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Abstract

If P is a polynomial on R™ of degree at most n, given by P(x) = ZaeN’",|a\§n ayx%, and P, (R™) is
the space of such polynomials, then we define the polynomial | P| by |P|(X) =}, eN™ |o|<n |ag |x*. Now
if B € R™ is a convex set, we define the norm || P| g := sup{|P(x)| : x € B} on P, (R™), and then we
investigate the inequality

IPlg < CgliPlB,

providing sharp estimates on Cg for some specific spaces of polynomials. These Cg’s happen to be the
unconditional constants of the canonical bases of the considered spaces.
© 2008 Elsevier Inc. All rights reserved.

Keywords: Unconditional constant; Polynomial inequalities; Trinomials; Homogeneous polynomials; Extreme points

1. Preliminaries

If E is a Banach space over K (R or C), a sequence (x,),cN of non-zero vectors in E is said
to be an unconditional basic sequence if there is a constant C > 0 such that for all n € N, all a,
..., a, in K, every choice of signs €1, ..., &, € {—1, 1} and all subsets A of {1, ..., n} we have
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that

n
Zekakxk <C Zakxk . (1)
k=1

keA

The smallest constant C fitting in (1) is known as the unconditional constant of (x,),eN in E.
Plenty of literature about this topic has appeared in the past years. In particular we are interested
in estimating the unconditional constants of certain bases in spaces of polynomials.

Using the standard notation for multi-indices, let x* denote the monomial x‘l)‘1 <o xp where
X = (X1,...,xy) € R"and ¢ = (1,...,0y) withagp € NU{0}, 1 < k < m. Now
let B, = {x* : || < n} be the canonical basis of P,(R™), the space of polynomials
of degree not greater than n on R™, and consider S = {x% : |ax| < n,1 < k < r}
any subset of B,, ¢ = (¢1,...,¢&) a choice of signs, P(X) = aqX*" + -+ + a¢, X and
Py (X) = €10, X" + - - - + .0, X" . Then, if B is a convex set in R™, we have

| Pellg := sup | Ps(x)| < suplda, [IX[*" + - - + |aa, [XI* = I Pllg,
xeB xeB
where |P|(X) = |dg, |X*" 4 - - - + |aq, |X*. Moreover, if gy = sign (ay, ), then || Pllg = [ Pllg.
This shows that the unconditional constant of S coincides with the best possible constant Cg s
in the inequality

IPlls < C,sliPle,

for every P in the space generated by S. If B is the unit ball of a Banach space with norm
[l - I, an interesting question related to the problem of finding the constants Cg s consists of
determining the largest radius r > 0 so that || P||g, := sup{|P(x)| : [lx|| < r} < 1 whenever
|Pllg < 1 for all P generated by S. It should be noticed that this is a real polynomial version of
a multi-dimensional analogue of Bohr’s Theorem (see i.e. [1,5-8]).

We provide the exact value of the unconditional constant of the canonical basis in the space of
real trinomials endowed with the sup norm over the interval [—1, 1]. Related results for complex
trigonometric trinomials can be found in [14]. On the other hand, if P(”E’I’,’) denotes, as usual,
the space of n-homogeneous polynomials on ¢’ endowed with the sup norm over the unit ball
of Z’I’}, then the precise asymptotic order in m of the unconditional basis constants in P("Zg’) is
given in [4]. In particular, for 1 < p < 2 the asymptotic order in m is m"~1D/4_ where ¢ is the
conjugate exponent of p. In Theorem 3.16 we prove that in the case 1 < p < 2 the unconditional
constant of the canonical basis in the space P("{)) is m®=D/4_for every m € N. We also give
the exact value of the unconditional constant in the space P(”E’I’}) for certain values of m,n € N

and 1 < p < oo, and in the space of 2-homogeneous polynomials on R? endowed with the sup
norm over the simplex, always referred to the canonical basis.

Many of the problems studied in this paper involve at most three variables, especially
the inequalities that concern trinomials. For this reason one might be tempted to use
elementary calculus from scratch. However a direct application of elementary calculus is not
recommendable, moreover, most of the times it is not even feasible. Instead, one of the techniques
that will be used in order to tackle these problems will rely on the following well known
consequence of the Krein—-Milman Theorem:

