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Abstract

In an earlier paper we conjectured an inequality for the Frobenius norm of the commutator of two
matrices. This conjecture was recently proved by Seak-Weng Vong and Xiao-Qing Jin and independently
also by Zhiqin Lu. We here give a completely different proof of this inequality, prove some related results,
and embark on the corresponding question for unitarily invariant norms.
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1. Introduction

In [4] we raised the conjecture that the Frobenius norm of the commutator of two real matrices
satisfies the inequality

IXY — YX|IF < V2IXIENY IIE. @

We there proved this for real 2 x 2 matrices and also showed that the inequality is true with /2
replaced by +/3. In September 2006, L4szI6 [5] was able to verify (1) for real 3 x 3 matrices. In
May 2007, Vong and Jin [7] proved the inequality for real n x n matrices, and a few months later,
Lu [6] independently found another proof. We here give a completely new proof of (1). We also
extend this inequality to complex matrices, which is not a mere triviality. In Section 3 we provide
improvements of (1) and restatements of this inequality, Section 4 is about equality in (1), and
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Section 5 contains results and questions pertaining to the extension of the inequality to unitarily
invariant norms.

2. Main result and its proof

We denote by M,, ,,(C) the linear space of all complex n x m matrices with the inner product
(Z, W) :=tr(W*Z), where tr denotes the trace and W* is the Hermitian adjoint of W. The cor-
responding norm || Z||r :=+/(Z, Z) is known under the names Frobenius norm, Hilbert-Schmidt
norm, or Euclidean norm. Clearly, if Z = (z ) then ||Z |||2: = Z/ ez jk|2- We identify C"* with

M, 1(C), which means that we think of vectors in C" as columns. Moreover, vectors in C" will
be denoted by lower-case letters and for z € C", we denote |z||F simply by [|z||. We abbreviate

My, ,(C) to M, (C). Finally, for Z = (zjx) € M, ,(C) we define Ze M, ,»(C) by Z= Zjx)-
Throughout this paper, n > 2.

Our main result, Theorem 2.2 below, states that (1) is true for all X, Y in M,,(C). The proof is
based on a lemma. For a, b, u, v € C", Cauchy’s inequality gives

|(x,a) + (2, b) + (x, u) + (z, v)|?
< (lal + 1812 + lul® + 1ol Ax 1 + Iz + 11 + 1z12). 2)

Let Re z be the real part of a complex number z. Since always
,Rellx, )@, v)]
llaellfvll

the following lemma sharpens (2) at the price of a quite exotic hypothesis.

2 2
< Jxll® + izl

Lemma 2.1. Ifa,b € C" and u, v € C*"\{0} and

( T ||>+” 1= ( v ||>+””” 3

I(x, @) + (z,b) + (x,u) + (z, v)|?

< (lal® + 18012 + lul® + 1lv)?) (nxn2 +lIzlI> +2

then

“)

Re[(x, u)(z, 5)])
lleell[vll

for every x,z € C".

Proof. Let |u|| = o, ||v|| = t, u = gug, v = Ty, put & = (;C) and think of £ as a column in
C?". We have

I(x,a) + (z.b) + (x,u) + (z, v)|?

a+u\ (a+u\"(x X .
()G (0)-))= e
2Re[(x, u0) . 70)] = <<v0(§>u3 o ”0) C) , (j)) =t (Ma§, ).

and
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We may assume that one of the vectors a 4+ u and b + v is nonzero. The matrix M is Hermitian
and of rank 1. The nonzero eigenvalue is

a+u\" (a+u
b+v b+v
and a corresponding eigenvector is
W = a+u\ f(a+ouo
0= \b+v) T b+
It follows that M;¢ = 0 whenever ¢ is orthogonal to wg. The Hermitian matrix M»> has rank 2
and its two nonzero eigenvalues are 1 and —1 with the eigenvectors

_ ("o _ [ Uo
o= (i) = ()
Again we have M>¢ = 0 if ¢ is orthogonal to both w4 and w_. Let W = span{wq, w4, w_}.

Every £ € C*" is of the form & = n + ¢ withn € W and ¢ L W. We want to prove that

(M1&,8) < cllE] + c(Maé, £) Q)

where ¢ = |lal|* + [[b]1* + l|lu|l* + |v]|*. Since M1 = Mp¢ =0, we get (M1, &) = (Myn, )
and (Ma£, &) = (Man, n). As |In||> < ||€]|%, inequality (5) will therefore follow once we have
shown that

(Min.n) < clnl* + c(Man, ).
Thus, we are left to prove (4) for
&= ( ) € W = span{wg, wy, w_}.
Put
w4 w—
wy = wy — (wo, w+)7 — (wo, w—)T-

If wy # 0, the vectors w4/ \/5, w_/ «/5, w /|Jw || form an orthonormal basis in W. Otherwise
put y = 0 in what follows. Take

=)ty
ATV f Yool
A straightforward computation shows that
a—(a,uo)u
WL = (b — ((b, vg;v(())) ’
Hence
() () () iz (o)
z V2 \vo V2 \—vo lwill \&— (b, vo)vo

and consequently,

(@) = S 0.0) + <=0, + L (1alP = @ o).
VAN o]
8
9b = —F= 9b 7b T b 2_ b1 2 )
@b = 5(0.5) = (0. 0) + 0 i (1612 = 1@, vo) )
i LI L i i
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Adding these equalities, taking into account assumption (3), which is equivalent to (19, a) + 0 =
(vo, b) + 7, and using the obvious equality

lwill* = llal + 11612 = |(a, uo)|* — (b, vo)[*

we get

(uo,a)+o (vo, b) + T 2
+5 T yllw |
2 2 yiL

|(x, @) + (z,b) + (x,u) + (z,v)]* = |3

By Cauchy’s inequality, this is at most

1 1
Q8%+ 1y1H <5|(uo, a)+ol* + 510, @) + T + ||w¢||2)

< QI+ 1y (o, a)* + 0% + 1(vo, b)* + 72 + [w[I*)
= Q8%+ Iy D Uull* + loll* + llall* + 1211%).

