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It is proved that every combinatorial 3-manifold with at most eight vertices 
is a combinatorial sphere. 

1. INTRODUCTION 

A combinatorial n-sphere is a simplicial n-complex whose body (i.e., 
the union of its members) is homeomorphic to the n-sphere S”. A com- 
binatorial n-manifold is a simplicial n-complex M such that for every 
vertex x E M, the link link@, M) of x in M is a combinatorial (n - l)- 
sphere. All the spheres and manifolds to which we refer are combinatorial 
and connected. 

A natural example for an n-sphere is provided by the boundary complex 
of any simplicial (n + I)-dimensional convex polytope. In 1909, Bruckner 
[5] attempted an enumeration of all the combinatorial types of (the duals 
of) simplicial 4-polytopes with eight vertices. This enumeration was 
corrected and completed in 1967 by Grtinbaum and Sreedhatan [6], who 
found all the 37 types of simplicial 4-polytopes with eight vertices, 
described them in detail, and denoted them by Pz (1 < i < 37). Their 
work led to the discovery of a 3-sphere J@ with eight vertices that is not 
combinatorially equivalent to the boundary of any Cpolytope, and later 
Barnette [3] found a second such sphere, A’, thus raising the number of 
known 3-spheres with eight vertices to 39. In [7] Grtinbaum discussed 
the problems involved in the enumeration of spheres, and asked whether 
or not those 39 types exhaust all the 3-spheres with eight vertices. The 
affirmative answer to this question was given by Barnette [4]. 

In this paper we strengthen Barnette’s result by proving: 

THEOREM 1. There are precisely 39 3-manifolds with eight vertices. 

This theorem is proved in Section 3 by exhaustion. Since our method 
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is independent of the methods used by Gri,inbaum-Sreedharan [6] and 
by Barnette [4], it also provides an independent check that those authors 
did not ignore any case. 

If A4 is a 3-manifold with n vertices that is not a sphere, then by 
replacing one 3-simplex abed E M by the four 3-simplices abce, abde, 
acde, bcde, where e is a new vertex that is not in M, a 3-manifold with 
y1 + 1 vertices is obtained that is not a sphere. Thus, the existence of a 
3-manifold with less than 8 vertices that is not a sphere would lead to the 
existence of a 3-manifold with 8 vertices that is not a sphere. By com- 
bining Theorem 1 with Barnette’s result [4] we know that every 3-manifold 
with eight vertices is a sphere, and we are thus led to 

THEOREM 2. Every 3-manifold with at most eight vertices is a sphere. 

This result is best, since the existence of a 3-manifold with nine vertices 
that is not a sphere was recently shown in [2]. 

As already mentioned, Theorem 1 is proved by exhaustion. Since 
there are hundreds of cases to be considered, we only describe the method. 
This description, however, should be sufficient for everyone willing to 
check our exhaustion either by hand or by computer. Though we did 
it by hand, we advise everyone willing to check it to use a computer. 

2. PRELIMINARY RESULT 

Let M be a simplicial complex. The valence val x of a vertex x E M 
is the number of edges (1-simplices) in M that contain the vertex X. If M 
is a 3-manifold and val x = n, then link&, M) is a 2-sphere with 12 vertices, 
hence with 2n - 4 triangles (2-simplices), therefore x belongs to precisely 
2n - 4 3-simplices in M. All the types of a-spheres with at most seven 
vertices are shown in Figure 1. 

LEMMA. If M is a 3-manifold with eight vertices such that no vertex in 
M is of valence seven, then each vertex of M is of valence 6 and M is iso- 
morphic to the boundary complex of the 4-dimensional cross-polytope 
(that is, the polytope denoted by Pip in [6]). 

Proof. Let the vertices of M be 1, 2,..., 8. For every vertex x E M, 
4 < val x < 6. If there is no vertex of valence > 4, let link@, M) be 
the 2-sphere a of Fig. 1. 1234 is not a 3-simplex in M, since otherwise M 
would have only five vertices. Every 2-simplex in M belongs to precisely 
two 3+implices, hence there is in A4 a simplex 2345, but then va14 > 5, 
a contradiction. Therefore M contains a vertex of valence 3 5. 
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a b 

FIG. 1. The 2-spheres with at most 7 vertices. 

If there is no vertex of valence > 5, let link@, M) be the 2-sphere b 
of Fig. 1. The valence of the vertex 6 is 2 4 and 6 is not joined to 8. 
Hence 6 is joined to at least one of the vertices 1, 2, 4, say 4. But then 
val4 3 6, a contradiction. Therefore M contains a vertex, say 8, of 
valence six. 