Remark 1.1. If C is a convex body in a Banach space and f : C — R is a convex function that
attains its maximum, then there is an extreme point e € C so that f(e) = max{f(x) : x € C}.
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For every real polynomial P and every «, 8 € R with o < B we will often write || P ||(¢,5]
to denote the sup norm of P over the interval [«, ]. From now on, Py, ,(R) will denote the
three-dimensional space of polynomials of the form ax™ + bx" + ¢ withm,n € N, m > n and
a, b, ¢ € R endowed with the norm || - |,,.,, defined on R? by

lax™ + bx" + c|lm.n = max |ax™ 4+ bx" + ¢|.
xe[—1,1]
Also, P(®A) denotes the space of 2-homogeneous polynomials on the simplex (the region
enclosed by the triangle in R? of vertices (0, 0), (0, 1) and (1, 0)) endowed with the sup norm
on A. If E is a Banach space, Bg and Sg denote, as usual, its closed unit ball and its unit sphere

respectively. In the case where E = P,, ,(R) or P(*A), the notation B will be replaced by
B,..» and B a, respectively. Also, ext (C) denotes the set of extreme points of the convex set C.

2. Unconditional constants in spaces of trinomials

This section is devoted to the study of the inequality
WP, < COn, )Pl n, @)

where P € Py, ,(R), m,n € N, withm > n, and C(im, n) is the smallest positive constant in (2).
Observe that if P(x) = ax™ + bx" + ¢ for every x € R, then

NP, = sup{|lalx™ + |blx" + [c|| : x € [=1, 11} = |a| + |b] + |c|.

On the other hand, dividing the inequality [| P|l,,, , < C(m, )| P lm,n by I P llm,n> We can use
without loss of generality polynomials of norm not greater than one in order to calculate C (m, n).
Hence

C(m,n) = sup{lal + |b| + |c| : ax™ 4+ bx" + ¢ € By, .}

Now since the mapping By, , 2 ax™ + bx" + ¢ + |a| + |b| 4 |c| is convex, attains its maximum
and B,, , is convex too, we finally obtain from Remark 1.1 that

C(m,n) = sup{lal + |b| + |c| : ax™ + bx" + ¢ € ext (B, )} 3)

A combination of (3) and the description of ext (B, ,) provided in [13] lets us obtain C (m, n)
for all choices of m and n. For this purpose we will also require a technical lemma whose proof,
being a direct application of the Implicit Function Theorem, is left to the reader.

Lemma 2.1. Let m, n € N withm > n. Then the equation

— )t pra
M("—t) —2—1—x, @)
n m

defines implicitly a unique differentiable curve x = I'(t) defined on (0, o0) such that I'(n/m) =
1, I'2Q) = 0and I'(t) > 0 whenevert € (0, 2).

This following lemma will be also necessary in order to complete the proof of the main
theorem of this section. Its proof can be also found in [13].

Lemma 2.2. If m, n € N are such that m > n then the equation

m
[n +mx| = (m — n)|x|m—n
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has only three roots, one at x = —1, another one at a point Aoy € (—%, 0) and a third one at a
point A1 > 0.

Now we are ready to state and prove the main result of this section.

Theorem 2.3. If m,n € N withm > n then

3 if m and n have different parity,
1 4 mm m—n .
C(m,n) = +m—n — if m, n are even,
n—Aa
o rom if m, n are odd,
n+ Agm

where A is given by Lemma 2.2. Therefore the unconditional constant of the canonical basis of
Pu.nR) is C(m, n).

Proof. The proof will be done by cases. Thus, we will have to prove that:

(a) C(m, n) = 3 for every m, n € N with different parity.

m—n \ n"

(¢c) C(m,n) = Z:_’;g:: for every m, n € N odd.

1
(b) Cm,n) =1+ -2 (ﬂ)m_" for every m, n € N even.

From now on, and in this proof, we will use Eq. (3) repeatedly without mentioning it explicitly.
The proof of the first case, even though the result is the same, depends considerably on whether
m is even or odd. If m is odd then [13, Theorem 3.4] states that the extreme polynomials of B,,, ,
are

{:I:(Zx" — D, £+ x" = 1), H(—x"+x" = 1), :I:l} .

Since the sum of the absolute values of the coefficients of £(2x" — 1), £(x™ + x" — 1) and
+(—x™ + x™ — 1) is 3, the result follows. Notice that in this case, equality is attained in (2) for
the scalar multiples of the polynomials 2x” — 1, x™ 4+ x" — 1 and —x™ + x" — 1. Now, if m is
even (recall that » has to be odd), then ([13, Theorem 4.6]) the extreme polynomials of B,, , are

{i(rx'"iF(t)x"H—t—r(z)),il 2 §t§2},
m
where I'(¢) is defined in Lemma 2.1. Then,

C(m,n):max{ltl—}-|F(t)|+|l—t—F(t)|,l:%§t<2].

