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§0. INTRODUCTION

DURING the 1950’s a number of ideas were developed relating topological groups and
monoids to loop spaces. James [8] showed that the free monoid on a pointed connected
space serves as a model for the loop space of the suspension of the space. Then Milnor
[16] and Kan [9] showed that by using the free group the restriction to connected spaces is
overcome. Milnor also showed [18] that a topological group is a loop space, and Kan [9]
(also Milnor [17]) showed that a loop space is always homotopy equivalent to a topolo-
gical group. Later, Dold and Lashof {5] showed that here ““ group ™ could be replaced by
“monoid with monoid of components a group .

We have here been working in an appropriate topological category (see note at the end
of §4 and remarks at the beginning of §2). We shall continue to do so.

This is the first of three papers in which we present the analogous theory for infinite
loop spaces. We define a functor I'* from pointed spaces to topological monoids whose
role is analogous to that of the free monoid functor in the above. In particular, corres-
ponding to James’ theorem we have

THEOREM A. If X is a pointed connected space of the homotopy type of a CW-complex,
then T * X is naturally homotopy equivalent to Q*Z* X.

Here Q®X®X means lim Q"E"X where the maps of the directed system are given by

—
n

Qizny : QE"X  ——— QQEI"X =Q"H1EMLY
where iy : X - QXX is the adjoint of the identity map of the suspension ZX — ZX.

Again, the connectivity restriction may be avoided by using the corresponding group
functor. Thus we define a functor I from pointed spaces to topological groups whose réle
is analogous to that of the free group. Corresponding to the Milnor-Kan theorem we obtain

THEOREM B. If X is a pointed space of the homotopy type of a CW-complex, then I' X
is naturally homotopy equivalent to Q*X*X.
The free monoid and free group on X appear naturally as a submonoid of I'* X and
subgroup of I'X, respectively.
25


https://core.ac.uk/display/82559264?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

26 M. G. BARRATT and PETER J. ECCLES

The proof of Theorem A has been outlined in [2]. A proof of Theorem B is given here.
Theorem A follows from Theorem B since the natural inclusion I'".X — "X is a homotopy
equivalence if X is connected (Corollary 3.4).

In the second paper we shall give results involving ['” and infinite loop spaces ana-
logous to those of Dold and Lashof on monoids and loop spaces. In the third paper we
prove that Q*X*X is stably homotopy equivalent to a bouquet of spaces. Most of the
material in these papers is in [7].

The basic idea in what
logy operations on infinite |
theirs.

Milgram {I5] has also given a model for Q*X* X but we have not considered the re-
lationship between his model and I'X. Also. the related work of May and Segal must be
mentioned. Segal has obtained (as [23; Proposition 3.5]) Theorem B in the case of X = 5°
(the most interesting case) by quite different means. May’s work is perhaps closer to ours.
His original paper ([13]) was restricted to connected spaces, but also dealt with nth loop
spaces for all nonnegative integers n. But he has now removed {14] the connectivity con-
dition in the case of infinite loop spaces. Thus he has obtained a result [14; Theorem 3.7]
which is equivalent to Theorem B. However, May’s approach and ours are at opposite
extremes: he works in as general a selting as possible, whereas we work with one parti-
cular example of his ** E_-operads ™ and we show [3] that this is sufficient.

The plan of this paper is as follows. We work in the category of simplical sets. The
reasons for this are referred to in §2 which also contains a few well-known results which
we need later. This is preceded by §1 containing notation in finite set theory which is used in
subsequent definitions. In §3 the functor T'" is defined and discussed. The functor I is
defined and Theorem B proved in §4, subject to certain lemmata. These lemmata are pro-
ved in the last three sections using a theorem on the homology of the universal group of a
monoid which is given in §5. Lemma 7.1 proved in §8 may be of interest in its own right.

§1. PRELIMINARIES: THE FINITE PERMUTATION GROUPS

The basic construction (of ['* X for a pointed space X involves the finite permutation
groups. In order to deal with this we need some notation which we present in this section.
The results stated are all trivial and are stated explicitly simply for clarity.

Definition 1.1. For n a positive integer we write S, for the group of permutations of the
setn={1,2,..., n} written on the left, i.e.

(o. )(i) = olz(i)) for o,7€S§,,ien
When necessary, we regard S; as the trivial group.

Definition 1.2. For m and n positive integers, we write Cg, for the set of strictly mono-
tonically increasing maps m — n: thus C; has only one element and, if m > n, C7 is the
empty set. We note that C% may be identified canonically with the set of subsets of n of
order m, i.e. given x € C7, this corresponds to {(1), ..., 2(m)} < n.
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Definition 1.3. x € C% induces a group monomorphism %, : S,, — §, defined by
2 (0)(2(0)) = a(a(i)),
w(0)j) =
foriem,jen—2x(m),ces,.
ProrosITION 1.4. Suppose x € C, B e CE. Then
(ﬁ' 1)* = ﬁ* et Sm - Sp'
Definition 1.5. Suppose ¢ € S, and « € C}. Then the image of the map . a: m—n is
a subset of n of order m and so, by the identification of Definition 1.2, corresponds to an
element of C? which we write ¢,(x). In general o,(x) # 0.« since o.x ¢ C;,. However, there
is a unique map x*(o) € S,, such that the following diagram commutes.

m ., n

2*(a) o
m _°*  n
Thus we have defined a reduction map o*: S, — S,, for x € C]..
PropPOSITION 1.6. Suppose a € C,,, € CE. Then
(B)* =a*p*: 5,~S,.
a* is not in general a homomorphism, rather the following.
ProposITION 1.7. Suppose e Cp,, 0 € S,, 1€ S,. Then
a*(0.7) = (1.(2))*(0).a*(1) € S,,.
CoROLLARY 1.8. Suppose ac Ch,0€ S,,veS,, . Then
a*(0.a,(v)) = a*(0).v.

This corollary simply says that if we define a right action of S,, on S, by composing
the product in S, with (1 x a,): S, x S,,— S, x §,, then «* is a right S,-map.

