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Abstract

Let an affine Weyl group W act as a group of affine transformations on a real vector space V. We analyze the W-orbit of a
regular element in V' and deduce applications to Kostant’s formula for powers of the Euler product and to the representations of W
as permutations of the integers.
© 2006 Elsevier B.V. All rights reserved.

MSC: 20F55; 17B10

1. Introduction

This paper stems from the attempt to deepen two seemingly unrelated topics: on one hand the combinatorial
interpretation of Kostant’s recent results on the powers of the Euler product suggested in type A by Tate and Zelditch,
and on the other hand the problem of giving a uniform and conceptual description of certain affine Weyl groups as
permutations of the integers. The common denominator of these two subjects lies in their intimate connection with the
orbit of a distinguished vector under the action of an affine Weyl group. The results of the paper should be regarded for
the first topic as a generalization of Tate and Zelditch’s approach, and for the other as a systematic treatment of well-
established results on affine Weyl groups of the classical type. To be more precise, let us fix notation. Let (V, (-, -)) be
a Euclidean space, A a finite crystallographic irreducible root system in V, AT a fixed positive system for A.

Set p = % Za ca+a and let 0 be the highest root of A. We define the dual Coxeter number AV of A as

hY = % + 1. The affine Weyl group W of A is the group generated by reflections on V' with respect to the

set of affine hyperplanes Hy; = {x € V | (x,a) = k}, @ € AT, k € Z. For each ¢ € RT, we denote by Wq the
group generated by reflections in V with respect to the set of hyperplanes Hy gk, @ € AT, k € Z; thus W, is naturally
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isomorphic to W. We notice that scaling the inner product by é changes W into Wq (and does not change 7). We
assume throughout the paper that

1
©0.0)= . (L)

For each A € V, we denote by W - A the orbit of A under Wq
A basic step in our work is the analysis of W1 - p. A motivation for this study occurs in the framework of Kostant’s

work on Dedekind’s 1 function, which we now recall Let g be a complex finite-dimensional semisimple Lie algebra,
h a Cartan subalgebra of g and A the corresponding root system. Let V = by, the real span of a fixed set of simple
roots, endowed with the invariant form induced by the Killing form of g. (It is well-known that then (1.1) holds.)

If A is a dominant weight let x, denote the character of the irreducible g-module V) with highest weight A. Set also
a = exp(2ri -2p). Working on previous results of Macdonald, Kostant found the following remarkable expansion for
(certain) powers of the Euler product ]_[ (1 =x™).

Theorem 1.1 (/10, Thm 3.1]).

00 dim(g)
(l_[(l—xm)) = Z x.(a) dim(Vy) x3F20-2) (1.2)
m=1

X dominant

Moreover, x;(a) € {—1,0, 1}.

In [11] Kostant has improved the previous formula determining the set P,;. of weights which give a non zero
contribution in the sum (see Theorem 3.1 below). The main outcome is that

P, = {A dominant weight | A + p € Wl - p}.
2

Moreover, he proves that the contribution of each A € P, is determined by the parity of £ (w), where w € Wl is
2 2

the element such that A + p = w(p), and £ 1 is the length function on W1

On the other hand, in [1], Adin and Frumkln made explicit, by using the well-known connection between dominant
weights and partitions, the combinatorial content of Kostant’s result in type A. Their result also makes it easy
to determine the sign of x,(a). After the appearance of Kostant’s paper, a simple approach to the combinatorial
interpretation of Kostant’s result in type A using the affine Weyl group was explained by Tate and Zelditch in [15].
We shall obtain results analogous to those of [15] for all classical types and for G,. The exposition of these results is
the content of Section 3.

The crucial observation is that p is the unique element in the weight lattice of A lying in the fundamental alcove
of W . By the basic properties of the action of the affine group on V, this implies that W1 - p is the set of weights

Wthh lie in some alcove of W 1, or, equivalently, which do not belong to any of the reﬂecting hyperplanes. Once

the root systems are explicitly described in coordinates, this allows us to easily describe P, by purely arithmetical
conditions, for all types.

We shall write down this description only for the classical types and for G». For each of these cases, we shall also
give a simple rule for recovering the parity of £(w) from w(p). For type A, we re-obtain the rule of [1]. The affine Weyl
group 1s the semidirect product of the finite Weyl group W of g and the group QY acting on V by translations, hence
W1 =5 QV x W. Moreover, if w = fv, where #; is the translationby 7 € 5 Qv and v € W, then £(w) = £(v) mod 2.
Our rule is in fact a sort of Euclidean algorithm which produces v and t from w(p).

The last section of the paper deals with affine Weyl groups regarded as permutation groups of the set of integers.
This point of view was introduced by Lusztig [12] for type A, and generalized to the other classical cases by his
students (and other people). A thorough and systematic account of the combinatorial aspects of the theory can now be
found in Chapter 8 of [3].

From the explicit description of W| p, we see that in cases A and C we can quite naturally associate to each

w e W1 a permutation of Z, uniquely determmed by w(p). In this way, we obtain an injective homomorphism of W1
into S (Z) the group of permutations of Z, which agrees with the usual permutation representation. This suggests that
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the known permutation representations of all classical affine Weyl groups can be obtained from the explicit description
of the orbit W, - A, for an appropriate choice of ¢ and A. In fact, the final outcome of our study is a uniform and concise
treatment of the known permutation representations of classical Weyl groups. Our point of view is also successful for
type G». To our knowledge, a similar unified approach does not appear in the literature, even if the existence of
a connection between the orbit of a regular vector and the permutation representation of W is noted in Eriksson’s
unpublished Ph.D. Thesis [6].

We have already explained the content of Sections 3 and 4. The results of Section 2 are a kind of “context free”
preparation for the next Sections, and rely on the standard theory of the geometric action of affine Weyl groups. The
main contribution is Proposition 2.1.

