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1. Introduction

Though invariant subspaces were defined by von Neumann in 1935, their use did not begin until
much later, with no results obtained for a long time.

Invariant subspaces are connected to many disciplines. For example, the controllability subspace of
a linear dynamical system with state equation x(t) = Ax(t) + Bu(t) is known to be the least invariant
subspace under the matrix A which contains the range of matrix B.

When considering matrices with coefficients in an algebraic closed field, invariant subspaces may
be deduced from the Jordan canonical form of the matrix, as shown in [3], which provide a com-
prehensive treatment of geometrical, algebraic, topological, and analytic properties of invariant sub-
spaces.

Some previous related results are the following ones. It is known (see [5]) that two matrices A1, A,
have a common eigenvector if, and only if,
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() Ker[A¥, Ay] # {0}.

k,I=1

In the case of dimension of the invariant subspace greater than 1, George and Ikramov [ 2] proved that
if matrices A1, A, have acommon invariant subspace of dimension d, then the d-th compound matrices
(A1)4, (A2)q have a common eigenvector. Conversely, if (A1)q4, (A2)q have a common eigenvector and
if all eigenvalues of (A1)q are simple and A, is non-singular, then there exists a common invariant
subspace of dimension d for A; and A;. Tsatsomeros [6] extends this result to the case where A; and
A, are arbitrary.

Halmos proved that if A is a matrix and if V is an A-invariant subspace, then there exist matrices B
and C such that BA = AB, CA = AC, V is the kernel of B and V is the range of C. Moreover, there exist B
and C such that additionally satisfy BC = CB = 0. See [1] for a short proof of this result.

Here we will study the existence of eigenvectors and invariant subspaces which are common to all
the matrices belonging to the commutant (centralizer) of a given matrix A.

Throughout this note F will represent an algebraically closed field (for example, F = C). We will
denote by M, (IF) the vector subspace consisting of square matrices of order n and by GI,,(IF) the set of
invertible matrices in M,,(IF).

2. Preliminaries

Throughout the note we will consider a matrix A € M,,(IF), such that the characteristic polynomial
can be completely factored into linear factors over IF:

Q) =DMt =2 - (=A™

Asitis known, under the assumption that the characteristic polynomial of A splits into linear factors
over IF, there exists S € Gl,,(IF) such that A = SJS~!, where J is the Jordan canonical form of the matrix
A, throughout the paper the notation we use is the one which can be found for example in [4].

A vector subspace V C [F" is called A-invariant when A(V) C V.

The commutant (centralizer) of the matrix A is the set

Z(A) = {X € My(F) | AX — XA = 0}.

3. Common eigenvectors and invariant subspaces

Let A be a matrix in M,,(IF), where FF is an algebraically closed field.
In order to find common invariant subspaces for all matrices in Z(A), we observe that we can reduce
ourselves to the case where the matrix A is in Jordan reduced form.

Lemma 3.1 [3]. Let us assume that A = SJS™!, with J the Jordan reduced form of matrix A. Then V is an
A-invariant subspace if, and only if, S~V is a J-invariant subspace.

From now on, we will consider A = J is a matrix in Jordan reduced form.
It is well-known (a proof can be found in [3]), that if

L0...00
1X1...00

JOy =1 :: D | € Mo () 3.1
00...40

00... 1A
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then Z(J(A)) is the set of lower triangular Toeplitz matrices:

X1
X2 X1

T(X1,....%) =| X3 X2 X PX1, X2, ., Xg 1, Xg € (2)
Xo Xa—1 Xg—2 .. X1

On the other hand, let us consider two matrices

20...00 20...00
151...00 14...00

L) = ol )= D (3)
00...40 00...%0
00...1% 00...1%

such that J{ (1) € My (F) and J(1) € Mg (F).

