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Abstract

Let G be a group and let D,(G) and 7,(G) be its nth dimension and nth lower central
subgroups. In an earlier paper we proved that D,(G)/y,(G) is abelian. Here we prove
that D, (G)/7,(G) is not, in general, central in G/y,(G). In fact, for any s there exists a group G and
an integer n such that D, (G)/y,(G) is not contained in the sth upper central subgroups
of G/7,(G).

1. Introduction

Let G be a group and let 4 = A(G) be the augmentation ideal of its group ring ZG.
We recall that by definition

D,(G)={geGlg=1mod4"}

is the nth dimension subgroup of G. While D,(G) always contains the nth lower central
subgroup 7,(G), it is known that there exist groups with D, (G) # y,(G) (see [5] for
n =4, and [2] for n > 4). The problem of identifying the subgroup D,(G) of G, or
equivalently the subgroup D,(G)/y,.(G) of G/y,(G) is known as the dimension subgroup
problem. By Sjogren’s theorem [6] the dimension quotient D,(G)/y,(G) has finite
exponent dividing a number e, that does not depend on G. So if G can be generated by
m elements then the nth dimension quotient is finite and its order is bounded in terms
of m and n. In an earlier paper the authors have pointed out that D,_,(G)/y,(G) is
contained in the intersection of all subgroups of G/y,(G) which are maximal in the set
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of abelian normal subgroups of G/y,(G) [4]. In particular D,(G)/7,(G) is abelian. It was
natural to ask then whether the dimension quotient D,(G)/y,(G) is, in fact, central in
G/74(G) (see [4, 7, problem 12.22]). For metabelian groups the answer is positive. If
G is metabelian then even D,_,(G)/7,(G) is central [1, p. 85].. Here we prove that
already for solvable groups of length 3 the answer is negative. In fact we prove a more
precise result.

Theorem 1. For any s > 1 there exists a group G, with nilpotent of class 3 commutator
subgroup, such that for some n the dimension quotient D,(G)/y,(G) is not contained in the
sth upper central subgroup of G/7,(G).

In particular, for s = 1 the theorem yields that D,(G)/y,(G) is not always central.
Since G/y4(G) is metabelian, D,(G)/y4(G) is central for any group G. The centrality of
Ds(G)/ys(G) was proved in [4]. Finding the least integer n for which there exists
a group G with non-central quotient D,(G)/y,(G), we leave as an open question. It
would also be of interest to know whether the dimension quotients are central in case
the commutator subgroup of G is nilpotent of class 2.

2. Preliminaries and reductions to embedding theorems

In [3] the first author presented a family of groups with an unusual behavior of
dimension subgroups. His result, in particular, yields the following theorem.

Theorem 2. For any s > 1 there exists a group G and an integer n such that 7, , ,(G) = 1
but D, (G) # 1.

Because of such a gap (from n+ 1 to n+s) it was tempting to conjecture
that [D,.(G),G] # 1. However, a more careful analysis of the group G revealed
that

7n(G) = Du(G) = Dy 1(G) = -+ = D1 (G).

So actually there was no gap between D,(G) and D, ((G), and even D,(G) was central.
We have found a very simple proof of Theorem 2 that is based on the following
general embedding theorem.

Theorem 3. Let H be a nilpotent group of class c. Then for any n there exists a nilpotent
group G of class at most nc and an embedding p: H — G such that u(H) < v,(G).

A proof of Theorem 3 will be given in the next section. Here we show how to deduce
Theorem 2 from Theorem 3.
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Lemma 4. If ¢:H—->G is a homomorphism such that @(H)<v,(G) then
@ (Dm(H)) < Dym(G).

Proof. If h € D,,(G) then

h—1 =Znu(hal — 1) (hygw— 1) (hype H,n, €Z),

a

@(h) — 1 =Y n(@hy — 1) -+ (@(ham — 1)),

and, since @(h,g) € 7,(G) implies @(h,g) — 1€ A(G)", we get @(h) — 1 € 4(G)™ as
desired. [

Now let H be any counterexample to the dimension subgroup conjecture so that,
for some ¢,y..(H)=1but D, (H)+# 1, and let u: H —» G be an embedding that
satisfies the conditions of Theorem 3. Then, by Lemma 4, u(D.. ((H)) S D+ 1,(G),
hence D, .1)(G) #1 but y,..,(G)=1. Since the difference n(c + 1) — (nc + 1)
=n — 1 can be arbitrary, Theorem 2 follows.

