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Abstract

An algebra of subsets of a normal topological space containing the open sets is considered and in this context the uniform
exhaustivity and uniform regularity for a family of additive functions are studied. Based on these results the Cafiero convergence
theorem with the Dieudonné type conditions is proved and in this way also the Nikodym-Dieudonné convergence theorem is
obtained.
© 2007 Elsevier Inc. All rights reserved.

Keywords: Regular set function; Additive set function; Dieudonné theorem

1. Introduction

It is well known that the Nikodym convergence and the Nikodym boundedness theorems for measures fail, in
general, in algebras of sets (see [4,5]) and that the same arrives for the Cafiero convergence theorem (see [6]). The
classical Dieudonné conditions [8] ensure that the Nikodym theorems are, with suitable conditions, true in algebras.
Many Dieudonné type theorems are known in literature [1-3,7,9—-17].

In this paper we consider an algebra of subsets of a normal topological space containing the open sets and in this
context we prove the Cafiero convergence theorem with the Dieudonné type conditions; in this way we obtain also the
Nikodym—Dieudonné convergence theorem. The proofs are related with a study of uniform exhaustivity and uniform
regularity for a family of additive functions following the pattern utilized in [3]. We are aware that this method works
also in other more general situations, but we prefer for the sake of clarity to limit ourselves to the case of normal
topological spaces.
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2. Regular set functions

Let (£2, 7) be a Hausdorff normal topological space, i.e., for each disjoint pair of closed sets Cy, C> there are two
disjoint open sets Ay, A, such that C; € Ay, Co € Ay. We will denote by R an algebra containing 7, and by C the set
of all closed subsets of 2.

Definition 2.1. A set function u: R — R is called C-regular if for every ¢ > 0 and every X € R there exists H € C
such that
HCX, |M(Y)| <e¢ foreveryY € Rx\H.
We denote by ra(R, §2, t) the set of all finite additive C-regular set functions from R into R.
Let G be a subset of R, we will say that u is G-exhaustive, exhaustive if G = R, if for every disjoint sequence
(X)nen of elements of G we have limy_, oo £t (X;) = 0.
If (n)nen is a sequence of functions from R into R and G is a subset of A, then we say that (i1,),enN is uniformly

G-exhaustive if for every disjoint sequence (X,),cn of elements of G we have limg_, o t, (Xx) = O uniformly for
n € N. It is clear what we intend saying that (u,),eN is uniformly C-regular.

Lemma 2.2. Let u be a finite additive set function from R into R, then the following statements are equivalent:
(i) pera(R, 2,7);
(ii) for every e > 0 and X € R there exist A € O such that
XCA, |M(Y)| <e¢ foreveryY € Ra\x;
(iii) for every e >0 and X € R there exist A € T and H € C such that

HCXCA, ‘,u,(Y)‘ <& foreveryY € RaH.
We need some properties of C-regular set functions.

Lemma 2.3. Let u €ra(R, 2, 7) and let e > 0,B € C and I' € T with B C I'. Then there exist A1, Ay € T such that
BCACACACT,

|,u(Y)| <e¢ foreveryY € Ra\B, |pL(Y)| < foreveryY € Rayp. ))

Proof. Let Ay, A’1 be two open sets such that
BCAICACT,

|,u(Y)| <e¢ forevery Y € Ra\s, |,u(Y)| < foreveereRA/l\B.

Then B and \ A are two disjoint closed sets and so there exist two disjoint open sets A’ and A” such that
BC A, \A; Cc A”.

Put Ay = A} N'A’, then we have Ay € A7, Ay € \A” C Ay, and this completes the proof. O

Lemma 2.4. Let u € ra(R, §2, T). Then we have for every A € T
w(RA) S (n(ta) — p(ta)) .

Proof. Let X € R4. For every ¢ > 0 there exist G € T and H € C such that
HCXCGCA, |M(Y)| <¢ foreveryY e Rg\u,
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then we have
(X)) = (W(G) = (G \ H))| = (X \ )| <e¢
with 1(G), w(G \ H) € u(ta). O

Lemma 2.5. A sequence (i4y)neN of Ta(R, §2, T) uniformly t-exhaustive is also uniformly C-regular on every H € C.
Proof. Let e > 0 and H € C. Suppose that Ay, ..., A, are T-open sets such that

(i) HCAj41 CAjy1 CA;foreveryie{l,...,n—1};

(ii) foreveryi €{l,...,n}

|/Lj(Y)| <% for every Y € R, \g and forevery j € {l,...,i}.

By Lemma 2.3 there exists A, € T such that

HC ArH—l - An+1 CA,,

£
|'uj(Y)|<W forevery Y € Ra, ,\u and forevery j € {1,...,n+1}.

n+1
Therefore we can construct, by induction, a sequence (A,),eN of open sets such that
H - An+l Cc Zn-‘,—l Cc Anv
e .
|Mj(Y)| < > for every Y € Ra,\g and every j € {1,...,n}. 2)

To complete the proof it is enough to see that for every o > 0 there exists m € N such that
|ni(Y)| <& forevery Y €14, \n and every i € N.