(1) If > B, the set of solutions of the system J; (L)X = XJ2(A) is the set of matrices of the form

[0 0o o 0|
0 O 0 0
0
ID(x1,...,xg)= | ———— | = (4)
Xq
T(x1,...,Xp) X2 X
X3 X2 X1
_Xﬂ Xg—1 Xp—2 ... X1 ]
forxi,x2,...,xg_1,xg € F,and
(2) ifa < B, then the set of solutions of the system J; (L)X = XJ>(A) is the set of matrices of the
form
TL(x1, ..., Xq) =[T(x1,...,xa) ‘ O]
X 0 0
.. (5)
X2 X1 0 0
=l X3 X2 X1
’ 0 0
Xa Xg—1 Xo—2 ... X1

forxq,x2, ..., Xqg—1, Xo € F.
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Let us return to our particular set-up. Let us write

J = diag(J(A1), ... J(Ar)

with A, 1 < i < r, the distinct eigenvalues of matrix J, and

J(Ai) = diag(Jy (M), ... Jmi (A1), 1 <i<rT,

where
% 0...00|
1x2...00
) =1+ ¢ ot € My (@), 1<j<m. (3.6)
00...A,0
L 00...1 )hi_

We will consider that for all eigenvalue A;, 1 < i < r, the Jordan blocks corresponding to J();) are
ordered in decreasing order of their sizes; that is to say, (i, 1) > - - - > «(i, m;).

Lemma 3.2.
(a) A matrix X € M, (IF) belongs to Z(J) if, and only if, X = diag(Xi, ..., X;) with X; € Z(J(Ay)),
1<igr.
(b) For 1 < i < r, consider the partition of matrix X; € Z(J(A;)) according to the block partition of
matrix J(Ai),
1 1
X,»,1 . Xi,m,-
Xi=| : : . (3.7)
m; mj
Xi,1 X,-‘mi
Then all matrix blocks X,-’fj € Myijyxaliky 1 <Jj <1, 1< k< mareof the form T(xq, ..., Xy),
TD(x1, ..., Xy) Or TL(X1, . .., Xy ) for some values of the parameters X1, . . ., Xq.

Proof. Then matrices Xl-"j € My j)xal(i,k) satisfy the linear system of matrix equations:

S - X =X G 1<k <my (3.8)
and therefore all of them are of one of the types in the statement. [

Theorem 3.3. Matrices X in Z(J) have a common eigenvector if, and only if, there existi € {1,...,r}
such that m; = 1 or the Jordan blocks in J(A;) have orders

a(i,1) > a(i,2) > a@l,3) > > o, m).

Proof. We write a; = 2 1¢j<m; @ (i, j). If we denote by ey, .. ., e, the vectors in the natural basis of
", it is obvious that if there existsi € {1, ..., r}suchthatm; = 1orm; > 1and @(i, 1) > «(i, 2),
then all matrices in Z(J) have as a common eigenvector ey, +..a;_;+a(i,1)-

Conversely, if we assume m; > 1and «(i, 1) = «(i, 2), foralli € {1, ..., r}, we can consider the
following matrices in Z(J):
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e Y alower bidiagonal matrix with all non-zero entries equal to 1.
o Z = diag(Zy, ..., Z;) with

1 1
Ziy oo i,
m; m;
Ziq .- Zi,mi

with block matrices Z,-”k of the form T(x1, ..., Xy), ID(Y1, ..., ¥8),

TL(z1, ..., z,) with all the values of the parameters different (for example, satisfying an arith-
metic recurrence).

Then the eigenvectors of matrix Y, corresponding are:

ea(],l)’ e(){(l,l)-‘ro{(],z)’ ey e051; ea1+a(2,1)’ s ea1+a2; R

and none of them is an eigenvector of matrix Z. Therefore matrices Y and Z, both of them belonging
to Z(J), have no common eigenvector. [J

Remark 3.4. LetusassumethatX, Y € Z(J) share an eigenvector v (thatis tosay,Xv = Av,Yv = uv for
some A, u € F).If[*v # 0,k € N, then X and Y also have as common eigenvectors Jv, J%v, ..., J*v, . ..

Example 3.5. We can consider the following matrix:

(3 =11 -2 0 o0 ]
1 1 -2 4 0 O
SR
2 -1 8 —14 -2 -1
| -3 4 —17 30 2 1 |
with Jordan form J and Jordan basis S:
[20/0l 0 o0 ]0] (211 0 0 0]
12(0, 0 01O 111 -10 O
= 00(2] 0 0 |O 5= 002 3 0 O 3.11)
00(0|—-1 0 |O 001 2 0 O
00(0| 1 =110 101 —1-1-1
00(0| O 0 |O L—-11-1-1 1 2 |
The commutant of J is:
(v 0lo0loo0]o0]
X2 X1 |x3/0 0|0
20) = x4 0 x5/ 0 0|0 xeFl. (312)
00|0|xs 0|0
0 0|0 (|x7x5|0
_0 00|00 Xg |
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In this case,r = 3, my = 2,my = 1, m3 = 1 and:

a(1,1) =2,a(1,2) = 1,07 = 3,

«(2,1) =2,y =2,

x3,1)=1,a3 =1.