A similar trick allows us to deduce Theorem 1 from the following embedding
theorem whose proof is also given in the next section.

Theorem 5. Let H be a finitely generated nilpotent group of class ¢, let 1 # hy € H, and
let s > 1. Then for some m (depending on hy and s) and any n > m there exists a nilpotent
group G of class at most nc and an embedding p: H — G such that u(H) S y,— + 1(G)
whereas p(ho) ¢ Z ((G), the sth upper central subgroup.

To deduce Theorem 1 from Theorem 5 consider an arbitrary finitely generated
group H such that y..,(H)=1 but D, (H) # 1. Fix a natural number s and an
element hg € D, {(H), hg # 1. Further choose m such that for any n > m there exists
an embedding u: H — G satisfying the conditions of Theorem 5. Then y,..(G) =1
and (by Lemma 4)

D 1)+ 1)(G) 2 (Dot (H)).
For sufficiently large n the difference
m—m+c+)—mc+Y)=n—m—Nc+1)—1

is non-negative, 0 Dpc41(G) 2 Dg—m+ 1yc+1)(G) and pu(ho) is an element from
D,.+1(G) that is not contained in Z(G). It will be clear from the proof of Theorem
5 that if .+ {(H) = 1 then one can choose G so that y,, {(G’) = 1. In the example due
to Rips [5] y4(H) =1 and D,(H) # 1, so G can be chosen with 7,(G’) = 1.

Since [D,(G),G] < D, +,(G), we also note that Theorem 1 is a generalization of
Theorem 2.
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3. Proofs of Theorems 3 and 5

Let F be the free nilpotent group of class ¢ with free generators x, {« € I). Consider
n isomorphic copies F of F (i = 1, ...,n). We shall denote by x{” the free generators
of F®_Further, let F, be the nilpotent (of class ¢) product of the groups F®, Thus F,, is
free nilpotent on x{ (x € I; i = 1, ..., n). Evidently the map

xP— xP, xP—— xPxETY (i<n)

can be extended to an automorphism of F,. Let (x) be infinite cyclic. Define
a semidirect product @, = F,\ {x) assuming that conjugation by x induces on F, the
above automorphism. Hence

xM, x]=1, [xx]=x{"" (i<n) (1)
Let m < n. Sending elements x{ € @, to elements x" """ e ¢, we get an embed-
ding
o - (pm__) (pn .

It is also clear that putting in ¢, additional relations
xP=1 (i=m+1,...,n)
we get an epimorphism
Oy Py— D,

Note that @, is nilpotent of class nc. To see this, let &, ; = @, and let &, , (k > 1) be
the subgroup of @, generated by commutators

[xd, e xg]

with i; + - +i, >k (the arrangement of brackets is arbitrary). Then &,
(1 <k <nc+1)is a central series of length nc. It is easily seen that there exist
non-trivial commutators of weight nc, so @, has class exactly nc.

Now consider a nilpotent group H of class ¢ given as a factor group H = F/R
(R <| F). Denote by R™ the isomorphic copy of R in F® (k < n), and let R{" be its
normal closure in @,. Then by definition

G = @, /RY.
The maps y,,, and a,, induce homomorphisms
pd:GP — Gt oGP — GP (k<m<n).
Define also a homomorphism
wH— G

to be the composition of the isomorphism F/R — F®/R® and the natural map
F®/R® - @ /RY.



N. Gupta, Y. Kuz'min [Journal of Pure and Applied Algebra 104 (1995) 191-197 195

Lemma 6. The maps p%) and p* are monomorphisms.

Proof. We start with u). The injection py,: @, — P, maps R* isomorphically onto
R wherer = n — m + k. Let R" be the normal closure of R in ¢, and let R be its
normal closure in fmm(®,). Then u&) is injective if and only if RPN, (Fr) = Ry .
Consider also the subgroup R the normal closure of RY) in F,. Since there exists
a retraction ©: F, > fmn(F), we have RO N pta(F,,) = RY), so it suffices to prove that
R = RY or, equivalently, that R’ <] ®,. This, however, is a special case of the
following elementary lemma.

Lemma 7. Let G = A\ B be a semidirect product of groups A and B, and let Y be
a B-invariant subset of A. Then the normal closure Y of Y in A is also normal in G.