Suppose the contrary. Then there exists o > 0 such that for every p € N there exists ¥ € 74 ,\# and i € N such that
i (Y)| > o. Since, for every n,i € Nitis

wi(Y) =i (Y \ Ay) + i (Y N Ay)

and Y N A, belongs to Ra,_,\u., for every n > i, we have

(¥ NA)| < 5

Then
lim w; (Y \ Ay = wni(Y) foreveryi €N,
n—00

therefore there exists g; € N such that
|,u,-(Y \ Zr)| >0 foreveryr >gq;.

We can now construct, by induction, two sequences of natural numbers, (i;);en and (g,),en, the second of them
increasing, and a sequence (Y} ),cn of open sets such that

YrgAq,._l\Hv |,uir(Yr\qu)

>o foreveryr e N\ {1}.

From (2) it follows that (¥; \ qu)reN is a sequence of pairwise disjoint open sets and this contradicts the uniform
t-exhaustivity of (u,)peNn. O

We can observe that if (u;);cn is a sequence of ra(R, §2, ) uniformly t-exhaustive form Lemma 2.5 it follows
that for every ¢ > 0 and H € C there exists A € 7 such that H C A and |u;(Y)| <& forevery Y € Ra\g and i € N.
But (£2, 7) is normal then there exist two disjoint open sets I and I such that H € I'1, \A C I and then

HCICc\I, CA.

Therefore we have
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Lemma 2.6. If (14;);eN is a sequence of ra(R, §2, ) uniformly t-exhaustive, then for every e >0, H € C,and A€t
containing H, there exists F € C and G € t such that

HCGCFCA, |;L,-(Y)| <¢ foreveryY € Rp\g and everyi € N.
Lemma 2.7. A sequence (iin)neN of ta(R, §2, T) uniformly t-exhaustive is also uniformly C-exhaustive.

Proof. Suppose that there exist ¢ > 0, a disjoint sequence (Hy)gen of closed sets and a subsequence of (u;);eN, that
for simplicity of notations we will yet denote it by (u;);en, such that
|k (Hy)| > & forevery k € N. 3)
Put
n
B, = U Hy, foreveryn eN,
k=1

and we choose o > 0, by Lemmas 2.5 and 2.6, we can find A; € t such that
BiC A, |mi(M)]< % for every Y € Ry, 5, and for every i € N.
In the same way we can find an open set A, such that B, U A C A,
o .
|M5(Y)| < ¥ forevery Y € RKZ\(B2UZ1) andi € N.
We observe now that
A2\ By € (A2\ (B2U A1) U (A1 \ By) € (A2\ (B2U A1) U (A1 \ By).
Then, if Y € RKZ\ By there exist Yy, Y> such that
Y1 G'RKI\BI, YZGRKZ\(BZUZQ’ Y=Y1un,
and we have By U A| C A»,
o o
(] < 7+ 53

22
Suppose now that we have Ay, ..., A, in T such that

forevery Y € Rﬁz\Bz andi e N.

B,UA,_1 CA, forevery pefl,...,n}(Ag=9),
L.

|,ui(Y)| < Zl > forevery Y € Rﬁp\Bp and every i € N,
q=

and let (see Lemmas 2.5 and 2.6) A, be an open set such that

Bn+1 u Zn - An+1»

o
|,u,-(Y)| < T forevery Y € RE,Hl\BnHUZn and every i € N.

We observe now that
Zn—i—l \ Bn+1 C (Kn+1 \ Bn+1 ) Zn) ) (Zn \ Bn+1)
- (ZnJrl \ By U Zn) ) (Zn \ By);
forevery Y € RKHl\BnH we have Y = Y| U Y, with
Yl € Rzn\Bn’ Y2 € RKn-FI\Bn-HUZn ’

and so

Bn+l U Zn - An+l»
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n+1
o
|,u,~(Y)| < Z > forevery Y € RZn-H\Bn-H and every i € N.
qg=1

In this way we can construct by induction, a sequence (A,),eN of open sets such that

By C Ay S Ay C Ant,
n o .
|,u,i(Y)| < Z 7 forevery Y € RK,,\B,, and every i € N. @)
g=1
By (4) we have, for every n € N,
Hy1 © Anp1 \ By S (Anp1 \ Ap) U (A, \ By,

then there exists Y, € R, 7, such that
n
o .
i (Hpe )| < i (V)| + 7 2 < |ui (V)| +0 - forevery i €N, (5)
qg=1

By Lemma 2.4 we can also find two elements A/, A" of t Apii\A, contained in A, 41 \ A, such that
i (V)| < i ()| + i (AD] + 0

by the disjointness of the sequence (A, \ Apnen it follows that also the sequences (A} )peN and (A))qen are
disjoint and then, by the uniform t-exhaustivity of (u;);cN We have that there exists m € N such that

|i(Yy)| <30 foreveryi e Nandn >m.
From (5) we have
|,u,-(Hn+1)| <40 foreveryi e Nandn >m,

a contradiction with (3) if we choose o0 < ¢/4. O
We arrive now to the main result of this section.

