the Dirac measure at x: Define

dmi ¼
P

xASi
wixdxP

xASi
wix

:

We say fSig is fwig-distributed with respect to measure dm if

lim
i-N

dmi ¼ lim
i-N

P
xASi

wixdxP
xASi

wix

¼ dm:

This means for any continuous function f on X ; we have

lim
i-N

Z
X

f ðxÞ dmiðxÞ ¼ lim
i-N

P
xASi

wix f ðxÞP
xASi

wix

¼
Z

X

f ðxÞ dmðxÞ:

When wi;x ¼ 1; the definition is the same as the definition of equidistribution given
in [Se2, Section 1].
In this paper, we will use Kuznietsov trace formula to obtain a certain weighted

distributions.
Suppose hASðN; kÞ is a Hecke eigenform with Fourier expansion

hðzÞ ¼
XN
r¼1

are
2rpiz;Re z40:

Write arðhÞ ¼ ar: Let jj 	 jj be the Petersson norm on SðN; kÞ [Ge, p. 24 (2.6)].
We can assume k is even because SðN; kÞ is empty when k is odd. Define
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polynomials Xn by

Xnð2 cos fÞ ¼
sinðn þ 1Þf

sinf
:

Let r be a positive integer. Let p be a fixed prime. Let rp ¼ ordp r: Then we have

Theorem 1.1. Let k be an even number X3: Consider the family of sets SN ¼
fðxh

pÞ : hAEðN; kÞg; p[N with weight wr
h ¼ jarðhÞj2e
4pr

jjhjj2 assigned to xh
p: Then the family

of sets fSN : p[Ng is fwr
hg-distributed with respect toX

0piprp

X2iðxÞdmNðxÞ

when N-N:

The proof will be given at the end of this paper. A more general result is given in
Theorem 5.7.

Corollary 1.2. Let k;SN ;wr
h be as above. If p[r; then the family of sets fSN : p[Ng;

N-N is fwr
hg-distributed with respect to the Sato–Tate measure.

Proof. If p[r; rp ¼ ordp r ¼ 0 and X0ðxÞ ¼ 1: The corollary follows easily. &

The technique used here can be generalized to other groups (example
G ¼ GSpð2kÞ), refer to [Li] for the generalizations.

2. Construction of test functions

Let G ¼ GL2: The unipotent group is N ¼ 1 

1

� 	
CG: Write e ¼ 1

1

� 	
: Let

Z be the center of G; let M be the diagonal subgroup of G: Denote %U ¼ U=Z for any

subset U of GL2: Define KN ¼ cos y

sin y

sin y
cos y


 �� 

: When poN; define Kp ¼ GL2ðZpÞ:

Define K0ðNÞp ¼ a
c

b
d


 �
AKp : c � 0ðmod NÞ

� 

; K0ðNÞ ¼

Q
poN

K0ðNÞp:

Let A be the adeles of Q: Let Afin be the finite component of A:

Let L2 be the Hilbert space of continuous functions j on ZðAÞGðQÞ\GðAÞ such
that

R
ZðAÞGðQÞ\GðAÞ jjðgÞj

2
dgoN: The subset of cuspidal functions in L2 is denoted

by L2
0: Let R be the right regular representation of GðAÞ on L2:

There is an embedding SðN; kÞ-L2
0 [Ge, p. 42]. The map is denoted by f/jf :

Denote the image of the map by AðN; kÞ:
Suppose ðp;VÞ is a representation of a measurable topological group G and f is a

continuous function on G: Define pð f Þv ¼
R

G
f ðgÞpðgÞv dg:
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We are going to construct a function f ¼ fNffin on GðAÞ ¼ GðRÞ � GðAfinÞ: The
main property of this function is given in Proposition 2.1. The results quoted below
are well known.