To find the above maximum we will find first the critical points of @(¢) = ¢ + I'(t) over the
interval [, 2]. By means of implicit differentiation, some calculations give:

I'(t) . 2n —mt —nl'(t)

r'o = 2m —mt —nl'(t)’ )
Hence, if 1y is a critical point, it is not difficult to check that @’(79) = 0 is equivalent to

mig(2 — 10) + (2n — ntg — mo) I’ (o) — nI'(19)* = 0,
from which one can show easily that either I'(fgp) = 2 — 1ty or I'(tg) = —’"Tto. This last

solution has to be discarded since I'(¢) > 0 over the considered interval. Therefore we have
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that I'(t9) — 2 + to = 0, which by means of Eq. (4) implies that

m
(m — n)ty <nf(to)>'"—” 0

n mty

It follows then that I'(f9) = 0, which gives 7o = 2. Therefore, if r € [ 2, 2],

t+r(z)=gb(t)zmin{gb(t): §t§2}=min{¢5<%>,¢(2)}=1+%> 1.

n
m
Thus, forall t € [% 2] we have 1 —t — I'(t) < 0, from which

n

C(m,n)=max{2z+2r(t)— B §t§2] =max[2¢(t)—1:te [%2]}

m
Since the mapping 29 — 1 has the same critical points as ¢ we obtain that
C(m, n) = max {2@ (f) —1,202) — 1} =3,
m
and, in this case, equality is attained in (2) for the scalar multiples of the polynomial 2x" — 1.

Now, if m and n are both even, then according to [13, Theorem 5.5] the extreme polynomials
of By, ,, are

{£(sx™ + A)x" =1 =5 = A(9)) , £ (12" = T(O)x" + 1), £1},

where s € [y, =21, t € [—y1, =l o = —-% - (%’")m yi = =2 and A and T are
defined by
2 o £\
A(s)=—I(s]) and Y(r) = < " > (’"_> .
m—n n

On the one hand
max {[f[ + [T O +1: =y <t < =y} = max{t + T() +1: =y1 <1 < —p)}
= 2y +1,
and on the other hand

—1—2s ifl4s+As) <0,

max {|s| + [A)|+ 1 +s+ As)| 1y <s <=2} = {1 +2A(s) otherwise.

Since it can be proved (see [13]) that A(yp) = —yp and A is decreasing in the considered interval,
from the latter formula it follows that

max {|s| + [A)|[+ 1 +s+ A@s)| 10 <5 <=2} < -2p+ 1.

Therefore

4 m'™\ m=n
Cm,n)=-2p+1=1+ —_— ,

m—n \ n"

and, in this case, equality is achieved in (2) for the scalar multiples of the polynomial —ppx™ +
yox™ + 1.
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To prove (c) notice that from [13, Theorem 2.6], the extreme polynomials of B, , are the
following:

w__omtn _n on
== B ——— X" ), 1 <t=< . (6)
(m—n) m nm m—n n+mig

=

n
mitm

m—n

(m—n)m nn

C(m, n) = max {|t| +

n
‘1 mtm n << n
= max — : St=—-
(m—n)" nm m—n n+mkg

n
And, since V() =t + —™LZ— is an increasing function, we will have that
(m—n) m nm

Com.n) = ¥ <L>
n+ mig

which, after performing some calculations and by using that |n +mAg| = (m — n)|)»0|%, yields

the desired result. Moreover, in this case equality is achieved in (2) for the scalar multiples of the
nxm m ‘)»0 \x” .

n+mig n+miq *

polynomial

Remark 2.4. In Theorem 2.3 it can be seen that, if k € N, k > 1, then for every n € N even we
have

Clhmom) =14 —— kit
=TT

independent of 7.
3. Unconditional constants in spaces of homogeneous polynomials
3.1. Unconditional constants in P(*A)

The geometry of the unit ball of P(>A) is described in detail in [12]. In particular the authors
give an explicit description of B through its extreme points. In the following recall that if
P € P(>A), then || P|| o denotes the sup norm of P over A.

Theorem 3.1. If P € P(CA) then
IPlA <20P|a,

and 2 is optimal in the previous inequality. Therefore the unconditional constant (referred to the
canonical basis) of P(>A) is 2.

Proof. Let C 4 be defined as
Ca =sup{||P[la: P €Ba}.