Finally, as
11 + llzl|* + 2Re[(x, uo) (Z, T9)]
=182+ le]* + |y * + 2Re (5 + 8) b F
V2 2] \V2 V2
=817+ lel® + Iy P + 181 — le]* = 218 + |y,
we arrive at (4). O

Here is our main result.

Theorem 2.2. If X, Y € M, (C), then
IXY — YX|lg < V2| XIIENY |IE.

Proof. Let X = USV be the singular value decomposition with the diagonal matrix S =
diag(sy,...,s,). Put C = VYV*and D = U*YU. Then

IXY —YX|} = |USVY —YUSV|} = |SVYV* —U*YUS|}

n
=|ISC = DSIg= )" Isjcjx — sedjl’
j.k=1

n
2 2 g 2 2 2 2
= Z (Sj|Cjk| —2Re(sjcjksidjx) + sild x| ) + ZS]-|C‘U —djj|
J#k j=1
n
2 2 2 2 2 2 2 2 2 2
<D (Bl + sFleul + 52l + sPd i) + 3 s2les; — |
JFk Jj=1

n
_ 2,
= ZsjA/
j=1
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with
2 2 2 2 2
A5 =leyy = i+ 3 (lejel? + leg P + 1 + ldg )
k#j

Thus, it remains to prove that 4; < 2||Y ||,2: for all j. Obviously, we may restrict ourselves to the
case j =1.Put A=U*YV*and Q = VU. Then C = QA and D = AQ and we are left with
proving that 4; < 2||A ||,2=. We write

e o Y* iy w V1 —w?q*
A_e(p(x B)’ Q=e (mla R ) ©)

with numbers ¢, ¥ € [0, 27), o € [0, o), w € [0, 1], columns x, y, p, ¢ € C"~!, and matrices
B, R € M,,_{(C). Since Q is unitary, we have || p|| = |lg|| = 1. Clearly,

A1=1(QA) 111> — 2Re[(QA) 11 (AQ) 111+ [(AQ) 11|

+ 3 (@M UP + @A+ (A0 + (A0 ).

k=2
Lete; = (10 --- 0)". Taking into account that Q is unitary we get

n
D QAP = 1QAel|* = [|Aei | = o + |Ix]*.
k=1

Furthermore,
n
S QAP =lloy* + V1 - o?q*BI?
k=2
=o? Y| 4 20V 1 — w?Re (3, B¥q) + (1 — ?)||B*q||>.
Analogously,

DA =0 + [yl

k=1

n
D AP = & |x|* + 20V — @?Re(x, Bp) + (1 — )| Bp]|*.

k=2

Finally, using that Re y*p = Re(y, p) we see that
—ORe[(QA)11(AQ)11] = —2Re [(wa + V1 = 02¢* x)(wo + V1 — wZW)]
= —20%0% = 200V/1 — @?Re[(x, q) + (7. p)] — 2(1 — wH)Re[(x, 9)(y. p)].

Summing up we obtain

A = aw® + pov1 —? +y
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with
a = lIxI? + IylI* — I1BpI* — 1B*q|* — 20% + 2Re[(x, ¢)(y, P)],
B = 2Re[(x, Bp) + (3, B*q) — o (x,q) — o (3, p)],
y =202 + IxI? + 1> + I Bpll*> + I1B*q|I* — 2Re[(x, ¢)(y, p)].

Writing @ = cos § with # € [0, 7] we get
y Y 4 peossin . +

=a [ cos = cos — sin =
[ S My Y

1
= %+§(acost+ﬂsint)+y<

We prove that

Jai+ B4y = A

N =

+

N R

A <207 +20|x ]2 + 211y 117 + Bl + 1B*q |- 7
This will imply the assertion, because (7) gives
A1 <A< 207 +20Ix )P + 2017 + IBIE + I1B*IF = 2/l AlE- ®)

Inequality (7) is equivalent to the inequality

Va2 + B2 <207 + x| + IvlI* + I Bpl* + 1 B*q|I* + 2Re[(x, ¢) (. p)],
which with
d:= x>+ Iyl + 2Re[(x, 9)(y, )], c: =202+ |Bp|* + | B*q|?

is the inequality v/(d — ¢)2 + 82 < d + ¢ and hence the inequality (8/2)? < cd. But the last
inequality follows from the inequality

|(x, Bp) + (3, B¥q) — 0 (x,q) — o (3, p)I*
< Qo+ |IBpll* + 1B*q 1)) (Ix[1* + IyII* + 2Rel(x, ) (y, P)D),

which in turn is Lemma 2.1 withz = y,a = Bp, b = B*q,u = —oq,v=—op. U

3. Equivalent statements and improvements

Clearly, Theorem 2.2 is equivalent to saying that
IXY — YX|g <2 forX,Y € M,(C) with | X|[g = ||Y | = 1. ©)

The following theorem strengthens this inequality to a chain of inequalities.

Theorem 3.1. If X, Y € M,(C) and | X||g = |Y|lg = 1 then

IXY —YX[F < IX®Y - Y ® X[l = \/2(1 — | (Y*X)[?)
<VIX+YIRIX = YF < V2.
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Proof. First of all,

IX®Y - Y®X[f=tur(X®Y -Y®X)"(X®Y -Y ®X)

=tr(X*X QY'Y - X'Y @YX —Y*X @ X*Y + Y'Y ® X*X)

= IXIFIYIE — (¥ X)X, Y) — (X, V)Y, X) + IXIEIY I}

=2-2|(X,V)]> =2 =2l (Y*X)|%. (10)
Both sides of the inequality | XY — Y X[l < | X ® Y — Y ® X||F are invariant under the change
of Y to
X, Y

1 X1l

Since (X, Y’) =0, it therefore suffices to prove this inequality for matrices X, Y satisfying
(X, Y) = 0. But in that case we obtain from (9) and (10) that

XY —YX|E<2=|X®Y Y ®X||E.
Furthermore, for arbitrary X, Y of Frobenius norm 1 we have
Q2 =21X, NP =4 —4X. DI+,
with r = 4|(X, Y)|4 —4|(X, Y)|2 < 0 by Cauchy’s inequality, which yields

