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INTRODUCTION 

The general theory of contact transformations which arose in the study of 
geometry and mechanics was developed principally by Sophus Lie. Lie’s 
theory and various applications can be found in the fundamental works of Lie [l] 
and of Lie and Engel [2]. Lie’s theory treats the case of one function of several 
variables in the context of continuous groups of first-order contact transforma- 
tions and its main result is an infinitesimal characterization of these contact 
transformations. The direct generalizations of his formulation either to the 
treatment of more than one function or to the search for higher finite-order 
contact transformations yield in the former case only Lie point transformations, 
and in the latter case no new results beyond those of the theory of first-order 
contact transformations. The reasons for this situation are discussed in Section 1 
of this work and these restrictions are shown to be fundamentally a consequence 
of the consideration of finite-order contact transformations. 

One of the main results of the work presented here is that there exists for an 
arbitrary number of functions a generalization of Lie’s formulation based on the 
notion of infinite-order contact transformations. Another one is that this 
generalization realizes and extends BPcklund’s original program [3] by- studying 
his “surface transformations” in the language of point transformations of a 
necessarily infinite-dimensional space. Here we confine our attention to continu- 
ous groups of infinite-order contact transformations and in this way are able 
to give an infinitesimal characterization of these groups. We call them groups of 
Lie-Bgcklund tangent transformations. These results arc discussed in Section 2. 

* This work was initiated while this author was a visiting professor at the Institute of 
Hydrodynamics, U.S.S.R., during April 1975, under the joint sponsorship of NAS and 
AH CCCP (AN SSSR). Travel funds were awarded by the Bing Fund Committee. 
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As an important application of Lie-Backlund tangent transformations, \t-e 
obtain in Section 3 a group theoretical basis for the generalizations [4, 51 of 
the group theoretical analysis of differential equations [6]. 

The consideration of the group theoretic analysis of differential equations 
by means of Lie-Backlund tangent transformations leads us to the idea of 
considering the invariance of the tangent structure equations in conjunction with 
a given system of differential equations. This is also discussed in Section 3. 

In order to bring out the algorithmic content of the notions presented here, 
we establish the possibility of operationally working with these notions in the 
language of infinitesimal operators. In particular, we systematically employ the 
calculation techniques developed by Ovsjannikov in his group theoretic analysis 
of differential equations [6]. Further, without loss of generality we treat only the 
case of one-parameter groups. 

1. THE CONTACT TRANSFORMATIONS OF SOPHUS LIE 

Consider the group G of point transformations 

x’i =fi(x, 24, 24; a), i=l /1; I...> , 
1 

G: U'" = @(X, u, u; a), a=1 ,..., M, 
1 

(1.1) 

u;"! = &"(x, u, y; a), i = l,..., N; LX = l,..., M, 

in the space of independent variables (x, u, y) where a is the group parameter, 

x = (xl ,...> x”) E UP, u = (~2 ,..., u”) E IWM and y  = (u,l, gal ,..., zQ) E RN.” 

together with another group G of point transformations in the space of inde- 
pendent variables (x, u, y  , dx, du, do). The group G is obtained by the extension 

of the action of the group G to the differentials by means of the formulas 

(1.2) 

Lie treated the case M == 1 and called the group G a group of contact trans- 
formations if the equation 

du - ui dxi = 0 (1.3) 

is invariant with respect to the extended group G. Hereafter, we refer only to 
this particular group of transformations as the group of contact transformations 

of S. Lie. 
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A natural direction in which to attempt to generalize the notion of the contact 
transformations of S. Lie is to consider the case of arbitrary M. Indeed, we say 
that G is a group of contact transformations if the equations 

dua - ujb- dxi = 0, a = l,..., M, (1.4) 

are invariant with respect to the group G. One example of such a group of 
contact transformations is the group 9’ of Lie point transformations in the (x, U) 
space 

9. x’i = gyx, u; a), i = l,..., N, 
da = hi(x, u; a), a = l,..., M, (1.5) 

extended in the usual way [I, 6, 71 t o “derivatives” “4 . The following theorem 

states that such an extended group of point transformations is the only possible 
type of contact transformation for M > 1. The proof of this important result 
due to Ovsjannikov [8], not reproduced here because of space considerations, 
involves an infinitesimal technique which is employed throughout this paper. 

