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Abstract

For a second-order linear differential equation with two irregular singular points of rank three, multiple Laplace-type
contour integral solutions are considered. An explicit formula in terms of the Stokes multipliers is derived for the charac-
teristic exponent of the multiplicative solutions. The Stokes multipliers are represented by converging series with terms for
which limit formulas as well as more detailed asymptotic expansions are available. Here certain new, recursively known
coefficients enter, which are closely related to but different from the coefficients of the formal solutions at one of the
irregular singular points of the differential equation. The coefficients of the formal solutions then appear as finite sums
over subsets of the new coefficients. As a by-product, the leading exponential terms of the asymptotic behaviour of the
late coefficients of the formal solutions are given, and this is a concrete example of the structural results obtained by
Immink in a more general setting. The formulas displayed in this paper are not of merely theoretical interest, but they
also are complete in the sense that they could be (and have been) implemented for computing accurate numerical values
of the characteristic exponent, although the computational load is not small and increases with the rank of the singular
point under consideration.(¢) 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let us consider the differential equation

6 6
2fvzf = | Duz "+ L+ BuZ"| f(2)=0 (1.1)
m=1

m=1
with the 13 parameters Dy,...,Ds, L, By,...,Bs, which for simplicity of presentation are assumed to
be real. This differential equation has two irregular singular points, each of rank 3 (if Dgs # 0 and
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Bs # 0, respectively), at the origin and at infinity. Without loss of generality, one of the parameters
except L could be set equal to 1. We assume that B is positive, again for simplicity of presentation,
and that L is not negative.

At infinity, there are formal power series solutions

f2(z) = exp(P(z))z~"V i a,(1)z™", (1.2)
n=0
S353(z) = exp(=P(2))z "V i a,(—1)z™", (1.3)
n=0

where the various quantities are determined by

P(z) = psz’ + p2° + piz, (1.4)
ps=13VBs, pr=1Bs/ps, pi=+(Bs—4p3)/ps (L.5)
3 1 B; 2pip
- _ 23 .= 1.6
i) =3 6Kp3+3Kp3, (1.6)
ke {l,—1} (1.7)
and where the coefficients
a,(K) = ay (1.8)
are known recursively by
ay=1 (1.9)
and
6K psna, = —dxpr(t(x) +n—2)+ p% —Bla,_ +[ —2xpi(t(x) +n— %) — Bila,_»
6
+(t(k)+n—3—-L)t(k)+n—3+L)a, 3 — Z D,a,_m_3,
m=1
n=12,... (ag=a_7=---=a_;=0). (1.10)
The formal solutions are asymptotic expansions as z — oo in appropriate sectors of the complex
plane.
At the origin, there are analogical formal solutions, which may be obtained from those at infinity
by the simultaneous replacements z <« 1/z, B, < D,, m = 1,...,6. This symmetry is our main

reason for choosing just (1.1) as the standard form for a differential equation with two irregular
singular points.
In the ring-shaped region 0 < |z| < co we have (convergent) Floquet solutions f*)(z) and f(~“)(z),
where
+oo

)=z > 77, (1.11)

n=—00
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which are linearly independent if 2w is not equal to an integer. Here the coefficients ¢!’ obey the
recurrence relation

6 6
= But (Lt o+ n)L+o+n)d” =Y Dy, =0, (1.12)

m=1 m=1

and we want to normalize them by choosing
= 1. (1.13)

The requirement that the power series converge determines, modulo 1, the possible values of the
characteristic exponent (or circuit exponent or Floquet exponent) w. The problem to compute the
characteristic exponent appears also and is best known in the context of Hill’s differential equation
[22]. There are methods to compute the characteristic exponent numerically, which require, for
=0, the evaluation of the infinite determinant [20] associated with (1.12), or numerical integration
of the differential equation along a suitable contour [21], or numerical solution of an eigenvalue
problem [14].

This paper developes an entirely different method for evaluating the characteristic exponent. We
obtain an explicit formula in terms of quantities which are essentially the Stokes multipliers, and
these are given explicitly as convergent series, the terms of which are represented by asymptotic
expansions. Here certain recursively known coefficients enter which are closely related to but different
from the coefficients of the formal solutions (1.2)—(1.3).

Although some of the other authors concerned with irregular singular points of rank larger than
one [1,2,4-6,8-10,12,13,15,18,19] consider the general case of arbitrary rank, we here prefer to
restrict our attention to rank three. This is already general enough to give an impression of what
can be expected in the case of even higher rank. On the other hand, it is still simple enough so
that we can, for the relevant quantities, obtain explicit expressions which are not only theoretically
interesting but can also be implemented (and have been implemented) for numerical evaluation. This
work may be viewed as an attempt to extend [3], which was useful for rank one, to the much more
complicated case of higher rank.

2. Laplace contour integral solutions

We try to apply the classical method of multiple Laplace contour integral solutions [7] and write
for a solution of (1.1)

f(z) = 2 (2mi) / / / exp(23s + 2241 + 2)0(s, 1, 1) ds dty dia, @2.1)
c, Je, Je,

where a power factor with a still arbitrary parameter 4 has been included in view of later benefits. To
derive the appropriate weight function v(s,f;,%) is a somewhat lengthy but not principally difficult
procedure. We therefore give two lemmata stating the results of this procedure and postpone the
proofs to a later section.
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Lemma 1. The weight function v(s,t,t,) has to be a solution of the partial differential equation
9(s* — s2)(0%v/0s*) 4+ 12(st; — Sot10)(0*v/0s>0t1) + 6(st, — Sota0 )(0*v/0s’ Ot,)
+ 4t — £5,)(0*0/0s*0t}) + (65 — 13,)(0"v/05*06) + A(t1ta — tiota )(0*v/0s* Ot 0t)
+ ([81 — 6A]s + [Bs — 4t19t20])(°0/0s”) + ([52 — 441t + [By — t3,])(3*v/0s>0t;)
+([25 — 24]t, + B, )(0°0/0520t,) + ([A — 12]* — L*)(0%v/0s*) — D (0%v/0sdt,)
— Dy(0*0/0s0ty) + D3(0v/ds) + Dy(0v/dt,) + Ds(0v/dty) — Dsv = 0 (2.2)
with two finite singular points at (s,t, 1) = (KSq, Kt19, Ktag) Where
tho= p1, to= P2, So= D3, (2.3)

and the contours for each variable have to satisfy the condition that a certain lengthy expression,
bilinear in K and v or their partial derivatives, have the same value at the start and the end of
the contour.