Q2 =2/(X,)H)?* <4—4|(X,Y)> <4—4Re(X, Y))?
= (2+2Re(X,Y))(2 —2Re(X, Y)). (11

Since

(2 +2Re(X, Y))(2 — 2Re(X, Y))
=(X+YX4+YX-Y,X-Y)=|X+Y|3|X - V|3, (12)

we see that [| X + Y[ 2[|X — Y12 = 4 — 4(Re(X, ¥))? < 4, while (11) and (12) imply that 2 —
X NP IX+Y[ellX —Y[e. O

For a matrix A € M, (C), the set 04 :={gAg~ ! : g € GL(n, C)} is called the similarity orbit
of A. The vector product of two vectors x = (x1, x2, x3)—r and y = (y1, y2, yg)T in C3 is defined
as the vector

X X y:=(X2y3 — X3y2, X3y] — X1)3, X1 Y2 — xzyl)T e C.
Theorem 3.2. The following statements are equivalent:

() IXY = YX|[f < V2 forall X, Y € M, (C) with | X||F = Y|F = 1;

G NHRX—XT® s < \/§||X|||:f0r all X € M,,(C), where || - |00 denotes the spectral
norm and X is the transpose of X ;

) | XY = YX|p < IXQ®Y - Y Q@ X|gforall X,Y € M,(C);

) IXY = YX|r < VIX + YIFIX — Yl forall X, Y € My(C) with | X|lr = Yl = 1;

) if g : (—e,&) > GL(n, C) is any differentiable curve with g(0) =1, if A is any ma-
trix in M, (C) with ||A|lg = 1, and if the curve h : (—¢, &) — 04 is defined by h(t) =
g()Ag(®)™", then | W (0)[IF < v2llg'(O)IF:
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(vi) if vYU® e C3 is any collection of n* vectors, then their vector products satisfy the

inequality

n n 2 n 2
Y v x| < 3 H”(lk)”(mﬂ :
i,j=1llk=1 ik, j=1

(vii) if f and g are arbitrary complex-valued functions in L*((—m, 7)?) then
T T
[.1].
s T T T
<2 [irepParay [ jenPardy.
—rJ—x - J—7

Proof. (i) = (iii) and (i) = (iv). When proving Theorem 3.1 we showed how (iii) and (iv) can
be derived from (i).

(iii) = (i). From (10) we get | X ® ¥ — Y ® X||g < ~/2, which together with (iii) implies (i).

(iv) = (i). Equality (12) shows that || X + Y ||g||X — Y ||r < 2, which in conjunction with (iv)
gives (i).

(i) < (ii). Stacking matrices in M,,(C) column by column, the linear map ¥ — XY — Y X of
M, (C) into itself becomes multiplication by the matrix I ® X — X" ® I in . Consequently,
(1) is equivalent to the inequality

2
dx dy

(fx,0)g(=t,y) —gx, 1) f(=t,y))dt

2
II®X — X" @ Dyl < V2IX|llyl, yeC",

which is just (ii).

(i) & (v). We may without loss of generality assume that g(t) = ¢'X with some X € M, (C)
(see [1, p. 189]). It follows that g’(0) = X and 4'(0) = XA — AX. The equivalence of (i) and (v)
is therefore immediate.

(iii)) < (vi). Let vk = (Xiks Yik» zit) " € C? and consider the n x n matrices X = (xjk),
Y = (¥jx), Z = (zx)- The definition of the vector product then turns the left-hand side of the
inequality in (vi) into

IYZ — ZY |2+ 1ZX — XZ|2 + |IXY — Y X||2.
In the same way the right-hand side becomes
IYRZ-ZRYIF+IZOX-XQZI}+IX®Y - Y ® X[

Hence, we obtain (vi) by applying (iii) three times. Conversely, (vi) with Z = 0 is exactly (iii).
(i) < (vii). Let

S, y) = Z fmneimxeiny’ glx,y) = Z gmneimxeiny
m,ne’l m,nel

be the Fourier series of f and g. By Parseval’s equality, the right-hand side of the inequality in
(vii) is (27)* times

20 D0 1l | DD lemal?

m,ne’l m,ne’l
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On the other hand,
g dr . . T o dt
f,g(=t,y)-—= Z fmngjkelmxelkyf eln=pt 2
o e j -7 2
m,n, j.k
= Z Z Fuigix | emreity,

m,k j
g dr . . T o dt
/ g(X, t)f(—l, y)—: Z gmnfjkelmxelkyf el(n_])t_
o e m,n, jk - 2w

— Z ngj fjk elmxelky'
m,k j

Thus, again by Parseval’s equality, the left-hand side of the inequality in (vii) equals (277)* times
2
Z Z(fmjgjk — 8&mj fik)
m,k€Z | jeL
The inequality in (vii) is therefore just inequality (1) for the infinite matrices X = (fjx) ez and
Y = (gjk) jkez- We have Zj!k |fjk|2 < o0 and Zj’k |gjk|2 < 00. Moreover, given any infinite
matrices X = (fjx)jkez and Y = (g) j kez such that Zj’k |fjk|2 < oo and Zj!k |g/-k|2 < 00,
there are functions f and g in L2((—7, 77)2) such that { f ik} and {g i} are the Fourier coefficients
of f and g. Thus, assertion (vii) is equivalent to (1) for infinite matrices. But if (1) holds for all

n X n matrices, passage to the limit n — oo gives (1) for infinite matrices. Conversely, if (1) is
true for all infinite matrices, it is all the more valid for arbitrary n x n matrices. [

Remark 3.3. In connection with Theorem 3.2(iii) we first of all remark that the inequality | XY +
YX|lF < IX®Y + Y ® X||F is in general not true. Indeed, taking

1 1 1 0
X=<O 0>andY=<1 O)

weget | XY +YX|[F=+12 and [[X®Y +Y ® X||[F=4+/10.
Secondly, for arbitrary X, Y € M, (C) we obviously have

XYl < IXIFIYIF =X ® YlF. (13)

This inequality expresses some kind of monotonicity between the usual matrix product and the
tensor product. The inequality in Theorem 3.2(iii) can be interpreted in a similar fashion: with
[X,Y]:=XY — Y X being the usual Lie bracket and defining {X,Y}:=XQY -Y ® X as a
tensor product based Lie bracket analog, we have the monotonicity ||[X, Y]||[F < [{X, Y}||f for
Lie brackets.