THEOREM 1. If  M > 1, then every group G of contact transformations (1 .l) is 
the extension to the derivatives y  of a group .9 of point transformations (1.5). 

For M = 1, this proof also yields Lie’s infinitesimal characterization of his 
contact transformations, which can be expressed as the following proposition 

[2, 71. 

THEOREM 2. If M = 1, the transformations (1 .I) form a group G of contact 
transformations, if there exists a function W(x, u, “1) such that 

p-g, 
aw 

)l=W-“i,ui, ia=gtug, (1.6) 2 
where 

Summarizing the results thus far: Nontrivial (i.e., more general than exten- 
sions of point transformations 9) contact transformations exist only for the 
case of one function u (M = 1). 

Another suggested direction of generalization of Lie’s definition is to introduce 
higher-order contact transformations. Therefore let us consider the group G, 
of the point transformations 

G,: 

x’i = fi(x, u, y  ,..., ;; a), i = l,..., N, 

da = @(x, u, u u; a), 1'"" 7z 
a = l,..., M, 

ul” = Qbi”(X, u, y  )...) 2; a), all i, OL, (1.7) 

ZL;;...i ” = $&.i,(X, % y..., ;; a), all il ,..., i, , cr, 
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in the space of variables (x, u, ‘4 ,..., z$, where for every s =x I ,..., II; 

u = (245 . ..j 

here to*be 

s I a = I ). .) lw; 2.1 , . . . . is = I,...) N) (The quantities uT1..+, are taken 

symmetric in their lower indices. In all of our considerations and 
without loss of generality we consider all functions to depend only on the 
independent quantities.) In this case, we say that G, is a group of contact 
transformations of nth-order if 

&p - u.a Qy = 0 1 * 01 = I,..., M, 

(1.8) 
cl 

du;l...i, - z$...j,j dx’ = 0, a = l,..., M; s = l,..., n - 1, 

are invariant with respect to the group G, obtained by the extension of the 
group G to the differentials dxi, due,..,, dutl...i,. The proof of Theorem 1 is 
not directly applicable to this case because the duia are no longer independent 
variables. It is known that there do not exist nontrivial groups of higher- 
order contact transformations [3, 9, IO]. This result is fundamental to under- 
standing the need for the definition of tangent transformations introduced in 
Section 2. Because of this and the fact that a proof of it in the language of 
infinitesimal operators is integral to the new proofs and results presented in this 
paper, we present such a proof here. Further, this extends the previous calcula- 
tions of one of the authors [IO] to the general case. 

For the proof of this statement it is convenient to characterize the group G, 
of contact transformations (1.7) in the language of the infinitesimal operator X 
of this group. The operator X is given in general by 

x = Ci$ + TUG + <ia& + *.. + y...,,-,x’- I (1.9) 
z il...j n 

where 

s = l,..., n. As in the preceding the infinitesimal operator of the group G, is 
given by 

(1.11) 

(the operator of differentiation with respect to durl...i is not needed for the 
following considerations and is omitted). From (1.7) and” (1.10) it follows that 
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[;l.., _ f?i$ dxj f $!$ &3 + !!k$ duj6 + . . . + .!!&t dujs,...j, , 
3 31’“3n 

(1.12) 

where s = l,..., n. 
Now the criteria for the invariance of equations (1.8) are given by 

Y?(dua - uioL dxi)l(l.s) = 0, 
(1.13) 

x(du: *... i, - u:,...~,~ dxj)\(,.,, = 0, s = I,..., n - 1, 

or from (1.11) 

(ij” - &” dxi - u&)\(~.~) = 0, 
(1.14) 

(cTl...i, - (~l...i,j dx’ - u~l...isj~)l(l.s) = 0, s = l,..., 71 - 1. 