Example 1.9. Let p: n— | —n be the inclusion map p(i) =i for all ien — 1. Then
we shall think of the monomorphism p, as an inclusion and omit the symbol, i.e. write
p(d)=0€S, foroeS,_,, thus S,_, = S,. We shall use the notation R: S, S,-, for
p*.

Any element of C* can be expressed as the composition of an element of S, with n-m
maps like p. Thus, although for convenience we use the general reduction maps in our
definitions, for computations it is sufficient to know R.

ProrosIiTION 1.10. R: S, — S, _, is characterised by
(a) itis aright S,_,-map, i.e. R(o.t) = R(0).T1 foroeS,,teS,_, < S,.
(b) Rt =1 for 1<k <n wheret, ,=(k,k+1,....,n—1,neSs,.

Finally, in this section, we give some notation involving the action of S, on sets.
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Definition 1.11. Given a set X, the group S, acts on the right of the n-fold cartesian
product X" by

('\-1‘ Xaoennns X n)‘ o= ('Yd(l] ““““ \-alr\\)ﬁ

forx;e X, ceS,.

Similarly, x € CJ, induces a map x*: X" - X™ by

for x; € X. Suppose further that X has a base point, x. Then we say that x is entire for (x, ...,
x,) if the coordinates it omits are the base point, i.e. x; = = if /€ n — x(m). In particular,
p:n — 1 —nisentire for points of (X" 7' x {«} < X"and R(x;, ..., Xpor. %) = (X, 0.0y Xpm )

These definitions are related as follows (cf. Proposition 1.7).
ProrosiTioN 1.12. Suppose xe Cl, 6 S,, xe X". Then
21*(x.0) = (04(2))*(x).2*(0),

and x is entire for X.¢ if and only if 0,(2) is entire for X.

§2. PRELIMINARIES: THE SIMPLICIAL CATEGORY

In this section we collect together a few well-known 1deas which we shall need.

Firstly, let us clarify our category of operations. We shall work in the categories of
pointed simplicial sets, simplicial monoids and simplicial groups. The basic ideas are
collected together conveniently in [12]. We shall follow the notations of that book for face
and degeneracy maps. By a pointed simplicial set we mean a simplicial pointed set,
i.e. for each non-negative integer n the set of n-simplices has a base point and these are
preserved by the face and degeneracy maps. We denote all these base points by the same
symbol, %, and refer to *' the base point” of the simplicial set.

This choice of categories is for simplicity. When working in the category of pointed
topological spaces of the homotopy type of a CW-complex, consideration has always to be
given as to whether a given construction remains within the category. For example pro-
ducts of CW-complexes must be given the compactly generated topology. These considera-
tions are avoided by working with simplicial sets. The results obtained are easily translated
into the topological category by using the realisation and singular complex functors and the
equivalence of categories they induce (see [19], [12; 16.6]). In fact, in an attempt to avoid
excessive pedantry, we shall sometimes use topological language (space, subspace) when
referring to simplicial objects.

The following result will be useful.

LemMMa 2.1, Suppose X is a pointed simplicial set having additional pbinted structure
maps 0: X, =X ., for all n = 0 such that

6.0 =5006: X,—>X,,, for n=0,

0.5, =5;4,0. X,> X1, for n20,0<i<n,

Copo=1:X,-X, for n=0,

0o =060, X,— X, for nz1,1<i<n+ 1
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Then the discrete pointed simplicial set X, with X, = ¢,0(X,), all structure maps equal to the
identity map and the same base point as X, is a deformation retract of X.
Proof. In the simplicial set category the unit interval, /, has two vertices, 0 and 1, and
one non-degenerate l-simplex, e, with ¢,e = 0, {ye = 1. We define a map 4: X x [— X by
h(x, 0) = 50"0,0C4"(x),
h(x, 1) =X,
h(x, so's," T Tle)=¢"T T x), 01 <n— 1,
for xe x,. Here 0 and | denote degeneracies of the vert s a
this is a pointed simplicial map. The inclusion i: X — X is given by i(x) = s,"(x) for
xeX,=0,0(X,) = X,. Thus if r: X—> X is given by r(x)=3,08,"(x) for xeX,,
ri=1: X - X and 4 provides a pointed homotopy between i.r and 1: X — X showing
that r is a pointed deformation retraction.
Note. The conditions on the maps o require that they behave like extra face maps s_,.
Next we recall MacLane’s definition for the classifying space of a group.
Definition 2.2. Given a discrete group G, we define a simplicial group WG by
(WG), =G ={go. 91 -, a2 |9:€ G}
0o+ -1 92> =<go,---:§i -+, gap (i omit g;)
Sl<g0Y : "’gn> = <g0) o "gi’gi7 "’?g"> (i'e' repeatgi)
for n >0, 0 < i< n. The usual direct sum product in G**! makes WG a simplicial group.
G acts freely on WG by
{Gor -4 9029 =909 -1 9x-9>
for g;, g € G. 1t 1s straightforward to check that the necessary relations hold.
PROPOSITION 2.3. The pointed simplicial set WG is contractible.

Proof The identity of WG serves as a base point. For each n > 0 we define a pointed
map o: (WG), = (WG),.; by
6<g0’ "‘7gn> = <17909 --'xgn>
where 1 is the unit of G. These maps satisfy the relations of Lemma 2.1 hence giving the
result, since ¢,6(WG), = {{1)}.
Thus WG obtained from WG by factoring out by the action of G is a classifying space
for G, i.e. an Eilenberg-MacLane space K(G, 1).

We note that the discrete space G occurs naturally as a subspace of WG, namely as the
set of vertices and their degeneracies.

Note 2.4. In fact the above definition gives a functor W from pointed sets to pointed
simplicial sets which respects products, i.e. W(A4, x A4,) = WA, x WA, for sets A4;, A,.
Soamapf:d, x ... x A, —» A givesrise to amap Wf: WA, x ... x WA, - WA which we
shall also denote by f when there is no risk of confusion. In particular, given a € C!, we
have maps a, : WS, — WS, and o*: WS, - WS,, coming from those of Definitions 1.3
and 1.5 and the results of §1 imply corresponding results for these maps.
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Finally we consider the homotopy theory of simplicial groups.
PropositioN 2.5. (J. C. Moore [12; 17.3 and 17.4]) Suppose that G is a simplicial
group. Let G, = (\ker [8;: G,—~G,_,] forn=1, Gy = G,. Then
i=1

(1) aO(Gn) < Gn—l’
(i) 0o(Gpsy) © ker[86:G,—G,_],
(iti) 8¢(G,) is a normal subgroup of G, _,,
forn =1, ie. (G, 8,) is a non-abelian chain complex. There is a natural isomorphism H(G) =
n(G) for allg > 0.