2. Preliminary results
We retain the notation set at the beginning of the Introduction: V is an n-dimensional Euclidean space with inner
product (-, -), A is a finite crystallographic irreducible root system of rank n in V. Denote by W the corresponding

finite reflection group. Let II = {al, .. ocn} be a set of simple roots for A (with positive system A™1). Denote by Q
the root lattice. For 8 € Q set B¥ = and let

n
-3z
i=1

P={reh|(a’)eZVae A},

(/3 ﬂ)’

be the coroot and weight lattices. Denote by P the set of dominant weights:
={reP| (A aV)>0Va e I}

Let w1, ..., w, be the fundamental weights, so that P = ) | Zw; and p = ) ;| w;. Remark that if 6¥ =
Yi—ymioy then Y =1+ 370 m;.

Fix ¢ € R*. Recall the group W defined in the Introduction. Then Wq = T; x W where T} is the group of
translations of V by elements in g Qv It is clear that W1 is the usual affine Weyl group. Ours is a shght extension of
the usual definition which turns out to be very useful for our goals.

Fora € V \ {0}, B € V denote by s, t5 the reflection in « and the translation by j, respectively.

Recall that Wq is a Coxeter group with generators s; = s, fori = 1,...,n and s9 = #,9vs9. We denote by £, the
length function with respect to this choice of generators. Set Hyq ¢ = {x € V | (x, ) =rg}forr € Zand a € AT,
The alcoves of W, are the connected components of V' \ Uwea+ H, 4 «. The fundamental alcove is the alcove

reZ

Cq={x€V|(x,oz)>0Voz€A+, (x,9)<q}.

It is well-known that Wq acts on the set of alcoves and this action is simply transitive. This means that wC, is an
alcove and for each alcove C(/I there exists a unique w € W, such that C(; = w(Cy). Moreover, C, is a fundamental

domain for the action of Wq on V. In particular if y belongs to some alcove, then there exist unique w € VT/q and
x € Cy4 such that w(x) = y. We shall tacitly use these standard properties in the following.

Definition 2.1. We say that v € V is g-regular if it belongs to some alcove, or, equivalently,

veV\ | Hrga
aeAt
re’Z

Any alcove can be expressed as an intersection (ranging over A%) of strips Hy! = {x € V | rq¢ < (x,a) <
(r + g}, (r € Z). Denote by k(w, «) the integers such that

k(w,
ﬂ Ha(wa)q.
aeAt

The collection {k(w, o)}, A+ has been introduced by Shi and called the alcove form of w.
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Remark 2.2. Suppose that  is g-regular. If 4 € wCy, then

k(w, o) = {(“’“)J 2.1
q
and
twy =Y L(“’a)ﬂ. (2.2)
acAt )

To obtain (2.1), it suffices to remark that the r.h.s. counts the number of hyperplanes H,, o separating C, from
wC,. Since the total number of separating hyperplanes H,, , when o ranges over AT, gives £,(w) (see [8, 4.5]),
(2.2) follows.

We state as a proposition the following elementary observation, which will play a prominent role in the sequel.

Proposition 2.1. Fix A € V. Let L be a lattice in V such that > + L is VT/q -stable and (A + L) N C4 = {A}. Then
W, A={uer+L|foralacA, (u a)¢qZ).

Proof. Assume u € Wq A.Since A + L is VT/q stable, u € A + L. Moreover, since Wq acts on the set of alcoves,
belongs to some alcove, which means that for all @« € A, we have (u, @) & gZ.
Conversely, assume that © € A 4+ L and, forall« € A, (4, @) & qZ. Then p belongs to some alcove. Since W
acts transitively on the set of alcoves, and preserves A + L, there exists w € W such that w(pn) € C,N(A+L) = {X}
O

Remark 2.3. If A + L is W-stable and ¢ Q¥ C L then A + L is VT/q-stable.

Lemma 2.2. We have C, N P = {p} if and only if

0,0 0,0

(—Z)(hv—1)<q§%(hv+m—l) (2.3)
where m = min|<;<, m;. In particular,

PN C% = {p}.

Proof. Note that (p, ) = @(kv — 1), hence p € C, N P if and only if @(kv —1) < g. Obviously C, NP = {p}
if and only if p + w; ¢ C, foralli =1, ..., n. This implies
®,0) 6,0) C 9)
g <(p+w,b)= 2 —=(h" —1)+T i=——0h"+m—1)

as desired. O

Note that m = 1 if A is not of type Eg; in this latter case m = 2.
3. Application to Euler products

The first application of the above results is connected with the work of Kostant on the powers of the Euler product
]_[fnozl (1 —x™).

Let g be a complex finite-dimensional semisimple Lie algebra, ) a Cartan subalgebra of g and A the corresponding
root system. In the notation of the previous section, we choose V to be the real span bi of a fixed set of simple roots
endowed with the invariant form induced by the Killing form of g. With this choice we have indeed that (6, 8) = hLV
(see e.g. [10, Section 2]).

If » € P, let x; denote the character of the irreducible g-module V; with highest weight A. Recall relation (1.2).
In [11, Theorem 2.4] a general criterion for determining the set

Pue = {1 € PT | xi(a) # 0}

is provided (see also [9, Exercise 10.19]). Kostant’s theorem can be rephrased as follows:
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Theorem 3.1. We have
A€ Py — A+peW%~p.

~ €1 (w)
Moreover, if A+ p = w(p), w € Wi, then x(a) = (=1) 1 .
2

Corollary 3.2. A weight A belongs to Py if and only if it is dominant and

1
A+ p,a) ¢§Z forany o € A. 3.1
In such a case, A belongs to the root lattice Q and
16.(@) = (= 1)Zacat 20F0.0), (32)

Proof. By Lemma 2.2 we have that C% N P = {p}. Recall that (6, 0) = hlv Then %Qv C Q, hence we can apply

Proposition 2.1. Moreover, if A 4+ p € VT@ -p,then A +p € p+ 0+ %QV C p+ Q, hence A € Q. Finally (3.2)
2
follows readily from Theorem 3.1 and (2.2). O

In the rest of this section we provide an explicit rendering of Corollary 3.2 for the classical root systems. We find
combinatorial conditions that guarantee that A € P, and determine x; (a). For this last purpose it is convenient to
use the following general fact rather than the formula (3.2). Denote by £ the length function in W.