It is now convenient to express our formulas in terms of the operators 

where s is a positive integer and i = l,..., N. These operators naturally arise in 
group theoretic calculations. 

Now by virtue of (1.8) it is possible to express the differentials dua,..., duTl...in-l 
in terms of the independent quantities uia,..., uyl..+, , dxi. These expressions 
plus (1.12) when substituted into (1.14) yield after rearrangement, use of the 
operator qi , and independence of dxi and duy ...i, , the equivalent system of 1 
equations 

Di(T”) - Uj”nci((i) - [ia = 0, 
n-1 

D&...i,) - U&..i*j Di(r) - 5Fl...i,i = 0, s = l,..., n 
n-1 n-1 

and 

.-!TT- - &a ____ = ap 
aU&..in aq. . i, 0, 

at:,...io _ - u;l...i j  
aql..., 

a9 o 
"zqq= ' s = l,..., n - 

(1.16) 
1, 

(1.17) 

1. 



150 IBRAGIMOV AND ANDERSON 

Before attempting to solve these equations, we first rewrite (1.17) in terms of the 
new functions 

JJ7” = ?1’* - ,pq) 
(1.18) 

Wrl...is = {ig...i, - fjUFl...i,j ) s = I,...) II - 1, 

and obtain the equivalent system 

i3W,4...<, 
~ z 0, 
aql,..jR 

s = l,..., n - 2, 

Let us now consider the case M > 1; then (I .20) implies 

(1.19) 

(1.20) 

(1.21) 

for all values of the indices 01, z’r ,..., in-r , j, ,..., jn , and 

aW;l...i,-l 
p=--- 

au~l...i,-lj 
(no summation on any of the indices). (1.22) 

From (1.22) we have immediately that [i does not depend on f  and the general 

solution of (1.22) is 

W&i,_, = U~l...i,-l(X, 24, U,***, U ) - (‘(X, U, Up-.., U ) U~l...i,_lj , 
1 n-1 1 n-1 

with arbitrary functions UiI...i --1 , pi = l,..., M. Further, from definitions 
(1.18) and Eq. (1.19), we obtain &at the coordinates p, qa, ciU ,... , <f3...in-, of the 
operator (1.9) do not depend on E . Lie’s theory of continuous groups gives us 

immediately that the transformation laws of the quantities X, ~1, y  ,..., u in n-1 
(1.7) do not depend upon f. 

By induction and Theorem 1, we obtain that for M > 1, p = P(x, u), 
7” = T~(x, u), and the coordinates c,q..., (S = I,..., n) are given by (1.16). This 
means that G given by (1.7) is the nth-&der extension of the group .Y of point 
transformations in the space of (x, U) only. 
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Now we consider the case M = 1. If N > 1, we obtain from (1.20) 

From this as in the preceding case, we have that the p’s do not depend on t 

and the general solution of the above equation is 

wi,...i,-l = uil...i,-l(x, u, u,..e, u ) - 5’(X, U, Up.--, U ) Ui,...inelj , 
1 n-1 1 n-1 

and again by induction, we prove that p =: e(x, u, $, v = 71(x, u, y), 

ti = si(x, u, y), and the other coordinates [i,...i. (s = 2,..., n) are given by 

extension formulas. This means that the group G, is the nth-order extension 
of the contact transformations (first order) of S. Lie. 