Lemma 2. For k € {1,—1}, there are appropriate weight functions v =V (k;s,t,t,) which at the
singular point (s,t,t,) = (KSo, Kto, Ktag) have the power series expansion

V(i;s,t,t)

oo oo 0

= Z Z ZA(K, m,nl,nz)(s — KS())M(K)-Fm(tl — Ktlo)_vl_nl(fz — Kl‘z())_vz_nz, (24)

m=0 1 =0 n =0
where the A-coefficients satisfy a certain recurrence relation and the exponents are related by
3u(x) —2vi — vy = A+ 1(k) — 6. (2.5)
An appropriate set of coefficients is
A(ksm,ny,ny) = I'(—u(x) — m)I(vi + ni)I(v2 + n2)b(ic; myny, ny), (2.6)
where the new coefficients b(k;m,ny,ny) are given by the recurrence relation
6Kso(3m — 21y — ny)b(ic; m,ny, ny)
=[(3m — 2n; — ny + (k) — 3)* — L*1b(x;m — 1,1y, n5)
+[ —4xt,o(3m — 2ny —ny + (k) — 2) + t220 —Blb(k;m — 1,ny — 1,ny)
+[ — 2kt20(3m — 2ny — ny + 1(K) — %) — Bi1b(ikc;m — 1,n1,ny — 1)
—Db(x;m —2,ny — L,ny) — Dab(ic;m — 2,ny,ny — 1) — D3b(ic;m — 2,ny,1y)

_D4b(Kam - 39”1 - 13”2) - DSb(K,m - 37”]5”2 - 1) - Dﬁb(K’m - 3)nlnn2) (27)
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with the initial conditions
b(x;0,0,0) =1,
b(K;manlan2) = O l.f 3m - 2]’l1 — Ny = 0 fOV (manl:nZ) 7& (07030)7

(b(r;myn,m)=0 if m<0 orn <0 orn <0) (2.8)
and with

b(k;0,n,n) =0 for (n;,ny) # (0,0), (2.9)

b(x;m,n;,n)=0 forn +n,>m (2.10)

as a consequence. In addition, there are weight functions U(ic;s,t,t,) which are analytic in s at
the respective singular point, corresponding to w(x)=0,1,2 (without any further relation such as

(2.5)).

In order to avoid unnecessary complications, we want to assume that the nontrivial exponent u
according to (2.5) is not equal to an integer. This can always be guaranteed by a suitable choice of
the still disposable parameter A.

Since the exponents u(x),v;, v, are restricted only by (2.5) but otherwise arbitrary, there are other
solutions of the partial differential equation (2.2) relevant as weight functions in our contour integrals
(2.1). We may assume that v; and v, are positive integers, preferentially

yi=v =1, (2.11)

but for the time being we want to keep v; and v, in the formulas. If v; and v, are increased
by any positive integers ¢, and ¢,, respectively, and u(x) simultaneously is decreased by %ql +
%qz, then (2.5) is still satisfied. We therefore have to consider, for ¢g;,¢» =0,1,2,..., the set of
solutions

V(ic;q1,q2) = V(K;q1, 4238, 11, 12)

=3 3N T+ g+ )T+ g+ m)IN(—p(x) = 2q1 — Lgo — m)

m=0 n;=0 n;=0
Xb(K; m,l’ll,l’lz)(S — KS())MK)HzB)qI+(1/3)q2+m(f1 — Kl‘l())_vI - _nl(tz — Ktzo)—vz—qz—nz.

(2.12)

As indicated, we will use a short-hand notation suppressing the dependence on the variables s, 7, ,.
We now have to choose appropriate contours for the integral representation (2.1). For each of the
integrals over #; or t, a closed circle, traversed once in the positive sense, around the relevant
singular point of the integrand is appropriate, since the pertinent exponent is an integer. For the
s-integral we need an infinite contour which starts somewhere at infinity where the exponential
factor of the integral vanishes, surrounds one of the singular points in the positive sense, and returns
(on a different sheet) to the starting point. Assuming that sy is real and positive, then, if

0 < arg(z) < 1im, (2.13)
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the starting- and end-point at infinity has the phase w/2. If we agree that
arg(s — ksp) =0 (2.14)

when s is positive and sufficiently large, the integral of a single term of the infinite series (2.4) can
be evaluated:

(ko+)  p(ktio+)  p(ksot)
+(2mi)~3 f j{ / exp(z’s + 2t + zty)

KSo+ico
X(S — KSo)u(K)er(tl — Kfl())ivlim(tz — K:tzo)ivzinz dS dtl dtz
Z*T(K)73m+2n1+nz
(—u() = m)L(vy +n ) (v, + 1)’
where, in the power of z on the right-hand side, already use has been made of (2.5). As a conse-

quence, the integral of V(x;q.,q,) yields, if the series is integrated term by term, one or the other
of the formal solutions (1.2)—(1.3):

) (kt0+)  p(xtiot)  p(xsot)
Sooj(2) :=2"(2mi) 7{ }1{ / exp(z’s + 2%t + zty)

=exp(ksoz’ + Kt1oz” + Kfzoz)r (2.15)

KSo+i00
XV(K;ql,qQ;S,tl,tz)detl dl‘z ~ f;:;,(Z) (216)
in the sector 0 < arg(z) < %n, where j =1 if k=1 or j =2 if k = —1. Each of the solutions

defined by the integral representation (2.16) has one of the formal solutions (1.2) or (1.3) as its
asymptotic expansion as z — oo in the indicated sector. It follows by rotation of the contour that
the asymptotic expansions are theoretically valid in the larger sectors —én < arg(z) < gn for j=1
or —im < arg(z) < jm for j =2, respectively.

Looking at (2.15) we may see that all the terms for which 3m — 2n;, — n, is the same yield the
same power of z. For the coefficients of the asymptotic expansions (1.2) or (1.3) we then have the
representation

an(Kk) = Z b(ic; m,ny,ny), (2.17)
(m,ny,ny)EL,
where
In:{(m,nl,nz): 3M—2n1—n2:n}CNox N()X N(), n:O,l,.... (218)

Because of the properties of the b(m, ny,n,), the sum in (2.18) is finite for each finite », in particular
we have

ao(xc) = bo(x;0,0,0) = 1. (2.19)

3. Analytic continuation of the integrand

Below we have to consider the integral representation (2.1) with #- and #-contours which are
simple closed curves surrounding in the positive sense both the finite singular points —#y and #g
or —ty and f,, respectively, and with an s-contour which starts at or near —s, + ico, surrounds
both the finite singular points —s, and s, once in the positive sense and ends at s, + ico. We
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therefore need the analytic continuation of the integrand between the two singular points along this
contour. With appropriate power factors @ included for later convenience, the continuation formula
reads

¢(K7 rlarz)V(K; ”1:7"2)

=" > E(—i571,725.q1,42)P(— K3 41, @)V (= K5 q1.42) + U(—1571,72), (3.1)

qQ1=r @2=nr
where
D(K;r1,1) = (—Zrcso)*”(")’(z/”"’(1/3)"2. (3.2)

The effect of these power factors is that in (3.1) the total powers with noninteger exponents are
powers of %[1 — 5/(ksp)] or of %[1 + s/(xsg)], respectively. We may agree that arg(l — s/s9) =
arg(l + s/s9) = 0 when s is on the real axis between —s, and s,. Also, as above, arg(s) =0
when s is larger than sy. Then, by analytic continuation along the contour under consideration, we
have

D(1;r,ry) = (250) D =CAN=URBr expin(u(1) + 21+ i), (3.3)

B(—1371,72) = (259) D=0, (3:4)

Let us rewrite (3.1) using an even more condensed notation, writing ¢ for (¢q,¢,) in the parameter
list of the various functions and writing a sum over ¢ in place of a double sum over ¢; and g,, etc.
The above continuation formula then reads

D(ic; WV (167) = E(—; 1, ) D(—1; )V (=K ) + U(—1 1), (3.5)

and the second continuation formula
U(r;r)=d(—k,r)V(—x,r)
=Y > E(sr)E(—K5.4, p)D(—1; p)V (K5 p) = > E(1,q)U(—1559)  (3.6)
q=r p=q q=r

follows by the requirement of consistency of (3.5) for x replaced by —«.