Indeed, the elements a "' ya (a € A,y € Y) generate Y as a subgroup. But the set of
such elements is B-invariant because if b € B then

b~ Ya 'yayb=(b 'ab) ' (b 'yb)(b 'ab)=c 'z

where ce A4, ze Y.
Passing to p® we consider the diagram

H
u! "

Glm

e &)
— . G”

tk)
Tk

G

ul¥

The map 4" is surely injective because G ~ H x {x), and we proved already that
ui¥ is injective. It follows from the diagram that so is u{. This finishes the proof of
Lemma 6. [

In particular we have the embedding u{”: H —» G®. It is evident from the defini-
tions that u{”(H) < y,(G{”). Since G!” is nilpotent of class at most nc it proves
Theorem 3.

To prove Theorem 5 we use the embedding

(n—m+1). —m+1)
Un :H— G~ b,

Again G ™1 has class at most nc. Besides, the image of H is contained
N Y, ms 1 (GI™D). We are going to show that for a given s>1 and
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ho € H (hy # 1) there exists m such that u{" " V(hy)¢ Z(G" ™ V) (n = m). Con-
sider the diagram

/G“)

l (1)

Himn

‘"_’"\”‘G,(,"-m+l)

#’I

By Lemma 6 all the three maps are injective, so it is sufficient to prove that if m is
sufficiently large then uil (ho)¢Z,(GL").
Suppose first that H is a finite p-group for some prime p. Identify H with its image in
G!' and use the usual notation for Engel commutator
[ho, sx] = [ho, X, ..., x ]

s

To verify that ho ¢ Z(GS!?) we shall find a homomorphism of G{! in a wreath product
such that the image of this commutator is non-trivial.

We recall that the wreath product 4 wr B of groups A and B is the semidirect
product K )\ B where K (the base group ) is a discrete direct product of groups A(b)
(b € B) isomorphic to 4 (under the isomorphism a — a(b)) and B acts on K by
multiplication:

by ta(by)b, = a(byb;) (by.b; € B).

Now fix ¢ such that p' > s and let {y) be cyclic of order p'. Then the wreath product
W = Hwr{y) is a finite p-group. It follows that W is nilpotent of class, say ¢’. We
claim that if m > ¢’ then the map

X—y, h—h(l) (heH)

can be extended to a homomorphism G’ - W. Indeed, let h, be the images of x, € F
in H = F/R. Define elements h’ e W (i = 1, ..., m) by induction:

KO =h(1), BTV =[] (1 <i<m)

The subgroup generated by elements h{” is nilpotent of class at most ¢, hence the map
x" - h{¥ can be extended to a homomorphism of F,, to the base group of the wreath
product W. The semidirect product @,, = F, \ {x) is defined by relations (1) (substi-
tute m for n). But the same relations are valid for elements y, A’ in W. For i < m it
follows directly from the definitions and [h{™,y] = 1 just because

(A, 3] € Yms 1 (W) S ypos (W) =1

It follows that the map x — y, x{” - h{’(1) can be extended to a homomorphism
®,,— W. Since R, the isomorphlc copy of R in F9)_is contained in the kernel, we
can define the induced map G'"’ — W. To finish the proof of Theorem 5 in case H is
a finite p-group it suffices to show [hy(1), sy] # 1. Put Ko =1andfor 1 <i<p’let
K; be the subgroup of W generated by elements h(y*) with k <i (i=1,...,p"). If
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aeKAK;_; (0 <i<p')then y 'aye K;+\ K; and hence {a,y] € K;, \K;. Since
ho(1) e K1\ K, and s < p' it follows by induction that [ho(1),s¥] € K41\ K. In
particular this element is not trivial.

Now let H be an arbitrary finitely generated nilpotent group, ho € H, hy # 1. There
exists a prime number p and an epimorphism ¢:H — H on a finite p-group H such
that @(hy) # 1. f H = F/R then H = F/R where R is the preimage of Ker ¢ in F.
Using presentations H = F/R and H = F/R we can construct the groups G\, G’
and embeddings u(V:H -G, a%':H-GY. The induced epimorphism
oV GV - GV makes the following diagram commutative:

@

H H

(n

it
Hm Hen

G

(1)
—— G4
;

As we already know, if m is sufficiently large then i%)’(@(ho))¢ Z,(GY)’), or equiva-
lently @\ (uP(ho)) ¢ Z (GS). Since @l is an epimorphism, u! (ho)¢ Z,(Gy). This
completes the proof of Theorem 5.
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