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Abstract

The orderα α2
s mixed QCD and weak corrections to top quark pair production by quark–antiquark annihilation are computed, keeping

dependence on thet andt̄ spins. We determine the contributions to the cross section and to single and double top spin asymmetries at t
level. These results are necessary ingredients for precise standard model predictions of top quark observables, in particular of top-s
parity-violating angular correlations and asymmetries at hadron colliders.
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One promising tool for investigating the so-far relatively u
explored dynamics of top quark production and decay, o
high statistics samples oft and/or t̄ quarks are available, ar
observables associated with the spins of these quarks. A
as QCD-inducedt t̄ production and decay at hadron colliders
concerned, theoretical predictions for differential distributio
including the full dependence on thet , t̄ spins are available a
NLO in the QCD coupling[1,2].

For full exploration of sizable, respectively larget t̄ data
samples that are expected at the Tevatron and at the LHC
standard model (SM) predictions should be as precise as p
ble. Specifically weak interaction contributions tot t̄ production
should be taken into account. Although they are nominally s
dominant with respect to the QCD contributions they can
come important at larget t̄ invariant mass due to large Sudak
logarithms (for reviews and references, see, e.g.,[3,4]).
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SM weak interaction effects in hadronic production of he
quark pairs were considered previously. The parity-even
parity-odd orderα α2

s vertex corrections1 were determined in
[5] and in [7], respectively (see also[6]). In Ref. [7] also
parity-violating non-SM effects were analysed. The box c
tributions toqq̄ → t t̄ and, apparently, the quark triangle d
agramsgg → Z∗ → t t̄ were not taken into account in the
papers. In[8] the weak contributions to the hadronicbb̄

cross section, including these box contributions, were c
puted.

In this Letter we report on the calculation of the mixed QC
and weak radiative corrections of orderα α2

s to the (differential)
cross section oft t̄ production by quark–antiquark annihilatio
keeping the full information on the spin state of thet t̄ system.
These results are necessary ingredients for definite SM pr
tions, in particular of parity-violating observables associa
with the spin of the (anti)top quark.

1 Hereαs andα denote the strong and electromagnetic couplings, and

weak coupling isαW = α/sin2 θW .
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In the following we first give some details of our calculatio
Then we present numerical results for the cross section an
several single spin and spin–spin correlation observables.

Top quark pair production both at the Tevatron and at
LHC is dominated by the QCD contributions toqq̄ → t t̄ and
gg → t t̄ , which are known to orderα3

s . Due to color con-
servation there are noαsα Born level contributions to thes
processes. The leading contributions involving electroweak
teractions are the orderα2 Born terms forqq̄ → t t̄ and the
mixed contributions of orderα2

s α. For the quark–antiquark an
nihilation processes, which we analyze in the following, t
amounts to studying the reactions

(1)q(p1) + q̄(p2) → t (k1, st ) + t̄ (k2, st̄ ),

(2)q(p1) + q̄(p2) → t (k1, st ) + t̄ (k2, st̄ ) + g(k3).

Herep1, p2, k1, k2, andk3 denote the parton momenta. T
vectorsst , st̄ , with s2

t = s2
t̄

= −1 andk1 · st = k2 · st̄ = 0 de-
scribe the spin of the top and antitop quarks. All quarks but
top quark are taken to be massless.

The respective contributions to the differential cross sec
of (1) are of the form

(3)α2
∣∣M2(p, k, st , st̄ )

∣∣2 + α2
s αδM2(p, k, st , st̄ ),

whereM2 corresponds to theγ andZ exchange diagrams. A
we are interested in this Letter in particular in parity-violati
effects, we take into account only the mixed QCD and w
contributions toδM2 and to(2) in the following. The photonic
contributions form a gauge invariant set and can be straigh
wardly obtained separately. The contributions toδM2 are the
orderα2

s two-gluon box diagrams interfering with the BornZ-
exchange diagram, and theZ gluon (g) box diagrams and th
diagrams with the weak corrections to theqq̄g andgt t̄ vertices
interfering with the Born gluon exchange diagram. The ul
violet divergences in the vertex corrections are removed u
the on-shell scheme for defining the wave function renorm
izations of the quarks and the top quark massmt .