The function fN ¼ fk is a function defined on GL2ðRÞ: It is the conjugate of a

normalized matrix coefficient. Explicitly it is defined by fkðgÞ ¼ dpk
/pðgÞv0; v0S

where pk is the discrete series representation of lowest weight k; v0 is the lowest
weight unit vector and dpk

is the formal degree. Explicitly we can take

fkðgÞ ¼
k
1
4p

2kðdet gÞk=2

ððaþdÞþiðb
cÞÞk if g ¼
a b

c d

� 	
and det g40;

0 if det go0:

8<
: ð2Þ

Refer to [Va, p. 192] or [KL] for the details.
Define cðNÞ ¼ ½G0ð1Þ : G0ðNÞ�: We take measðKpÞ ¼ 1: One can easily show that

measðK0ðNÞÞ ¼ 1
½K0ð1Þ:K0ðNÞ� ¼ 1

cðNÞ:

If R be a ring, let M2ðRÞ be all the 2� 2 matrix over R: Now we define

Mðn;NÞ ¼ g ¼
a b

c d

� 	
AM2

Y
Zp

� �
: det ðgÞAn

Y
Z


p and c � 0 ðmod NÞ
� �

:

Define

f nðgÞ ¼
1

meas ðK0ðNÞÞ
¼ cðNÞ if g ¼ zm; zAZðAfinÞ;mAMðn;NÞ;

0 otherwise:

(

Proposition 2.1. Suppose f ¼ fk f n; Rð f Þ vanishes on AðN; kÞ>: On AðN; kÞ it acts by

Rð f Þjh ¼ j
n



k
2

1


 �
Tnh

:

Proof. The idea of the proof can be found in [Ge, Lemma 3.7] and also [Ro, Lemma
2.12]. A complete proof can be found in [KL]. &

Corollary 2.2. Let hAEðN; kÞ; f ¼ fk f n then

Rð f Þjh ¼ n1=2
Y
pjn

Xnp
ðxh

pÞ

0
@

1
Ajh:

Proof. Recall that n ¼
Q

pnp : We have T 0
n ¼

Q
p T 0

pnp : By Serre [Se2, Sections 2 and

3, Lemma 1], T 0
pnp ¼ Xnp

ðT 0
pÞ: The corollary follows easily from the previous

proposition. &
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3. Kuznietsov trace formula

Let f be a continuous function on GðAÞ: The kernel of Rð f Þ is defined as

Kðx; yÞ ¼
X

gAGðQÞ

f ðx
1gyÞ: ð3Þ

Another way to express the kernel is

Kðx; yÞ ¼
X
f

Rð f ÞfðxÞfðyÞ:

Here f runs through an orthonormal basis of L2: When f ¼ fkf n; Rð f Þ annihilates
AðN; kÞ>:We can sum over an orthonormal basis of AðN; kÞ: An orthonormal basis
can be taken as fjhðxÞ

jjjhjj
: hAEðN; kÞg: It is easy to show that

Kðx; yÞ ¼
X

hAEðN;kÞ

Rð f ÞjhðxÞ
jjjhjj

jhðyÞ
jjjhjj

: ð4Þ

Use y to denote a character on Q\A: We can decompose y into yNyfin: Here yN
(resp. yfin) is the infinite (resp. finite) component of y: There exists rAQ; such that

yNðxÞ ¼ e2pirx: We assume rAZþ throughout the whole paper. Under this
assumption yfin is trivial on

Q
p Zp: The character y can also be regarded as a

character on NðQÞ\NðAÞ:
We factorize r into

Q
prp :

Normalize measure on Qp by taking measðZpÞ ¼ 1: Define measure on A by using

the product measure. We can show that measðQ\AÞ ¼ 1:Measure on NðAÞ is defined
by identifying A with NðAÞ:
From (3), the kernel Kðx; yÞ is invariant under left multiplication of elements in

NðQÞ � NðQÞ:
Kuznietsov trace formula is the equality obtained by expanding the following

integral using the two formulas (3) and (4)

KTFð f Þ ¼
Z

NðQÞ\NðAÞ

Z
NðQÞ\NðAÞ

Kðn1; n2Þyðn
1
1 n2Þ dn1 dn2: ð5Þ

The integral is convergent because Q\A is compact. The expression obtained
using formula (3) is called the geometric side. Using formula (4) we obtain the
spectral side.