COROLLARY 2.6. 4 short exact sequence of simplicial groups
-G -»G-G" -1

gives rise to a natural long exact sequence of homotopy groups
2 T (G7) 21 (G) - 1(G) = m(G7) —
i (G) = . = 1(G') » 15(G) = 7o (G7) — 1.
Proof. This is simply the homology long exact sequence of a short exact sequence of
chain complexes.

We shall use this corollary frequently.

§3. THE FREE MONOID FUNCTOR I'*

In this section we define a functor I'* from the category of pointed simplicial sets to
the category of simplicial monoids. We show that, for all simplicial sets X, I'* X is a free
monoid.

Definition 3.1. Suppose X is a pointed simplicial set. Then the following relations
generate an equivalence relation on the disjoint union %(X) = [[ WS, x X~

nz0
(@) (w, x) ~ (w.0, X.0),
(b) (w, x) ~ (x*(w), a*(x)),
forwe WS,,xe X", 0€ S,, « € C? which is entire for x, n = m = 0. On factoring out by
this equivalence relation, which respects the face and degeneracy maps, we obtain a simpli-
cial set which we write '* X. We denote the equivalence class of (w, x)e WS, x X" as
[w, x]e It X. Clearly (1, &) e WS, x X° provides a canonical base point {l, ZleT" X
which we write 1 (in anticipation of the monoid structure).

I'* is a functor from pointed simplicial sets to pointed simplicial sets, for if /:X — Y
is a pointed simplicial map, then I'"f: T* X —» I'* Y given by
r+f[W, xl’ ] xn] = [wy’f(x1)7 LR ’f(xn)]’

we WS,, x;€ X, n 20, is a well-defined pointed simplicial map with the required pro-
perties.
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Remarks 3.2. By the remarks in Example 1.9 we may replace (b) in the above definition
by
(BY(W, x5 ooy Xuos %) ~ (RW), X, o0, X0 y)s
forwe WS, x;€ X, n< 1.
We have remarked in §2 that the discrete space S, occurs naturally as a subspace of
WS, ,and so the disjoint union [ S, x X" as a subspace of Z(X). Theimage of || S, x X™

nz0 n20
in T'* X is simply the free monoid on the pointed space X which we write F* X, i e. the re-
duced product space X of James [8]. This may be thought of as motivating the equiva-
lance relation of Definition 3.1.

We now define two natural transformations involving I'* leading to the definition of a
[ *-structure on a space.

Definition 3.3. Given a pointed space X, there is a natural embedding 1 X > T X
given by i1x(x) = [l,x] forallx e X. Here 1 € §| « WS,.

When we refer to “the pair (I'* X, X)’ we mean X embedded in I'* X by 1.

Secondly, we recall that I'* X is intended to serve as a model for Q®Z®x. Thereis a
natural map Q®Z*Q¥L*X > Q*¥EI* X defined using the evaluation QA — A. There
is an obvious candidate as a model for this map which we now give. To motivate the
details we remark that the obvious map F*F*X — F* X (of which the following is an
extension) provides a model for QL Q ZX — Q ZX in the theory of James.

Definition 3.4. Let k and n be non-negative integers. For integers { such that | < i< k
we define 4; : n — kn by

Ay=(0~Dn+j
for jen, i.e. 4, maps n to the ith block of n elements of kn. By Definition 1.3 and Note 2.4
this gives rise to a homomorphism

(A 2 WS, = WS,
which we also denote by 4; with no risk of confusion.

Also, given ¢ € S, we define u(o) € Sy, as the element which permutes k blocks of n

elements by o, i.e.
u(o)((i — Dn +j) = (a(i) = Dn +j,
for 1 < i<k, 1 <j< n This defines a homomorphism S, — S, and so a homomorphism
w: WS, - ws,,.
With this notation we may define a map
A 11 11 WSe x (WS, x X —2(X).

k20 n20
Suppose (w, a) =(w, a, ..., %) € WS, x (WS, x X")* where o, = (w;, x')e WS, x X"
Then we define £y(w, @) € WS,, x X*" by
4X(W, a) = (#(w)ll(wl) . '}*k(wk)) xla crey xk)
where we identify (X™)* with X*" in the obvious way.
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PROPOSITION 3.3. £y induces a natural map hy : I "7T"X—-T"X.

Proof. We omit the details of the proof which is straightforward and tedious (they are
given in [7; Proposition 1.4.6]). It simply consists of the verification of the following.

(a) Given we WS,, «, 2= (WS, x X™* such that x; ~ %, by 3.1(a) for | € i<k, then
Ayx(w, 1) ~ Ay(w, ') by 3.1(a).

(b) Given we WS,, ae (WS, x X", a' (WS, x X™* such that a2, ~ 2, by 3.1(b)
for 1 <i <k, then Ay (w, ) ~ 4y(w, 2') by 3.1(b).
Hence 4 induces a map Z(T*X) - T " X.

(c) Given (w, 2)e WS, x (WS, x X", o€ S,, then 4(w.0, a.6) ~ /x(w, 2) by 3.1(a).

(d) Given (w, a) as in (c) and f & C% which is entire for the image of = in (T*X)*
(ie. if iek — B(j), then x' = (x, ..., x) € X™), then £ (f*(w). B*(2)) ~ A (w, @) by 3.1(b).
Thus, from Definition 3.1, a map Ay : I "I " X — I' ¥ X is induced. Its naturality for maps of
X follows from that of 4.

It is in checking the details of this sort of argument that the simple results of §1 are
useful. We notice also that the use of 3.1(b) rather than 3.2(b") makes the details less cum-
bersome.

The natural transformation 4 has very pleasant properties.