Theorem 2.8. A sequence (pn)nen of 1a(R, §2, ) uniformly t-exhaustive is uniformly exhaustive and uniformly
C-regular.

Proof. Suppose that there exist ¢ > 0, a disjoint sequence (Xi)xen of R and a subsequence of (u;);en, that for
simplicity of notations we will yet denote it by (u;);en, such that
|Mk(Xk)| >¢ foreveryk e N.

Let, for every k € N, Hj be a closed set contained in X such that
|| < % for every ¥ € Rx,\

it follows
|k (H| = [ (X0 | = |1 Xk \ He)| > % for every k € N.

A contradiction because by Lemma 2.7 the (u;);en is uniformly C-exhaustive. So (u;);eN is uniformly exhaustive.
We need now to prove that pu;,i € N, are uniformly C-regular. Let X € R. We can construct by induction an
increasing sequence (H,),en of C and a decreasing sequence (A,),eN of T such that

1
i (M| < > for every Y € Ra,\m, andi € {1,...,n}.
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Since (A, \ Hy)nen is a decreasing sequence of R and we have proved that (;);cn are uniformly exhaustive, then
by (2.2) of [5] we have that for every & > 0 there exists m € N such that for every n > m

|wi(Y)| <& forevery Y € Ry,\n, andi €N,

and this completes the proof. 0O
3. Cafiero-Dieudonné theorem
We are now able to prove the main results of the paper.

Theorem 3.1 (Cafiero—Dieudonné). Let ($2,t) be a Hausdorff normal topological space and let R be an algebra
containing t. Let (l,)neN be a sequence of T-exhaustive elements of ra(R, §2, T). Then (i4,)neN is uniformly exhaus-
tive and uniformly regular if (and only if) for every disjoint sequence (Ay)ren of T and for every € > 0 there exist
k,no € N such that

|,u,-(A,;)’ <e& foreveryi > ny.

Proof. Let (Xj)ren be a disjoint sequence of T and let

G= {Xet ‘ 3A € P(N) such that X = ka} (ka:m>.
ked

keA

Then G is a o-ring so the restrictions of the p; to G verifies the hypothesis of 2.11 of [5], then they are uniformly
exhaustive and we have

lim 1 (X)) =0

uniformly for n € N. It follows that the (u,),eN is uniformly t-exhaustive. The thesis is a consequence of Theo-
rem2.8. O

Theorem 3.2 (Dieudonné convergence theorem). Let (§2, T) be a Hausdorff normal topological space and let R be
an algebra containing t. Let (4)neN be a sequence of ra(R, §2, T) which is T-exhaustive and pointwise convergent
in T. Then (p)neN is uniformly exhaustive, uniformly C-regular and pointwise convergent to an exhaustive element
ofra(R, £2, 7).

Proof. If (i,),en is pointwise convergent to 0 then by Theorem 3.1 (uy),en is uniformly exhaustive and uniformly
C-regular.

We consider now the general case, if (,),eN is not uniformly exhaustive, then there exist ¢ > 0, a sequence
(Ax)ken of disjoint open sets, and a subsequence of (i,)neN, that yet we denote by (i4,,)eN, such that

|uk(Ap)| > e forevery k € N.

But every pu, is T-exhaustive then it is possible to construct a subsequence (in, )reN Of ((n)neN such that for every
r € N we have

|/L,,,_ (Ak)| < % forevery k > n,41.

The sequence (in,,, — Mn,)reN is a sequence of ra(R, £2, ), T-exhaustive and pointwise convergent to 0 in 7, then,
by our previous observation, it is also uniformly exhaustive, but we have also, for every r € N,

|Gy or = 1) Ano )| = [ty Ao )| = ity (A )| > % for every r € N,

a contradiction. Therefore also in the general case the (i4,),eN is uniformly exhaustive and then, by Theorem 2.8 it is
also uniformly C-regular.
To prove the pointwise convergence of (1,),eN, let X € R and ¢ > 0, let A be an open set such that

X CA, |/,L1(A\X)| <e¢ foreveryi e N.
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Then we have, for p,q € N,
1p(X) = 11g (X < | p(A\ X)| 4 12g (A\ X)| 4 |12 (A) — g (A)]
<26+ |1p(A) = g (A)
and this completes the proof. O

El
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