Proposition 3.1. When f ¼ fkf n; then KTFð f Þ is equal to

n1=2
X

hAEðN;kÞ

Y
pjn

Xnp
ðxh

pÞ

0
@

1
Awr

h;
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recall that

wr
h ¼ jarðhÞj2e
4pr

jjhjj2
:

Proof. Using (4) and Corollary 2.2

Kðx; yÞ ¼ n1=2
X

hAEðN;kÞ

Y
pjn

Xnp
ðxh

pÞ

0
@

1
AjhðxÞjhðyÞ

jjhjj2
:

Thus the spectral side of (5) is

n1=2
X

hAEðN;kÞ

Y
pjn

Xnp
ðxh

pÞ

0
@

1
A 1

jjhjj2
Z

NðQÞ\NðAÞ
jhðnÞyðn
1Þdn

�����
�����
2

:

From [Ge, Chapter 3, Lemma 3.6],

Z
NðQÞ\NðAÞ

jhðnÞyðn
1Þ dn ¼ are

2pr if rAZþ;

0 otherwise:

�

The proposition follows easily. &

Let dAG: We define

Nd ¼ fðn1; n2ÞAN � N : n
1
1 dn2Bdg;

here g1Bg2 if g1 ¼ zg2 for some z in the center. Denote the image of d in

NðQÞ\GðQÞ=NðQÞ by ½d�:

Proposition 3.2.

KTFð f Þ ¼
X

½d�ANðQÞ\GðQÞ=NðQÞ

Z
NdðQÞ\NðAÞ�NðAÞ

f ðn
1
1 dn2Þyðn
1

1 n2Þ dn1 dn2:

Proof. The geometric side of KTFð f Þ

¼
Z

NðQÞ\NðAÞ

Z
NðQÞ\NðAÞ

X
gAGðQÞ

f ðn
1
1 gn2Þyðn
1

1 n2Þ dn1 dn2
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¼
X

½d�ANðQÞ\GðQÞ=NðQÞ

Z
NðQÞ\NðAÞ

Z
NðQÞ\NðAÞ

X
gANðQÞdNðQÞ

f ðn
1
1 gn2Þyðn
1

1 n2Þ dn1 dn2:

¼
X
½d�

Z Z X
ðm1;m2ÞANdðQÞ\NðQÞ�NðQÞ

f ðn
1
1 m
1

1 dm2n2Þyðn
1
1 n2Þ dn1 dn2:

Replace n1 by m
1
1 n1; n2 by m
1

2 n2: Since y is trivial on m1;m2ANðQÞ; KTFð f Þ is
equal to X

½d�ANðQÞ\GðQÞ=NðQÞ

Z
NdðQÞ\NðAÞ�NðAÞ

f ðn
1
1 dn2Þyðn
1

1 n2Þ dn1 dn2: &

Denote

Idð f Þ ¼
Z

NdðQÞ\NðAÞ�NðAÞ
f ðn
1

1 dn2Þyðn
1
1 n2Þ dn1 dn2:

An element dAGðQÞ is said to be admissible if the map

NdðAÞ-C : ðn1; n2Þ/yðn
1
1 n2Þ

is trivial.

Lemma 3.3. If d is not admissible, then Idð f Þ ¼ 0:

Proof. Assume that d is not admissible. Let ðn1; n2ÞANdðAÞ such that yðn
11 n2Þa1:
Replace n1; n2 by n1n1; n2n2; respectively.

Idð f Þ ¼
Z

NdðQÞ\NðAÞ�NðAÞ
f ðn
1

1 n
11 dn2n2Þyðn
1
1 n
11 n2n2Þ dn1 dn2:

Thus Idð f Þ ¼ yðn
11 n2ÞId ) Id ¼ 0: &

Theorem 3.4.