Remark 3.4. Suppose X and Y are real matricesand | X || = ||Y|[r = 1.ThenX +Yand X — Y
are orthogonal and hence || X + Y ||g||X — Y || is twice the area of the rhomb spanned by X and
Y. Thus,
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| XY — YX||,2: < 2 area rhomb(X, Y). (14)

From Theorem 3.1 and (14) we deduce that without any constraint on the norms of X and Y we
have

XY —YX]|

F < 20XIEIYIEUXTENY IF — (Y X)1)
< MY IEX + IXNEY - Y IFX — IXIFY |
= 2 area thomb(||Y [F X, | X[|FY),

the last equality for real matrices only.
Given Z = A +iB with A, B € M,,(R), the real and imaginary parts are definedbyRe Z = A
and Im Z = B. From (13) we infer that
IZZIF < I1Z ® ZlIF,
that is,
IRe(ZZ) I} + IIm(Z2) 7 < [Re(Z ® Z)II + ITm(Z ® 2)IIE-

In connection with this inequality, the following is quite curious.

Corollary 3.5. Forall Z € M,(C),

Im(ZZ)|lf < IIm(Z ® Z)||F, (15)
but there are Z € M, (C) such that
IRe(ZZ)IF > IIRe(Z ® Z)IF- (16)

Proof. Since |[Im(ZZ)||r = |BA — AB||fand [Im(Z ® Z)||Fr = |B ® A — A ® B||F,inequal-
ity (15) is straightforward from Theorem 3.1 (or Theorem 2.2 in conjunction with Theorem
3.2(iii)). Letting

1 1 (1 O
(i )+ o)
we get [Re(ZZ)|F = +/21 and |[Re(Z ® Z)||F = +/19, which gives (16). [

Remark 3.6. Theorems 2.2 and 3.1, the equivalence of the first four statements in Theorem 3.2,
and Corollary 3.5 remain true for Hilbert—Schmidt operators on arbitrary infinite-dimensional sep-
arable Hilbert spaces, because in every orthonormal basis every such operator is given by an infinite
matrix Z = (z;x) with quk |zjk|2 < 00 and the principal finite sections Z, :=(z )| j|<n, |k|<n
converge to Z in the Hilbert-Schmidt norm. An observation of this kind was already employed
in the proof of the equivalence (i) < (vii) of Theorem 3.2.

4. Matrix pairs with maximal commutator

This section is devoted to the cases of equality in the inequality of Theorem 2.2. We call a pair
(X, Y) of matrices in M,(C) maximal if X 0, Y #0, and || XY — YX|f = ﬁ||X||F||Y||F.
In [4] we observed that if X and Y are chosen at random, then the ratio of | XY — Y X||r and
IXIIeIIY |[r concentrates tightly around a number that goes to zero as n — oo. The following



1874 A. Bottcher and D. Wenzel / Linear Algebra and its Applications 429 (2008) 1864—1885

result may serve as another explanation for the phenomenon that maximal pairs are very rare and
thus difficult to find on the off-chance.

Theorem 4.1. If (X, Y) is a maximal pair of matrices in M,,(C), then
(a)rank X <2, rankY <2, (b)X L ComY, Y 1 ComX,
where ComW, the commutant of W, is the algebra {Z € M,,(C) : ZW = WZ}.

Proof. We use the notation of the proofs of Lemma 2.1 and Theorem 2.2. Suppose (X, Y) is amax-
imal pair. Then equality must hold in (8), which implies that || Bp|| = || B||r and || B*q|| = || B*||f.
It follows that || B]loc = ||B||r and hence that B has at most one nonzero singular value. Thus,
B = Oorrank B = 1. In the first case, the matrix A in (6) has rank at most 2, yielding rank ¥ < 2,
as desired. So assume rank B = 1. (This already gives rank ¥ = rank A < 3.) Writing B = 7rs*
with [|r|| = [Is| =1, we get || Bp||* = [t|*|s*p|?[Ir[|* = || BI|Z,- Consequently, |s*p| =1 and
hence s = Ap with |A| = 1. Analogously, r = ug with || = 1. We therefore obtain that B =
TAugp* =: sqp*.

We must further have equality in Lemma 2.1 with z = y,a = Bp, b = B¥q, u = —oq, v =
—o p. For this it is necessary that (5) is an equality, which is only possible if £ = n € W. In the
case at hand,

a=qp*p = nq, b=xpq*q=xp.

This shows that w; = 0. Thus, £ is a linear combination of w4 and w_,

e= () = (29)+0 ().

which gives x = ¢q and y = §p with complex numbers ¢ and §. The matrix A in (6) therefore
becomes

_ e fO ep*
A=¢e ( sq  sqp*)
As this is a matrix of rank at most 2, we arrive at the conclusion that rank Y < 2. Interchanging

Y with X we obtain that rank X < 2.
Now let Z € ComY \ {0}. Since V201X IEIYIIE = I1XY — YX|If by assumption and

IXY = YX|F = I(X +A2)Y — Y(X +AZ)|lr < V2IX + AZ[rlY |
for every A € C by Theorem 2.2, we conclude that
IXIIE < I1X +AZIIE = [ X + 2Re[A(X, 2)] + [A* || ZIIE.
Forx = —(X, 2)/11Z ||,2: the right-hand side becomes
(X, 2)1* | (X, 2)]? (X, 2)?
1ZI1} I1ZI¢ I1ZIIE
which implies that (X, Z) = 0. Thus, X L ComY. Analogously one gets that Y | ComX. [

X% -2 IZIIE = I1X]E -

)

Corollary 4.2. If (X, Y) is a maximal pair of matrices in M, (C), then necessarily
rank X <2, rankY <2, uX=t¥=0, X, Y")=X",Y)=0

for all natural numbers m.
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Proof. This is immediate from Theorem 4.1 along with the observations that polynomials of Z
are in ComZ and thattrZ = (Z,1). U

Remark 4.3. The matrices of a maximal pair need not to have the same rank: the pair

)

is maximal, but rank X = 1 and rank Y = 2. Furthermore, conditions (a) and (b) of Theorem 4.1
are not sufficient for (X, Y) to be a maximal pair. Indeed, let

0 1 1 0 0 O
X=10 0 0}, Y=|11 0 O
0 0 O -1 0 0

IfZ = (zjk) =1 € ComX thenzy; = z3; = 0,andif Z = (zjk) =1 € ComY thenzjp = z13 =
0. Thus, X J_ ComY and Y L ComX. It follows that COIIdlthIlS (a) and (b) of Theorem 4.1 are
satisfied. However, | XY — YX|2 =4 and2||X|| I Y||F = 8§, that is, (X, Y is not a maximal pair.