ProposiTiON 3.6. Given a pointed space X, the following diagrams are commutative

Coix ir+x Arex

r+x rr+x rx F*rerx r*r+x
\ 1“ / Jr’hx hx
r*x rr-x —=- r+x.

This simply says that (I'*, 1, ) forms a triple (as defined in [4]). The name monad has
also been used for such objects ([13]).

Definition 3.7. A T *-structure on a pointed space X is a pointed map f: "X > X
such that the following diagrams commute.

X -2 rx rrx —Y. rex
t
X rx ——, x

In the categorical language of [4] this says that X is a (I'", 1, h)-algebra.

Example 3.8. hy : T*T "X - T'* X provides I'*" X with a I'*-structure by Proposition
3.6.

We have remarked (3.2) that £* X, the free monoid on X, sits inside ' " X in a natural
way. Further, on restriction #, provides a map F*F*X — F* X So if X has a ' *-structure,
:T*X > X, the restriction F|: F*X — X provides it with an F “-structure (with the
obvious meaning). However, it is clear that the condition that X has and F*-structure is
just the same as the condition that it have the structure of a simplicial monoid; the map
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F*X — X provides the product, the commuting triangle says that the base point acts as a
unit and the commuting square that the product is associative.

The extension of a monoid structure £~ X — X on X to a I "-structure implies that X
is homotopy abelian in a very strong sense. In fact it has the structure of an infinite loop
space (see [3]). Only a small part of the I' *-structure is needed to prove the following.

PROPOSITION 3.9. If a pointed simplicial set has a T *-structure, then it is a homotopy
abelian simplicial monoid with base point as unit.

Proof. Let f: " X - X be a I'*-structure on X. Then the product on X is given by
x.y=f([1, x, y]) for x, ye X, where l € §, € WS,. As we have remarked, the diagrams of
Definition 3.7 ensure that this product is associative and has the base point as unit. The
required homotopy is given by

ax 1 X f
IxX* —— WS, xX? c %X) —— T'X — X

where a: I— WS, is given by a{e) =<1, (1, 2)) € (WS,), for the non-degenerate e € /;.

COROLLARY 3.10. 't Xisahomotopy abelian monoid with 1 = {1, (J] as unit. The natura-
lity of h implies that U* is a functor to simplicial monoids.

Finally, in our consideration of the structure of I'* X, we prove the following.

ProposITION 3.11. TH X is a free monoid.

Proof. Let 1,,: n— m+n be the map given by i,(i) = m + i for i e n. Then, by Defini-
tion 1.3 and Note 2.4, we have a map

(im)* : WSn _ WSm+n'

Now, using Relation 3.1(b) enough times we see that any element of I' "X may be
written in the form [w, x] withwe WS,, x =(x, ..., x) e X", ;#«for I <i<n, n=0.
Then [w, x] is irreducible if and only if there does not exist ¢S, so that woe
WS, (i.)x WS,_, = WS, forsomer, 1 <r<n—1.Toshow that I ™ X is free we must show
thateachelement of '™ Xcan be written in a unique way as a product of irreducible elements.
This follows (by induction) from and is equivalent to the following lemma.

LemMa 3.12. Given a, B, €, ne I'* X with «, B irreducible, if 2.2 = f.n then « = § and
E=n.

Proof. Suppose « = [v, x], (v, x)e WS, x X", f=[, X], (¢), xX)e WS, x X", { =
(w, ¥), (w,Y)e WS, x X2, n=[w',y'], (W, y)e W5, x X% all in the form described above
with no coordinates the base point. Then, since «. = f.n, there is a ¢ € S,,4+, such that

x,y)=(,y)0
v'(im)*w = (Ul'(in)*w’)'o',
by 3.1(a). Since no coordinate is the base point, 3.1(b) cannot arise. We consider two cases.

Suppose m =n. Then 6 €S,. (in)x S, S Sp+,. For, if not, givente S,. (e Sy,
it is clear that 7.0 ¢ S,. (in)« S,. S0, by Note 2.4, 0.(in)e w = (v'.(i)eW").0 § WS, .(in)s WS,
which is a contradiction.

TOP Vol. 13 No. 1—C
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So suppose ¢ = g,.(i,)x G2, 6, €S, 0, € 3,. Then
r=t.6; and x=x".07,
w=w.0, and y=y¥.0,

Thus, by 3.1(a), x = f and = 7.
On the other hand, suppose m 5 n. Without loss of generality we may suppose m < n.
g: m+p—-n+qis a one-to-one map. Suppose that for some iem < m+n, o(i) > n.
IfreS, (i) Sy, t6(i) >n>m e 1.6¢S, (i) S, Hence (¢".(i)e w').0 ¢ WS, (i) WS,
which is a contradiction. Hence ¢(m) @ n<n + gq. N
Thus we may define 6e S, < S, , by
g(i)=0c(i) for Il <igm,
G(iy=and kensuchthat k¢a(i— 1) form<i<gn
Then (v'.(i)«w").G € WS, .(i,)« WS, So v'.6e WS, (i)« WS,_,, = WS,, which contra-
dicts the irreducibility of £, showing that this case is impossible.
Thus we have proved Lemma 3.12 and so Proposition 3.11.

We conclude this section by identifying the monoid of components of '™ X.

ProposiTION 3.13. Given a pointed space X, mo(I'" X) = Z " no(X), the free abelian
monoid on the pointed set ny( X).

Proof. Since (WS,)y = S,, the vertices ([T X), = F* X,, the free monoid on the set
of vertices of X. Now, given a simplicial set A, ny(A4) = A4,/ ~, where ~ is the equivalence
relation generated by éya ~ é,a for ae A,. Any l-simplex Ze ['* X may be written & =
KL,o), x,...,X%,), 0€8,, x;€ X{. Then 6,¢ = [0, Coxp, ..., CoXad = [, CoXamt1yr -1
0o Xs-1mh and ¢,& = (1, é,x, ..., @,x,]. Thus we see that for mo(I'" X) the order of the
coordinates does not matter and so the result is as stated.

§4. THE FREE GROUP FUNCTOR I

Proposition 3.13 tells us that in general ['* X cannot be a model for Q®X®X, just as
F* X is not for QX X. In this section we define a free group functor I' and show, using
results to be proved in subsequent sections, that ' X and Q*X® X are homotopy equivalent.