Then since Bp 2 P — ||P||a is convex, using Remark 1.1 and the characterization of the
extreme points of B 5 given in [12], namely

(2 — 2+ 22+ D))xy + 1Y), £@x® — 2+ 221+ 0)xy + y2),
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where t € [—1, 1], we obtain
Ca = sup{llPlla: P € ext(Ba)}
= sup{max{[x® + (2 + 2v/2(1 + )xy + |]y*] A,
b + @ +2y2(0+ D))xy + ¥l a) 1 € [=1, 1),
Now using some simple calculations and the fact that (see [12, Theorem 2.1])
b* — 4dac }
4(a —b+c)

2 2
- 2 —
lax? + bxy + ¢y*[l 4 ifa—b+c¢0and0<m«,

maX{laI, lcl,

max{|al, |c|]} otherwise,

we obtain that Cy = 2. If P € P(*>A) is arbitrary, applying the latter to P/|| P|| 4 we infer that
IIPll o < 2| P a- Moreover, the constant 2 is sharp since equality holds for the scalar multiples
of the polynomial P(x, y) = x> —6xy +y2. W

3.2. Unconditional constants in P("L};)

In this section C, ,, , Will denote the unconditional constant of the canonical basis of P(”E’If).
IfPe P("E’[’,’), we will use the notation

[[Pllem == sup{|P(X)] = [lx][, < 1},

to denote the sup norm of P over the unit ball of E’[’j. Here and from now on, || - ||, denotes the
usual £, norm.

In order to prove the following theorem we will use the characterization of the extreme points
of Bp(zl%) appearing in [10].

Theorem 3.2. Let 1 < p < 00, p # 2 and

fl@ = 27 [att = a?) (a = (1=a")7) +ar(t —an)? (at (1 —ar)?)]

a(l — aP)s (2 +01- aﬁ)%)

Ifwe set My == sup{f(a) :a € [2_%, 11} then, for every P € 73(253,), we have
1Pl < M7IPls

Moreover, Cp o> = My.

Proof. Since Bp(zg%7 )2 P IP| 2 is convex, by Remark 1.1 we have that
Cpop = Sup{|||P|||€% : P eext (BP(%%}))}-

We will divide this proof into two cases. Let us first start with the case p > 2. From Propositions
2.1 and 2.3 in [10] we have that the extreme polynomials of Bp () are of the form

(2) P(x,y) = ax? + cy? where ac > 0 and |a| 72 + |¢|72 = 1, or
(b) P(x,y) = £(x> — y?), or

P_RgP p—248p-2 .
(c) P(x,y) ==+ (iugz x2 =y + 20[,3%)6)1), withe, 8 > 0and a? 4+ BP = 1.
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If P is as in (a) or (b), then |||P|||z§, = ||P||€12) = 1. Thus we will focus our attention on the

polynomials of type (c). It is easy to see that if P is as in (c) the polynomial | P| attains its 8%,

1 1 . .
norm at (2° 7,2 »), from which we obtain

Cpop
B af — P, 5 ap—2+ﬂp—2 . » .
_sup{ —a2+ﬁ2(x +y)+2aﬂ—a2+ﬂ2 Xy Z%.azﬁzo,a + B =1
2 [eBr@— B +alB@+p) b ap }
=2 sup{ YD) ra>pB=>0,a +87 =1

:sup{f(a):2_% <a=<1}=My;.

This concludes the proof for the case p > 2. In a further remark we will give a few particular
values for M.
Secondly, if p < 2, then the extreme polynomials of Bp(z 2) are as in (a), (b), (c) or

@ Px,y) =% (G707 (2 + 9% & 20p <=0

PRy g

Notice that when &« — B we also obtain extreme polynomials from (d), namely P(x,y) =

xy), with o, 8 > 0and a? + 87 = 1.

2 2
272 (x2 4 y2) + 20! (2 — p)xy. Anyway, if P is as in (d), then | P| is again a polynomial as in
(d), and therefore |||P|||£%/||P ||£% = 1. This shows that in this case Cp 22 = My holds too. W

Remark 3.3. It will be seen in Theorem 3.19 that C2 22 = /2, which completes Theorem 3.2.

Remark 3.4. In the previous theorem, the value of Cp >, cannot be obtained explicitly in
general, however, using symbolic calculus software a few exact values for C), > > can be obtained
for some specific values of p, as shown in the table below.

p Cpon2
73
3 %(3+5J§+2 2+10ﬁ) ~1.31
1/3
1 5 ~
3 (3+5) " =159
4 J3~173
1/5
1 29 ~
5 (lz T E) ~1.83
6 2653 ~191
8 171 ~2.03

The constants C;22 and C 2,2 can also be obtained by using the same technique and the
characterization of the extreme points of the unit ball of P(ZE%) and P(Zﬁgo) that appears in [3,
Theorem 2.6] and [2, Page 477] respectively.