Lemma 3.3. If t,w € W, T € ¢QY, w € W, then £, (t,w) = £(w) mod 2.

Proof. We shall use several times the following well-known fact from the theory of Coxeter groups (see e.g. [8, 5.8]):
cancellations occur in pairs, so that if an element has an expression in terms of the generators of a certain parity, its
length has the same parity. Since f; w has certainly an expression involving £, (t;) + £(w) generators, it suffices to
show that £, (t;) is even. Since g Q" is the Z-span of gW - 6" it suffices to prove that if u € W, then ¢, (tquovy) is
even. This follows from the relation 7, v) = usosou=t. O

In the classical cases we shall explicitly determine for each A € P, the unique element w € VT/% such that

A+p = wp and compute T € %Qv, u € W such that w = t;u. Applying Lemma 3.3 we obtain that y; (a) = (—1)*®™.
In [15] essentially the same analysis was applied only to type A, obtaining Theorem 1.2 of [1]. In the following we
adopt the realization of the irreducible root systems as subsets of RV given in [5]. We denote by (-, -) the standard
inner product of R and by {e;} the canonical basis.

3.1. Type A,

Recall that in [5] by, is identified with the subspace of R™+! orthogonal to Ag = Z;’ill e;. In this setting
At ={e;—ej|i < j}

and
n+1
0= (Z Ze,) N .
i=1
The map A — A = A — (A, €,41)A0 maps P bijectively onto >, Zei, P onto

n
Pn={Z?\ieiMiEZ,)»lz)»zzmz?»nZO}-
i=1
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We finally recall that p = Z,H]l n— 2’“e,, 0 =ey —eyy1,hence h¥ = n+ 1. Since (#,0) =2 and (0, 0) = iv we
have
G, = : () (3.3)
2y '

This implies in particular that %QV =m+10.

If 1 € b seti; = (X, e;). Since (Ao, a) =0 forall x € br we see that (A, ) = (A, &) forall @ € A. Also recall
that p = > 7, (n —i + 1)e;. Applying Corollary 3.2 we deduce the following result, which is the first statement of
Theorem 1.2 from [1].

Proposition 3.4. For A =Y "_| Aie; € P, we have
AMEPyc & ri+n—i+1#xrj+n—j+1modn—+1).

(I<i#j<n+1.
Note that, since A € Q, we have

n+l n+1 _ n+1
Y= (e = (Z(x, e») — (4 Dt enrt) = —(n+ DR, ens1).
i=1 i=1

i=1
Hence n + 1 divides ZH Ai, SO We can write

. 1 n+1
x,~+(n—z+1)—mng=(n—ri+1)+(n+1)qi (3.4)

withr; € {1,2,...,n+ 1}.
Sett=m+1) Z:H’ll gie;. By Proposition 3.4 the r; are pairwise distinct, so, by (3.4)

n+1 n+1 n+1

m+DY gi=Y m—i+DH=Y m—ri+1)=0,
i=1 i=1 i=1

hence T € %QV. We can write

n+l n+1
A+,0=Z<A +(n—l+1)——Z ; —)ei

i=1

n—2r +2 ad
= Z( l )ei+(n+])zqiei~

i=1
The action of W on V is described explicitly in [5]. In particular it is known that, if v € W, then there is an
element o, of S, such that v(e;) = ey, ). This fact establishes the well-known isomorphism between W and
S,,. Thus if we set o to be the element of S, such that o (i) = r;, and let v be the element of W such that
oy = o~ then v(p) = YIH (B )w(e) = YA (P20 e = Y (MHiE2)e; hence A + p = trv(p)
and x;.(a) = (=)W,

Remark 3.1. It is well-known (and easy to prove) that (—1 YW = sign(oy) thus x; (a) is the sign of the permutation
i~ ri.

3.2. Type Cp,

We have AT =f{eite; |1 <i<j=<nUf2e|1=<i=<n}p= Z?Zl(n—i+l)ei,9 = 2e; so that
hY = n + 1. Moreover

n n
P=ZZ€i, Q={Zki€i
i=1 i=1

Xn:)ni S 22} s
i=1
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n
Pt = ZM&GPIMZMZ---MEO .

i=1
This time (@, 8) = 4, so that (-, -) = MLV(g -} and %QV = 2hvZ". By Corollary 3.2 we have
Proposition 3.5. For A =Y ", Aie; € P* we have
hi+n—i+1#£+£0)+n—j+1)mod 20n+1) (i # )

MERde <= it m+ DT
It is well-known that the finite Weyl group W acts faithfully on {+£ej, ..., e, } by signed permutations. It follows
that W - p is the set of elements of type Z;’zl aje; with {£ay, ..., xa,} = {£1, ..., £n}. Now assume that A € P,

and u = A+ p, uw = Y ;_; pie;. Denote by 7z; the unique element in {#1, ..., n} such that ; = [x; mod 2(n + 1)
andsett = >, 71;¢;. Notice that by Proposition 3.5 the 7z; are distinct and different from 0, n+ 1. Then there exists
v € W such that & = v(p). Moreover from the description of %QV it follows that u — I € %QV. Sett=p—w. It
follows that A + p = t,v(p) and hence, by Lemma 3.3, we have x; (a) = (=1)¢®).

Remark 3.2. If v € W define (+i)? = £ (v(p), es—i+1) fori = 1,...,n. Since, as observed above, W acts as
signed permutations on {+£ey, ..., e, } we have that the map v — o, defines a homomorphism from W to the set of
signed permutations of {£1, ..., £n}. If o is such a signed permutation then set |o| to be the element of S,, defined
by il?l = |i°| and setny = |{i | i” <0, i =1,...,n}|. Itis well-known that x (¢) = sign(|o'|)(—1)" is a character
of the group of signed permutations. Since x (o5;) = —1 it follows at once that (—Ht® = X (o). This shows that
x»(a) = sign(Joy|)(—1)"v. Observe that |oy| is the permutation of {1, 2, ..., n} defined by setting ilovl = [y —iv1l
and ng, = |{i | m; < O}].