4. Asymptotic expansions for the coefficients in the continuation formula

We now want to determine the E-coefficients in the continuation formulas (3.5), (3.6) by means
of the asymptotic method of Darboux [16] applied to the variable s. The left-hand side of the
continuation formula (3.5) is

(1 s );t(K)+(2/3)r|+(]/3)r2 00 m m

Z Z ZF(V1+V1+H1)F(V2+7’2+I’!2)
2 ZKSO

m=0 n;=0 n,=0

XT'(—u(x) — %ﬁ - %Vz — m)b(x;m,ny,n;)(—2Ks)"

1 s " —ri—n —Vv—r—n
X <_ - —) (ty — Ktyo) "Nty — Kiy) TP (4.1)
2 2Ksy
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The leading singular term, when (s,#,,%,) — (—KS, —Kt19, —Kty), on the right-hand side is

o0

> D E(—wruri @)l (—p(—K) — 3q1 — 12)
qQ1=r1 q2=n
xI'(vi + q)I'(v2 + q2)b(—x;0,0,0)
1 5 \HCRHBa+13)
(3% 2:)
By means of the binomial theorem in its hypergeometric-series form

(Z] + Kf]o)ivliql(tz + Klzo)i‘rziqz. (42)

(1—x)" “—Z(“)’ i, (4.3)
Jj=0

where
(a)j =+ 1)...(a+j—1)=T(a+j)/ T ()

means the Pochhammer symbol, we may expand, if |¢| is sufficiently large,

v+9q);
i

(t+ xty) 74 = i (—2kto)/(t — Kto) " 797 (4.4)

J=0

and, if |s/(xso)| is sufficiently small,

—1)+(2/3)q1 3)q2 o) m
(1 o )m S ) GG R TR L (1 -5 ) : (4.5)
2 2Ksy — m! 2 2Ksy
Then the leading singular term on the right becomes
Z Z E(—rsr,r;q1, ) (—pu(—x) — %9’1 - %512)
q1=ry q2=r;
XF(Vl + 6]1 Z 7(‘)1 +ql)jl( 2Kt o)jl(tl — Ktlo) Mi=qi=h
J1=0 ]l
XI'(v2 + q2) Z %(*2’6%)]—2(& — Kiy) 2T
J2=0 J2:
(—u(—K) = 3q1 — 3q2)m (1 s \"
b 0,0,0 3 3 (— — —> . 4.6
<b(r:0.0.0)3 m 2 2K (4.6)

m=0

The coefficients of this series should agree asymptotically, as m — oo, with those of the series on
the left-hand side, where the power factor in front of the series (4.1), when s — —ksg, tends to 1
and may be omitted. We therefore obtain

m m

Z ZF(VI + 11 4 1) (v, + 1y + )0 (= () = 311 — 312 — m)

m:O nZ:O

Xb(rc; m,ny, ny )(—2K80)" (8 — Kt19) ™"t — Kiyg) T
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oo

~ Z Z E(—x;r,125q1, @) (—p(—x) — %ql _ %QZ)

q1=r Q2=

S Vi + 1 j —Vi—qi1—J
><F(v1 +ql)z(1jl'ql)/(_2kt10)./|(tl _Ktlo) 1—q1—J1

J1=0

XF(VQ + qz)z ( V2 + qZ)jz

J2=0

(—2Kt20) 2 (ty — Kipg) "1

(—u(—K) = 3q1 — 192)m

xb(—x;0,0,0) oy

(4.7)

which holds asymptotically as m — oo. On both sides of this asymptotic equation a double power
series in the same variables appears, so the coefficients of the corresponding terms must be equal.
This yields, for each set ri, 7, n,n,,

T(—pu(0) = 27y — Yy = m)(~2n0)"b(xs .y )

AR I'(—p(—x) — 2q1 — 3g2 +m)
Z ZE( K; VlarszI,QZ) l’:l' :

q1=r. Q2=
1 . 1 .
X (.'(—ZKQO)"‘> (,'(—2KZ20)"2) b(—x;0,0,0) (4.8)
Ji: J1=r1t+n—qi 2: Jo=r2tny—q

or, if we introduce new indices of summation and make use of the reflection formula of the gamma
function,

—n[I'(1 4+ m)] " (2Kso)"b(1c; m, ny, 1)

n ny F(_H(_K)_grl_er_gpl_lpz_‘_m)
~ Z Z E(—x;ri,ra5r + pi,ra+ p2) : r 13 3 3
p1=0 p,=0 ( +m)

(14 p(k)+ 3 + 3, +m)
I(1+m)

sin(n[p(x) + 311 + 372])

1 ; 1 )
« (.—(—2%)/1) (.—(—2%@/2) B(—10,0,0). (4.9)
Jl! J1=n1—pi ]2' J2=n—p2

Now the left-hand side is independent of »; and r, and so is the product of the two ratios of gamma
functions, when m — oo, on the right. Therefore, E(—r; r1,r2; 71+ pi, 12+ p2)sin(n[u(i) + 3r1 +1r2])
must be independent of »; and r, too. This proves:

Lemma 3.

sin(mu(x))
sin(w[u(x) + %h + %l’z])

E(=K;ri,ryr + pi,r+ p2) = E(—x;0,0; p1, po). (4.10)
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After Lemma 3 is available, we need to determine the E-coefficients for »; =7, = 0 only, and it
is advantageous to introduce the closely related coefficients
e(—x; p, p2) = sin(nu(x))E(—x;0,0; p1, p2), (4.11)
which are independent of A. Eq. (4.9), with r; =, =0 and the factor b(—x;0,0,0), which is equal
to 1, omitted, then becomes
-7
I'(l 4 u(x)+m)

Z”‘ Ze( < o1 pa) F(—u(—K)—§p1—§pz+m)
1 M2
v o | I'(l+m)

1 . 1 A
X <.—(—2Ktlo)j]> (.—(—2Kt20)j2) . (412)
]1! J1=m—pi ]2‘ Ja=nm—p2

We then may solve (4.12) for the e-coefficient with p; = n;, p, = n, and obtain the following
asymptotic formula in terms of a b-coefficient and the earlier e-coefficients,

(21s0)"b(1c; m,ny,ny)

e(—;n,ny) ~ —m(2Ks0)"

I'(l+m)
ST+ uGe) + mL(—u(— K) — 3m — yny +m)

ZZ e(—K; p1, p2) T=p(= K)_gp'_‘]?z—i-m)

b(ic; m,ny,ny)

=0 pr=0 ( ( K)_gl’ll—gnz"—m)
(Pl Pz)?‘("l n)
1 ) 1 )
X | —(—2Kt1)”" —(—2Kty) " . (4.13)
]1! J1=n1—pi ]2' Ja=na—p2

By repeated application of this formula, all the e-coefficients on the right-hand side may be elimi-
nated, and this yields the remarkable explicit limit formula

I'(l+m)

—KHy, — lim
e(—K;ny,ny) —noam I(1+ p(k) +m)I(—p(—x) — 20y — iny +m)
a > (ZKtIO)n] J (2Kt20)n2 Ja
X (2Ks0)" b(x;m, ji,j») . (4.14)
’ ,Zo,zo P G = i (m - o)

The proof of this formula will be given below in Section 7.