The respective contributions to the differential cross s
tion of (2) are of the formα2

s αδM3(p, k, st , st̄ ) and result
from the interference of the orderg3

s with the ordergse
2 gluon

bremsstrahlung diagrams.
The box diagram contributions to(3) contain infrared diver-

gences due to virtual soft gluons. They are canceled ag
terms from soft gluon bremsstrahlung. As a consequenc
color conservation both the sum of the box diagram contr
tions toδM2 andδM3 are free of collinear divergences.

We have extracted the IR divergences, using dimensi
regularization, with two different methods: a phase space
ing procedure (as in[2]) and, alternatively as a check, w
have constructed subtraction terms that render the three
ticle phase space integral over the subtracted term[δM3]subtr
finite. When calculating observables, in particular those gi
below, both methods led to results which numerically agre
high precision.

We have determined(3) andδM3, respectively their infra-
red-finite counterparts, analytically for arbitraryt and t̄ spin
states. From these expressions one may extract the re
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tive production spin density matrices. These matrices, c
bined with the decay density matrices describing semi-
non-leptonict and t̄ decay[9] then yield, in thet t̄ leading
pole or narrow width approximation, standard model pred
tions for distributions of the reactionsqq̄ → t t̄ → bb̄+4f (+g)

(f = q, �, ν�) with the t and t̄ spin degrees of freedom full
taken into account.

The expressions for(3) and δM3 are rather lengthy whe
the full dependence on thet and t̄ spins is kept, and we do no
reproduce them here. We represent these contributions t
partonic cross sections and to several single and double
asymmetries, which we believe are of interest to phenome
ogy, in terms of dimensionless scaling functions depending
the kinematic variableη = ŝ

4m2
t

− 1, whereŝ is theqq̄ c.m. en-

ergy squared. The inclusive, spin-summedqq̄ cross sections fo
(1), (2)may be written, to NLO in the SM couplings, in the for

(4)σqq̄ = σ
(0)QCD
qq̄ + δσ

QCD
qq̄ + δσW

qq̄ ,

where the first and second term are the LO (orderα2
s ) and NLO

(order α3
s ) QCD contributions[10–12], and the third term is

generated by the electroweak contributions(3) and δM3 de-
scribed above. We decompose this term as follows:

(5)δσW
qq̄

(
ŝ,m2

t

) = 4πα

m2
t

[
αf

(0)
qq̄ (η) + α2

s f
(1)
qq̄ (η)

]
.

We have numerically evaluated the scaling functionsf (i)(η)—
and those defined below—and parameterized them in term
fits which allow for a quick use in applications. In the fo
lowing we usemZ = 91.188 GeV, sin2 θW = 0.231, andmt =
178 GeV. In several figures below alsomt = 173 GeV is em-
ployed, which corresponds to the recent CDF and D0 comb
central value[13]. In Figs. 1–11below we usemH = 114 GeV
for the mass of the standard model Higgs boson. The de
dence on the Higgs boson mass is shown inFig. 3in the case of
f

(1)

dd̄
for two values ofmH [14].

In Fig. 1the functionsf (i)
qq̄ are displayed as functions ofη for

annihilation of initial massless partonsqq̄ of the first and sec

Fig. 1. Dimensionless scaling functionsf
(0)
qq̄

(η) (dashed),f (1)
qq̄

(η) (solid) that
determine the parton cross section(5) for q = d type quarks. The dash-dotte
and dotted lines correspond to the respective functions forq = u type quarks.
The Higgs boson mass is put to 114 GeV andmt = 178 GeV.
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Fig. 2. Scaling functionsf (1)

dd̄
(η) for mt = 178 GeV andmt = 173 GeV (solid

and dashed), and likewisef (1)
uū

(η) (dotted and dash-dotted). The Higgs bos
mass is put to 114 GeV.