3.3. Type B,

We have AT = {e;+ej |1 <i < j<nfUle|1<i<n}lp= ZLIWQ;Q = e; + ey, hence
hY = 2n — 1. Moreover

n . n
P = {Zx—zlei | x; allevenorallodd}, Q:;Zei,
1=

i=1
n

Pt = Z,\ieiepulz,\zz--.xnzo )
i=1

Since (0, 0) = 2 we have (., -) = 21+V<" ).

Proposition 3.6. For A =Y ', Aie; € P* we have

MEZ fori=1,...,n,
A€ Pye &= 2 +n—-i)+1Z£20;+n—j)+1mod 2(2n — 1)
(i #J).
Proof. By Corollary 3.2 we have that . € Q = ) "_, Ze;. The second condition follows directly from (3.1) and the
observation that (A + p,¢;) € Zfori =1,...,n. O

Observe that

%QV {[rebpl(r.x)eZVx e P}

= | —

=_{rebypl(t.x)e2nZV¥x € PT}

=h"{reby|(r,x)eZVx e P}
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n n
:hv{r:Znei ehp |l €, Zri even g .
i=1 i=1

Assume that A € Pycandset u = A+ p,sothat u =y 7, %ei with u; € 2Z + 1 fori = 1, ..., n. Denote by 1t;
the unique element in {£1, £3, ..., £(2n —3)} U{2n — 1} such that u = t; mod 2(2n — 1) andset i = > ;_, %ei.
Consider © — ji:if u — 1 € %QV we set it = [i. Otherwise let i* be the unique index such that p;» = 2n — 1. and

setiw = [t — 2”2_ Lei«. This is equivalent to changing 2n — 1 into —(2n — 1) in the sequence of remainders. Then we

obtain that u — 1t € %QV. Now we observe that in any case w € W - p, say & = v(p). Hence if we set t = u — 1,
we obtain that u = A + p = t;v(p) and y;.(a) = (—1)¢®).

Remark 3.3. If v € W, we define (£i)™ = £2(v(p), en—i—1)2) for i = 1,3,...,2n — 1. Since also in
type B the Weyl group acts as signed permutations on {#%eq, ..., +e,} we have that the map v — o, defines
a homomorphism from W to the set of signed permutations of {1, +3,...,+(2n — 1)}. Arguing as in type C
we find that x;(a) = sign(|oy|)(—1)" where |oy| is the permutation of {1,3,...,2n — 1} defined by setting
i1 = |, __1ypl and ng, = |{i | 7; < O},

3.4. Type Dy,

Wehave AT ={e; +e;j |1 <i<j<nl,p=>i  (n—1i)e,0=e +ephence h” =2n — 2. Moreover

P = {Z E’ei | A; all even or all odd} ,

i=1
n n

0= Z)\[ei | Zkieven ,
i=1 i=1

n
P+=:ineieP|szzz-~Z|/\nl}-

i=1

Since (0, 8) = 2 we have (-, -) = 2}+V<" -). As in type By, Corollary 3.2 implies the following result.
Proposition 3.7. For . = >} Aie; € Pt we have

n
MEZ fori=1,...,n, A; even,
rE Py — f ; !

Midn—i#E(Oj+n—j)mod 2n—2) (i # ).

Observe that in this case %QV = hY Q. Assume that A € Py and set 4 = A + p, so that u = Y | puje; with
wi € Zfori = 1,...,n. Denote by 1; the unique element in {+1,+2,...,+(m — 2)} U {0, n — 1} such that
w=mp; mod 2n —2)andset i = Y i, ;e;. Consider u — fi:if u — fi € %QV we define 7t = fi. Otherwise let
i* be the unique index such that u;x = n — 1 and set &x = & — 2(n — 1)e;+. This is equivalent to changing n — 1 into
—(n — 1) in the sequence of remainders. Then we obtain that u —w € %Qv. Asintype B, wehaveu = v(p), ve W
and 0 = A + p = t;v(p) with T = p — Tx. As before, x; (a) = (—1)*™).

Remark 3.4. This time the action of W on p defines a homomorphism v + |o,| onto the set of permutations
of {0,1,2,...,n — 1}. The permutation |o,| is defined by setting jlovl = [(v(p), en—i}|. Since |oy,| is a simple
transposition, it follows as before that (=Dt = sign(|oy|), hence x;(a) is the sign of the permutation of
{0, 1,...,n — 1} defined by setting i — [it,,_;|.
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3.5. Type G,

It is amusing to work out our Euclidean algorithm for type G, also. Following [S] we realize the root system of
type G3 in

v ={en . x) € B x4 +x =0}

As above (-, -) is the standard inner product on R3 and {ey, e2, €3} is the canonical basis. We have
A={x(ej—ej) |1 =i, j<3}U{+Qei —e; —er) | {i, j. k} ={1,2,3}},
II ={e; — ey, —2e; +ep +e3},sothat p = —e; — 2ep + 3e3, 0 = —e; — e + 2e3, hence hY = 4. Moreover
3 3
P:Q:Vﬂ(ZZei), P+={ZkieieP|Ozkle2}.
i=1 i=1
Since (0, 0) = 6 we have (-, -) = 6}!%(-, ). Setg; = —1fori = 1,2 and e3 = 1. Corollary 3.2 implies the following
result.
Proposition 3.8. For A = Z?:l Aie; € PT we have that ) € Py if and only if
Aiteii EFAj+ej] mod (12) (i # j) (3.5)
20 +eii) FAj+ejj+ A +eck mod (12) ({i, j, k) ={1,2,3}) (3.6)

An easy calculation shows that in this case

3
%QV=4:ine,~eQ|xlzx25)C3 mod (3)}. (3.7)

i=1

Assume that A € P, and set u = A + p, so that u = Z?:l wiei with w; = A; + ;i € Z and 1 + uo + 3z = 0.
Denote by [uil, = i +nZ € Z/nZ. By the Chinese remainder theorem the map [u;]12 — ([i]3, [1ila) is an
isomorphism.