KTFð f Þ ¼
Z

NðAÞ
f ðnÞyðnÞ dn þ

X
mAQ


Z
NðAÞ

Z
NðAÞ

f n
1
1

0
1

m
0


 �
n2


 �
yðn
1

1 n2Þ dn1 dn2:

Proof. By the Bruhat decomposition G ¼ NM,NM 0
1

1
0


 �
N: Thus a representative

set of NðQÞ\GðQÞ=NðQÞ is g
0

0
1


 �
: gAQ
� 


, 0
1

m
0


 �
: mAQ
� 


: From Theorem 3.2, the

geometric side ¼
P

½d� Id: By Lemma 3.3, Idð f Þ ¼ 0 unless d is admissible.

When d ¼ g
0

0
1


 �
; simple calculation shows that Nd ¼

1 gt

1

� 	
;

1 t

1

� 	� 	� �
:

If d is admissible, we have yððg
 1ÞtÞ ¼ 1 for any tAA: Because y is non-trivial, this
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cannot happen unless g ¼ 1: Thus

Ieð f Þ ¼
Z

NdðQÞ\NðAÞ�NðAÞ
f n
1

1

1 0

0 1

� 	
n2

� 	
yðn
1

1 n2Þ dn1 dn2

¼
Z
diagonal\NðAÞ�NðAÞ

f ðn
1
1 n2Þyðn
1

1 n2Þ dn2 dn1:

Letting m1 ¼ n1;m2 ¼ n
1
1 n2; the diagonal becomes ðm1; eÞ: The integral becomes

Z
NðQÞ�e\NðAÞ�NðAÞ

f ðm2Þyðm2Þ dm2 dm1 ¼
Z

NðAÞ
f ðm2Þyðm2Þdm2:

When d ¼ 0
1

m
0


 �
; simple calculation shows that NdðQÞ ¼ fðe; eÞg: Thus d is

admissible. We have

Idð f Þ ¼
Z

NðAÞ�NðAÞ
f n
1

1

0 m

1 0

� 	
n2

� 	
yðn
1

1 n2Þ dn1 dn2:

We can prove the theorem by summing up all the terms. &

4. Evaluation of Integrals

Lemma 4.1. For uAQ; yfinðuÞ ¼ yNð
uÞ ¼ e
2pru

Proof. We have 1 ¼ yðuÞ ¼ yNðuÞyfinðuÞ: The lemma follows easily. &

The following lemmas show us how to evaluate f n: Suppose R is a ring, we denote

R
2 ¼ fx2 : xAR
g:

Lemma 4.2. Suppose g ¼ a
c

b
d


 �
AGðAfinÞ and det ðgÞAn

Q
Z


p: Then gA supp f n if and

only if gAM2ð
Q

ZpÞ and c � 0 mod N:

Proof. Write g ¼ zm; z ¼ z
z

� 	
AZðAfinÞ; mAMðn;NÞ: Taking the determinant

on both sides, we see that z is in
Q

Z

p: Thus z can be absorbed into m; so

gAMðn;NÞ: It is easy to see that gAMðn;NÞ if and only if g satisfies the conditions in
the lemma. &

Lemma 4.3. Suppose g ¼ a
c

b
d


 �
AGðAfinÞ; then g is in supp f n only if det gA

nA
2
fin

Q
Z


p:
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Under this assumption, say det g ¼ nz2u for zAA

fin; uA

Q
Z


p: Let z ¼ z
z

� 	
: Let

m ¼ z
1g ¼ m11

m21

m12

m22

� �
: Then gA supp f n if and only if mAM2ð

Q
ZpÞ and m21 �

0 mod N:

Proof. If g is in supp f n; then g ¼ zm with z ¼ z
z

� 	
AZðAfinÞ and mAMðn;NÞ:

Thus det g ¼ z2det mAnA
2
fin

Q
Z


p: This proves the first part.