Although approximate asymptotic equations or limit formulas such as (4.13) or (4.14) are interest-
ing from a theoretical point of view, we finally need more, namely a detailed asymptotic expansion
suitable for accurate numerical evaluation. This can be obtained, on the basis of Schifke and Schmidt
[17], essentially in the same way as above, apart from the following two refinements: The power
factor in front of (4.1) can no longer be omitted, and we have to include a finite number of singular
terms rather than the leading one, (4.2), alone. The result of this procedure, which will be derived
in more detail below, is
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Theorem 1. The E-coefficients, or e-coefficients according to (4.11), in the continuation formula
(3.1) or (3.5) are

e(—K;n,n)=—m7

Ira+m)

T+ p() + m) T (—p(—x) — Zny — Ly +m)

(ZKSO)mb(K; m,ny, n2)

D A IO LA G ek L)

o R Y1,42

N F(—p(=K) = Sm = 3ma +m)
(q1,q2)F(n1,n2)

k  k

K 2 1
I+ p(=x)+ 391+ 3900
1+§ E E 3 3 H(—x;k 1,1 q1,
k=1 1,=01,=0 (1 +M(_K)+ %611 + %QZ _m)k ( i fh)

X

1 . 1 )
—&-O(m_K_l)] (.—,(—2’“10)]1) <.—,(—2Kfzo)”> ]
Ji: Ji+qi+li=n J2: Jatqr+l=ny

A+ p(—x) + %”1 + %n2)k
X 1+Z 5 ;
= (I + u(—K)+ 5n + 3n —m)

—1
H(_K;k:0>0;nlan2)+O(m_K_l)‘| s

(4.15)

where

. . _ - (u(K) )i
H(_K,ka lla 12,(]17112) — Z

. (_2KS )jb(_Kajal 51 )
Jj=h+h (k _])'(1 + 'u(_K) + %ql + %qZ)j ’ o

(4.16)

With a suitable choice of m and K, Theorem 1 may be used to compute accurate values of the
e-coefficients, beginning with

. _ I'(l+m) .
e(—x;0,0)= nF(l ) + T (=i —r) + m)(2Ks0) b(rc; m,0,0)
K -1
X 1 +Z (1 +M(_K))k H(_K;k,O’O;O’O)_l_O(mefl) ) (417)

2 (T pu(—x) —m)

While the e-coefficients are independent of A, the approximate values computed for any finite m do
depend on it. Thus A here plays the role of a computational parameter which could be adjusted for
optimal accuracy. The best choice from this point of view, in particular when L is not small, is
A=L or —L, according to the discussion in Section 7 below.

5. Multiplicative solutions and the Floquet exponent

We now want to construct a linear combination of the solutions at infinity,

fo(2) =0 foc1(2) + B foca(2), (5.1)



54 W. Biihring | Journal of Computational and Applied Mathematics 118 (2000) 43-69

which is a multiplicative solution such that, after analytic continuation along a sufficiently large
circle around the origin traversed once in the negative sense, this solution remains the same apart
from multiplication by a constant factor, that is

fole™2) = pfi(2). (5.2)

This solution is proportional to one of the Floquet solutions introduced above in the introduction.

We use the integral representation with contours which surround both the finite singular points as
introduced above in Section 3. This integral is equal to the sum of the two integrals with contours,
also considered above in Section 2, which surround only one of these singular points. If the contour
is kept fixed, then the circle in the z-plane traversed once in the negative sense corresponds to a
circle, around the origin and with radius greater than sy, in the s-plane traversed three times in the
positive sense, since then z’s in the exponential part of the integrand does not change.

Let us consider the integral representation with ¥'(1;0) in the integrand and with the above phase
conventions. From (3.5) we have

(1;0)V(1;0)=>_ E(—1;0,9)®(—1;¢)V (—1;9) + U(-1;0). (5.3)
q=0
The integral then yields a function
S1@)=0(1:0) foor(2) + D E(=1:0.9)P(—1:9) foea(2), (54)
q=0

where the two terms come from the two singular points, which contribute via the left- or right-hand
side of (5.3), respectively. Let us now consider, in the s-plane, a simple closed loop, homotopic
to the circle mentioned above, consisting of small circles around the singular points s, and —s,
and straight line segments along the real axis between these singular points. Let us start with the
continuation formula (5.3) in a neighborhood of the origin, where the left- as well as the right-hand
side of (5.3) are valid, and see what happens when we follow the loop in the positive sense. We shall
always refer to the above phase conventions and display any additional phases explicitly. Traversing

the circular part around s, multiplies the function ¥ (1;0) by the phase factor exp(2miu(1)), so that
we then have

exp(2mip(1))@(1;0)V(1;0)

q=0

=exp(2mip(1)) {ZE(—I; 0,9)P(—L;q)V(—1;9) + U(—1; 0)} ) (5.5)

where the right-hand side is the analytic continuation of the left by means of (5.3). Next, we have
to traverse the circular part around —sy, which multiplies the function V' (—1;¢) by the phase factor

exp(2mil(—1) + @(q)]), where
»(q) =391 + 392 (5.6)

so that we have on the straight line segment from —s, to s, after the loop has been traversed once,

exp(2mi)[u(1) + u(=D]D_ E(—1;0,q) exp(2mip(g))@(—1;¢)V (~15)

q=0

4+ exp(2mip(1))U(—1;0)
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=exp(2mip(1)) {‘1’(1; 0)V(1;0) + > _ {exp(2mi[u(—1) + @(¢)]) — 1}U(1;9)

g=0

+ 3 ) E(—1;0,¢){exp2mi[u(—1) + @(q)]) — l}E(l;q,pM’(l;p)V(l;p)}, (5.7)

q9=0 p=q

where again the right-hand side is the analytic continuation of the left. It is evident that following
the loop further leads to increasingly lengthier and more complicated formulas, not suitable for being
fully displayed in this paper. We therefore want to stop here for a moment and consider the integral
representation with the integrand obtained after the loop in the s-plane has been traversed only once
(rather than three times, as finally needed). A representative example of the terms in (5.7) then is

> E(-1;0,9){expQmi[u(—1) + @(q)]) — 1}E(1; 9, p)@(1; p)V(1; p). (5.8)
=0 p=q

The integral of V(1; p) yields f.1(z), independent of p, so that the sum over p can now be
performed and, because of Lemma 3, the multiple sum reduces to a product of single sums. After
integration we therefore obtain for (5.8)

{2isin(mu(—1)) exp(inu(—1)) Y E(—1;0,¢)(250)" " exp(2mig(q))

q=0

X Y E(1;0, p)(250)" " exp(imep( )} (1;0) foor (2). (5.9)

=0
It is now convenient to introduce the phase factor

n::exp(%ni):%(l +1iV3) (5.10)
which satisfies

=1, 1+ 45" =0. (5.11)

Also, for the sums occurring here and below we may introduce the “Stokes multipliers”

0,(1):=sin(rmu(l)) Z E(—1;0,q)(2s0) "9 exp(2nmip(q)),

q=0

o,(—1):=sin(ru(—1)) Y E(1;0,)(250) =" exp((2n + Dmigp(g)), (5.12)

q=0
which become

ao(1) = So(1) + (250)'*Si(1) 4 (250)*Sx(1),
ao(—1) = So(—1) + n(2s0) 'S (—1) + 1*(2s0) " **Sa(—1),
a1(1) = So(1) 4+ 1*(2s0) 2 Si(1) + 1*(2s0) 7**Sx(1),

a1(—1) = So(—1) +17(250)PSi(=1) + (250) 7 Sa(~1),
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a2(1) = Sp(1) + n*(2s0) 2 Si(1) + 17(2s0) ">Sx(1),
a(—1) = So(—1) + 1’ (250) P81 (—1) + 11*(250) > So(—1) (5.13)

in terms of the real partial sums

So(k)=>_"(2xse)™" Y e(—r;n,m)=e(—1;0,0)+ -,

=0 (nm,m2)€EJ3

Si():=Y Qrso)™ Y e(—rim,m) =e(—i;0,1) + -,
=0

(n1,m2)€J3111

Sa(i):=> (2xso)™ D e(—r;ni,m)=e(—k;1,0) + e(—x;0,2) + -, (5.14)
=0 (n1,m2)E€3142
where
J]Z{(l’ll,l’lz) . 2n1+n2:l}CN0>< No, 120,1, . (515)