Since 21'3:1 w; = 0, we have obviously that 21'3:1[Mi]n = 0. Relation (3.5) implies that ([u;13, [tila) #
([mj]3, [ jla) if i # j. Moreover we have the following further conditions:

[14/], cannot be all equal,
[14,], #0 i=1,2,3, (3.8)
[wils + [mj], #0 ifi # j.
Let us check the first condition: if [11]s = [2]4 = [3]4 = x then
=2([p1l3, x) + ([p2ls, x) + ([n3ls, x) = ([w1l3 + [u2ls + [u3l3, 0) = (0, 0)

and this contradicts (3.6). For the second condition suppose [u;]4 = 0. Let j, k be such that {i, j, k} = {1, 2, 3}. Since
[pila + [1jla + [ukla = O we have that —2[u; 14 + [1j]a + [uklsa = —3[ri]ls = 0 hence

=2([wil3, [ila) + (g3, [gla) + Qids, [aeda) = ([ils + [wjls + [uids, 0) = (0, 0).

The third condition is obtained in the same way.

Set S = {([uilz, [1ila) | i =1, 2, 3}. The conditions in (3.8) imply that there are two possibilities for S: either
S = {(a, [1]1), (b, [114), (¢, [2]4)} or § = {(a, [3]s), (b, [3]4), (c, [2]4)}. Relation (3.5) forces a # b, so that
a — b = £[1]3. Define the ordered sets

S1 = ((a, [1]4), (D, [114), (¢, [2]4)),
S2 = ((a, [3]4), (D, [314), (c, [2]4)).
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The algorithm works as follows. Let i*, j*, k* be such that ([p;«]12, [pj+]12, [ukl12) = Sk, x = 1,2, and write
Wy =4qGy + 7y, y € {i*, j*, k*}, where the sequence of remainders 7, is (1, 1, 2) if x = 1 and (3, 3, 2) if x = 2; this
of course determines the gy. Now change the sequence of quotiens g, into a new sequence g, in such a way to obtain
the following new remainders ry

(rjx, jx, Tx)

x=1 a—b=[1]3 (1,-3,2)
x = a—b=—[1]3 (=3,1,2)
x=2 a—b=[1]3 3,-1,-2)
x=2 a—b=—[1]3 (—-1,3,=2).

This choice implies g;+ = gj* = g+ mod (3). For instance assume x = 1,a — b = [1]3. Since a = [g;+ + 1]3,
b =[qj+13, and ¢ = [gi+ + 2]3, we have that 0 = a — b — [1]3 = [g;* — ¢+]3 and, since Z?zl ¢gi = 0 we also obtain
that [g;+ — gx+]3 = 0. The other cases are checked similarly.

In all cases we have that, if we set T = Zi gieij then T € %QV. Moreover {ry, r, r3} = +{1, 2, —3}. We now
observe that ) _; r;e; isin W-p. This is an immediate consequence of the general fact that,if A € P and (A, 1) = (p, p),
then A = wp for some w € W. (A less attractive proof is obtained by simply listing all twelve elements of W - p.)
Thus . = t-v(p), where v is the unique element of W such that v(p) = ), rie;.

A more explicit description of v and the determination of y; (a) will be performed at the end of Section 4.

4. Affine Weyl groups as permutations of Z

In this section we will show how one can construct realizations of the classical affine Weyl groups as permutations
of Z from the knowledge of the orbit W, - A, for an appropriate choice of A and g. Our treatment takes into account

all the representations of classical affine Weyl groups known in literature. We obtain analogous results also for G.
We shall use the following obvious facts several times.

Fact 4.1. Let p € N and assume that:

(1) A ={ay,...,ap}is aset of representatives of Z/ pZ;

2 f:A—>Z, aj — a[tf is a map such that {a‘]f, R a‘,’:} is still a set of representatives of Z/ pZ.

Then f : Z — Z, a; + kp — al + kp for all k € Z, is a permutation of Z which extends f.

i

Fact 4.2. Let g € R and assume that A € bR is g-regular. Then w — w(2) is a bijection from Wq to the orbit Wq A
of A under Wq.

Types A,,_l, é,,, én, and ﬁn.
We shall use the following notation: for a, b € Z witha < b, c € Z withc > 0, A C Z we set

l[a,bl={z€Z|a <z <b}, [el=11,cl; +A=AU-A.

For any set N, we denote by S(V) the group of permutations of N.
We realize the classical root systems as in [5], except that we reverse the order of the canonical basis of R”. Thus
if {e; | i € [n]} is the canonical basis of R", the simple roots and the highest root are:

forA,_1:ai=ej41—e¢jfori=1,...,.n—1;0 =e¢, —ey;
forC, a1 =2e1, 0 =¢; —ej_1fori =2,...,n;0 = 2ey;

for B, : a1 =e1,a; =¢; —ej_1fori=2,...,n;0 =e,_1 +ey;

for D, :a1 =e;+er,a; =¢; —ej_1fori =2,....,n,0 =e,_| +e,.

If Aisof type A,—1, then Aisasubsetof V.= {> [ xie; | D ;_, x; =0}. We extend the faithful action of W on
V to R" by fixing pointwise V1. We also naturally extend the translation action of W, to R".



P. Cellini et al. / Journal of Pure and Applied Algebra 208 (2007) 1103—-1119 1113

Set
A= Z ie;.
ieln]
Observe that
nko+p intype A,_1,
P in type C,,

P+ wp in type By,
o+ 2w, intype D,.

Weset Q7 v =3 venr Z Gy a), thus
1
VA Vv
0, =-0
with ¢ = (8, 8)hY. The element X is %-regular where

_n in type A,—1,
P=12n41 in types By, Cn, and D,,.