Suppose det g ¼ nz2u as stated in the lemma. Let z ¼ z
z

� 	
: Obviously

gA supp f n if and only if z
1gA supp f n: One can easily show that det z
1g ¼
nuAn

Q
Z


p: The lemma follows easily from the above lemma. &

From now on we call the z ¼ z
z

� 	
appearing in the previous lemma a

z-part of g.
Define

TrueðstatementÞ ¼
1 if statement is true;

0 otherwise:

�

Proposition 4.4. Z
NðAfinÞ

f nðnfinÞyfinðnfinÞ dnfin

¼ cðNÞn1=2 Trueðn1=2AZ and n1=2jrÞ: ð6Þ

Proof. Write nfin ¼ 1
0

t
1


 �
: Its determinant is 1. From Lemma 4.3, nfinA supp f n only

if 1AnQ
2
p Z


p for all primes p: Thus np is even for all p: As a result nA7Q
2: We can

assume n is positive. Write n ¼ n02; n0AZþ:

Now a z-part of nfin can be z ¼ n0

0
0
n0

� �
1
: Let m ¼ z
1nfin ¼ n0

0
n0t
n0

� �
: The lower left

entry of m is 0, which is divisible by N: By Lemma 4.3, nfin is in supp f n if and only if
n0

0
n0t
n0

� �
AM2ð

Q
ZpÞ: Or equivalently

t0 ¼ n0tA
Y

Zp:

Thus (6) is equal to

cðNÞ
Z

tAn0
1
Q

Zp

yfinðtÞ dt ¼ cðNÞ
Z
Q

Zp

yfin
t0

n0

� 	
d

t0

n0:
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Because yfin is trivial on
Q

Zp; integral (6) is equal to

cðNÞn0
X

sAZ=n0Z

Z
sþn0
Q

Zp

yfin
t0

n0

� 	
dt0

¼ cðNÞn0
X

sAZ=n0Z

e 
sr

n0

� �
meas s þ n0

Y
Zp

� �
¼ cðNÞ

X
sAZ=n0Z

e
sr

n0

� �
:

The result follows easily. &

Next, we evaluate

Z
Afin�Afin

f n n
1
1

0 m

1 0

� 	
n2

� 	
yfinðn
1

1 Þyfinðn2Þ dn1 dn2: ð7Þ

Define

Kluðn; yNÞ ¼
X

s1;s2AZ=uZ;s1s2�n ðmod uÞ
yN

s1

u

� �
yN

s2

u

� �
:

Proposition 4.5. Integral (7) a0 only if m ¼ 7 n
u2

for some integer u � 0 ðmod NÞ:
Under this assumption, integral (7) is equal to cðNÞKluð8n; yNÞ:

Proof. Let ni ¼
1 ti

1

� 	
; i ¼ 1; 2:

n
1
1

0 m

1 0

� 	
n2 ¼


t1 m
 t1t2

1 t2

� 	
: ð8Þ

Notice det n
1
1

0
1

m
0


 �
n2


 �
¼ 
m: From Lemma 4.3, (8) A supp f n only if mAnQ
2

p Z

p for

all p: Thus we have ordpðmÞ � np ðmod 2Þ for all p: As a result mA7nQ2: Let m ¼

7nz2 for some zAQ
: We can take z ¼ z
z

� 	
as the z-part. Write m ¼

z
1n
1
1

0
1

m
0


 �
n2 ¼ 


z
1





� �
: By Lemma 4.3, (8) is in supp f n only if z
1AZp for all p:

Hence z ¼ 1=u for some uAZþ: Let m ¼ 7 n
u2
; uAZ:

m ¼ 
ut1
7n
ðut1Þðut2Þ

u

u ut2

 !
:

Write t01 ¼ ut1; t02 ¼ ut2: By Lemma 4.3 again, (8) is in supp f n if and only if

t01; t02A
Y

Zp; u � 0 ðmod NÞ; t01t
0
2 � 7n ðmod uÞ:
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Integral (7) becomes