Fig. 3. Contributions of the initial and final vertex corrections tof
(1)

dd̄
(η)

for four different sets of the top quark and Higgs boson mass (in G
(mt ,mH ) = (178,114) (short dashed),(mt ,mH ) = (173,114) (long dashed),
(mt ,mH ) = (178,250) (dash-dotted), and(mt ,mH ) = (173,250) (dotted).
The solid line corresponds to the box plus gluon radiation contributions
mt = 178 GeV.

ond generation with weak isospin±1/2. As expected theα2
s α

corrections are significantly larger than the lowest order p
ton andZ boson exchange contributions. The correction(5) to
theqq̄ cross section has recently been computed also by[15].
We have compared our results and find excellent nume
agreement. In order to exhibit the dependence of the mixed
rections on the mass of the top quark we have plotted inFig. 2
the functionsf (1)

qq̄ for mt = 173 GeV and formt = 178 GeV.

The resulting change ofδσW
qq̄ when varyingmt in this range is

quite small.
In Fig. 3the contributions tof (1)

dd̄
of the initial and final ver-

tex corrections and of the box plus gluon radiation terms
shown. These two contributions are separately infrared-fi
This figure clearly shows that the latter contributions sho
not be neglected. This statement holds also for the spin
servables discussed below.Fig. 3 shows that forη � 10 the
dependence on the Higgs boson mass is significant. For
mH the change of the vertex corrections is rather small w
changingmt from 178 to 173 GeV. The corresponding chan
of the box plus gluon radiation terms is negligible.
:
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e
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d
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Fig. 4. LO (solid) and NLO QCD (dashed) contributions (taken from[12]) and
mixed α2

s α contributions (dotted and dash-dotted line refers to initiald-type
andu-type quarks, respectively) to the cross section(4) in units of 1/m2

t , with
µ = mt = 178 GeV andmH = 114 GeV.

Fig. 5. LO (solid) and NLO QCD (dashed) contributions to the cross sec
(4) in units of 1/m2

t for three values ofµ: µ = 2mt (lower curves),mt (cen-
tral curves) andmt/2 (upper curves). In the NLO case lower and upper cu
refers to the regionη < 0.1. The vertically dashed curve represents the mi
α2

s α contributions for initiald-type quarks whenαs(µ) is changed according
to mt/2� µ � 2mt . Moreover,mt = 178 GeV andmH = 114 GeV.

We have numerically compared the contributions of the
tial and final vertex corrections to(5) relative to the orderα2

s

QCD Born cross section with the results Figs. 9 and 10 of[5]
and find agreement.

In Fig. 4 the orderα2
s , α3

s , and theα2
s α contributions to the

cross section(4) are shown as functions ofη. In these plots
αs(mt ) = 0.095 andα(mZ) = 0.008 was chosen. The ord
α3

s corrections were evaluated putting the renormalization s
equal to the factorization scale,µ ≡ µR = µF , and choosing
µ = mt = 178 GeV.Fig. 5 corresponds toFig. 4, but now
µ is varied betweenmt/2 � µ � 2mt . The couplingαs(µ) is
changed according to the two-loop renormalization group e
lution. These figures show that forη � 1 the mixed correction
become of the same size or larger in magnitude than the N
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Table 1
Contributions to theqq̄-induced hadronict t̄ cross section at the Tevatron (

√
s =

1.96 TeV) and at the LHC (
√

s = 14 TeV) in units of pb, using the NLO parto
distribution functions CTEQ6.1M[16] for three different values ofµ, andmt =
178 GeV,mH = 114 GeV

µ = mt/2 µ = mt µ = 2mt

Tevatron NLO QCD 4.148 3.976 3.681
weak 0.0455 0.0409 0.0367

LHC NLO QCD 51.589 55.738 57.559
weak −0.641 −0.444 −0.305

QCD contributions, and atη ∼ 10 theα2
s α contributions are al

ready about 15 percent of the LO QCD cross section. Th
regions may be investigated by studying the distribution of
t t̄ invariant massMtt̄ . A value of, say,η ∼ 10 corresponds
roughly toMtt̄ ∼ 1 TeV. For a quantitative discussion the r
actiongg → t t̄X must, of course, also be taken into accou
At the LHC, where such studies may be feasible, this is
dominant channel.