Theorem 3.5. If P € P(*(3) then

14++2

1Pl < —

1Pllz
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and equality is attained for the scalar multiples of the polynomials :I:@ (2 =y £+ Q2+2)xy.
Moreover, C1 22 = 1+T‘f2
Proof. As we did before we have that

Ci22=sup{llPll2 : P € ext Bpepa)).
On the other hand, from Theorem 2.6 in [3] the extreme polynomials of Bp(z (2 are of the form:
(a) P(x,y) = +x2 + 2xy £ y2, or
() P(x,y) = i@(ﬁ — y2) +txy, where |t| € (2, 4].

If P is as in (a), then ||P]l,2 = ||P||€% = 1. Thus we will focus our attention on the
polynomials of type (b). It is easy to see that if P is as in (b), then the polynomial | P| attains its

6% norm at (% %) From this we obtain

VAl -2, 5
Craz =sup | ————O7+y) +ltlxy) ol € (2.4
a
Vs — 52
= sup HTWH% +sxy| s €24
G
Vis —s?+s
=supy——— s € (2,4]¢.
4
Notice that we have performed above the change of variables s = |¢|. A simple calculus exercise
shows that (2,4] > 5 > 43+M attains its maximum at s = 2 4+ +/2, (f = £(2 + +/2)) and

142

that the maximum is —5*=. This concludes the proof. W

Theorem 3.6. If P € P(>(2,) then
IPllz, < (1 +~V2)IIPllz,
and equality is attained for the scalar multiples of the polynomials 2+T‘ﬁ()c2 —yH) + ‘/Tixy.
Moreover, Coo22 =1+ V2.
Proof. As usual
Coc22 = sup{liPllg2, : P € ext(Bpep )}
On the other hand, the extreme polynomials of By (2, are described in [2] and are of the form:
(@) P(x,y) = £x2 or
(b) P(x,y) = +y*, or
(©) P(x,y) = = (tx? — 1y £ 2J/7(T = Dxy), where ¢ € [%, 1].
If P is as in (a) or (b), then |”P|”‘5<2>o = ||P||ego = 1. Thus we will focus our attention on the

polynomials of type (c). It is easy to see that if P is as in (c), then the polynomial | P| attains its
Ego norm at (1, 1). From this we obtain
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1
sup{”tx2 +1y> + 21 — t)xsz2 it e [5 1“
o0

sup {2t+2\/t(1 —t):te |:%, 1:|}
=142

Having in mind that the above supremum is attained at t = #, the proof is concluded. M

Coo,2,2

Remark 3.7. For m, n € N, notice thatif || - ||, and || - || are two norms on R” with unit balls B,
and By, respectively and, as usual, C; . , is the smallest constant in || P|lg, < Ci x|l P, for all
n-homogeneous polynomials P on R™, withi = a, b, then the fact that the spaces (R™, ||-||,) and
(R™, ] - ||p) are isometric do not imply that Cy jy,n = Cp m.». In order to prove this we just need
to consider the isometric spaces (R, || - ||1) and (R?, || - |lo) together with Theorems 3.5 and 3.6.

Little can be said about Cp, ;, , for m, n > 3. In the following results we give estimates on
the ratio || P|l,2/Il Pl 2 for specific families of polynomials P in 77(361.2) for i = 1, co. Those
estimates provide a lower bound for C1 23 and Ce 2 3.

Lemma 3.8. [f for every a, b € R we define P, p(x,y) = ax3 + bx?y + bxy? + ay’ then

L /302 —6ab —9a2 |24 =2 if a # 0 and b b,
TQ - - 1 n — _
18 a a +b a a 0= a b_ ,
||Pa,b||z%= |lal if a # 0 and _35553’
b
o+ 0 otherwise,
4
where
364 + 242+ 39
by = — VA+AVIH39 —5.49.
23
Proof. The reader can easily check that
|b|
IPosllz = IblIx"y + 2yl 2 = 7.

Now ifa # O then P, = aPl,g. For simplicity let o = %’ and P, = Pl,g' By symmetry of Bl%
we have

I1Pell2 = max{l| Qallio,11; 1 Rerlli-1,01}
where

0u(x) = Py(x,1 —x) = —( = 3)x> + (@ — 3)x + 1

Ro(x) = Po(x, 1 4x) =2+ D2’ +3(@ + Dx® + (@ +3)x + 1.