The same conclusion is valid for IM =z N = 1 and can be proved in the 
following way. In this case Eqs. (1.18)-(1.20) yield 

where 

and 

Wl = 51 - ty, 

a w/au = 0 ,..., a w,-,/at4 = 0, n n 

5 = -awn-,/a; 

Using the last equation in (1.23) together with (1.16) we obtain 

D W’n-4 = ,rr,(,5_) - ,yl ,D_$O - $ n-l 

or using the definition of Dr , 

(1.23) 

(1.24) 

(1.25) 

aw,-, awn-, w,-, =* + ... +nu_,au +zr* 
n-2 n-1 
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The latter equation together with (1.23) and (1.25) implies that 

Equations (1.24) shows us that the coordinates f, T,..., n& depend only on 

x, u, u ) . . . , u . Hence these considerations show that there do not exist any 

finitetorde:-iontact transformations beyond those considered by Lie. This 
statement can be formulated in the following way. 

THEOREM 3. Every group of nth-order contact transformations is either: 

(i) an extended group of point transformations 9 in the case of more than 
one function, or 

(ii) an extended group of contact transformations of S. Lie in the case of one 
function. 

2. GROUPS OF LIE-BACKLUND TANGENT TRANSFORMATIONS 

Backlund [3] considered one function ZJ of several variables x, and introduced 
transformations of x and u depending not only on these variables, but also upon 
a set of finite derivatives y  ,..., U. He treated these transformations as surface n 
transformations in the (x, u)-space under the assumption that they are infinite- 
order contact transformations of these surfaces. He showed that this implies 
that the transformation laws for successively higher derivatives must involve 
even higher derivatives. 

The essence of our generalization is to wed Backlund’s idea of infinite-order 
contact transformations with Lie’s theory of continuous groups of transforma- 
tions. In this way, we can consider the general case of an arbitrary number of 
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“derivatives.” We show here that by treating these transformations as point 
transformations in the infinite-dimensional (x, u, 1” ,..., f  ,...)-space we can 

construct a generalization of Lie’s theory of contact transformations. In fact, 
we show that this is the unique possibility within the context of Lie’s original 
considerations. In order to distinguish this possibility from that of Lie, we shall 
call these infinite-order contact transformations, Lie-Backlund tangent trans- 
formations. 

Let x = (x’ ,..., x”) E RN, u = (u’ ,..., u”) E KP’, and for every s = 1, 2, 3 ,..., u 

is the set of quantities u:~...~, (CX = l,..., M; ii ,..., i, = l,..., N) symmetric in 
their lower indices. Let us consider a one-parameter group G of point trans- 
formations 

X’i = fi(x, 24, 24, u ,...; a), 
1 2 

da = @(x, 24, y, f  ,...; a), 

G: 

u;” = y$“(x, u, u, 7.4 ,...; a), 
1 2 

(2.1) 

in the infinite-dimensional (x, u, ZJ, f  ,... )-space. The number of arguments of 

each of thefi and @ is a priori arbitrary. Together with the group G, we consider 
its extension G to the differentials dxi, du*, duia,... by means of the formulas 

(2.2) 

DEFINITION. A group G is called a group of Lie-Biicklund tangent trans- 
formations if the infinite system of equations 

du” - uju dxj = 0, 

duia - uTj dxj = 0, 
(2.3) 

duTlis - uTlc,j dxj = 0, 

is invariant with respect to the group G. 
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Now we state the infinitesimal invariance criteria of (2.3) in a compact form 
employing the infinite version of the differential operators (1.15): 

(We emphasize that this operator acts on functions of the infinite set of inde- 
pendent variables xi, ZP, uiE, upj ,....) Let 

be the infinitesimal operator of the group G, where 

(2.6) 

In this case as in the finite-dimensional case, the infinitesimal operator (2.5) 
fully characterizes the group of transformations (2.1) if we ensure the existence 
and uniqueness of the solution of the Lie equation: 

dF 
_ = E(F), da F In=” = z, 

where 
27 = (xi, ZP, Ui4) . ..). 

F = (fi, 4”, #ia, ..*I, 
8 = (‘p, y, &a, . ..). 