Definition 4.1. Given a monoid M by the universal group of M is meant a group UM
which is universal with respect to homomorphisms from A to groups, i.e. there is a natural
monoid homomorphism u: M — UM such that, given a monold homomorphism f: M - G
to agroup G, there is a unique group homomorphism F: UM — G suchthat Fu =f: M - G.

The following result guarantees the existence of the universal group. [t is unique up
to isomorphism for the usual categorical reasons.

PROPOSITION 4.2. Given a monoid M, let FM be the free group on the pointed (by the
unit) set M and let N be the normal subgroup of FM generated by elements of the form

my.my.msy~ ' where m;e M and m.m, = m, in M. Then the composite

M— FM— F&[/N
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of the quotient map with the inclusion as generators is a monoid homomorphism satisfying
the universal condition.

The proof is straightforward. It should be noted that the inclusion M — FAM is not a
homomorphism.

By taking the universal group of the monoids and monoid homomorphisms involved
we may define the universal simplicial group UM of a simplicial monoid M.

Definition 4.3. Given a pointed simplicial set X we define I'X to be the universal
simplicial group of the free simplicial monoid T'* X.

Of course, I' is a functor from pointed simplicial sets to simplicial groups. There is a
natural embedding

1y X>TX

obtained by composing the universal group map u: I'* X — [’ X with the natural embedding
1y : X —» T ¥ X. This is an embedding for, as T * X is a free monoid, T' X is a free group on the
same generators and so « is an embedding. When we refer to ** the pair (CX, X)” we mean X
embedded in X by 1.

Definition 4.4. Given pointed spaces X and Y, there is a natural map
W TX)x Y->T(XxY)
given by
Y(lw, x5 o x5 9) = [w, (X, 9), 0, (x5, 2]
Y(&m y) =¥ »)4n, y)
YETh ) =¥ T
forwe WS,, x;eX,ye Y, nelX,
Similarly we may define a natural map
Y TX)AY->T(XAY)
In particular we have maps
CTX=TX)AI-T(CX)
SIX=TX)A S'>T(EX)
and so, on taking adjoints
v TX>PICX
v : TX->QIZX.

Here [ and S' are simplicial set models for the unit interval and 1-sphere. A possibility for
I, in which we take the vertex O as base point, is given in the proof of Lemma 2.1 and the
corresponding S' is obtained by identifying the two vertices. For future use we define a map

c:ini-]
by (sge, s,€)— s €, (5,6, sge)—sge. This gives a natural transformation

cy: CCX - CX.
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In fact we replace /, S* and ¢ by their associated Kan complexes £x=(/), Ex*(S')and Ex*(c)
(see {10]) but still use the notations 7/, S! and ¢. This means that, for example, QX = xS
does give a simplicial model for the loops on the pointed simplicial set X. We define the
cone, suspension, path space and loop space functors in this way, rather than using the
usual economical simplicial definitions, so that the natural transformations 8 and v are
defined. They are clearly homomorphisms of simplicial groups.

ProvpositioN 4.5, [ is a homotopy functor, i.e. if fand g: X — Y are homotopic pointed
maps, then so are If and Tg: TX - TY. Thus if X and Y are homotopy equivalent pointed
Kan complexes, so are T X and T'Y.

Proof. This follows from the existence of a map (T X) x /=TI (X x I) by the above
definition.

In §7 we shall prove the following:

LemMma 4.6. Given a pointed space X, the natural simplicial group homomorphism vy :
I'X - QI'YX is a homotopy equivalence.

Given this, it 1s not difficult to obtain our theorem. For each integer n = O there is a
natural homomorphism

QM ey : QI X > QTITEI Y
Using these maps we define the direct limit lim Q"['Z"X which we write Q*I'Z”X. But, by

n

the lemma, each map of the directed system is a (weak) homotopy equivalence and so the
same is true of the natural homomorphism I'X - Q*I'L* X, using J. H. C. Whitehead’s
theorem. Thus we have the following.

CoroLLARY 4.7. Given a pointed space X, the natural simplicial group homorphism
'YX — Q*TZ*X is a homotopy equiralence.

This is halfway to the theorem. Now the adjoint of the identity map X — T X gives a
natural inclusion iy : X' — QZX such that yy.1y = Qiy.iy: X - QI'ZX. Hence, for each
n=0,

(QYgnx, Dcay): (UTZY, QLX) (T LY, Qrizsttly)
is a map of pairs, thus giving (Q*I'2* X, Q*Z® X) as direct limit. However, in §6 we shall
prove the following.

LemMma 4.8. If X is an (n — 1)-connected pointed space and n > 1, then the pair (T X, X)
is (2n — 1)-connected.

Hence, if n > 1, the pair (I'Z"X, £"X) is (2n — 1)-connected. It follows that the pair
(QTZ'X, Q"2"X) is (n — 1)-connected, and so the pair (Q*I'E* X, Q¥EL® X) is co-connected.
Thus, using J. H. C. Whitehead’s theorem, we have proved the following:

COROLLARY 4.9. If X is a pointed Kan complex, the natural inclusion map Q*L*X —
Q®EI'* X is a homotopy equivalence.

Taking Corollaries 4.7 and 4.9 together we obtain our approximation theorem.
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THeEOREM 4.10. If X is a pointed Kan complex then I X and Q*X* X are naturally homo-
topy equivalent.

X = §°, the 0- sphere, is an important example. Then I*S* = [[ WS,. The monoid

n20

structure is given by

WS, x WS, — WS,

m+n

coming from the obvious inclusion S,, x S, - S,.4+, This leads quickly to the following
result (see [21] and [4; Theorem 4.1]).

COROLLARY 4.11. There is a map
w: WS, - (Q°S%),
which induces an isomorphism of integral homology.
Here WS, = lim WS, under the inclusion maps of Example 1.9 and (Q%S5%),

is the connected component of the base point.

The remainder of this paper is devoted to the proofs of Lemmata 4.6 and 4.8.