The integral of the representative term (5.9) then becomes

iexp(inu(—1))

sin(rp(1)) a1(1)ao(—1)P(1;0) foo1 (2). (5.16)
In total, we have
exp(2mis/3) fi(e~2iz) = SPCHMD + 1CEDD o100y 7 )
sin(mu(1))
+exp(2mip(1) { 142 ZE((E%;; g (1)o(~1 )}
XP(1;0) foe1(2), (5.17)
where
1 _ . 1 —1-
f(z2)=2(1;0) foar(2) + Sin(w(l))ao(l)cﬁ( 150) foo2(2). (5.18)

So far we have traversed the s-loop once and obtained on it the analytic continuation of the integrand,
but we have to traverse it three times. This yields

e ™z2) =851 P(1;0) foo1(2) + S ®(—1;0) foon(2) (5.19)

with lengthy expressions for S;; and Sp,.
In a similar way, the integral representation with V' (—1;0) yields

@)=Y E1;0,)®(1;9) fa1(2) + B(—1;0) foa(2) (5.20)
q=0
or

1) ao(—=1)P(1;0) foc1(2) + P(—1;0) foc2(2) (5.21)

 sin(mu(—1))
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and leads, after the loop has been traversed once, to
exp(2mil/3) (e *3z) = {21 exp(miu(—1))ao(—1) +

_ dexp(mifp(l) + u(—1)])

sin(rp(—1))
+exp(2mip(—1)) {1 n %m(—l)m(l)}

XD(—1;0) foer(2) (5.22)

exp(2mip(1))
sin(mu(—1))

61(1)01(1)00(1)} P(1;0) f1(2)

ai(—1)

and, after three times,
fH(eimz) =519P(1;0) foc1(2) + Sn®P(—1;0) focr(2), (5.23)

where again the expressions for S,; and Sy, are too lengthy to be displayed here.
What we really want to obtain are the circuit relations for f.,; and f.,, that is

fool(e_zmz) — Tllfool(Z) + TlZfooZ(Z)a

fooZ(e_zniZ) =11 f1(2) + T fooa(2), (5.24)
where
B ao(1) oo~ 1)an(1)
o= 5= sin(w(l))S”V {1 B Sin(nu(—l))sin(w(l))]’
_ : . ao(1) ao(—1)ao(1)
P =[C150/0050) |5 - G B s | /1 Gt e )
_ . . oo(—1) ao(—1)ao(1)
Tn = [2(1; 0)/2(=1,0)] {Szl B sin(nu(—l))Sn]/ {1 B Sin(w(—l))sin(nu(l))] ’
_ oo(—1) ao(—1)ao(1)
=[5~ Gmery®)/ |~ s Dwincan ) (5:25)

It turns out that each numerator contains a common factor which compensates the denominator. The
result then is:

Theorem 2. The coefficients in the circuit relations (5.24) are
711 = exp(2mit(1))
+4 exp(%nir(—l))ao(—l Yao(1) + 4 exp(;—‘nir(l Noi(1)ag(—1) + 40,(1)ae(—1)
+4 exp(gnit(l))az(l)al(—l) + 4exp(§nir(l))62(—1)ao(1) +401(—1)ao(1)
+ 16exp(§nir(1))az(—l)az(l)al(—l)ao(l) + 16exp(§7cir(1))02(—1)61(1)60(—1)60(1)
+ 16exp(§nir(1))02(1)01(—1)61(1)60(—1) + 166Xp(§ﬂ:i‘[(—1))0’2(—1)62(1)60(—1)0'0(1)
+ 16 exp(3mit(—1))o1(—1)a1(1)ae(—1)ao(1)
+640,(—1)ax(1)a(—1)a(1)ag(—1)ae(1), (5.26a)
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Ty = (280)" PO =D 0i exp(3mit(—1))a(1)
+2i exp(%nit(l))al(l) + 2iexp(2mit(—1))ao(1)
+ 8i exp(%nir(—1))02(—1)02(1)60(1) + 8igy(—1)a (1)ae(1)
+ 8i eXp(%TEi’C(—1))0’](—1)61(1)0'0(1) + 8igy(1)a1(—1)a (1)
+32i exp(%nir(—l))62(—1)62(1)01(—1)01(1)00(1)}, (5.26b)

Ty = (280) "D O i exp(dmit(—1))ao(—1) — 2iexp(dmit(1))ar(—1) — 2io(—1)
—8iexp(5mit(1))as(—1)aa(1)a1(—1) — Siexp(3mit(—1))as(—1)aa(1)a(—1)
—8iexp(3mit(—1))ai(—1)a1(1)ao(—1) — iexp(3mit(1))as(—1)ai(1)ae(—1)

— 32igy(—1)aa(1)ay (= 1)y (1)ae(—1)}, (5.26¢)

Ty =exp(2mit(—1)) + 4exp(%nif(—l))oz(—l)az(l)
+4exp(;—‘nir(—l))al(—l)al(l) +40,(—1)a(1)
+ 16exp(%ﬂ?i‘[(—l))62(—1)62(1)61(—1)0'1(1 ). (5.26d)

It turns out that
TwTy — Toly =1. (5.27)

We are looking for a multiplicative solution such that (5.2) holds. It then follows from (5.1), (5.2),
(5.24) that

(T — p)a+ T =0,

Tpo+ (T, — p)p=0 (5.28)
and, as a consequence, that

(T'1 — p) (T2 — p) =TTy (5.29)
or

P —(Tu+Tn)p+1=0, (5.30)
where (5.27) has been used. The roots p,, p, of this equation satisfy

p1+ p2=Tn + Tn, (5.31)

and they may be represented in terms of one (not necessarily real) parameter o as

p1 =exp(—2miw), p, =exp(2nim). (5.32)
Then we have

p1+ pr=2cos(2nw) =Ty + Tr, (5.33)

and the final result is
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Theorem 3. The characteristic exponent w of the multiplicative solutions is given by
cos(2mw) = cos(2mt(1)) + X, (5.34)
where
X=2 exp(gnit(—l )oo(—1)ae(1) +2 exp(gnit(l))al(l)ao(—l) + 20,(1)0o(—1)
+2exp(3mit(1))ax(1)o1(—1) + 2 exp(3mit(1))a2(—1)ao(1) + 261(—1)ae(1)
+ 2 exp(3mit(—1))o2(—1)a2(1) 4+ 2 exp($mit(—1))o1(—1)a1(1) + 202(—1)o1(1)
+8exp(%nir(—1))0‘2(—1)0'2(1)0'1(—1)0'1(1)
+ 8exp(%nir(l))0'2(—1)02(1)01(—1)60(1) + 8exp(%nir(l))0'2(—1)0'1(1)0'0(—1)0'0(1)
+8 eXp(%TCi‘L'(l))62(1)61(—1)61(1)60(—1) +8 exp(%nir(—1))62(—1)02(1)00(—1 )ao(1)
+8exp(%nir(—1))a](—l)al(l)(fo(—l)ao(l)
+320,(—1)02(1)a1(—1)a(1)ae(—1)ao(1). (5.35)
For each of the roots p; and p, we may determine the ratio of « and S from the upper or

lower equation of (5.28). Choosing in each case a convenient normalization, we get the desired
multiplicative solutions

fpl(Z) = (T2 — p1) f1(2) — T2 foc2(2),
S2(2) = (T2 — p2) foo1(2) — Th2fo02(2). (5.36)

Here the lower equation of (5.28) has been used in both cases so that 7);, which consists of a
considerably longer expression than 73,, does not appear.