Z
t1;t2

f n

t1 m
 t1t2

1 t2

� 	� 	
yfinð
t1Þyfinðt2Þ dt1 dt2

¼
Z

t0
1
;t0
2
A
Q

Zp;t
0
1
t0
2
A7nþu

Q
Zp

f n

t01 


u t02

� 	
yfin 
t01

u

� 	
yfin

t02
u

� 	
d

t01
u

d
t02
u

¼ cðNÞ
X

s1;s2AZ=uZ;s1s2¼7n

Z
ðs1þu

Q
ZpÞ�ðs2þu

Q
ZpÞ

yfin 
t01
u

� 	
yfin

t02
u

� 	
d

t01
u

d
t02
u

¼ cðNÞ
X

s1;s2AZ=uZ;s1s2¼7n

yN
s1

u

� �
yN 
s2

u

� �
meas

Y
Zp

� �2

¼ cðNÞ
X

s1;s2AZ=uZ;s1s2¼8n

yN
s1

u

� �
yN

s2

u

� �
¼ cðNÞKluð8n; yNÞ: &

Proposition 4.6. When kX3;

Z
NðRÞ

fkðnÞyNðnÞ dn ¼
e
4prð4prÞk
1

ðk
2Þ! if r40;

0 otherwise:

(
ð9Þ

Proof. Write n ¼ 1 t

1

� 	
: By (2), the integral in (9) is equal to

k 
 1

4p

Z
N


N

2k

ð2þ itÞk
e2pirt dt:

When r40; use the x-axis and the upper semi-circle as the contour. We can get the
result easily by evaluating the residue of the integrand at t ¼ 2i:
When ro0; use the x-axis and the lower semi-circle as the contour. The result

follows easily. &

Proposition 4.7. When kX3;

Z
NðRÞ�NðRÞ

fk n
1
1

0 m

1 0

� 	
n2

� 	
yNðn
1

1 n2Þ dn1 dn2 ð10Þ

is non-zero only if r;
m are all positive. Under this condition, the integral is equal to

e
4prð4piÞk
rk
1

2ðk 
 2Þ! ð
mÞ
1
2Jk
1ð4pr

ffiffiffiffiffiffiffi
m
p Þ;

here Jk is the Bessel J function.
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Proof. When m40; det n
1
1

m
1

� 	
n2

� 	
¼ 
mo0: The value of fk at it is 0. So we

can assume mo0: Write ni ¼
1 ti

1

� 	
; i ¼ 1; 2: By (2), (10)¼

k 
 1

4p

Z
N


N

Z
N


N

2kð
mÞk=2
e2pirðt2
t1Þ

ð
t1 þ t2 þ ið
1þ m
 t1t2ÞÞk
dt1dt2:

First assume r40; evaluate the residue of the integrand at t2 ¼ i þ m
t1þi

; (10) becomes

k 
 1

4p

Z
N


N

2pi

ð1
 it1Þk

2kð
mÞk=2ð2pirÞk
1
e
2pirðiþ m

t1þi

t1Þ

ðk 
 1Þ! dt1:

Use x-axis and lower semi-circle as the contour, the integral can be calculated by
evaluating the residue of the integrand at t1 ¼ 
i: Notice that the path is
counterclockwise.
Refer to [Wa, Chapter 2.1], we have

e
1
2
xðt
1tÞ ¼

XN

N

tnJnðxÞ:

Let x ¼ 4pr
ffiffiffiffiffiffiffi
m

p
; t ¼ 
it1 þ i=

ffiffiffiffiffiffiffi
m
p

be the residue theorem, (10) becomes

k 
 1

4p
2pi

ð
iÞk
ð
2piÞ 2

kð
mÞk=2ð2pirÞk
1

ðk 
 1Þ! e
4prJk
1ð4pr
ffiffiffiffiffiffiffi
m

p Þ ð
iÞk
1

ð
mÞ
k
1
2

:

We can get the result easily.
When ro0; use the axis and upper semi-circle as the contour. It is easy to show

that (10) is 0. &

Theorem 4.8. Let k be an even number X3: Let n;N; r be any positive integers.