A note on the topological version

Of course, Theorem 4.10 is true in the category of compactly generated topological
spaces of the homotopy type of a CW-complex [20], {25]. In this category products are given
the compactly generated topology and the phrases *‘topological monoid” and *‘topolo-
gical group ” adopt the corresponding meanings. Given a pointed space X in this category,
a topological monoid I'* X and a topological group I'’X may be defined just as in the sim-
plicial version above using the realizations of the simplicial sets WS,. The topological ver-
sion of the theorem then follows from the simplicial version using the singular complex
functor, since I" is a homotopy functor.

§5. THE HOMOLOGY OF THE UNIVERSAL GROUP OF THE MONOID

This section contains the statement of a theorem of Quillen’s which is used subse-
quently in the proofs of Lemma to 4.6 and 4.8. This theorem includes the theorems of
[4] and [7] as special cases.

Throughout this section, M denotes a simplicial monoid and w: M — UM the uni-
versal group homomorphism. The problem is to determine the homology of UM knowing
that of M.

The product on M induces a product on my(M) so that it forms a monoid with the
component of the identity of M as identity. Similarly, n,(UM) is a group. Further, u, :
o(M) — ny(UM) is 2 monoid homomorphism and so by the universal property has a
unique natural extension

Uno(M) - ny(UM).
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PROPOSITION 5.1. This map is a group isomorphism.

The proof is straightforward. We identify these two groups by this isomorphism.

Suppose now that & is a commutative ring. Then, for any space X. there is a natural
inclusion

To(X) € kng(X) = Ho(X: k) = H (X k).
Hy(M; k)is a kng(M) - module and we may define a natural map
Osi : Hi(M; k) @ noorty KUng(M) —» H (UM ; k)

by Oy(a, i) = ju,(a).l forae Ho (M), i e kand ¢ € Uno(M) = no(UM). 8, composed with
the natural inclusion of H,(M)in H(M)®kUry(M) is the map induced by u, the universal
group homomorphism.

Quillen has proved the following [22].

TrEOREM 3.2. If (a) M is free, and (b) ny(M) is in the centre of the ring H, (M k), then
Oy is a ring isomorphism.

We shall use the following implication of this theorem.

COROLLARY 5.3. Suppose f: M, > M, is a homomorphism of simplicial monoids satis-
Sfying (a) and (b) of the theorem. Then if f induces an isomorphism of homology rings with
coefficients in some commutative ring k, so does the simplicial group map Uf: UM, —» UM, .

This follows by the naturality of 8.

The theorem also shows that ™ X is equivalent to Q*X”X for a connected pointed
space X as follows.

COROLLARY 5.4. [f X is a connected pointed space, the inclusion

I'x-rx
Is a homotopy equivalence.

Proof. By Proposition 3.13, ['* X is connected. So, by the theorem, the natural inciusion
induces an isomorphism of homology groups. Hence, by the bar spectral sequence, the
natural inclusion

Wr*x-wrx
of classifying spaces induces an isomorphism of the homology groups of simply connected

spaces and so 1s a homotopy equivalence. The result follows on taking loop spaces (using

(5D

§6. A FILTRATION OF I'*X: THE PROOF OF LEMMA 4.8

Definition 6.1. For each integer m > 0, we write I'}, X for the subspace of I'* X which

is the image of U WS, x X" =« %(X) under the identification map of Defimition 3.1.
n=0
Then, if m < n, there is a natural inclusion '} X <17 X and " X =1lim I} X.

—
m
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We refer to the filtration
{(BL=TiXcy(X)=I[Xc...cTjXc...cT*X
as the filtration of I' ™ X by word length, by analogy with the corresponding filtration of F* X,

For each m > 1 the quotient space ', X/ _, X, which we write 2, X, is known as the
m-adic construction. The usual definition of &, X is as the identification space obtained by
factoring out by the obvious free action of S,, on WS, x X™/WS, x {«}, where X™
denotes the m-fold smash product of X with itself. This is clearly homeomorphic to the above
definition. These constructions have been useful in homotopy computations.

The filtration of '™ X by word length gives rise to a spectral sequence E¥, conver-
ging to the homology of I'* X (e.g. [24; p.469]). This spectral sequence has

E) =H, T;X, I'J_ [ X)=H,.(9,X) forp>0.

But if X is (n — 1)-connected, &, X is clearly (np — [)-connected. Hence the convergence of
the spectral sequence implies the following result.

PrOPOSITION 6.2, If X is an (n — 1)-connected pointed Kan complex, then H(I'* X, X)
=0 fori<2n.
Now I'* X is free (Proposition 3.11) and homotopy abelian (Corollary 3.10) and so
Theorem 5.2 applies giving the following result.

ProPoSITION 6.3. If X is an(n — |)-connected pointed Kan complex, then H(T' X, X) =0
Sfor i <2n.

Lemma 4.8 follows from this when n > 1 by the relative hurewicz isomorphism theorem.
To show that I' X is 1-connected (which we need to apply the hurewicz theorem) we need
only to replace X by its minimal complex which has only one (degenerate) 1-simplex [12;
Lemma 9.2], so that the same is true of I' X. We can do this since I is homotopy invariant
(Proposition 4.5).

§7. THE PROOF OF LEMMA 4.6
This follows easily from the following result which is proved in the next section.

Lemma 7.1. Let T be a functor from the category of pointed simplicial sets to the category
of simplicial groups which is given in each dimension (Definition 7.2). Suppose that T has the
property that, for any two pointed spaces A, and A, , the homomorphism

Tiy xTiy: TA, x TA; > T (A, v A,)

is a homotopy equivalence, where the i; (j = 1,2) are the inclusion maps. Then, if (4,B) is a
pair of pointed spaces and q: A — A[B denotes the map identifying B to the base point, the
natural map

TB — ket [Tq : TA — T(A/B)]

is a homotopy equivalence.
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This says that if 7 turns trivial cofibrations into fibrations up to homotopy then it
does the same to all cofibrations.