This is possible, for example, if we consider the transformations (2.1) in a 
Banach space B of points z such that the map E is a smooth map of the space B 
into itself. Another possibility is to consider the transformations (2.1) in the 
analytical scale and to take the map S to be a quasi-differential one [l 11. When 
the conditions of existence and uniqueness of the solution of the Lie equation are 
satisfied, the group property of transformations (2.1), 

W(z, 4, 6) = F(z, a + 61, 

follows immediately from the uniqueness of the solution. The proof is the same 
as in the finite-dimensional case (e.g., [6, 1 I]). 

The infinitesimal operator x of the group G will have the form 

(2.7) 
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where 

a(du”) ) 
0=0 

7j;a=aa , 
[.a = Wul”) .,_ 

z 
a=0 aa , , 

*=ll 

and from Eqs. (2.2) and (2.6), we have 

The infinitesimal conditions for the invariance of system (2.3) are given by 

(2.9) 
x(du;l...iS - u;~..+~~ dxi)/C2.3J = 0, s = 1, 2,.... 

Immediately, we obtain from (2.7) and (2.8) the infinite analog of (1.14), but in 
contrast to the case of finite-order transformations, we obtain only the infinite 
analog of Eqs. (1.16) as the equivalent form of Eqs. (2.9) because the only 
independent differentials now are dxi (; = I,..., N). As a result we obtain the 
following theorem for the infinitesimal characterization of groups of Lie- 
BPcklund tangent transformations. 

THEOREM 4. The group G of transformations (2.1) is a group of Lie-Blicklund 
tangent transformations if and only if coordinates of the infbzitesimal operator (2.5) 
satisfy the equations 

(2.10) 

Remark. If  in the transformations (2.1), the transformed quantities x’, and u’ 
depend only upon x, u, and the group parameter a, then Theorem 4 shows us 
that the group G of Lie-Bkklund transformations must be the infinite exten- 
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sion of a group 9 of point transformations (1.5). In this case Eqs. (2.10) become 
the well-known extension formulas. 

Generalizing the considerations of BBcklund [3], we now consider whether it is 

possible in this formulation of tangent transformations to find a finite-dimen- 
sional space of the variables X, u, ui ,..., U, which transforms into itself under the 
transformations (2.1). Therefore wc assume that transformations (2. I) take the 
form 

x’i .l’ys, 24, y  )...) t; u), 

u la = p(x, u, u )...) u; u). 
1 71 

(2.11) 

In this case the coefficients ti, T”, ci,.. +, (s =m: 1 ,..., E) depend only on X, u, 

‘4 ‘...’ u * 
Firs:, consideration of the case n = 1 reduces to the mathematical scope and 

hence results of Ovsjannikov’s proof [8]. A s a result we find that G is the exten- 
sion of the group of contact transformations of S. Lie in the case of one function 
and G is the extension of the group B of point transformations (1.5) in the case 
of more than one function. 

Now we turn to the case n > 1. In this case we consider the first n equations 
of (2.10). 

p = D&q - qD#), 

Gl...is+l = Di,+,(5;l...i,) - f41...ipi,T+,(P> (s = I,..., n - 1). 

The right-hand sides of these equations can be rewritten by using the definition 
(1.15) of the operator D,-, as 

Di(?“) - uj*D,(p) 
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where the terms involving D,_, are independent of the coordinates of u . 
n+1 

Now because the left-hand sides c.F1.. .i, (s = I,..., n) of the same equations depend 
only on x, u, y  ,..., E , we immediately obtain Eqs. (1.16) and (1.17). Therefore, 

using the same argument as in Section 1, we obtain that in this case the coordi- 
nates of the operator (2.5) depend only on x, u. 

So besides groups 9’ of point transformations and the groups of contact 
transformations of S. Lie there exist no groups of Lie-Backlund tangent trans- 
formations which act invariantly on a finite-dimensional (x, U, y  ,..., u)-space 11 
for any n > 1. Hence the theory of groups of Lie-Backlund tangent transforma- 
tions is essentially a transformation theory of an infinite-dimensional space. 