In Table 1the weak contributions(5) to the hadronict t̄ cross
section are given for the Tevatron and the LHC using the N
parton distribution functions CTEQ6.1M[16]. Notice that the
first term in (5) is not negligible here: it is positive while th
orderα2

s α corrections change sign for largerη. For comparison
theqq̄ induced cross section to orderα3

s (NLO QCD refers here
to the sum of the first two terms in Eq.(4)) is also tabulated. Th
weak contributions to the total cross section are much sm
than the scale uncertainties of the fixed order NLO QCD c
tributions. For distributions, e.g., for thet t̄ invariant mass, the
αα2

s weak corrections become relevant above 1 TeV[22].
Next we consider spin asymmetries. Denoting the top s

operator bySt and its projection onto an arbitrary unit axisâ
by St · â we can express its unnormalized partonic expecta
value, which we denote by double brackets, in terms of the
ference between the “spin up” and “spin down” cross sectio

(6)2〈〈St · â〉〉i = σi(↑) − σi(↓).

Here i = qq̄ and the arrows refer to the spin state of the
quark with respect tôa. An analogous formula holds for th
antitop quark. It is these expressions that enter the predic
for (anti)proton collisions.

There are two types of single spin asymmetries(6): parity-
even, T-odd asymmetries and parity-violating, T-even ones.
asymmetry associated with the projectionSt onto the normal of
theq, t scattering plane belongs to the first class. It is indu
by the absorptive part ofδM2, but also by the absorptive pa
of the NLO QCD amplitude. (This was calculated in[17,18].)
The weak contribution is even smaller than the one from Q
which is of the order of a few percent. For the sake of bre
we do not display it here.

The P-odd, T-even single spin asymmetries correspon
projections of the top spin onto a polar vector, in particu
onto an axis that lies in the scattering plane. Needless to
they cannot be generated within QCD; the leading SM con
butions to these asymmetries are the parity-violating piece
Eq. (3) andδM3 above. We consider top spin projections on
the beam axis (which is relevant for the Tevatron), onto the
e
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Fig. 6. Scaling functionsh(0,a)
qq̄

(η) (dashed),h(1,a)
qq̄

(η) (solid) that determine the
expectation value(11) for the beam axis in the case ofq = d type quarks. The
dash-dotted and dotted lines correspond to the respective functions forq = u

type quarks.mt = 178 GeV andmH = 114 GeV.

licity axis (of relevance for the LHC), and for completeness a
onto the so-called off-diagonal axis, which was constructe
maximizet t̄ spin correlations in theqq̄ channel[19]. Naively,
one might define these axes in the c.m. frame of the initial
tons. However, the observablesSt · â are then not collinear-safe
(The problem shows up once second-order QCD correct
are taken into account.) A convenient frame with respec
which collinear-safe spin projections can be defined is tht t̄

zero-momentum-frame (ZMF)[2]. With respect to this frame
we define the axes

(7)â = b̂ = p̂ (beam basis),

(8)â = b̂ = d̂ (off-diagonal basis),

(9)â = −b̂ = k̂ (helicity basis),

wherek̂ denotes the direction of flight of the top quark in t
t t̄ -ZMF and p̂ is the direction of flight of one of the collidin
hadrons in that frame. The direction of the hadron beam ca
identified to a very good approximation with the direction
flight of one of the initial partons. The unit vectorsb̂ are used
for the projections of the spin of thēt quark. The vector̂d is
given by

(10)d̂ = −p̂ + (1− γ )(p̂ · k̂)k̂√
1− (p̂ · k̂)2(1− γ 2)

,

whereγ = E/m.
The unnormalized expectation values ofSt · â are again con

veniently expressed by scaling functions

(11)〈〈2St · â〉〉qq̄ = 4πα

m2
t

[
αh

(0,a)
qq̄ (η) + α2

s h
(1,a)
qq̄ (η)

]
.

The results for the scaling functions corresponding to the t
axes above are shown inFigs. 6–8. For the beam and off
diagonal axes the asymmetries are almost equal in magni
both at LO and at NLO, but opposite in sign. This is due to
fact that in a large range ofη the axisd̂ ∼ −p̂. For weak isospin
IW = −1/2 quarks theα2

s α corrections are significantly large
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Fig. 7. Scaling functionsh(0,a)
qq̄

(η) (dashed),h(1,a)
qq̄

(η) (solid) that determine
the expectation value(11) for the off-diagonal axis in the case ofq = d type
quarks. The dash-dotted and dotted lines correspond to the respective fun
for q = u type quarks.mt = 178 GeV andmH = 114 GeV.