If link@, M) is the 2-sphere c1 of Fig. 1, then the valence of 3 (and 
of 1) in star(8, M) is already six, hence 3 (and also 1) is not joined to 7 
in M. Therefore F is joined to 2, 4, 5, 6 only, and the 3-simplices 2457, 
2467, 2567 are in M. Hence 5 is joined to all the other vertices, i.e., 
va15 = 7, a contradiction. Therefore the link of every vertex of valence six 
in M is of the type c2 in Fig. 1. 

Let Iink(8, M) be the 2-sphere c2 of Fig. 1. If the edge 15 is in M, 
then each of the vertices 1, 5 is already joined to six vertices, and therefore 
is not joined to 7. Hence it is joined to 2, 3, 4, 6 only, and therefore the 
edges 26 and 34 are in M, but then the valence of each of the vertices 
2,3,4, 6 is seven, a contradiction. Hence the edge 15, and by the symmetry 
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also 26 and 34, is not in M. If one of the vertices 1, 2 ,..., 6, say 1, is not 
joined to 7, then the 2-simplex 136 is in only one 3-simplex in h4, namely 
1368. Therefore 7 is joined to all the vertices 1, 2,..., 6, the valence of 
each vertex in M is precisely six, and the link of each vertex is of the 
type c2 . In particular, it follows that precisely the edges 15, 26, 34, and 78 
are not in M, link(7, M) = link(8, M), and star(7, M) u star(8, M) = M. 

The manifold A4 is therefore uniquely determined by the fact that no 
vertex in M is of valence seven. Since the boundary complex of the 
4-dimensional cross-polytope (i.e., Pi4 of [6]) has no vertex of valence 7, 
the conclusion of the lemma follows. 

3. PROOF OF THEOREM I 

Let M be a 3-manifold with the eight vertices 1, 2,..., 8. If no vertex 
in A4 is of valence seven, then, by the lemma, M is Pi4 of [6]. We therefore 
assume that va18 = 7. Let D = link(8, M). D is a 2-sphere with seven 
vertices, and is therefore one of the 2-spheres di (1 < i < 5) in Figure 1 
(assuming, of course, that the vertices of M are labeled properly). Let 
C = antistar(8, M), i.e., the complex of all the simplices in M that do 
not contain the vertex 8. Then C and star(8, M) share the common 
boundary D, which contains all the seven vertices of C, and 
C u star(8, M) = M (compare to [l, p. 3141). 

Let x be an arbitrary vertex in M. Since val x < 7, link(x, M) contains 
at most ten triangles, hence x belongs to at most ten 3-simplices in M. 
A 3-simplex contains four vertices, hence the number of 3-simplices in M 
is <8.10/4 = 20 (ten of which are in star(8, M)) with equality if and only 
if the valence of each vertex in M is precisely seven, i.e., if and only if 
for every two vertices in M the edge joining them is in M too (in this 
case we say that M is neighborly). 

It follows that C satisfies the following conditions: 

1. Each 2-simplex d in C belongs to precisely two 3-simplices in C if 
d $ D, and to precisely one 3-simplex in C if d E D. 

2. The number of 3-simplices in C is <lo. 

3. All the vertices of C are in D, and for every vertex x E C, if the valence 
of x in D is j, then x belongs to at most 10 - j 3-simplices in C. 

4. Each 2-simplex in D is in C. 

5. If C contains precisely ten 3-simplices, then for every two vertices 
x, y E C there is in C a 3-simplex containing both x and y. 

The complex star(8, M) depends on D only, and not on C. Our method 
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consists of finding, for each of the five possibilities for D, all of the 
possibilities for a simplicial 3-complex C subject to those five conditions, 
and then checking that C u star@, M) is indeed a 3-manifold. (It turned 
out that in all the cases, C u star@, M) is indeed a 3-manifold. See 
remark 2 in Section 4.) All the 3-manifolds thus obtained have to be 
classified in isomorphism classes, a representative should be chosen for 
each class and compared against the list of the 39 known 3-spheres. 
The method is the same for all five possibilities for D, and we describe 
it for D = dl . 

We choose a 3-simplex, glue to it another 3-simplex in a common 
2-simplex, to this complex we glue another 3-simplex in a common 
2-simplex and let it “grow” this way, like a coral, until it either becomes 
a suitable C or it fails. A 2-simplex in a subcomplex C’ obtained in this 
process is said to be “covered” if it either belongs to D or it is in two 
3-simplices of C’. The first, second, third, and fourth triangle in a 3-simplex 
xyzw is xyz, xyw, xzw, and yzw, respectively. 