Factorize n into
Q

p pnp : Assume GCDðN; nÞ ¼ 1: Define yNðxÞ ¼ e2pirx; then we have

X
hAEðN;kÞ

Y
pjn

Xnp
ðxh

pÞ

0
@

1
AjarðhÞj2e
4pr

jjhjj2

¼ Trueðn1=2AZ; n1=2jrÞ e
4prð4prÞk
1

ðk 
 2Þ! cðNÞ ð11Þ

þe
4prð4piÞk
rk
1

2ðk 
 2Þ! cðNÞ
XN
v¼1

1

Nv
Jk
1

4pn1=2r

Nv

� 	
KlvNðn; yNÞ: ð12Þ

Proof. The spectral side is obtained by Proposition 3.1.
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The geometric side is obtained by Theorem 3.4. The integral Ieð f Þ is the
product of (6) and (9). Using the results in Proposition 4.6 and Corollary 4.4, we
can get Ieð f Þ:
Let d ¼ 0

1
m
0


 �
: Then Idð f Þ is product of (7) and (10). By Proposition 4.5 ð7Þa0

only if m ¼ 7n
u2
and Nju:Write u ¼ Nv: By Proposition 4.7, ð10Þa0 only if mo0: Thus

P
d Idð f Þ is a sum over d ¼

0 
n

ðNvÞ2

1 0

 !
: vAZþ

( )
:

Multiply the results we obtained in Propositions 4.5 and 4.7. Summing up all the
terms in the geometric side. We can obtain the formula by equating the spectral side

and geometric side and then dividing both sides by n1=2: &

5. Weighted distribution

Lemma 5.1.

jKluðn; yNÞjpun:

Proof. Obviously jKluðn; yNÞjpjfs1s2 � n ðmod uÞgj: It suffices to prove jfs1s2 �
n ðmod uÞgjpun for u ¼ pup and n ¼ pnp :

If npXup; jfs1s2 � n ðmod uÞgjpu2pun:

Assume npoup:

jfs1s2 � n ðmod uÞgj ¼
Xu

s¼1
jft : st � n ðmod uÞgj

¼
Xu

s¼1;gcdðs;uÞjn
gcdðs; uÞ ¼

Xnp

sp¼0
psp 	 jfs : ordpðsÞ ¼ sp; 1pspugj

p
Xnp

sp¼0
psp

pup

psp
pðnp þ 1Þpuppnu &

From [Iw, equation (5.16)],

JkðxÞpminfxk; x
1=2g:

Proposition 5.2. Let k be an even integer X3; then

1

cðNÞ
X

hAEðN;kÞ

Y
pjn

Xnp
ðxh

pÞwr
h
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¼ Trueðn1=2AZ; n1=2jrÞ e
4prð4prÞk
1

ðk 
 2Þ! þ O
nðkþ1Þ=2

Nk
1

� 	
:

Here the constant in the O-notation depends on y only.

Proof. Form the inequalities given above, (12) is

{
e
4prð4pÞk

rk
1

2ðk 
 2Þ! cðNÞ
XN
v¼1

1

Nv

4pn1=2r

Nv

� 	k
1

ðNvnÞ

{r

cðNÞ
Nk
1 nðkþ1Þ=2

X
v

1

vk
1 {r

cðNÞ
Nk
1 nðkþ1Þ=2:

The proposition follows easily from Theorem 4.8. &

Corollary 5.3. The average of weight

1

cðNÞ
X

hAEðN;kÞ
wr

h ¼ e
4prð4prÞk
1

ðk 
 2Þ! þ O
1

Nk
1

� 	
:

Proof. Put n ¼ 1 in the above proposition. &

Let p1; p2;ypc be distinct primes. For any prime p; let Ip be an interval in R

containing all the possible values of xh
p for any Hecke eigenform h: By Deligne’s

result, we can take Ip ¼ ½
2; 2�; but we do not need this strong result. We only

need the fact that Ip is a finite interval. Refer to [Ro, Proposition 2.9] for the proof of

this fact.
Denote the set of real valued continuous functions on I ¼ Ip1 � Ip2 �?� Ipc by