In particular, by Fact 4.2, w — w(}) is a bijection from Wp to W - A. We notice that
Wo=poi, =W

where we identify pQ w1th the group of translations of R” by elements of pQv . We also observe that for types
A, and C, we have £ = %
We set

/= [n] in type A,—1,
[-n,n] intypes By, Cp, Dj.

Thus 1 is a set of representatives of Z/ pZ. For types B,, C,,, and D,,, we set
eg =0, e_; = —e¢;

foralli € [n]. Thus ¢; is defined for all i € I. It is well-known that the finite Weyl group W permutes {e; | i € I}.
Forallw e W;,?,andi e I, we set

Y = (W), e;). 4.1)

Then, by Fact 4.2, w, determines w. Since (-, -) is W-invariant and W permutes the ¢;, for w € W we have that
eivs =w ey

This makes clear that w +— w, is an injective homomorphism of the finite Weyl group W into S(7). In fact, this is the
usual permutation representation of W. For A,_1, {w, | w € W} is the whole symmetric group S,; for both C,, and
By, {ws | w € W} is the group of all permutations of [—n, n] such that (—i)"* = —i"*; for D, {w | w € W} is the
group of all permutations of [—n, n] such that (—i)"* = —i¥* and |{i € [n] | i** < 0}] is even.

We recall that for type A,_; the lattice Q 1s the subgroup of Zle[n] Ze; with zero coordinate sum. For type Cj,,
Q{ )y = Xicin) Lei, while for both B, and Dn, Q" is the subgroup of }

sum. In particular, since Wg = pQ ", X W, we obtain in any case that for all w € Wp andi €/

| Ze; of all elements with even coordinate

i"*e€Z and {iw*modp|ie]}:{imodplie[}.

Thus, since [ is a set of representatives of Z/pZ, the map w, satisfies conditions (1), (2) of Fact 4.1. It follows that
w, extends to a bijection of Z onto itself, which we still denote by w,, defined by

(i +kp)s =i +kp 4.2)
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foralli € I. We notice that in types Cy,, B,, and D,, since 0"+ = 0, we have that z"* = zforall z € pZ = 2n+ 1)Z
and w € Wp.

£

We shall verify that w — w, is an injective homomorphism of W into the group of all permutations of Z. It is
obvious that w is uniquely determined by /™, and hence by w (%), so injectivity follows immediately from Fact 4.2.

Assume W, u € W, W = tyw, u = tru, withw,u € Wand t, 7 € pQX’_). Then fori € I
i = (D), e) = (0, ) + (W), &) = (1, &) +i",
and since (1, ¢;) € pZ and e;ju« = w™!(¢;), we obtain
Q™)™ = (n, &)+ = (1, €) + (T, eua) + 1" = (n + w(@), )+,
On the other hand, Wit = ;)4 (r)wu, hence
i@ = (n 4 w(r), &) + iV,

and since i W+ = jW+ we obtain that § W)« = jWslx

Remark 4.3. Suppose that we are given a homomorphism w +— w’ from Wg to S(Z) such that (4.1) holds. Then, for

allw € Wg, w|/1 = wy. fw e Wg andu =t),n e pQE/ﬁ,then, fori eI,

i =+ wh), e) = (. ) + i
=i = (g4 A ) = (. &) + ).
From the explicit description of QX’_), it is clear that for all i € I and k € Z there exists n € QX,,> such that

(n, e;) = k. It follows that relation (4.2) holds with w’ in place of w,, and therefoAre w’ = wy. Thus the wy are the
only permutations of Z such that (4.1) holds and w — w, is a homomorphism of Wp into S(Z).

Combining the previous discussion with the results of Section 2 we obtain Lusztig’s description of the affine group
of type A,—1 [12, Section 3.6]. Recall that, in this case, p =n = k", and g = %
Theorem 4.1. If A is of type A, —1, the map w — w, is a permutation representation of W% in S(Z). Its image

{we |w e V’V%} is the group of all f € S(Z) such that

1) z4+n) =z +nforallz € Z;
Q) Yl =00

Proof. The first statement has already been proved. It is clear from definitions that (z + n)"* = z"* + n for all
w e W%. It is also clear that condition (2) holds for allv € W.If w € We,w=rtyv,ne nQXﬁ, v € W, then

n n n
it = e+ Y i
i=1 i=1 i=1

But it is obvious, by the explicit description of QX’», that Y 7, (n, e;) = 0, hence (2) holds for w.
It remains to prove that if f € S(Z) satisfies (1), (2), then there exists w € VT/l such that f = w,. Let f be such
2

that (1), (2) hold and seta; = i/, i = 1,...,n. Then q; # aj mod n if i # j (otherwise f is not a bijection). It
follows from Proposition 2.1 that

n

Z (ai - %Z%‘) ei = w(p)
=

i=1

for some w € W% Observe that % Yioiaj = %, hence Y !, aje; = "zil)Lo + w(p) = w(A). This implies that
(w(A), e;) = aj,hence f =w,. O
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Remark 4.4. The affine reflection s¢ is equal to #,v s¢. Since 0 = ¢, — €1 and % = n(e, — e1), we obtain that
2

jso* = ([n(en—el)SO()\)veﬂ

n—1 0 forj=1
=<n(en—e])+nel—I—Ziei+en,ej>= Jj for2<j<n-1,
i=2 n+1 forj=n.

Clearly, fori € [n — 1], s;« acts on [r] as the transposition (i, i + 1).

Remark 4.5. We may apply formula (2.1) with . = A. Since positive roots in A, are of the form o;; = e; —e;, i <
J, we deduce, using (3.3), the following relation

k(w, ;) = LW—QWJ _ {(w(k)z? —ei)J _ {jw* ;lw*J |
2

This is one statement of Theorem 4.1 from [14] (taking into account the different notational conventions). We also

have, by (2.2)
jw* — W
=]

01 (w) = >
a formula which appears, with different derivations, in [2,7,13,14].