Choose a triangle in dl , say 123. The 3-simplex in C containing this 
triangle must be 1234, 1235, 1236, or 1237. Each of those four 3-simplices 
will serve as a “root” in a branching process. We start with the root 1234. 
The first triangle here is 123 and, since it is in dl , it is already covered. 
The second triangle, 124, is covered too, for the same reason, The third 
triangle, 134, is not covered, and therefore C should contain one of the 
3-simplices 1345, 1346, 1347, thus leading to three main branches. We 
describe the continuation of the branch 1234-1345. The next triangle to 
be considered is 234. It is not covered yet, and therefore leads to further 
branching with the simplices 2345, 2346, 2347, and we continue with the 
first of those. The next triangle to be considered is the first in 1345, i.e., 
134. It is already covered since it is not in dl and belongs to two 3-simplices 
in our branch. The next triangle, 135, leads to further branching with 
1356 and 1357 only, since the other possibility, namely 1352, will violate 
the condition 1 because of the triangle 123. Continuing in this manner we 
obtain the following diagram, in which only the upper branch in each 
case is developed: 

1234 - 1345 - 2345 - 1356 - 2356 ~ 1367 - 2367 
\ \ 

2346 1357 2357 

2347 

The upper branch now contains seven simplices, and each of the 
triangles here is covered. The union of those seven 3-simplices and their 
faces is now easily seen to be a complex C which satisfies our five condi- 
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tions (the condition 5 is vacuous here). Next we have to check that 
M = C v star(8, M) is indeed a 3-manifold. This is done by showing 
that for every vertex x E M, link@, M) is a 2-sphere, i.e., is of one of the 
types shown in Figure 1. We then develop in the same manner the next 
branch, namely 1234-1345-2345-1356-2357- ... . 

The condition 3 is very useful, since it may cause a branch to fail even 
before it contains ten 3-simplices. 

Thus, for each of the five d;s we construct four “trees,” the intersection 
of their roots being a preassigned triangle in d, . There are ten possibilities 
to choose that triangle, but a clever use of the symmetry of some of 
the di’s gives preference to some of the triangles upon the others, according 
to the following remark. 

Say that we did already construct, for a particular D, the tree with the 
root 01, and the next root to be considered (for the same D) is p. Assume 
that there is a permutation 4 of the vertices of D such that the natural 
extension #* of # to simplices is an automorphism of D and #*(a) = p. 
Then it is no longer necessary to construct the tree with the root /3, since 
each complex C obtainable from this tree will be isomorphic (under #*) 
to some complex previously obtained in the tree rooted at 01. For D = d5 , 
for example, it is preferable to choose the triangle 123, since the permuta- 
tion 4 = (1, 2)(6, 7) leads to the extension #* which maps d5 onto itself, 
and #*(1236) = 1237. The triangle 126 is a best choice in d2, and 256 is 
a best choice in d3 . 

Moreover, for each permutation # of the vertices 1,2,..., 7 that leads 
to an automorphism #* of D, if 01~ ,..., cy, are the first n 3-simplices in 
a branch already examined, it is no longer necessary to examine any 
other branch (in the same tree or in any other tree that belongs to the 
same D) which contains the simplices $*(&..., #*(an), because of a 
similar argument. 

In this way we have obtained altogether 148 complexes C satisfying the 
conditions 1-5. For each of those C’s it is easy to see, by a general argu- 
ment that, if there is any 3-manifold with eight vertices that contains C, 
it must be the union of that C with the suitable star(8, M) {recall that 
star(8, M) depends on D only). 

The 148 complexes thus obtained were checked to be manifolds. 
Indeed, they all were found to be manifolds. (See Remark 2 in Section 4.) 
Those 148 manifolds were then classified according to the lists of the 
types of the eight links of the vertices, yielding 38 classes. The members 
of each class were then shown to be isomorphic to each other. (This too 
can be done economically. Once all the 3-manifolds obtained from, say, 
D = dl are at hand, and if M is a 3-manifold obtained from some other D 
and containing a vertex x with link(x, M) of the type of dl , then it is no 



COMBINATORIAL j-MANIFOLDS WITH FEW VERTICES 171 

longer necessary to consider that manifold M, since it must be isomorphic 
to some manifold previously obtained from D = 4 .) 

Together with the 3-manifold of Lemma 1 we have obtained altogether 
39 3-manifolds with eight vertices, thus completing the proof of Theo- 
rem 1. For further test, we have also checked that each of those 39 mani- 
folds is indeed isomorphic to one of the 3-spheres previously obtained 
by Grtinbaum-Sreedharan [6] and Barnette [3]. 