CðIp1 � Ip2 �?� IpcÞ: Define a topological structure on it by using the LN norm

jj f jj
N

¼ maxfj f ðxÞjg: Let k be an even integer X3; define a functional FN on

CðIp1 � Ip2 �?� IpcÞ by

FNf ¼
P

hAEðN;kÞf ðxh
p1
;y; xh

pc
Þwr

hP
hAEðN;kÞw

r
h

Proposition 5.4.

lim
N-N;ðN;p1;y;pcÞ¼1

FNXnp1
�?� Xnpc

¼
Yc
i¼1

Trueð2jnpi
; npi

=2prpi
Þ
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Proof. Let n ¼ p
np1

1 ?p
npc
c : From Corollaries 5.2 and 5.3,

FNf ¼
Qc

i¼1 Trueð2jnpi
; npi

=2prpi
Þe
4prð4prÞk
1

ðk
2Þ! þ Oðnðkþ1Þ=2

Nk
1 Þ
e
4prð4prÞk
1

ðk
2Þ! þ Oð 1
Nk
1Þ

:

Letting N-N; the proposition follows easily. &

Proposition 5.5.

Z
R

XnðxÞXmðxÞ dm
N
ðxÞ ¼ dnm:

Proof. A proof can be found in [Se2, Section 2.2].

p
2
dnm ¼

Z p

0

sin ny
sin y

sin2 y
sinmy
sin y

dy:

Recall XnðxÞ ¼ sin ny
sin y ; x ¼ 2 cos y: Make a substitution x ¼ 2 cos y; we have

p
2
dnm ¼

Z 2


2
XnðxÞXmðxÞ

sin y
2

dx:

The proposition follows easily. &

Theorem 5.6. Define measure

dmiðxÞ ¼
X

0pn0prpi

X2n0 ðxÞ dm
N
ðxÞ: ð13Þ

Also define

Fð f Þ ¼
Z

Ip1

?
Z

Ipc

f ðx1;yxcÞdm1ðx1Þ?dmcðxcÞ:

Then for any fACðIp1 � Ip2?� IpcÞ;

lim
N-N

FNð f Þ ¼ Fð f Þ:

Proof. By the previous proposition

Z
Ipi

Xnpi
ðxÞ dmiðxÞ ¼ Trueð2jnpi

; npi
=2prpi

Þ:
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Take the product over i ¼ 1;yc and by Proposition 5.4, we have

FðXnp1
�?� Xnpc

Þ ¼ lim
N-N;ðN;p1;y;pcÞ¼1

FNðXnp1
�?� Xnpc

Þ:

One can easily show that jFNð f Þjpjj f jj
N
: Thus FN is a continuous linear

functional. Because deg Xn ¼ n; the linear span of fXng consists of all the one
variable polynomials. Thus the linear span of fXnp1

�?� Xnpc
g consists of all the

possible polynomials. The theorem follows by the fact that polynomials are dense in
CðIp1 � Ip2 �?� IpcÞ: &

Theorem 5.7. Let k be an even integer X3: Consider the family of sets SN ¼
fðxh

p1
;y; xh

pc
Þ : hAEðN; kÞg; ðN; p1?pcÞ ¼ 1 with weight fwr

hg assigned to

ðxh
p1
;y; xh

pc
Þ: Then the family of sets fSN ; p[Ng is fwr

hg-distributed with respect to

the measure dm1?dmc when N-N: Here mi is given by Eq. (13).
The measure mi has the following properties: (a) it is supported on ½
2; 2�; (b) it is a

polynomial times the Sato–Tate measure on ½
2; 2�; (c) it depends only on ordpðrÞ:

Proof. Follows easily from the previous theorem. &

Proof of 1.1. Take c ¼ 1 and p1 ¼ p: &
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