Taking into consideration the fact that Q, has its vertex at x = %, we have that

1
QO! 5
1
{ |1+a|}_{| +al ifo < —5o0ra >3,
ax {1, = 4

1 otherwise.

| Qullio, 11

maX{lQa(O)l, | Qu (D),
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On the other hand, the reader can check that R, has two critical points in [—1, 0] at

1343 —+/3a2—6a—9 130 +3++3a2 —60—9
ap = —— and o = ——
6 a+1 6 a+1
if and only if |«| > 3. In addition to this
1 oa—3
R = —+v3a2 —6a—9 ,
| Ro (i) | gV 3 o P

for k = 1, 2. Hence, taking into consideration the fact that the equation
1 -3
—V3a? —6a -9 |~

18 a+1
has only two roots at —3 and 15, it is not difficult to see that

max{|Re (= DI, [Rz (0)], [Re (1), [Ra(a2) |} if | = 3,

-

IR =101 = Y ax{| Ry (— 1)1, | Ry ()]} otherwise
1 -3
max {1, —v/3a2 —6a — 9|22 if || = 3,
= 18 oa+1
1 otherwise

1 -3
V32 —6a—9|22| ifa<—-3ora> 15,
18 o+ 1
1 otherwise.

Putting all this together we arrive at

1 1 -3
max | L A e o | ifa < -5,
4 18 oa+1
L 32 —6a—9|% 3 if —5<a<-3
IPallz =1 18Y 7%~ 77 a1 Hoo=a=72
if —3<a<3,
1
1 +al ifa > 3.
4
Finally the equation
1 1 -3
| +a|:_ 3a2—6a—9a ,
4 18 o—+1
has a unique root in (—oo, —5] at by and it is not difficult to see that
1+ «f 1 5 oa—3
2 < 18 3a 6a —9 a1l

if @ € (bg, —5], which leads us to

1 _
V32 —6a—9|%
8

1 o+

”Pot”g%: 1 if —3<a <3,
1+ «f

4

This concludes the proof. M

3
1' ifbg <a < -3,

otherwise.
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Proposition 3.9. If P, ,(x, y) = ax> 4+ bx%y 4+ bxy? + ay? then for every (a, b) € R\ {(0, 0)}
we have

9’ — b7| . b
2|3a — b|/3b% — 6ab — 942 lfa?é()andbofgf_&
Il Pasll 2 b
Pasle | ifa#Oad —3< -,
‘ la| + |b| |
m otherwise,
where
367/4 + 243/2 + 39
bo = - LRLEAEN —5.49.

23
Proof. From Lemma 3.8 it follows that

537

b
la| ifa;éOand'—
a
la| + |b]
4
The desired result is obtained by combining the latter with the facts that if a # 0 and

bo < & < —3then (la|+|b)|a+b| = |a>—b?| and thatif @ # Oand 2 > 3 then ‘fa'jj’l' =1. m

|||Pa,b|”g% = IIP\a\,|b\IIg§ =
otherwise.

Corollary 3.10. If P, p(x,y) = ax’ + bx%y + bxy* + ay? then for every (a, b) € R* we have

Il P bo—1
a,bmg% < byt 1 ||Pa,b||g%,
where
by — 363442472439 . 540
23
and

bo—1 184+ 1232+ 31
= 3 3 ~ 144
bo+1 184+ 12J2+8

Moreover, equality is attained for the scalar multiples of the polynomial Py p,.

1 Po,sll,2
Proof. If a = 0 clearly we have W = 1. Otherwise, by Proposition 3.9 we have
'y ll
91 —a?
1= o] if by < o < -3,
Il Pl 2 2|13 — a|v/3a2 — 60 — 9
[ .
W =31 if —3<aq,
ablle 1+ |of ,
otherwise,
1+ «f

where o = g. But this is a mapping in one real variable that can be proved to attain its absolute
maximum at by, which proves the result. W
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Remark 3.11. As an immediate consequence of the previous result we have that C; 23 >

Zg;} ~ 1.44. The authors have numerical evidence showing that, in fact, C; 23 = %.

A similar result can be proved for polynomials in 7?(36%0).
Lemma 3.12. If for every a, b € R we define P, p(x,y) = ax3 + bx?y 4 bxy? + ay? then

3
pr 2b3 2a<3b b2>2

T3 T2 T a a2

I Papllez, = b
ifa#0andb; <= <3—23,
a
|2a + 2b| otherwise,
where
3 279
by=—2 3_L+23—36+21\f3 ~ — 1.66.
7 —124+73

Proof. The reader can easily check that
1Pl = IBIIX%y + xy*ll 2, = 21bI.

Now if @ # O then P, = aP, ». For simplicity let @ = % and Py, = P, ». By symmetry of
B,z , the norm || Py|l,2 would be the maximum of the absolute value of P, over the segments

{(xof x| <1} ando{o(l, y) : |y] < 1}. However the symmetry of the coefficients of P, lets us
write

I Pallz, = max{|Po(x, )] : x| < 1}.
In other words, if we put
Ou(x) = Py(x, 1) = x3 +le2 +oax +1,

then || P, ||£%c = || Qqll{=1,17- On the other hand, Q has two critical points at
—a — Va2 -3« —a + Va2 -3«
a=——7 and ip = ——mM.
3 3
We also have that
are[-1,11a<0 ora=3
wmel[-1,1]a>3 or —1<a=<0.