Definition 7.2. A functor T from simplicial %,-objects to simplicial %,-objects is
given in each dimension if there are functors T, : %, — %, for each integer n = 0 such that
(TX), =T, (X)) (TN =T, (/)

for simplicial % ,-objects X and simplicial ¥,-maps /.
The functor I clearly has this property. Further,
I:EMMA 7.3. Given pointed spaces A, and A,, the homomorphism of simplicial groups
Tip x Ti, :TAy x T, =T (A v 43)
is a homotopy equivalance, where the i; are the inclusion maps.
So Lemma 7.1 applies to the functor I

COROLLARY 7.4. If (A,B) is a pair of pointed spaces and q: A — A[B denotes the map
identifying B to the base point, then the natural map
I'B—oker [I'q: TA - T(A4/B)]
is a homotopy equivalence.
This is just what is needed to prove Lemma 4.6. For consider the following commuta-
tive diagram

rq

| —— ker(lg) —— TCX —— TIX — |

TX <: iax Jﬁx 11
| — QX —— PIiX rEx — L.
Here g: CX — ZX is the map collapsing the base X < CX of the cone to the base point,
the bottom row is the obvious short exact sequence of simplicial groups, and the natural

map By is

(PTq).(PTcy).fex: TCX > PTCCX - PICX - PTSX

where B and ¢ are the natural transformations of Definition 4.4. Then, since both rows
are exact, ay is induced such that the triangle commutes. By Corollary 2.6 and J. H. C.
Whitehead’s theorem, xy is a homotopy equivalence. But ['X — ker (I'g) is a homotopy
equivalence by Corollary 7.4. Hence so is yx.

So the proof of Lemma 4.6 is complete (apart from 7.1) when we have proved Lemma
7.3. This follows from a corresponding result for monoids, namely

LemMa 7.5. The homomorphism of monoids
T, x T, T4, xTYA, > T7(4, v 4,)
induces an isomorphism of homology groups.

For Proposition 3.11 and Corollary 3.10 ensure that conditions (a) and (b) of §5 are
satisfied for the monoids involved. Since U(I' "4, x [ *4,) =T'A4, x ['4,, Corollary 5.3
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ensures that I'i, x ['i, of Lemma 7.3 induces an isomorphism of homology groups. But
by J. H. C. Whitehead's theorem such a homomorphism of simplicial groups is a homotopy
equivalence as required.

Proof of Lemma 7.5. The filtration of I' ™ by word length was described in Definition
6.1.1f T* A4, x ™A, is filtered by the corresponding product filtration then (I'*4,) x (I'*4,)
is filtration preserving and so induces a map of quotient spaces

N
\/o (2,4,) ADp_pAr)— Za (A, v Ay)
p=

for each n > 0, where we write 2, A; = 5°.
PROPOSITION 7.6. For each n > 0 this map is a homotopy equivalence.

Hence the map (I'*4,) x (I'*4,) induces an isomorphism of the E'-terms of the homo-
logy spectral sequences of "4, x "4, and T *(4, v A4,) with respect to these filtrations.
Since the filtrations are bounded below the spectral sequences converge and so Lemma 7.5
follows.

Proof of Proposition 7.6. We write X, for the bouquet of (Z) copies of 4,7 A 4,079
in (4, v 4;)™ so that

(A, v 4))™ = \/O X,.
o

The subspaces X, are invariant under the action of S, and so

DA, v A)) = WS, xg ( \/o X)=\/ (WS, xs X,).
p=

p=0
The map of the proposition restricts to an embedding of 2,4, A 2,_,4, in WS, x¢ X:.
So the proposition is proved when a deformation

reWS,xs X, = W(S, x S,_,) Xs x5, (4P A4 2D A4 AND,_, A4,
is given.
The inclusion S, x §,-,~ S, induces an equivariant (S, x S,_,)-map W(S, x S,_,)
— WS,. On factoring out by the action we obtain a homotopy equivalence of two

Eilenberg-Maclane spaces K(S, x S,_,, 1) and so there is an equivariant deformation
retract d: WS, — W(S5, x §,_,).

Suppose ¢ =(w,a,...,a,, bysr1,...,b,]€e WS, x5 X,, where we WS,, a,eA,
b; € B. Then we define r() = [d(w), g, ..., b,]. This is well-defined and is the required
deformation retract, thus proving Proposition 7.6 and so Lemma 7.3.

§8. A GENERALISATION OF A THEOREM OF KAN AND WHITEHEAD

In this section we prove Lemma 7.1. On the way we obtain a long exact sequence
associated with a group valued functor which has previously been obtained by Kan and
Whitehead in the abelian case.

To begin with, suppose T is a functor from the category of pointed sets to the category
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of groups. Let (4,B) be a pair of pointed sets and write i: B — A for the inclusion map.
Then we define a pointed simplicial set L = L(A4,B) as follows.

Forn>0,L,=Av B, v... v B,where B; = B.
8o:L,—L,_,(n=1)is given by
dold=1,:4 - AcL, |,
ColBy=i:B, - AclL,_,
¢o|B;=1g:B; — B,_,cL,.,, 1<j<n

6 L,—~L,_,(n=1,0<i<n)is given by
GillAd=1,"4 — AcL,_,,

¢ |B;=1p:B; — Byj=l, ., 1<j<i

¢/ |B;j=14:B; — B,_,<L,.,, i<j<n
é,: L,—~L,_,(n=1)is given by

Oold=14 - AcL,,,

¢, |Bj=13:B;, — B;=L,,, l<j<n,

Cy|By,=%:B, — {x}cL,_|.

;i L,— L, (n=0)Iis given by

sild=1,:4 - AcL,

Sl|Bj:15B} I Bchn+1, lgjgl-

si|Bj=13:B; — Bj.,<L,,, i<j<n
It is tedious but straightforward to check that these face and degeneracy maps make L
a simplicial set.

From L(A4,B) we obtain a simplicial group K = K(4,8B) by composing L, thought of as a
contravariant functor from the simplicial category A (e.g. [12; 5.6]) to the category of
pointed sets, with the functor 7T, i.e. K, = T(L,) and similarly for the face and degeneracy
maps which are also written ¢; and s, in K.

Now, for n >0, we write M, = M,(A4,B) for () ker [¢;: K, - K,_,]. In particular,

i=t

My = K, = T(A). 1t is a simple implication of the relations between degeneracy maps that
do(M,) = M, _,. The first step in the proof of Lemma 7.1 is

LEMMA 8.1. There is a natural long exact sequence of groups

20 Zo

O M(AB) —2 M, (A,B) —=s . — 2 M(A,B) = T(A)
L T4/B)— 1,
where q: A — A/B is the map identifying B to the base point.