The following results characterize maximal pairs subject to additional constraints.

Proposition 4.4. Let X and Y be nonzero matrices in My(C). Then (X, Y) is a maximal pair if
andonly ifrX =trY =0and (X,Y) = 0.

Proof. Corollary 4.2 gives the “only if” part. To prove the reverse, take

(2 o)

Since both sides of the equality || XY — YX||,2: = 2||X||,2:||Y|||2: depend continuously on ¢ and z,

we may assume that ¢ % 0 and z # 0 and hence that even ¢ = z = 1. Under this assumption,
IXY — YX||2 =2|bx — ay|* + 4la — x|* + 4]b — y|, (17)
20XIRIVIE =22 + lal + b2 + [ + [y ). (18)

The difference of (18) and (17)is |2 4+ ax + by|*> = |(X, Y)|> = 0, which completes the proof. [J

Proposition 4.5. Let X, Y € M,(C) and suppose | X||r = ||Y || = l andrank X =rank Y = 1.
Then (X, Y) is a maximal pair if and only if trX = 0 and Y = »X* with some complex number
of modulus 1.

Proof. We have X = ab™ and Y = xy* with |la|| = |b]| = ||lx|| = Iyl = 1.
Hence
IXY = YX|E=|(x, bay* — (a, y)xb* |}
=tr[((b, x)ya™ — (v, a)bx™)((x, b)ay™ — (a, y)xb™)]
=|(b, x)I* + |(a, y)I* — 2Re[(b, x)(a, y)(x, a)(y, b)] (19)

and 2|| X ||,2: I Y||,2: = 2. Suppose first that (X, Y') is a maximal pair. By Corollary 4.2, trX = 0 and
0= (X,Y) = (y, b)(a, x). Thus, the real part in (19) vanishes and we get |(b, x)|> + |(a, y)|* =
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2, whichin turn implies that x = Aband y = pa with |A| = || = 1.Itfollows that Y = Auba™* =
A X*, as desired. Conversely, let trX = 0 and Y = »X* with |5 = 1. Then Y = (s¢b)a*, and
inserting x = b, y = a in (19) we obtain that

XY — YX||z =2 — 2Re[(b, a)(a, b)].
As0=trX = (a,b), we see that | XY —YX|2 =2. O

Proposition 4.6. Suppose X € M, (C) is normal. Then (X, Y) is a maximal pair if any only if there
exist a unitary matrix U € M, (C) and complex numbers ., a, b such that . # 0, |a|* + |b|* > 0,

and
. Xo O % . _(r» 0
X=U ( 0 0> U* with Xy = (O —A) , (20)
_ Yo O « . _ {0 a
Y—U<0 O)U with Y0_<b 0). 201
Proof. Suppose (X, Y) is a maximal pair. Since X is normal, we have X = UAU* with A =
diag(Ay, ..., Ay). By Corollary 4.2, at most two of the A ; are nonzero and the sum of these two is

zero. Thus, we may a priori assume X is of the form (20). The case A = 0 gives the zero matrix.
Hence A # 0. Put Z = U*YU. Then

IXY —YX|E = AZ — ZAlg =Y Ihj — mlPlzjel

Jj#k
= 4Pzl + 4Pz P+ Y Pzl + Y 1Pz (22)
k=2 j=2
and
n
2AXIENYIE =417 D Izl (23)

jok=1
But if (22) and (23) are equal, then z; = 0 for (j, k) # (1, 2) and (j, k) # (2, 1). This implies
that Y is of the form (21). As Y # 0, one of the numbers a and b is nonzero.
Conversely, let X and Y be as in (20) and (21). From (22) and (23) we infer that

IXY — YX |2 = 4a*(lal® + 1b*) = 21X |2V IIZ,

which shows that (X, Y) is a maximal pair. O

Remark 4.7. From Proposition 4.6 we immediately obtain that a pair (X, Y) of normal (resp.
Hermitian) matrices in M, (C) is maximal if and only if there exist a unitary matrix U and
complex numbers A, a, b such that (20) and (21) hold with A # 0, |a| = |b| # 0 (resp. A = A # 0,
a = b # 0). Theorem 4.1 implies that for n > 3 there are no maximal pairs in which at least one
matrix is invertible. In particular, there are no maximal pairs with at least one unitary matrix. By
Proposition 4.6, two matrices X, Y € U(2) form a maximal pair if and only if thereisa U € U(2)
such that

_ A0 % _ 0 a "
X_U(0 —A)U’ Y_U<b 0>U (24)

with |A| = |a| = |b| = 1. These two matrices are in SU(2) if and only if A € {i, —i}, |a| =1,
b = —1/a. Itis easy to show by direct inspection that two matrices X, Y € O(2) are a maximal
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pair if and only if they are of the form (24) withU € O(2),» € {1, —1},a € {1, —1},b € {1, —1}.
There do not exist maximal pairs in SO (2). There are also no maximal pairs containing at least
one positive semi-definite matrix. This follows from inequality (2) of paper [2] by Bhatia and
Kittaneh, which implies that if X € M, (C) is positive semi-definite, X > 0, then

XY = YX|IF < I XlloollYIF < IXIIFIIY lIF

for every Y € M, (C) (see also Remark 5.1 of [4]). Moreover inequality (3) of [2] implies that if
X >0and Y > 0, then

1 1 1
XY =YXl < S XllollY @ YIF = —= I X[loollYlIF < —= I XIIFIIY lIF.
27 N V2
Taking

(X0 0 (1 0 (Yo O (11
(0 0) xo=(g) = (5 0 e=()

we get | XY — YX||r = (1/v2)IIXIIFl|Y|f. Thus,
{ XY —YXI|F
IXIElYIIF
Bloch and Iserles [3] studied the problem of determining
{—”XY_YX”F :X,Yeg\{O}} 25)
IXIFIYlIF

where g is a Lie algebra and proved that if g is the Lie algebra so(n) of skew-symmetric matrices
in M, (R), then (25) is 0 for n = 2, 1/\/5 forn =3,and 1 forn > 4.