Notice that if « = —1, thenwp = 1 and if « = 3, then «; = wp = —1. Hence
max{|Qq(— D), |Qu (D), |Qu )|} ifa <—1,
1Pl = max{|Qu(=DI, [Qa(D], Qe (1), |Qula2)|} if —1<a =<0, A
“l5 = ) max{| Qu (~ DI, [Qu (D)} if0 <a <3,
max{|Qy (=), |Qu (D], |Qu(a2)[} ifo > 3.

Since Qy(—1) =0, |Qy(—1)]| can be removed from (7). We also have that
Qu(1) =2+ 2a,



B.C. Grecu et al. / Journal of Approximation Theory 161 (2009) 706-722 719

2

uan = 1- L 12 L 2 sy yad)d,
3 27 27
a? 243 2 N
Qulan) =1- 3 + 57 ﬁ(—?)a—i—oz )2.
It can be proved that the equation | Q4 (1)| = |Q(c¢1)| has only two roots in the interval (—oo, 0]

at by and 3 — 2/3. Using this it is not difficult to see that for @ € (—o0, 0], |Q(1)] < |Qy(a1)]
if and only if ¢ € [b1,3 — 24/3]. On the other hand, the equation |Qy(1)] = |Qu(2)| has
only one root in the interval [—1, 0] at 0. This lets us show easily that |Qg (1) > |Qq(a2)]
whenever « € [—1, 0]. To conclude, the equation |Q,(1)| = |Q4(x2)| has no roots in [3, 00),
from which it can be easily be inferred that | Q4 (1)| > |Qq(ct2)]| for every « > 3. This concludes
the proof. W

Applying the previous result together with the fact that || P, p|| e = 2la| + 2|b|, we easily
arrive at the following:

Proposition 3.13. If P, ,(x, y) = ax’+bx?y+bxy? +ay> then for every (a, b) € R?\ {(0, 0)}
we have

54a*(la| + |b|)
3
3 _ 2 3 : _ 2)\2
|||Pa,b|||ggo ‘2761 9ab* + 2b° + 2sign (a) ( 3ab+b ) '
— = b
I Papll ez, ifa#0andb; < — <3 —2/3,
a
la] + |b| .
———  otherwise,
la + b|
where
3 23/9
by=—=(3- W +2-36+21v3) ~ — 1.66.
7 —12+73
Corollary 3.14. If P, p(x,y) = ax’ + bx%y + bxy* + ay? then for every (a, b) € R* we have
-1
1Papllez, < b1 I Papllez,
where
3 279
Y PO +2{-36+21V3) ~ — 1.66,
7 12473
and % ~ 3.98. Moreover, equality is attained for the scalar multiples of the polynomial P .
1Po.pll,2 . "
Proof. If a = 0 clearly we have TPl = 1. Otherwise, by Proposition 3.13 we have
y ZOO
5411
(1 + o) — ifb <a<3-2V3,
Fanlle, _ ’27 =902 + 203 + 2 (—3a +@?)?

||Pa,b||ego 1+ |of
1+ «f

otherwise,
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where o = %. But this is a mapping in one real variable that can be proved to attain its absolute
maximum at by, which proves the result. H

Remark 3.15. As an immediate consequence of the previous result we have that Coo 23 >

% ~ 3.98. The authors have numerical evidence showing that, in fact, Coo 23 = l;i—:_}.

The following result provides a general estimate on Cp, ;,, , for any p > 1 and any m, n € N.
This estimate can be proved to be optimal when p = m = 2.1f £L*("£})) stands for the space of

n-linear symmetric forms on £ x ), x ¢}, endowed with the norm given by

[ Allen = sup{|ACxr, ..., x|« Xkl =1, 1 <k <n},

forall A € LS (”Z’[’}), then we also obtain an estimate on ||Al|. If {eq, ..., €5} is the canonical
basis of R™, notice that here |A| € L£*("¢])) is defined by |A|(e,‘:11, e eg:) = |A(e,‘:11, e eg:)|
forall 1 < ky,...,k;, < mandall «y,...,a, € NU {0} with o1 + --- + a0, = n, where
eg[_" (1 < i < n) means that ¢, appears o; times in the n-tuple (e,‘:]l, e eg:). The concept of

polarization constant will be required: If P € P(”E’I’}) then, according to a standard result, there
is a unique A € ES("Z’I’,’) such that P(x) = A(x) = A(x,...,x) forall x € E’[;’. The set

Alen /1 Allen = A € L) \AON = {1/ Allen : A € Spsen))

is bounded by compactness of Sz o) and its supremum is called the polarization constant of
E’;‘. These constants do not depend on m and will be denoted by ¢, (p). The exact value of the
polarization constants ¢, (p) has been obtained by Sarantopoulos in [15] for some choices of p.
In particular, according to an old well known result, ¢, (2) = 1 for every n € N.