4. REMARKS 

1. The method described in Section 3 can be easily computerized 
and modified to find all the 3-manifolds with n vertices for values of II 
other than 8. But, time consuming, it seems to be impractical for y1 which 
is not very close to 8. However, this method has been used in [2] to find 
all the 51 neighborly 3-manifold with nine vertices, one of which is not 
a sphere. 

2. The conditions l-5 in Section 3 are of course necessary in order 
that the complex C yield a 3-manifold. In our case they turn to be also 
sufficient, since all the 148 cases obtained were shown to be manifolds. 
We could also state it as a theorem and prove it by arguments of general 
type. Those arguments, however, strongly use the fact that the valence of 
each vertex in the manifold A4 does not exceed seven. Similar conditions 
for the case in which the manifold M has more than eight vertices and 
some of those vertices are of valence >7 do not seem to be sufficient. 
In the general case, a 3-complex M with a similar subcomplex C satisfying 
five similar conditions can possess a vertex x for which link(x, M) is a 
2-manifold (orientable or not) other than a sphere, or a union of several 
(disjoint or not) 2-manifolds, or a 2-manifold that touches itself in some 
points. 

3. The five conditions l-5 of Section 3 are not independent of each 
other; some of them may be derived from the rest. They were formulated 
in a way to make possible a convenient check for the failure of a branch 
in the branching process to lead to a manifold. Condition 4, however, 
seems to be independent of the rest. It is therefore interesting to note 
that each of our complexes C that satisfied the other four conditions 
automatically satisfied condition 4 too, so that this condition could have 
been ignored. If, on the other hand, we would ignore condition 5, we 
would obtain some strange complexes. For example, for D = d2 we would 
obtain, among other complexes, a complex C with the 3-simplices 1246, 
1346, 2456, 1356, 2356, 1247, 1347, 2457, 1357, 2357. This complex C 
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satisfies conditions 1-4, and violates the fifth condition (for the vertices 6, 
7). The union of this C with the suitable star 8 is a connected 3-complex 
A4, in which the boundary is empty, each 2-simplex is in precisely two 
3-simplices, the link of every vertex-except for 6 and 7-is a 2-sphere, 
but link(6, M,,) (as well as link(7, M,,)) is a triangulation with six vertices 
of the projective plane. This complex is not neighborly. 

This complex MO is an example of a more general situation to be 
described now. For each n-simplex A, (including the case n = -1, 
where d, is empty) and a vertex x not in A,, let x v A, denote the 
(n + 1)-simplex whose vertices are x and those of A, . Then for every 
triangulated 2-manifold N and two vertices x, y $ N, the complex 

{X v d 1 d is a simplex in N) u {y v d j d is a simplex in NIJ 

is a 3-complex with a null boundary in which every 2-simplex belongs to 
precisely two 3-simplices, the link of every vertex in N is a 2-sphere 
(isomorphic to the boundary of a bipyramid), and link x = linky = N. 
None of those complexes contains the edge xy, hence all those complexes 
are not neighborly. The above complex M,, belongs to this type, where 
x = 6, y = 7, and N is the minimal triangulation of the projective plane. 

4. If we allow the complex C to violate condition 2 (and therefore 
also condition 3), we may get a 3-complex that behaves like the above 
complex M,, , and is also neighborly. We describe such a complex M1 
which is also minimal with respect to the number of vertices. It contains 
seven vertices only, labeled 1, 2 ,..., 7. Take D = link(7, Ml) to be the 
2-sphere c1 of Figure 1. The five modified conditions for the complex 
C = antistar(7, MJ are obtained from the five conditions of Section 3 
by replacing the number 10 in condition 2 by the number 6, and by replac- 
ing the number 10 in conditions 3 and 5 by the number 8. The complex C 
having the seven 3-simplices 

1346, 2346, 1246, 1356, 2345, 1245, 1235 

then violates the modified conditions 2 and 3 but satisfies the other 
conditions. The complex M1 = C u star 7 (here star 7 = (7 v d I d is a 
simplex in cl}) is connected, neighborly, has an empty boundary, each 
2-simplex in Ml belongs to precisely two 3-simplices, the link of every 
vertex other than 1 and 3 is a 2-sphere, and link(1, n/r,) (as well as 
link(3, M,)) is a triangulation with six vertices of the projective plane. 
Notice that here the complex C is not shellable, in the sense that the 
boundary of C is a 2-sphere and for every 3-simplex A E C the boundary 
of C - A is not a 2-sphere. 
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