Fig. 8. Scaling functionsh(0,a)
qq̄

(η) (dashed),h(1,a)
qq̄

(η) (solid) that determine the
expectation value(11)for the helicity axis in the case ofq = d type quarks. The
dash-dotted and dotted lines correspond to the respective functions forq = u

type quarks.mt = 178 GeV andmH = 114 GeV.

than the LO values. This is in contrast to the helicity basis wh
the LO and NLO terms shown inFig. 8 are of the same orde
of magnitude. Moreover, in this basis the LO and NLO ter
cancel each other to a large extent forIW = −1/2 quarks in the
initial state.

We have evaluated theqq̄ contributions to two unnormalize
single t -spin observables forpp̄ and pp collisions at Teva-
tron and LHC energies by choosingp̂ andk̂ as reference axis
respectively, and integrating(11) with the parton distribution
functions CTEQ6.1M[16]. The results are given inTable 2.
In order to obtain the values of the corresponding normal
observables—by dividing the numbers ofTable 2by the respec
tive total cross section—also the contributions fromgg fusion
must be taken into account. These normalized observable
come very small; they are in any case below 0.1 percent[22].
Larger values at the percent level can be obtained with suit
chosenMtt̄ mass bins. This leaves a large margin in the se
for new physics contributions.
ns

e

d

e-

ly
h

Table 2
Scale dependence of the unnormalizedqq̄-induced singlet -spin asymmetries

in units of pb: the numbers for the Tevatron (LHC) correspond to the beam
(7) (helicity basis(9)). The NLO parton distribution functions CTEQ6.1M[16]
were used, andmt = 178 GeV,mH = 114 GeV

µ = mt/2 µ = mt µ = 2mt

Tevatron, weak −0.0066 −0.0063 −0.0059
LHC, weak −0.0687 −0.0758 −0.0804

Finally we consider top–antitop spin–spin correlations.
the sake of brevity we concentrate here on parity- and T-e
ones which are generated already to lowest order QCD. Fo
Tevatron these spin correlations (including NLO correctio
are largest with respect to the beam and off-diagonal ba
while for the LHC the helicity basis is a good choice.2 In ad-
dition, a good measure for thet t̄ spin correlations at the LHC
is, in the case of the dilepton channels, the distribution of
opening angle between the charged leptons from semilep
t and t̄ decay. At the level oft t̄ this amounts to the correlatio
St ·St̄ (for details, see[2]). Therefore we consider the followin
set of observables:

(12)O1 = 4(p̂ · St )(p̂ · St̄ ),

(13)O2 = 4(d̂ · St )(d̂ · St̄ ),

(14)O3 = −4(k̂ · St )(k̂ · St̄ ),

(15)O4 = 4St · St̄ = 4
3∑

i=1

(êi · St )(êi · St̄ ),

where the axes are as defined in Eqs.(7)–(9) in the t t̄ ZMF
and the factor 4 is conventional. The vectorsêi=1,2,3 in (15)
form an orthonormal basis. The unnormalized expectation
ues of these observables correspond to unnormalized do
spin asymmetries, i.e., to the following combination oft, t̄ spin-
dependent cross sections:

(16)〈〈Ob〉〉i = σi(↑↑) + σi(↓↓) − σi(↑↓) − σi(↓↑),

and herei = qq̄. The arrows on the right-hand side refer
the spin state of the top and antitop quarks with respect to
reference axeŝa andb̂.

Again we compute theα2 and weak-QCD contributions o
orderα2

s α to (16) and express them in terms of scaling fun
tions:

(17)〈〈Ob〉〉Wqq̄ = 4πα

m2
t

[
αg

(0,b)
qq̄ (η) + α2

s g
(1,b)
qq̄ (η)

]
.