Whenever D,, =0 for all the m=1,2,...,6, the origin is a regular singular point of the differential
equation with exponents w = L,—L. We are not able, however, to see analytically that then the
lengthy expression (5.35) reduces to X =cos(2nL) — cos(2nt(1)), but this is confirmed in examples
of numerical computations, as expected.

6. Asymptotic behaviour of the late coefficients of the formal power series solutions

According to (4.12), the leading terms of the asymptotic behaviour of the b-coefficients for large
m are given by
I'(l 4+ w(x)+m)
I'(l+m)

1
b(k;m,ny,ny)~ —E(2Ks0)_’"
X Y > e(—x; pr, p)[(—p(—K) = 3 py — 1 pa +m)
p1=0 p=0

1
X —————(=2Kt1)" P ———(—2Kly ) P2 6.1
o, —pl)!( 10) (nz_pz)!( 20) (6.1)
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This result may be used to discuss the asymptotic behaviour of the late a-coefficients of the for-
mal solutions. Writing the decomposition (2.17) of the a-coefficients in terms of the b-coefficients
separately for each of three consecutive indices n = 3N,3N + 1,3N + 2, we have

2N

asy(K)=>_ > b(k;N + L, m) =b(x;N,0,0) + - - -, (6.2)

=0 (m,n2)€J3

2N+2
asya(K)=>_ Y b N+ Ln,ny)=b(;N +1,1,0) + b(k; N +1,0,2) + -+, (6.3)

=1 (n1,m)€J35-1

IN+2
awia(K) =Y > OGN+ Lnum)=b(cN 4+ 1,0,1) + - -, (6.4)
I=1 (n,m)€l3—2
where
J]Z{(nl,nz)i 2n1+n2:Z}CNO x Ny, [=0,1,.... (65)

Inserting (6.1) and omitting terms of relative order N~!, we get from (6.2)

2N ni ny F . _ _ 2 1 l N
a}N(K)%Cyv(K)Z Z Z Z e(—K;pl,pz) ( ,u( K) 3 P1 3p2+ + )

[=0 (n1,n2)E€J3 p1=0 p=0 F(_M(_K) +N)
X(2Ks0)lm(—2mm)"‘p‘ m(—zkﬂbo)nzm, (66)
where
111 NHY(—u(— N
C3N(K):_E (1 + u(x) 4F_(1)+EV)“( K)+ )(2KS0)7N
S T (() — B+ N2 (6.7)

Let us now discuss (6.6) in detail: Here only such values of n; and n, occur for which
%I’l] + %1’12 =1
If again terms of relative order N~! are omitted, the ratio of the gamma functions is equal to

N—@3)pr=/3)p2tl — A7 2/3)m—p1)+(1/3)(n2—p2).

The asymptotic behaviour of (6.6) then becomes

2N ni ny
an()=Cy() Y > > Y e(—K; pi, p)

1=0 (n,m)€J5 p1=0 pr=0
1

X [N (2k5) 2 (—2kt10)]"
(m = p)!

AR D L) E

(6.8)



W. Biihring | Journal of Computational and Applied Mathematics 118 (2000) 43-69 61

Here the integer power of 2ks, has been splitted in two factors with fractional powers, the meaning
of which is given in terms of the phase factor # of (5.10) by

(2ns0) " = { (Zoo) " 2oy if =1,
)=

(250) PP (2s0) Wi k= —1.
With n/3 in place of N, the terms in (6.8) look like the terms of the expansion of the exponential
function
EXo(n) 1= exp((5n)*°(2ics0) 77 (=2kt10) + (31)"(2K50) ™" (=2K120))
=14 (3n)(2xso) > (=2xt10) + (30)' P (2ks0) ™ (—2xt20) + - - -, (6.10)
but because of the three possible values of a third root there are two other such functions,
EXi(n):= eXp(114(%”)2/3(2KSO)72/3(—2K110) + ’72(%n)l/S(ZKSO)AB(—szzo))
=1+ 114(%n)2/3(21<s0)_2/3(—2;<t10) + 112(%n)'/3(2rcs0)_1/3(—2m20) + -, (6.11)

(6.9)

EXo(n) := exp(n*(3n)"7(2Ks0) 2P (—2xt10) + n*(2n) ' (21cs0) ™ (—2Ktr))
=1+ P (3n)Q2xso) P (=2xt10) + 1 (3n)' P (2Kes9) P (=2xct20) + - - - (6.12)

Therefore (6.8) asymptotically shows exponential behaviour given by a certain linear combination
of these three exponential functions. They can be identified by the constant term and the two linear
terms of their expansion shown above. It is convenient, and easy because of the properties (5.11)
of 5, to introduce three functions which are linear combinations of the exponential functions such
that only one of the identifying terms is different from zero:

Lo(n) = %[EXO(H) + EXi(n) + EX;(n)] =1+ ---,
Li(n) == J[EXo(n) + 1’ EXi(n) + 1*EXo(n)] = (5n)*7 (2Ks0) " (—=2x010) + - -,
Ly(n) := EXo(n) + n*EXi(n) + " EX>(n)] = (3n)"(2Ks0) ™ (—2Kt20) + -+ - (6.13)

We can now determine the asymptotic behaviour of (6.8) by looking at the contributions from
(p1, p2) = (n1,my) or (p1, p2) =(ny — L,ny) or (p1, p2) = (ny,ny — 1), respectively. This yields
asn () & Cay(1){So(1)Lo(BN) + (250) "2 S1())Li(BN) + (2K50) 7 So(k)L,(3N)}.  (6.14)

In a similar way we may obtain from (6.3) and (6.4), respectively,

azy1() = Cay11(K)
x{(2K50) "S5 (k)Lo(BN + 1) + So(k)Li(3N + 1) + (2i50) S (1)L, (3N + 1)},
(6.15)

azn2(K) = Cyyga(Kc)
x{(2150) 7' S1(1)Lo(BN + 2) + (2ks0) 2 S5(1)L1 (BN + 2) + So()L2(3N +2)}.
(6.16)
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If we now switch back to a representation in terms of the exponential functions (6.10)—(6.12),
Stokes multipliers, according to (5.13) above, appear as their factors,

asn(K)~ %QN(K)

x{0o(K)EXo(BN) + 01(K)EX,(3N) + 02(x)EX>(3N )},

asn1(K) =~ %C3N+1(K)

x{00(K)EXo(BN + 1) + 7?01 (K)EX,(3N + 1) + i*0,(k)EX>(3N + 1)},

asn42(K) =~ %C3N+2(K)
x{a0(K)EXo(BN +2) + ' a1(K)EX1 (3N + 2) + n02(k)EX>(3N + 2)}. (6.17)

These three asymptotic equations can be combined to give

Theorem 4. The leading terms of the asymptotic exponential behaviour, as n — oo, of the coeffi-
cients of the formal solutions are given by

ay(i) = =1 (2K50) T (5[2(k) — ©(—K) + n])
x[ao(K)EXo(n) + 1™ a1 (1)EX, (n) + 0" a5k )EX>(n)]- (6.18)

This is a concrete example, with all the quantities determined explicitly, of the structural results
obtained by Immink [6], and it is interesting also in the context of related work by other authors
[5,15].