(X, Y e My(O\{0L, X 20,7 > 0} =

ol-

Remark 4.8. Abbreviate XY — Y X to [X, Y]. Repeated application of Theorem 2.2 gives
IZ1. 122, - [ Zin—1s ZullllE <27 D2UZ1 RN Z2NIE - 1 Zin (26)

for arbitrary Z; in M, (C). From Remark 4.7 we see that if (X, Y) is a maximal pair consisting
of two normal matrices, then (X, [X, Y]) is also a maximal pair of two normal matrices. This
implies that the constant 20" ~1/2 in (26) is best possible.

5. Unitarily invariant norms

Let || - || be a unitarily invariant norm on M,,(C) and put
D(x1, ..., xp) = [|diag(xy, ..., x|l

if x1, ..., x, are real numbers. Throughout what follows we assume without loss of generality
that @&(1,0,...,0) = 1. The function @ is a norm on R” and it is invariant under the transfor-
mations (xg, ..., X,) > (£x1, ..., £x,) and under permutations of (xi, ..., x,). Conversely,
given any function @ with these properties, we obtain a unitarily invariant norm on M, (C)
by defining | X|| = | USV | :=®(s1, ..., s,), where X = USV with § = diag(sy, ..., s,) is the
singular value decomposition. We refer to [1] for more on unitarily invariant norms. In what
follows we order the singular values of a matrix X in decreasing order, s; > --- > s,, and we
denote the vector (sq, ..., s,) by 2(X).
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Proposition 5.1. Let || - || be a unitarily invariant normon M,,(C), and set u = &(1, 1,0, ..., 0).
Then
XY —YX]| 2
T 2N X, Y € My(ON\{0} ) > max [ w, = ) = V2.
I XY U

Proof. It suffices to consider the case n = 2. For

X:(é _01), v = (_01 3), XY—YX:((Z) g)
we have 2(X) = 2(Y) = (1, 1) and (XY — Y X) = (2, 2), which gives
IXy-yx| &2,2) 2¢1,1) 2 2
IXHYl e, D2 o1, D &1 D u
while the singular values of

-1 -1 1 -1 0 4
X:(1 1), Y=<1 _1), XY—YX:(4 0)
are X(X) =2(Y)=(2,0) and 2 (XY — Y X) = (4, 4), from which we obtain that
XY —YX| ®4,4) 40(1, 1)
IXTYI ~ @202~ 224(1,0)2
Obviously, both 1 and 2/ cannot be strictly less than V2. O

El

=o(,1) = pn.

Theorem 2.2 and Proposition 5.1 imply that
. { XY —YX]|
insup ———— :

XY

the minimum over all unitarily invariant norms on M, (C), and that the minimum is attained for
the Frobenius norm. In Example 5.7 we will show that the supremum in Proposition 5.1 may be
strictly larger than max(u, 2/u).

X.Ye Mn<C>\{0}} =2,

Example 5.2 (Schatten norms). The pth Schatten norm || - ||, (1 < p < 00) is given by
Dp(x1, .y )= (P 4 )P

Thus, || - |2 = || - l[r and || - || is the spectral norm. Since @,(1, 1,0, ...,0) = 21/P we deduce
from Proposition 5.1 that

sup {M (X, Y € M,,(C)\{O}}
X1 1Y 1l
> max(21/p, 21/4) — zl/min(P,q)’ (27)

where 1/p 4+ 1/g = 1. We conjecture that in (27) actually equality holds:

IXY =Y X[, < 2V/™0@D x|, Y], (28)
forall X, Y € M,(C). This is true for p = 2 by Theorem 2.2 and trivial for p = 1 and p = oo. It
is easy to prove (28) forn =2 and 1 < p < 2. Indeed, letting (XY — Y X) =: (s1, s2) we have

IXY =YX, = (s) +sDHVP <2VP=12(s3 4 53)1/

=272 xy — v X[ <2VP7VR2 2 X 2] Y |12

=27 |IX[20Y 2 < 2VPUX 117 1 p:
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here we made use of Theorem 2.2 for n = 2. We remark that the inequality || XY — Y X|» <
\/§||X||p (1Y |l4 is in general not true: taking

0 1 1 1 -2 =2
X:(] 0), Y=<_1 _1>, XY—YX=<2 2)
we get V2| X[,V llg = 23/2TVP <4 = || XY — YX|| for p > 2.

Example 5.3 (Ky Fan norms). The kth Ky Fan norm || - ||x) (k =1, ..., n) is defined by

Doy (x1, -y x0) = [xil -+ Il (xil = = [xa)).
Clearly, || - Iy = Il - loo and || - [[(zy = Il - [l1. Proposition 5.1 and the trivial estimate || XY —
Y Xy < 21X N 1Y k) give
XY =YX
——— X, Y € M,(C)\{0}; = 2.
XN o 1Y 1l iy

We do not know whether the Frobenius norm is the only unitarily invariant norm for which
XY —YX]|
{ XY
The rest of the paper is devoted to this question.

First of all, from Examples 5.2 and 5.3 we know that the Schatten norms || - ||, (p # 2) and
the Ky Fan norms || - || x) do not satisfy (29).

X,Y € M,,(C)\{O}} =2, (29)

Let || - || be a unitarily invariant norm on M,,(C). The set
Bp:={x e R": &(x) < 1} 30)
is closed and convex and invariant under the transformations (xi, ..., x;) — (£x1, ..., x,)
and under permutations of (x, ..., x,). This set is the usual Euclidean unit ball of R" if and only
if || - || is the Frobenius norm. Here is the ultimate result for n = 2.