In the case of T a functor from pointed sets to abelian groups this is the exact sequence
of Kan and Whitehead [11; Proposition 16.1].

Proof. We have defined the natural sequence and it remains to check exactness. In L
we may define further maps «: L, — L, for all n > 0 as follows.
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2/d-B=1,_3:4—B - A—-BcAclL,,,,
2|B(cAd)=15:B - B <L,_,,
%/B; =15: B,

j — Bj+1CL

n+1-

So there are maps T(x): K, - K,., for all n > 0 and it is again straightforward to check
that these maps satisfy the conditions of the additional structure maps ¢ in Lemma 2.1.
Thus the map r: K — K, where K, = ¢, T(2) K, , given by r(k) = é,T(2)é," (k), for k € K, is a
deformation retract. But 0,T(2)K, = ¢, T(0)T(Ly) = T(6;aLy) = T(qA) = T(A/B) and r is
given by r(k) = T(q)¢," (k) for ke K, .

However, Proposition 2.5 provides a means of computing the homotopy groups of a
simplicial group. For G=K, G, = M, and for G=K, G,=1for n>0 and G, =K, =
T (A/B). By the naturality of Proposition 2.5 the map r gives rise to a map of chain comp-
lexes

29 2o o o

] g

— ] — ] — — T(4/B) ———— 1

and since r is a deformation retract, this induces an isomorphism of homology groups
proving Lemma 8.1.

Now we turn to the situation of Lemma 7.1. Suppose T is given by T, in dimension m.
Then the above lemma applies in each dimension m to the functor T,, and the pair of pointed
sets (4,,,B,,) to give a long exact sequence. By naturality these fit together to give

CoroLLARY 8.2. There is a natural long exact sequence of simplicial groups

éo [

A/[n—l(A’B) —_—

Tq

— s M(4,B)

. My(4,8) = T(4) T(4/B) — L.

Now we consider the following commutative diagram

iy

| —— T(B) T(4) x T(B) —& T(4) — |

]

} .

u(A.B)! L [T(i.)xnm ll
¥

| —— M{(AB) —— T(AvB) —2V

T(4) —— 1

where p; denotes projections onto the ith factor and {; injection as the ith factor in all cases.
The two rows are short exact sequences of simplicial groups (the bottom one by the defini-
tion of M,) and T(p,). T(i;) = T(x) = *: T(B) — T(A). Hence T(i,) may be factored through
M,(A,B) by a unique map u(4,B): T(B) — M,(A,B).

ProrosiTION 8.3. The natural map u(A,B): T(B) — M,(A,B) is a homotopy equivalence if
T has the property assumed in Lemma 7.1.

This follows by Corollary 2.6., the five lemma and J. H. C. Whitehead’s theorem.



34 M. G. BARRATT and PETER J. ECCLES

Returning to the tong exact sequence of Corollary 8.2, let C, be the kernel of Tq:
My =T(4) = T(A/B). Then Lemma 7.1 follows quickly from

ProrosiTiON 8.4, The natural map M| — Cy is a homotopy equiralence.
For consider the following diagram.

TB —

—

—
v \\

d Ty

1 Co T(A)

! p /‘/ 7
M, =2 MI(A.B)f/""/L’O/

Here the bottom row is the sequence of Lemma 8.1. Clearly ¢, : M (A,B) — T(4) factors
through C, by a map / and T, factors through C, by a map v. Our aim is to prove v to be a
homotopy equivalence.

Co-u(A,B) = 4. T(iy): T(BY = T(A v B) — T(A) by the definition of g, and ¢,. T(i,) = Ti
by the definition of ¢, . Hence, since Cy — T4 is a monomorphism, 4. = v. But 4 and x are
homotopy equivalences (by Propositions 8.4 and 8.3} and thus v is as required.

u(A.B

T(4/B) — 1.

[t remains to give the

Proof of Proposition 8.4. Firstly we prove that M, (4,B) is contractible for all n > 2
and all pairs (4, B). The proof is by induction on n.

Consider the pair (4 v By,B) where B, @ B and the inclusion is given by i:B—
A < Av By. Then for n > 1 there is a natural isomorphism

L(AvBy,By=AvByvB v..vB,=ZAvB v...vB,., =L,. ,(4,B),
with B, B, for 0 < i < n, and thus a natural isomorphism

K(AvB,,B) =K,. (4,B).
n+1

Hence M,(Av By ,B) = [ ker [¢;: K, (4,B) — K,(4,B)].
=2

a+1

0y Q ker [0;: K, (A,B) - K(A4,B)] - M,(A,B) is an epimorphism, for s, | M,(4,B)

provides a right inverse. The kernel of this map is M, ,(4,B) by its definition. Thus we
have a natural short exact sequence of simplicial groups
1> M, . (4,B)> M(Av By,B)> M(A4,B)— 1. (8.5)

Now consider the following diagram.
| —— M,(4,B) —— M (AvBy,B) —— M (4,B) —— |
“(AVBDN %4.5)
T(B)

The triangle is commutative from the definition of its maps. Hence, since both maps u are
homotopy equivalences by Propositions 8.3, so is the other map of the triangle. Thus,
using Corollary 2.6, M,(4,B) is contractible (for all pairs (4,B)—in particular the pair
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(Av Bgy. B)). Then the short exact sequences 8.5 provide the inductive steps required.
Now, for i > 0, let C; be the kernel of the map ¢, : M; — M;_,. Then the long exact
sequence of Corollary 8.2 breaks up into short exact sequences.

l1-Ci—»M,—-C_;,—1, for i>0. (8.6)
Since M is contractible for all i > 1, if C; is m-connected then C;_, is (m + 1)-connected,
and so C, is (m + i — 1)-connected, again using Corollary 2.6. But for m = —1, this is

true for all i > 1, i.e. C, is (i — 2)-connected for all /. The result follows on applying
Corollary 2.6 to0 8.6 for i = 1, by J. H. C. Whitehead’s theorem.
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