1<i<j<n

Theorem 4.2. If A is of type C,, then w +— wy is an injective homomorphism of Wl into S(Z). Its image
—~ 2
{wy |w e W%} is the subgroup of all permutations f of Z such that

(1) (=) = =2/ forall z € Z;
2) +k@n+ 1)) =z/ +k@n+1) forall z,k € Z.

Proof. Recall that in this case p = 2n + 1 and . It follows directly from definitions that, for all w € Wp
w satisfies conditions (1), (2). It remains to prove that all permutations of Z which satisfy conditions (1), (2) lie i in
{we | w € Wg}

The anti-symmetry condition (1) implies in particular that 0/ = 0, hence any odd f € S(Z) satisfies (2) if and only
if it permutes the non zero cosets in Z/ pZ. This means that {0, +1/, ..., +nf } is a set of representative of Z/ pZ or,
equivalently, that

il £0, i’ £/ £0mod p, forl<i<j<n (4.3)
(notice that p being odd, i/ # 0 mod p if and only if 2i/ = 0 mod p).
Now we recall that P = QY and A = p, so that, by Lemma 2.2, A + Qv ﬂCp = {A}. Since Wp = pQ
it is clear that Wp acts on A + P By Proposition 2.1 we obtain that Wp - LS the setof all u € A + P such that
(n,a) & IZ Z or, equlvalently, (u, o) & pQ for each root . By the exphclt description of the root system, this
means that, if © = ) 7_, u;e;, then
2ui, wi £puj € pZ forl <i < j<n.

Comparing the above condmons with (4.3), we deduce that for each f € S(Z) such that (1), (2) hold, there exists
w e Wp such that Zl 1 i’e; = w(}), and therefore such that f=w,. O

Remark 4.6. In our setting, the affine reflection sg is equal to f2.+1,.59. Since 6 = 2e, and %HV =1g = e,, We
obtain that
S0x N N )J forl <j <n,
J —([(2n+1)en50()\)vej)—<en +)\»e/>—{n+1 for 1 §j<l1.

Clearly, for i € [n — 1], s;x acts on [n] as the transposition (i, i — 1), while s, acts on [—n, n] as the transposition

(—n,n).
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Remark 4.7. The representation of the Weyl group of type C, as a subgroup of S(Z) obtained in Theorem 4.2
coincides with the one presented by Bedard [4]. A different representation appears in literature (see [14,13]). We
can also get this representation in our framework. Indeed, we note that, with the notation of Lemma 2.2, there are
two possible values of g verifying Eq. (2.3): 2n + 1 and 2n + 2. Hence we can define an injective homomorphism
W > Wyy Of Ww into S(Z) setting

i = (w(r),e;)  fori€[-n,n], £+ D" =xm+1),

(G +k@n+2)" =i +kQ2n +2).
Then s;.+« and s;, have the same action on [—n, n], fori € [r]. The action of s¢., is defined by j*+ = jforl < j < n,
n®* = n 4 2, and by the condition of compatibility with translation by 2n + 2.

Theorem 4.3. If A is of type B, then w + w, is an injective homomorphism of VT/g into S(Z). Its image
{we |w e WE} is the subgroup of all permutations f of 7 such that

) (-2 = —foo‘rallz.e 7;

() @+k@n+ 1) =z/ +kQ@n+ 1) forall z,k € Z;

3) Y, il = (";1) mod 2.

Proof. It remains to prove that w, satisfies (3) for all w € V/Vg and that each f € S(Z) such that (1), (2), (3) hold is

equal to some wy, w € Wg.
If w € W, then {1%+, ..., n¥*} differs from [n] at most in the sign of elements, hence it is clear that

<n+1) iz —Zzw* mod 2.

Since QV is the the set of all elements in ) ;_, Ze; with even coordinate sum and W % = pQ<V_’_) x W, it is clear
that w, satlsﬁes B)forallw € Wp

The above argument also shows that A + Q 1s Wp -stable. Moreover, it is easily seen that A + Qv N Cp = {1}
Thus we may apply Proposition 2.1, with L = QX 4> 80 as to obtain that Wp -Aisthesetofall u e A + QV such
that (u, @) & pZ, for each root . From the explicit description of Qv and of the root system, we obtain that if
W=7 pmiei €Y i ZLe, then u € Wg A if and only if

1 1
Zuiz<”;‘ )modZ, and p;, uitp; €pZ forl <i<j<n.
i=1

Now it is clear that the same argument used in the proof of Theorem 4.2 shows that if f € S(Z) satisfies condition
(1), then condition (2) is equivalent to (4.3). We easily conclude that each f € S(Z) such that (1), (2), (3) hold is
equal to w, for some w € Wp. O

Remark 4.8. Condition (3) in Theorem 4.3 can be replaced by the following one:

() iy (i = 7) e 20n+ D
or, equivalently,
G |{i <n|if > n} iseven.
In fact, if we seti/ = k;(2n +1) +i/, then we have 31, i/ = ("JZFI) hence Y /_,i/ = ("erl) if and only
if 7, k; is even, which is equivalent to condition (3'). Moreover, {j < n | j/ > n} = Y1 k| = Y ki,
and since k; (2n + 1) = i/ — i/, we obtain that (3”) is equivalent to (3') and hence to (3).
We finally deal with type D,,. In this case, we identify Wp with a subgroup of its B, -analog. Namely, if Wp, is the
finite Weyl group for type B,, we may identify the finite Weyl group of D,, with the subgroup of Wp,

W' ={w € Wg, | i"* < 0 for an even number of i € [n]}
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and we set
Wo =pQy., = W.

For j € Z we denote by j its residue modulo p. It is clear that if w € Wo,w= v, with n € szfﬁ andv € W/,

then i% = %« forall i € [n], and n= 27: G Wy _ i**)e;, hence from Theorem 4.3 we directly obtain the following
result.

Theorem 4.4. If A is of type D, then w +— w, is an injective homomorphism of W into S(Z). Its image
{wy |w e Wg} is the subgroup of all permutations f of Z such that

(1) (=2)f = —z/ forallz € Z;
(2) z+k@n+ 1) =z/ +k@n+1) forall z,k € Z;

@) Y if = (";1) mod 2, and |{i € [n] | i/ < O}| is even.