Theorem 5.4. A unitarily invariant norm || - || on M2 (C) satisfies the inequality | XY — Y X|| <
V20X WY |l for all X, Y € M(C) if and only if it is the Frobenius norm.

Proof. By virtue of Theorem 2.2, we are left with the “only if”” part. Thus, we have to show that
By is the closed unit disk, which is equivalent to proving that @(x, y) = 1 for all (x, y) on the
eighth of the unit circle between the points (1,0) and (1/ V2,1 / V2).

Let0 <y <x < 1,x2—|—y2 =1, and put

(0 x (0 —y (1 0
x_(y O), Y_(x 0), xy_yx_<0 _1>.

The singular values of X and Y are x, y, while those of XY — Y X are 1,1. By assumption

IXY —YX|| _ &(1,1)
XY P(x, y)2

= (3D
Taking x = 1, y = 0 we get &(1, 1) < +/2, and the choice x = y = 1/+/2 yields &(1, 1) > +/2.
Thus, (1, 1) = +/2 and (31) implies that @(x, y) > 1, which means that By is a subset of the
closed unit disk.
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To get the other half of the theorem, suppose 0 < s < ¢ < 1, 2+ 52 =1, and let
X — s —c I 0\ (fc —s\ _(cs —s2
“\c¢ s 0 0J\s ¢ ) \cz —cs)°
y— (¢ 1 0\ (c —s\ _(cs —s2
T \s ¢ 0 0)J\c s ) \s2 —cs)°
Since X and Y are unitarily equivalent to diag(1, 0), wehave | X|| = |Y || = @(1, 0) = 1. Because

XY—YX:(Z :Z), u=c4—s4, v=2cs(c2—s2),

the singular values of Z are
|lu 4+ v| = (c2 — sz)(c + s)2, lu —v| = (02 — s2)(c — s)z.

The inequality || XY — Y X|| < V2| X||IY || therefore implies that

(|u+v| |u—v|)_ 1 | XY —YX]| o1 32)
V2 V2 V2oxamyn o T
Nowlet0<y<x<1andx2+y2=landput

P VA TS el TE 2
V20 +y/x) V2(T+y/x)
Then0<s<c<1,c2+52=1,and
ol -\ _ (B Ay
( NN )_<<x+y>2x’ <x+y>2y>'
Thus, (32) gives

(x +y)? _ 14+2xy

D(x,y) < N T (33)

For the next step, let a, b, ¢, s be any real numbers such that
1 1 2 2 2 2

E<C<l’ 0<s<ﬁ, c“+s°=1, O<b<a<l, a"+b°=1.
Consider

X:<a b)(c O)(b —a> Y:(b a)(c O)(a —b>.

b —a)\0 s)\a b))’ a —-b)\0 s)\b a

A straightforward computation delivers

XY—YX:(az—bz)(c+s)(:l; Z), u=c—s, v=~2ab(c+s).
We have 2 (X) = 2(Y) = (c, s) and the singular values of XY — Y X are

@ = bH(c+)u+vl, (@ —b)c+s)u—ul (34)

Choosing a and b so that
2 _c+s+1 » c+s—1
T 2(c+s)] T 2(c+9)
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we achieve that the numbers (34) become +2c¢s + ¢ — s and |+/2¢s — (¢ — s)|. The inequality
XY — YX|| < ~2|X||IY] therefore yields

) cs ﬂ c—ﬂDé(bc,sz. 35
(J_ + 7 7 (c, ) (35)
We remark that \/cs > (c — s5)/+/2ifand only if ¢ < cos(rr/12) and, accordingly, s > sin(ir/12).

The function f () = ~/cos & sina + (cos « — sin )/+/2 maps the line segment [71/12, /4]
bijectively onto the line segment [1/ V2, 11. 1t follows that if f is arbitrarily given between 0 and
7 /4, then there is a unique « between /12 and 7 /4 such that

- cosa — sina
v/cosa sina + T = cos j3,

which automatically implies that also
- cosa — sin« .
Vcosasina — T = sin B.

Consequently, given any point (&, ) suchthat0 < < £ < 1 and €2 + 2 = 1, there is a unique
point (c, s) such that

1 b4 b4
— < ¢ <cos—, sm—<s —
V2 12 f
c—S c—S
Jes + =&, Jes————=n (36)
V2 V2
Equalities (36) show that 2./cs = & + n, whence 4cs = 1 4 2&n or equivalently,
1 1
= -+ —&n. 37
cs =7+ 2577 (37)

From (35) we infer that ®(&, |n]) < ®(c, 5)%.
Finally, let 0 <y < x < 1 and x2 4+ y2 =1 and put (xg, yo) :=(x, y). Having (xg, yr), we
define (xx+1, Yk+1) as in the preceding paragraph by

Xk+1 — Yk+1 Xk+1 — YVk+1
VXk+1 k41 + T =Xk X1 Yk — T = Yk-

Note that

E<xk<coslnz Slnln—z<yk ﬁ
for all k£ > 1 (though not necessarily for k = 0), which implies that |yx| = yx for k > 1. The

equality |yg| = yo is satisfied by assumption. Thus, by virtue of (35),

k
B(x, y) < Px1, y1)* < P2, y2)* < -+ < Bk, i)°
Taking into account (33) we get

I 4+ 2xp vk 2
<I>(x,y)<< m) (38)
and from (37) we obtain that
1 1 1 11 1
xkyk—Z‘f‘zxk 1Vk— 1—Z+§~Z+22M¢ 2Vk-2 =*
1 11 1 1 1 1 1 1
Sty toota z+z—k"y=§+?<"y‘§>-
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Fig. 1. A sequence of curves approximating an eighth of the unit circle.