It is immediate that e;, es, eg are the common eigenvectors of Z(J) and thus

0 0
0 0
0 0

vy = (313)

0 0

—1 —1

1 2

1
1
0
0
0
1

are the common eigenvectors of Z(A).
Corollary 3.6. The number of common eigenvectors of all matrices in Z(J) is
flie{l,....,r}mj=1o0orm; > landa(i, 1) > (i, 2)}.

Corollary 3.7. Let V be a d-dimensional invariant common subspace for all matrices in Z(J), with d > 2.
Then, all matrices in Z(J) have a common eigenvector belonging to V if, and only if, the restriction of ] to V
fulfill the conditions in the Theorem 3.3.

Proof. Given any basis {u1, ..., ug} of the vector subspace V , the matrices in Z(J), in a basis of F" of
the form {u, ..., ug, ug+1, ..., u,} are of the form:
X1 Xo
X1 € My(F), X3 € Mp—q(F) (3.14)
0 X3

with Xy € Z(Jjy) and X3 € Z(J|c), where G represents a complementary vector subspace of V and the
statement follows. [J

Example 3.8. We can consider the following matrix:

(3.15)

The commutant of J is:

X]O X20

X3 X1 | X4 X2

Z() = ;xieF,1<i<8t. (3.16)
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We have that V = (e,, e4) is a 2-invariant subspace for all matrices in Z(J), which are of the form:

X1 | X
L (317)
0| X3
in basis {e,, e4, €1, e3}.

20 X1 | x
SinceJjy = |: } andZ(Jjy) = ‘ |: ! 2} ;X € Kl,thereis no common eigenvector for matrices
02 X3 | X4

in Z(Jjv) and thus matrices in Z(J) have no common eigenvector belonging to V.

We can actually generalize, with an analogous reasoning as that in the proof of Theorem 3.3, the
statement in Theorem 3.3 to (non-trivial) invariant subspaces of dimension greater than 1.

Theorem 3.9. Let us assume that for somei € {1, ..., r}, one of the following conditions hold:

(i) mj=1anda(i,1) > d > 2,
(ii) mj > 1and a(i, 1) > «(i, 2) +d,d > 2.

Then all matrices in Z(J) have as a d-dimensional common invariant subspace the vector subspace spanned
by

Co+-tai_1+a(i,1)—d+1s Cag+-+aj_1+a(i,1)—d+25 - - - » Cay+-+aj_1+a(i1)-

Proof. The vector subspace spanned by vectors above is an Xj-invariant subspace and thus an
X-invariant subspace for all X € Z(J). Its dimension is clearly d. O

Remark 3.10. Note that the vector subspaces above are not necessarily the only d-dimensional com-
mon invariant subspaces, since the sum of invariant subspaces (like vector subspaces above and sub-
spaces spanned by eigenvectors) is again an invariant subspace for all matrices in Z(J). Theorem above
provides a lower bound for the number of common invariant subspaces for all X € Z(J) of dimension
d > 2 (though in general this is not a tight bound, as can be seen in next example).

Example 3.11. Let us return to matrix A in Example 3.5. Condition 1 in Theorem 3.9. is satisfied
by eigenvalue A; = —1. Therefore all matrices in Z(J) have a 2-dimensional common invariant
subspace:

<€4, 6'5>.

Directly, the non-trivial X-invariant subspaces for all X € Z(J), can be found and are the following
ones.

Dimensiond = 2 : (ez, e3), (€2, e5), (€2, €s), (€4, €5), (es, €)

Dimensiond = 3 : (eq, €2, e3), (€2, e3, es), (e2, e3, eg), (€2, es, eg), {(ea, es, eg)

Dimensiond = 4 : (eq, ey, e3, e5), (e1, ez, e3, eg), (€2, €3, €4, e5), (€2, €3, es, eg), (€2, e4, €5, eg)
Dimensiond =5 : (eq, e, €3, e4, e5), (e1, e2, €3, €5, €g), (€2, €3, ea, €5, €g).
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