7. Postponed proofs
7.1. Proof of Lemma 1

Let
f(2) =z"u(z) (7.1)

and multiply the differential equation for u(z) by z° in order to remove all the negative powers of z.
We then are concerned with the differential equation

Lu(z):=z%" + 2.+ 1)z

6 6
— [Z D,z + (L = 22)2° + > Bz u(z) = 0. (7.2)

m=1 m=1

We are looking for a solution of this differential equation in the form of an integral representation

U(Z):/ / / K(Z;S,tl,fz)U(S,tl,tz)detl dtz (73)
Cp JCy JC
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with the kernel
K =K(z;s,t, ) = exp(z’s + 2°t, + zt,). (7.4)

If we perform the differentiations with respect to z under the integrals, the differential equation
becomes

Lu= / / / vL,K dsdt; dt, =0, (7.5)

where

1
ELZK =(9s® — Bg)z'? + (12st; — Bs)z'' + (6sty + 417 — By)z"

+([64+ 9]s + dt1t, — B3)2’ + ([44 + 4]t, + £ — B,)Z"

6
+([224+ 1t = B)Z + (2 = L)z = Dz (7.6)

m=1

It is advisable to rewrite this in terms of the quantities p;, p», p3, according to (1.5), which determine
the exponential factors of the formal solutions (1.2)—(1.3), or in terms of the related quantities
S0, t0, 1o according to (2.3). Then (7.6) becomes

1
ELZK =9(s> — 53)z'% + 12(sty — sot10)z'" + (6[str — sotr] + 4[17 — t5,])z"”

+([64 4 9s + 4[trt» — trotro] + [4t10t20 — B3])2°
+([42+ 410 + [5 — 5] + [15, — Ba])2*

6
+([24+ 1t = B)Z + (X2 = L) =Y D,z . (7.7)
m=1
By repeated partial integrations of the exponential function with respect to s or #; or #,, respectively,
it is possible to get rid of all the powers of z. This lengthy task can more conveniently be performed
in a formal way as follows: Let us find a partial differential expression M = M, ,, with respect to
s, 11, b, independent of z, such that

LK =M, K. (7.8)

S

The powers of z correpond to partial derivatives with respect to s or #; or f,, and there seems to be
some ambiguity as to the choice of the partial derivatives which yield the same total power of z.
This ambiguity is resolved by the following reasonning: In order to get the order of each derivative
as small as possible, we would prefer derivatives with respect to s, which account for z°, with
highest priority, next ¢;, which accounts for z?, last t,, which accounts only for z. Conflicting with
this policy, however, are some other requirements which ensure that we get a differential expression
appropriate for our purpose. So the singularities should be at the right places, which are related to
the coefficients of the exponential factor of the formal solutions we want to represent. In particular,
bilinear or quadratic factors, such as ¢ for instance, should occur in the form ¢ —#7,. For this reason
we have in (7.7) already added and subtracted the term 4¢7,. It is then necessary to treat these two
terms differently, so that any power is always multiplied by the corresponding derivative. In the
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example just mentioned this means that z'° has to be translated into ¢*/ds*dt, for one term, but into
0*/0s*0t} for the other. The unique result now is

M, =9(s* — 55)0%/0s* + 12(st; — s0t10)0" /05> 0t
+6(sty — Sota )0 /0570ty + 4(t] — 17,)0* /05> 0t}
+ ([64 4 9s + [4t10120 — B3])3°[05° + 4[t11r — t10tx0]0* /05 01,01
+([44 + 41ty + [, — B2])3?/0s*0t, + [t — £3,]0" /0s* 03
+([24 + 1]t, — B))3?/0s*0t, + (A* — L*)0%/0s®
— D, 0%/0s0t; — D,0%/0s0t, — D30/0s — D40/0t; — Ds0/0t, — Ds. (7.9)
Next, let us introduce the adjoint differential expression M=M s.n. defined, with any sufficiently
differentiable function v = v(s,#,%), by
M, v =(0*/0s"){9(s* — s v} + (8*/0s> 04, ){12(st; — sot10)v}
+(0*/05°00){6(st, — sota0)v} + (0*/05> 07 ) {A(r] — 17y)v}
— (/05> ){([64 + 9]s + [4tiot20 — B3])v} + (8*/05°0t,0t, ) {4(t1t, — tiotro )V}
—(0*/0s*at ){([44 + 41t + (15, — BaD)o} + (8%/05*06){(63 — £5)v}
—(0*)0s*0t){([24 + 11t — B))v} + (A% — L*)(0*v/0s*)
— D(0%v/0sdt)) — D,(0°v/0s0ty) + D3(0v/0s) + D4(0v/0t,) + Ds(dv/dt,) — Dgv.
(7.10)

The difference as compared with M is that the factors in front of each derivative have here to be
differentiated too and that all the terms of odd order change their sign. The usefulness of the adjoint
expression lies in the formula, known in the one-variable case as the identity of Lagrange,

oMK — KMv = RHS, (7.11)

where the right-hand side RHS is a lengthy expression, bilinear in v and K or their partial derivatives,
which may be so arranged that it consists of a sum of terms of which each is a total derivative with
respect to one of the variables. For the term with the factor —D;, for instance, this reads
*K v 10 [ K ov 1 0 [ 0K ov
Yason, " éson,  20s [Ua_zl - 6_t1} 201 [Uﬁ B 5}
By means of (7.5) and (7.8), the equation to be satisfied now is

Lzu:///UMv,tl,tdeSdtl dlz
:///K]\;Lg,,l,,zvdsdtldtz+///RHSdsdt1dt2:O. (7.13)

The first term in the second line can be made to vanish if v is required to be a solution of the
partial differential equation

Ms,tl,tzv(satl,tz):() (7‘14)

and the second term by a suitable choice of the contours of integration, for it is a sum of semi-
integrated terms, each involving the difference of the values of the integrand at the termini of the

(7.12)
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contour of one variable and only two remaining integrals with respect to the other two variables.
The partial differential equation (2.2) is the same as (7.14), after the derivatives of the products in
(7.10) have been resolved. This completes the proof of Lemma 1. [

7.2. Proof of Lemma 2

In terms of the shifted variables
S=s5s—xKsg, T1=1 —Ktyy, 1T»=1 — Kty, (7.15)
the differential equation (2.2) reads
9S5(S + 2K )(0*v/0s*) + 12(STy + Kt10S + K50 Ty )(0*v/0S*0T)

+ 6(STy + K208 + KksoTo )(0*0/0S> 0T, ) + 4T\ (T, + 2xt10)(0*v/0S*OT?)

+ To(Ty + 250 )(0*0/0S?0T}) + M T\ T + Koy Ty + xt10Ts )(0*v/0S*0T 0T

+([81 — 6A]Ksy + By — 4t10t )(0°v/0S*) + (81 — 61)S(8°v/3S?)