Hence, letting m = 2% and z = xy — 1/2 we arrive at the estimate

1+2(1+2 m
po < | 2R NEETRS )

8<%+%> VT+2z/m

The right-hand side of (39) goes to 1 as m — oo, which proves that @(x, y) < 1 and thus that
By contains the entire closed unit disk. [

Remark 5.5. The idea of the previous proof may be interpreted geometrically. Inequality (33)
says that the curve
/8 cos ¢ sin .
—(p,(p(cos @,sing) : ¢ € [0, T/4] (40)
1+2cosgsing
is contained in Bg. This curve is the inner curve in Fig. 1. Estimate (35) tells us that if a curve
{o(p)(cos @, sing) : ¢ € [0, m/4]} is a subset of Bg, then so also is the new curve

- cos@ — sing - cos@ — sing
Q((p)2 (N/coswsm(p 4+ ————,/cospsing — —)} , 41)
{ V2 V2
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where ¢ ranges over [0, /4] and where it would even be sufficient to take ¢ from the segment
[/12, /4] only. Finally, starting with the curve (40) and iteratively constructing new curves via
(41) we arrive at the inequalities (38). The first few of these new curves are seen in Fig. 1. The
figure convincingly reveals that the iteratively obtained curves approximate the unit circle. That
this is really the case was shown in the last step of the proof.

Remark 5.6. In the proof of Theorem 5.4 we worked with real matrices only. This shows that
if || - || is a unitarily invariant norm on M3(R) such that | XY — Y X| < V21 X|I1Y || for all
X,Y € M>(R), then || - || is necessarily the Fobenius norm.

Example 5.7 (Polyhedral norms). A unitarily invariant norm || - || on M,,(C) is called a polyhedral
norm if the set By defined by (30) is a (convex) polyhedron in R”. Suppose || - || to be a unitarily
invariant polyhedral norm on M, (C) satisfying (29). From Theorem 5.4 we deduce that the
intersection of the polyhedron By with the plane {(x1, x2,0,...,0) : x1, xo € R} is the closed
unit disk, which is impossible. Consequently, there are no unitarily invariant polyhedral norms
on M, (C) for which (29) is true.

Let || - || p,, be the polygonal norm on M>(C) for which the set (30) is the regular m-gon
inscribed in the unit circle. Since (£1, 0) and (0, 1) must be vertices of this m-gon, the number
m is necessarily divisible by 4. Put

C. - {||XY—YX||pm
m = SUp |

1 X p, 1Y 1l p,,
It is easily seen that cos(w/m)|| Z||p,, < IZllF < |1 Z]lp,, for all Z € M>(C). From Theorem 2.2
(for n = 2) we therefore get

T
cos — XY = YXllp, <IXY = YXIF < V2IXIENY IIE < V20X 1Y 11y -

X, Y € M2(C)\{O}}.

Thus, C,, < \/5/ cos(w/m) forallm. If m =8k +4 (k=0,1,2,...), then (1, 1) is equal to
V/2/ cos(r/m) and hence Proposition 5.1 implies that
Cn = x/i/ cos(ir/m)

in this case. The case where m = 8k (k =1, 2, 3, ...) is more complicated. From the proof of
Theorem 5.4 we see that

V8xy V/8xy Cnm
P X, )< —
14+2xy 142xy V2

whenever 0 < y <x <landx?+y?=1.1f o = /4 —/m, x = cos g, y = sin @, then the
left-hand side of (42) is 1/ cos(;r/m) times

V8cosgsing  24/sin2¢ 2\/005% _ O( 1 )

1+2cospsing 1 +sin2¢p 1+c052’7”

(42)

Consequently, if m is divisible by 8 we have

V2 <1—o<i>><cm< ﬁ. (43)

T 4 i
cos 7 m cos 7

We conjecture that in fact C,,, = V2 / cos(zr /m). Note that the lower bound in (43) is strictly larger
thanmax(u, 2/un) = @(1, 1) = V2ifmis large enough (actually even for allm = 8k > 8), which
reveals that the bound provided by Proposition 5.1 is not sharp.
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Fig. 2. The intersection of the cylinders x2+ y2 <Lx2+22<1, y2 +22< 1.

Remark 5.8. Let || - || again be a unitarily invariant norm on M, (C) subject to (29). By embedding
M>(C) appropriately into M, (C), we obtain from Theorem 5.4 that the intersection of B¢ with
each of the n(n — 1)/2 planes spanned by two of the coordinate axes is the closed unit disk. In
particular, By is necessarily contained in the intersection of the n(n — 1) /2 cylinders xlz. + x,f < L

Now let n = 3 and denote by B the intersection of the three cylinders given by x> + y? < I,
x24+72<1, y2 + 722 < 1; see Fig. 2. Defining

P(x,y,z) =min{t > 0: (x,y,2)/t € B}
=min{t > 0: (x> +y)/? <1, P+ 222 <1, P+ 2D/ < 1)

= max <\/x2 + ¥ V2422 v+ z2>

we have B = Bg. The unitarily invariant norm associated with @ is given by || X| = , /sl2 + s%

where s; > 5o > s3 are the singular values of X. In the notation of [1, p. 95], this is the || - ||8
norm, a mixture of the second Ky Fan and the 2nd Schatten (=Frobenius) norms. Clearly, || - || Eg

is a good candidate for a norm satisfying (29). If we put 2(X) = (s1, 52, 53), 2(Y) = (t1, 12, 13),
2(XY —YX) = (21, 22, 23), the singular values always in decreasing order, then Theorem 2.2 is
equivalent to the inequality



A. Bottcher and D. Wenzel / Linear Algebra and its Applications 429 (2008) 1864—1885 1885
d+3+3<2(st+sd+53) (F+3+4).
while the question whether || - ||% satisfies (29) amounts to the inequality
23+ 25 <27+ 5D+ 13).
We do not know whether the last inequality is true or not. Notice that the inequality z% < 2s12t12
is not true, because it is equivalent to saying that || XY — Y X/ < V211X |lsollY loo Which, by
Example 5.2, is only valid with V2 replaced by 2.

For n > 4 the number of candidates for unitarily invariant norms satisfying (29) increases. The
candidates include the norms

2
IXID) = st 52 (12> )

with 2 < k < n. We remark that for all these norms the intersection of Bg with an arbitrary plane
spanned by two of the coordinate axes is the unit disk.
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