3. APPLICATION TO DIFFERENTIAL EQUATIONS 

In generalizations of the method of group theoretic analysis of differential 
equations, two different points of departure were taken from the Lie-Ovsjannikov 
theory. One was to generalize directly the infinitesimal operator [4, 51, and the 
other was to generalize the transformation law [5, 121. In both cases the existent 
group structure was violated. One of the results of this work is the unification 
of these methods within a consistent group theoretic structure. 

In particular, in the second generalization, the transformation laws 

x’i =fi(x, u(x), 2$x) ,...; a), 

2+(x') = p(x, u(x), y(x) ,...; a), (3.1) 

were interpreted as surface transformations (x, U(X)) + (x’, I’) depending 
on the derivatives y(x), f(x),.... Such an interpretation does not of itself yield 

a group theoretic interpretation of this transformation law. Now, we consider 
(3.1) as the first two transformation formulas of the point transformations (2.1) 
and the definition of the transformation laws for the higher derivatives in the 
previous work [12] as conditions (2.10) for Lie-Backlund tangent transforma- 
tions. 

In order to understand the group nature of the first generalization we consider 
the transformation properties of manifolds in (x, u)-space under the group G 
of point transformations (2.1). Suppose that 

24” - p(x) = 0 

transforms under G into the manifold 

u’a - (b’qx’) = 0. 
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Using the transformation law (2.1), the last equation can be written in infinite- 
simal language in the form 

24” - 4’“(x) + [?7”(X, u, u l )...) - (y-r, u, ; )...) (a+‘qx)/axy] a + o(u) =~ 0. 

This formula is valid for every point (x, u) of the original manifold so we can 
replace ZP and y  ,... in this expression by p(x) and its derivatives. This shows 

that 4’“(x) = P(X) + o(u). Using this fact and because the function p(x) is an 
arbitrary one, we obtain 

u’“(x) - u”(x) = [?p(x, u, y(x) )...) - c$yx, 24, 24(x) ,...) (auyx)px”)] a + o(u). 

We can write this formula in the form 

where 

and 

u’(x) - u(x) = u&[u(x)] + o(u), (3.2) 

s = (Ql,..., Q”,, 

&*[u(x)] = 7)qx, u(x), puqaxq (WY),...) 

- ,p(x, u(x), (auyx)/ax~),...) (auqxyaxq. 
(3.3) 

If  in particular the functions p and 7” are given by the forms 

and 

then & is an infinite-order differential operator of the form 

which appears in the examples illustrating a generalization of the infinitesimal 
operator [4, 51. 

The existence of groups of Lie-Backlund tangent transformations provides 
us with the possibility of generalizing some of the results of group analysis of 
differential equations [13, 14, 151. For example, we can pose the problem of the 
classification of differential equations by means of these groups. Computa- 
tionally, the technique is closely patterned after that employed in the Lie- 
Ovsjannikov theory and uses the infinitesimal operator (2.5) together with the 
analog of Eqs. (2.10). In this case we can consider an arbitrary order differential 
equation without the need for considering extensions. 
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The notion of invariant or partially invariant solutions can be directly carried 
over from the classical theory to this case. But we immediately encounter 
technical difficulties which are connected with the theory of invariants in an 
infinite-dimensional space. In particular, the characterization of a functional 
basis for the invariants in such a theory is a principal difficulty and as a result 
we cannot simply translate the description of invariant manifolds in terms of 
invariants from the finite-dimensional case [q. 

It would be interesting to study the possibility of generalizing the theory of 
Tresse [16], which establishes the existence of a finite basis for differential 
invariants for any group 9 of point transformations. Note that for groups of 
LieBacklund tangent transformations we have no intrinsic distinction between 
invariants and differential invariants. All the problems arising in these considera- 
tions need further development and it seems to be convenient in their investiga- 
tion to use the results and ideas arising in the theory of infinite Lie groups [ 11, 
17-191. 