Theorem 3.16. If m,n € N, p > 1 and 1 < g < 00 is the conjugate exponent of p, then for
every A € L* (”E’I’}) we have

n=l
NANem < m o [ Allen. ®)

In particular, if P € P("t})) then

n—1
WPlen < m < cn(pIIP e, 9)

. 2=l . n-l
from which Cp .y < m 9 c,(p). In particular Cp ., < m"T . Here we understand that
n—1

m a4 =1whenp=1(q=o0)

Proof. Let us assume first that p > 1. We prove (8) by induction on n. It is obvious that (8)
follows for every linear form on £7. Now assume the result holds for a given n € N and take

Ael/l’ ("“Z’;‘). If x € R™ is fixed, let us denote by A(x, -) the element of L£° (”KZ’) defined by
(X2, ..., Xnt1) > A(x, x2, ..., xp41) forevery xo, ..., xp41 € R™. If xq, ..., X, Xp41 are unit
vectors in E’I’} and x; = (A, ..., Ay) in the canonical basis {e, ..., e;} of R, then applying
the induction hypothesis to every A(ex, -) together with the fact that || A(ex, -) || e < [|A] o with
1 < k < m and Holder’s Inequality we obtain

m
|A] ( Akek,xz,...,anr])'
k=1

[A] (x1, ..., Xp41)| =
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= D1l - 11AlCex, x2, ..., Xng1)]

m
(Z Akl - 1A Cex, -)||e'g)
k=1
n—1 m
ma (Z |Ak|> 1Allex
k=1

1
n=1 1 u » P n
<m T ma (Y l” | Alley =mal|Allen,
k=1

from which the induction step follows. A slight modification of the previous reasoning also
proves that |||A|||er1n = ||A||gfln.

Now if P € P("Z;’}) and A € L ("ZZ’) is such that P = A, then (9) follows from (8) and the
fact that [| Pllgn < llAllgy and |Allen < cn(P)IPllen. W

I

n—1
q

IA

m

IA

Remark 3.17. If m,n e N, 1 < p <2 and 2 < g < oo is the conjugate exponent of p, then
it has been proved in [4, Theorem 3] that the precise asymptotic order in m of the unconditional

n—1
basis constants of all n-homogeneous polynomials on Z;’} is m 4 . In Theorem 3.16 we have
shown that in the case 1 < p < 2 the unconditional constant of the canonical basis in the space

n—1
77(”6’;’) isatmostm ¢ c¢,(p), for every m € N. In particular, it follows from Theorem 3.16 that
Ci12.2 < c2(1) = 2. However, as we have shown in Theorem 3.5, C; 22 = (1 + ﬁ)/Z < 2.

Remark 3.18. Inequality (8) can be proved too using a result by Feng and Tonge when n = 2
and 1 < p < 2. Indeed, it is proved in [9] thatif 1 < p <2 and 2 < g < oo is the conjugate

exponent of p, then for every A = (a;j) € L(£}); £7') we have

1
[Alg < ma[|Allpq,

1
where A, = (Z;f;l o |a,~,~|q)“ and [|A]| g = max{|Ax|, : ||, < 1}. Notice that
the previous inequality was also proved by Li [11] and Tasci [16] when p = 2. Now since
A = (a;j), seen as an element ofC(ZE;'}), satisfies ||A||glg = ||All pq and |||A|||@;,; < |Aly, it follows
that

1
NAllgn < mal|Allen.
The estimate Cp, ;u,, < m ¢ ¢, (p) obtained in Theorem 3.16 is sharp at least for p = m = 2, as
we can see in the following:

Theorem 3.19. For every n € N we have C3 , = 2%.

Proof. We just have to consider the polynomial P(x, y) = Re ((x + iy)") + Im ((x + iy)").
Indeed, we have that | P || Q= /2 since

|P(x, )| < [Re ((x +iy)")] + [Im ((x +1iy)")] < V20x +iyl" = V2I|(x, y)II3,
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and if zo is an nth root of %@ + %ﬁ then P(Re (z0), Im (z9)) = /2. On the other hand, we

have that |P|(x, y) = (x + y)" from which it follows that |||P|||[% = 23 . This concludes the
proof. W
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