These functions are plotted inFigs. 9–11, respectively. As i
the case in QCD, inqq̄ annihilation the spin correlations in th
beam and off-diagonal bases, and in the projection(15) are not
very much different from each other. The size of the mixed c
rections(17) is typically only a few percent compared with th
QCD contributions[2] to (16).

The unnormalized expectation value ofO4 given in Eq.(15)
is equal to the respective contributionδσW

qq̄ displayed inFig. 1.

2 For the LHC, a basis has been constructed[20] which gives a QCD effec
which is somewhat larger than using the helicity axes.
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Fig. 9. Scaling functionsg(0,1)
qq̄

(η) (dashed),g(1,1)
qq̄

(η) (solid) that determine the
expectation value(17) for the beam basis in the case ofq = d type quarks. The
dash-dotted and dotted lines correspond to the respective functions forq = u

type quarks.mt = 178 GeV andmH = 114 GeV.

Fig. 10. Scaling functionsg(0,2)
qq̄

(η) (dashed),g(1,2)
qq̄

(η) (solid) that determine
the expectation value(17) for the off-diagonal basis in the case ofq = d type
quarks. The dash-dotted and dotted lines correspond to the respective functions
for q = u type quarks.mt = 178 GeV andmH = 114 GeV.

Fig. 11. Scaling functionsg(0,3)
qq̄

(η) (dashed),g(1,3)
qq̄

(η) (solid) that determine
the expectation value(17)for the helicity basis in the case ofq = d type quarks.
The dash-dotted and dotted lines correspond to the respective functions for
q = u type quarks.mt = 178 GeV andmH = 114 GeV.

The reason is as follows. TheS matrix elements for the re
actionsqq̄ → t t̄ (g), to the order in the couplings consider
above, contain all possible partial wave amplitudes. Howe
in the expectation value of the parity-even operator(15) only
the3S1 (in the Born terms and the terms of orderα2

s α) and3P1
components (in the Born term fromZ boson exchange) of thet t̄
state contribute, as a closer inspection shows. It is then a si
exercise to show that the normalized expectation value ofO4
is equal to one in this case. Thus, its unnormalized expecta
value is equal toδσW

qq̄ , which is confirmed by explicit calcula
tion. (See[21] for similar considerations.)

Another interesting class of asymmetries are parity-viola
double spin asymmetries of the formδA(â, b̂) = σi(↑↓) −
σi(↓↑). They are generated by the parity-violating pieces
(3) and ofδM3 above. In[7] an observable of this form wa
computed in thet, t̄ helicity basis within the SM, with box plu
gluon contributions not taken into account, and in some SM
tensions.

In addition, the absorptive parts ofδM2 lead to T-odd spin-
spin correlations, both P-even and odd ones. These are,
ever, very small effects, and we do not display them here.

The single and double spin asymmetries are reflected in
spective angular distributions/asymmetries of thet and t̄ de-
cay products. In particular they contribute to the one-
two-particle inclusive decay distributionsσ−1 dσ/d cosθ1 and
σ−1 dσ/(d cosθ1 d cosθ2), whereθ1, θ2 are the angles betwee
the direction of flight of at and t̄ decay product, respectivel
and a chosen reference direction. Suitable reference direc
are the axes introduced above. The charged lepton(s) frt
and/ort̄ decay is (are) the best top spin analyzer(s). The w
contributions can be enhanced with respect to the pure Q
effects by suitable cuts in thet t̄ invariant mass. Numerical stud
ies, including the weak contributions togg → t t̄ will be given
elsewhere[22].

In summary we have computed the mixed QCD and w
corrections to top quark pair production by quark–antiquark
nihilation, keeping the full dependence on thet and t̄ spins.
These results, combined with our previous QCD results
with the mixed contributions togg → t t̄ , will allow for de-
tailed predictions of top quark observables, in particular of
spin-induced angular correlations and asymmetries within
standard model[22]. Specifically, the results of this letter a
necessary ingredients for SM predictions of parity-violat
observables associated with the spin of the (anti)top quark
though these effects are small in the SM, we believe that s
observables, which are thus very sensitive to non-SM pa
violating top quark interactions, will become important analy
tools once sufficiently larget t̄ data samples will have been co
lected.
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