Remark 4.9. For both types B, and D, we find that so = #(2,+1)5¢ and hence
n—2
soA) =Cn+1DO+1— (1,000 =1+20 = Ziei + M+ Dey—1 + (n+2)ey,.
i=1
It follows that
i =i forieln-—2], (n— 1% =n+1, n’% =pn+2.

Sincen+1=-n+Qn+1),andn+2 = —m—1)+ (2n+ 1), we have that (n 4+ 1)« = n — 1, and (n + 2)%+ = n.
Thus so, acts on {—n + 2, ..., n + 2} as the product of transpositions (n — 1, n 4+ 1)(n, n 4+ 2). For i € [n], the action
of sj, on [—n, n] is the usual one, hence, for 2 < i < n, s;, is the product of transpositions (i — 1,i)(—({ — 1), —i);
14 is the transposition (1, —1) for B,, while is the product of transpositions (1, —2)(2, —1) for D,,.

Type G».

In this case we shall define an injective homorphism of W (:Wl) into S(Z). We omit everywhere the subscript
1, so T is the subgroup of translations of W and C is the fundamental alcove. The rest of the notation is the same
as Section 3.5. The map w +— w,, W — S(Z), we are going to define is determined by w(p). Injectivity will be an
immediate consequence of the fact that p € C. R

Wesete_; = —e; fori € [3],e; = —1 fori = %1, £2, 3 = ¢_3 = 1. Then we define, forallw € W,

0% =0,  i" =g (w(p),e) forie +[3].

If v e W, and i € £[3], then there exist unique j € [3] and v; € V4 such that v(e;) = ej + v;. Then for w = vl
we have (w(p), e;) = (p, v(e;)) = ¢ j, hence

w_l(ei) = EjEjwx Cjwx =+ Vi,

with v; € VL. It follows directly that for all w, w’ € W, (ww'), = wyw), hence w +— w* is an injective
homomorphism of W into the set of all permutations of [—3, 3].

It is easily seen that the image W, of W under this homomorphism is the set (group) of all permutations f of
[—3, 3] such that (—i)/ = —i/ and Zie[3] g;if = 0. Notice that this last condition is equivalent to {—lf, —2f, 3f}
being equal to either {—1, —2,3} or {1, 2, —3}. By restricting maps to £[3] we obtain that the map w +— wy
defines an isomorphism between W and the group of functions f : £[3] — =[3] such that (—i)f = —i/ and
(=1/, =27 37y = +{1,2, -3).

We recall that

3
QV=81Y xie, € Q|xi=xy=x3mod3¢,
i=1

in particular, foreacht € T andi € £[3],i* =i mod 8. Forall w € W, we define 4%+ = 4. Then it is clear that w,
maps the set of representatives [—3, 4] of Z/8Z into some set of representatives of Z/8Z, hence Fact 4.1 applies and
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wy can be extended to a bijection w, of Z onto itself by setting (i + 8k)"* = i"* + 8k for all k € Z. Notice that w,
fixes pointwise 47Z. =N

We next verify that w — w, is an injective homomorphism of the whole W into the group of all permutations of
Z. It is obvious that w, is determined by [—3, 3]"*, hence by w(p), so, as remarked above, injectivity is immediate.
Assume B € W, 0 = tyw with w € W and n € Q.Then for i € £([3]

i = (W(p), &) = ei(n. &) + e {w(p). &) = & (, er) +i".

~
o~

Letalsow € W, = t,u withu € W and t € Q.Then

(7 = g (n, e;) + "™ = i (n, e;) + & (T, ejus ) + iV
= ei(n, &) +ei(r, w e) + i = g (n 4+ w(r), €) + iV

On the other hand we have Wi = ;)4 (r)wu, hence
j @D _ gi(n+w(1), ¢) +i(WL¢)*

and since s = = i"+"*, we finally obtain that i@+ — ;D8 Thus we have that W is isomorphic to the subgroup
W* {we |w e W} of permutations of Z.

For a € Z let a be the representative of @ mod 8 in [—3, 4]. Then using the explicit description of Q" given above,
we obtain the following permutation representation of w.

Theorem 4.5. If A is of type G, then W is isomorphic to the group of all permutations f of 7 such that

(D) (=2)f = =z forallz € Z;
(2) (z+ 8k)/ =2/ + 8k and (4k)! = 4k forall z. k € Z;

(3) =1/ =2/ +3/ =0, (=11, -2/,3/} = {—1,-2,3} or {—1/,
—@f -2 = (3f—3f)mod3

—2f,3f} = (1,2, -3}, and —(1/ — 1f) =

Proof. The statement follows directly from the above discussion.  [J

Remark 4.10. From the explicit description of «q, it is clear that s1, acts on [—3,4] as (1,2)(—1, —2). For s, we
have s7(p) = p — g = e1 — 3ex + 2e3, hence 53, acts on [—3, 4] as (1, —1)(2, 3)(-2, =3).

For w € W, let |w,| be the permutation of [3] defined by i+ = |i®«|, for i = 1,2, 3. Then from the explicit
description of s, and s2 it is clear that, for w € W, the parity of £(w,), and hence of £(w), is exactly the sign of
|wy|. This observation, combined with Lemma 3.3 and the discussion developed in Section 3.5, solves the problem of
determining explicitly x,(a), A € Py. With this identification (=)™ is the sign of the permutation |v,| hence, if
A € Py and we write A+ p = u = T+ ), rie; as described in Section 3.5, then x; (a) is the sign of the permutation
i—|rl,i=1,2,3.

Finally, we have so(p) = 0V + s9(p) = 80 + p — 30 = p + 50 = —6e; — Tep + 13e3, hence sp, is the unique
permutation f of Z which has properties (1) and (2) of Theorem 4.5 and such that 1/ = 6,2/ = 7,3/ =13.
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