+([52 — 4A]Kt1g + By — £3,)(0°v/0S?0T)) + (52 — 42)T1(8*v/0S*OT)

+([25 — 2A]Kty + B, )(O*v/0S*0T,) + (25 — 22)T»(0°v/0S*0T5)

+([A — 12]* = L*)(6*v/0S*) — D\ (6*v/0SOT,) — D>(0*v/0SOT,)

Inserting a power series solution
v="> "> a(m,n,n)S T, (7.17)

m=0 n1=0 n,=0

we obtain for the coefficients the recurrence relation
6rso(t+m)(p+m —1)(p+m—2)[B3(u+m) =2(vi +m) — (2 +m) — 4 — (k) + 6]
xa(m,ny,ny)
+ (A m = D)+ m = 2){[3(p+m) = 2(vi +m) = (2 +m) = 2+ 31 = L}
xa(m — 1,ny,n,)
+(p+m—1)(u+m—=2)vi +nm — Dfdutio] —3(p+m)+ 20 +nm1) + (v2 +n2)
+A—41+ 8, — B Ya(m — 1,n; — 1,ny)
+(u+m—1)pu+m—2)vy+ ny — D){2xt20[ — 3(u + m) +2(vi +n) + (v2 + ny)
+ 24 =11+ B Ya(m — 1,n,n, — 1)
+Di(p+m—2)v +n — Da(m—2,n, — 1,n,)
+Dy(u+m—2) vy +ny, — a(m —2,n1,n, — 1)
+Ds(u+m—2)a(m —2,n1,ny) — Dy(vi + 11 — Da(m — 3,ny — 1,n,)
—Ds(vy + 1y — Da(m — 3,n1,n, — 1) — Dga(m — 3,n1,ny) =0, (7.18)
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valid for m>0, n; >0, n, >0 provided that we agree that all the a-coefficients are equal to zero if
any of the indices m,n,n, is less than zero. Assuming that a(0,0,0) # 0, we get from the equation
for m = n; = n, =0 the indicial equation

plp— D =2)Bu—2vi —v = A—1(k) +6)=0 (7.19)
with 7(x) according to (1.6). Possible values of the exponent u are therefore u=20,1,2, or
U= %[2\)1 +wvn+i+1(k)] -2 (7.20)

In order to avoid complications, we may assume that the last possibility does not yield an integer
value. This can always be guaranteed by a suitable choice of the still disposable parameter A.
Inspection of the recurrence relation then shows that each of the possible values of u leads to a
solution of the partial differential equation. We here need not further consider the three solutions
which are regular with respect to S at S=0, but we continue to discuss the singular one with exponent
(7.20), writing for the associated coefficients A(x; m,n,ny) rather than a(m,ni,n,). Simplifying by
means of (7.20) and introducing the b-coefficients according to (2.6), we get (2.7). The coefficients
for which 3m—2n, —n,=0 are constants of integration and may be chosen to be zero. This completes
the proof of Lemma 2. [J

7.3. Proof of the limit formula

We have to verify that the limit formula (4.14) satisfies (4.13). Substituting it for the e-coefficients
in (4.13) and interchanging the summations, we have to evaluate sums such as

- (~ty—» (7 (n=j\ 1 ifj=n,
;(p—j)!(n—p)!_(n—j)!qz_%(_l)( q )‘{0 ifo<j<n—1,n>0 2D

Therefore only one term survives on the right-hand side, which then becomes equal to the left.

7.4. Proof of Theorem 1

In order to prove Theorem 1, we first multiply the continuation formula (3.5), with r; =r, =0, by

o) S (et

Jj=0

where the left-hand side is used on the left and the right-hand side on the right of the continuation
formula. Then the left-hand side is the same as above (4.1) with the power factor in front of the
series removed, but the right becomes, after multiplication of the two power series,

> 3 EC-0.0:gug)l (~a(-) ~ 301~ 30 )
— = 3 3
71=0 ¢>=0
[e%s) k k
X Z Z Z IF(vi+qi+1)I(va+ g2+ L)H(=K;k, 11,125 91,92)
k=0 1,1=0 =0

5o (1 + K110) ™" TNty + Ky TR TR, (7.23)

1 P 1(—x)+(2/3)q1+(1/3)q2+k
<§ 2KS0>
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with H defined in (4.16). Proceeding as above, and making use of the formula

1 —
(O(_k)m :(Of)m(—a)k’ (724)
(I —o—m)
we obtain
- 1
2K )"b(ic; m, ny,
sin(mu(x)) I'(1 + p(x) +m)( 1cso )" b(1c; m,ny, ny)
n ny F B B 2 .
NZ ZE(_KQO»O;%,%) D) 3?1 392 +m)
q1=0 g2=0 m:
k 2 .
(14 (k) + 51+ 5@
- H(=15k 1,125 915 q2)
;;)lzz(lJru( K)+3q1+3q2 m) 1425915 42
(7.25)

1 .
X <.'(—2Kl‘10)]]) <( 2Kt20)/2> .
Ji: Ji+qi+li=n ]2 Jo+qr+l=ny

Keeping the first K+1 singular terms on the right and solving for the E-coefficient with ¢,=n;, g,=n,,

we have
E(_Ka 0’0;’113"2)

K 2 1

(1 + /“t( K) + n] + nZ)k _K—1
1+§ H(—x;k,0,0;n,n,) + O(m

U )+ 2t T =y br) 00 )

- — il (2Ks0)"b(Kk; m,ny, ny)
sin(mu(x) (1 + (k) + m)LC(—p(—x) — 2ny — Sny +m) " LI T
noom I'(—pu(—x) — qu _ lqz +m)
E(—x;0,0;91,92) 3 3
qz_:o@z_‘; PP (— (=) = 2my = Tny + m)

(q1,q2)#(n1,n2)

ko k 2 1
(1 + u(—x)+ 3+ 3‘]2)k _Kk—1

1+E E g H(—x;k, 11, 12;91,9,) + O(m
(1+H( K)+ 91+3Q2 m) ( b1, 42) ( )

<_( 2’“10)“) (—( 2’“20)]2) .
Ji+qi+li=m Jatqrt+la=n;

This is essentially (4.15) because of (4.11) and completes the proof of Theorem 1.

(7.26)

O

7.5. Choice of the computational parameter 1
If D; = Dg = 0, the recurrence relation (2.7) for b(i;m,0,0) reduces to a two-term relation, and

we obtain
(5L + 370)IGL + 370 (7.27)

b(x;m,0,0) = (2i50) ™" -
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Rewriting (4.16) by means of the identity
(X)) N (0 (—k);

h—)l~ K (I—x—k) (7:28)
we then have
k 1 To— (L Lo .
H(—k:£.0.0:0,0) = (p() )i > (k) (=3L + 37(=x)),GL + 31( 2 (7.29)

K& (= ) — b1+ a(—r)y!

Because of 3u(x) =4+ 7(x) — 3 according to (2.5) and (2.11) and 7(x) =3 — t©(—x) according to
(1.6), the series is a terminating one-balanced hypergeometric series at unit argument, which can be
summed by the theorem of Saalschiitz [11], so that

(—3L+ 22GGL+ 1)

H(—x;k,0,0;0,0) = 7.30
( (a7 (730
In total, we get
e(—r:0,0)= —T (=L + 3t(k) +m)[ (3L + 31(k) + m)
T (AL 4 () PGL + () T2+ 21() + m)T (=12 + te(x) + m)
K (=i + LG+ 4 -
LA 3G 3 onny| (7.31)

1
(142 (34 + 11(—K) — m)ck!

k=1

For A=—L or L, the terms with k=1,2,... of the asymptotic series all vanish and the factor in front
of the series becomes independent of m. More generally, this means that some terms which might
become quite large when L is not small can be removed by such a choice of 4 from the asymptotic
series and incorporated in the m-dependence of the function in front of the series.
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