Finally, the consideration of the group theoretic analysis of differential equa- 
tions by means of groups of Lie-Backlund tangent transformations leads us to 
the idea of considering the invariance of the tangent structure Eqs. (2.3) in 
conjunction with a given system of differential equations 

qx, 24, 24 ,..., u) = 0 
192 

under the group of transformations (2.1). For this we take the manifold in 
the (x, u, y ,...)-space g iven by equations Q = 0 and all their differential 

consequences: 

sz =o, D,S2 = 0, Dil(D,2sZ) = 0, ..a, (3.4) 

and consider the simultaneous invariance of the systems (2.3) and (3.4) with 
respect to the extension C? of the group of transformations (2.1). Taking into 
account the fact that Eqs. (3.4) do not involve the differentials dx, du,..., the 
infinitesimal criteria for this invariance is 

and 

xs-2 l(3.4) = 0, XD,Q l(3.4) = 0, *.., (3.6) 

where X is given by (2.5). 
We point out that instead of Eqs. (2.10) we obtain in this case the weaker 

conditions (3.5) for the coordinates of the operator X (2.5). As a result we obtain 
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transformations (2.1) which are infinite-order contact transformations onI> 
for the solutions of the differential equations under consideration. 

EXAMPLE. Consider the invariance of the time-independent Schrodinger 
equation for the bound states of the hydrogen atom. 

where in appropriate units 

U(x) = l/[(S)” + (X”)” + (X3)2]1’2, 

v  * v  = (a/axl)* + (a/ax”)” + (a/ax-y*, 

--K = energy = constant < 0, 

and 

tw E -%(~3). 

In this case we have for (3.4) 

Q = -1 (%I -t u33 + u33) + (-l, - K u=o, j 

D&' = +-(uill + ui22 + ui33) + [+ - Kj ui - $u = 0, i = 1,2, 3, 

DjD,Q = ;(ujill + ujiz2 + uji33) - + + (+ - K) uij - F 

+ 3xjxiz4 
x%4 -- 2 = 

r5 y3 0, 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

where 
r = [(xl)” + (x2)” + (x2)3]1/2 

and 

u = 241 = #, 

ui = Uil, etc. 

Now the invariance conditions (3.6) are satisfied by the known O(4) invariance 
algebra of Fock [20], but here are represented as Lie-Backlund tangent trans- 
formations. In particular, one can verify by direct substitution that the following 
six infinitesimal operators satisfy (3.6): 

tz, = Q$, qi) = 0, i, j, k = 1, 2, 3, 
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and 

gj, = (2K)-l’a 6j, ) 

T(j) = (2K)-1’2 (-EjjJ&jlmX~Um~ + (xiuh)}, i, j, k = 1, 2, 3, 

where $, is the Kronecker delta symbol, E is a permutation symbol such that 

cijL = 0 unless i, j, K are all different, 

l jjk = +1 for even permutations of 1, 2, 3, 
= -1 for odd permutations of 1,2, 3, 

and the associated & , ciIi, ,... are defined by (2.10). The first set of three opera- 
tors corresponds to the set of components of the quantum mechanical angular 
momentum operator while the second set of three corresponds to the set of 
components of the quantum mechanical analog of the Runge-Lenz vector. 
The connection between the usual form of these operators used in quantum 
mechanics and the above form can be established by employing Eqs. (3.3) and 
its associated linear form. 

The first set is completely accounted for in the theory of the contact trans- 
formations of S. Lie while the second is not. Further, this situation is not 
altered by the procedure of passing to any finite set of first-order partial dif- 
ferential equations equivalent to (3.4) and then reexpressing the infinitesimal 
operators of the second set in terms of the new u”‘s and usa’s. 
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