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Abstract

We derive some explicit sufficient conditions for the asymptotic stability of the zero solution in
a general linear higher order difference equation, and compare our estimations with other related
results in the literature. Our main result also applies to some nonlinear perturbations satisfying a
kind of sublinearity condition.
0 2004 Elsevier Inc. All rights reserved.
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1. Introduction

As it is well known, the asymptotic stability of the zero solution of the linear difference
equation

Xn41=0a0Xn +a1xp-1+ - +agxu—, n=0, (1.1)
is determined by the location of the roots of the associated characteristic equation
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k
M "kt =0, (1.2)
i=0

Thus, for each particular choice of the coefficieatsi =0, ..., k, one can use the so-
called Schur—Cohn criterion (see, e.g., [3,8]). However, with this method, it is very difficult
to get explicit conditions for a general form of Eq. (1.1) depending on the coefficients.
This kind of explicit conditions are of special importance in the applications, where the
coefficients are meaningful parameters of the model. A famous example is the Clark model
[1],

Xp41 =Xy + f(xp—k), n=0, (1.3)

wherewa € (0, 1) and f is a continuous real function. This equation is of special interest in
population dynamics (see also [4,7,8] and references thereinjs H positive equilibrium
of (1.3) andyf is differentiable af, then the linearization aboutis

Xp+l =Xy + Bxp—k, n=0, (1.4)

whereB = f’(x). Clark proved thafr is asymptotically stable if| < 1 — «, that is, if
le|+|8| < 1. Infact, this condition is generalized to Eq. (1.1) (see, e.g., [8, Remark 1.3.1]):
the zero solution of (1.1) is asymptotically stable if

k

> lail <1 (1.5)
i=0

Actually, it can be also extended to the case of variable coefficients
Xpt1 = ao(m)xn +ar(m)xp—1+ - +ar(m)x,—k, n=0. (1.6)

Indeed, the zero solution of (1.6) is asymptotically stable ifngé;{:f;o la;(n)| < 1 (see
[12, p. 658]).

While condition (1.5) is optimal whew; > O foralli =0, 1,..., k (see, e.g., [15]), itis
far from being sharp when not all the coefficients are positive. For Eq. (1.4), the necessary
and sufficient condition for the asymptotic stability of the zero solution was found in [10]
(see also [11] forx = 1). However, this task for the general case of Eq. (1.1) seems to be
extremely complicated.

In this paper, we derive some explicit sufficient conditions for the asymptotic stability of
the zero solution in (1.1) when some coefficients are negative. Moreover, our main theorem
also applies to some nonlinear perturbations of (1.1), complementing the results in [14].
We discuss the relation of our results with other papers in the literature, and establish some
comparisons for concrete examples.

2. Main results

First, we assume that = 1, that is, (1.1) has the form
Xp4l — Xp =a1xXp—1+ -+ agxp—g, n=0. (2.1)

Clearly, (1.5) does not work here. In the literature, we can find some results for (2.1) when
it has only two terms of different sign in the right-hand side, that is, for equation
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Xn4l — Xn = qXp—m — PXn—k, 1 =0, (2.2)

wherep, g are positive real constants, amdk > 1 are integers. In [6] (see also [5]), Gy
et al. proved that under condition

kk
RRTESGES

the zero solution of (2.2) is asymptotically stable if and only if p < 0. As noticed in

[14], condition (2.3) is required to guarantee that the fundamental solution of (2.2) is posi-
tive for alln > 0. (We recall that the fundamental solutifiy } is defined as the solution of
(2.2) with initial conditionsvg=1,v_; =0,i =1,..., maxk, m}.) The result in [6] was
generalized in [14] to the general case of Eq. (2.1). In concrete, the following result is a
direct consequence of Corollary 2 and Remark 2 in [14, p. 1198] (see also [9]).

O<p (2.3)

Proposition 2.1. Assume that

k i+1

Za-‘@ <1, (2.4)
1 kl

i=1

where a; = max0, —a;}. Then the zero solution of Eq. (2.1) is asymptotically stable if

Coming back to Eq. (2.2), when (2.3) does not hold, it was proven in [8, Theorem 6.9.2]
that the zero solution is still asymptotically stable if

>
1+kp

Our main result in this paper allows us to generalize this result to Eq. (2.1) when (2.4) does
not hold. We also give a partial answer to the open problem 6.9.1in [8, p. 171].

We are now in a position to state the main result of this section, which is valid for the
following perturbation of (2.1):

kp<1 and p

g. (25)

m
Xn+l — Xn = Z(_ai)xn—ki +f(n, X, ..., X0—), n2=0, (2.6)
i=1

whereaq; > 0,i =1, ..., m, are real constants,, > k,,_1 > --- > k1 > 1 are integers, and
f satisfies

| f(n,xo,....x)| <bmax{|xol, ..., [x:}, 2.7)

for some constarit > 0 and allz € N, (xo, ..., x,) € R"t1.

Remark 2.2. Notice that (2.1) is a particular case of (2.6), takirgy,, ..., —ax, the
negative coefficients in the right-hand side of (2.1) &, x,, ..., x,_,) the part corre-

sponding to the positive coefficients. In this case; Zf-‘zl a;, wherea;” = maxo, a;}.

For the sake of completeness, we enunciate here a result from [12].
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Theorem 2.3[12, Theorem 2]Assumethat 0 < a < 1 and there exists a positive constant
¢ < a such that

|g(n,...,n —1, xp, ...,x1)| < cmax{|x0|, e, |x1|}, (2.8)

forall n eN, (xq, ..., x;) € RITL Then there exists Ag € (0, 1) such that
< i1 )an >

|xn] < (—lrg?éo{m'}))\o’ n=0,
for every solution {x,} of

Xpr1=AQ—a)x,+gn,....,n—1, Xy, Xp—1, ..., Xn—1). (2.9)
Theorem 2.4. Assume that (2.7) holds for some b > 0, and

a(l— Z?’;lk,’ai)

1+ ilikia;

wherea =L ; a; > 0. Then, the zero solution of (2.6)is globally exponentially stable.

> b, (2.10)

Proof. Notice that (2.6) can be rewritten in the form

m

Xn+1= A—-a)x, + Zai (X, — xn—k;) + fn, Xn, oo Xn—y)
i=1
m n—1

=1 —a)x, +Zai Z (xj+l_xj)+f(naxn7---9xn—r)'

i=1 j=n—k;
Using again (2.6) for eachin the last expression, we have

m n—1 m
Xn+l=(1—a)Xn_Zai Z [Zasxj_ks—f(j,xj,...,xj_r)i|

i=1 j=n—kLs=1
4+ f(n, xn, ..y Xn—r)
=A-a)yx,+gn,....n—1,x4,...,%X5—1),
wherel = max{2k,,, k,, + r}, andg satisfies

m
lg(n,....n—1,x0,...,x)| < [b+(a+b)2kiai:| max{|xol, ..., |x}.
i=1

foralln e Nand(xo, ..., x;) € RI+1,
The result follows from Theorem 2.3, by observing that

b+(a+b)Zkiai <a
i=1
if and only if (2.10) holds. (Notice that (2.10) also implies that 1.) O

Taking into account Remark 2.2, we get
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Corollary 2.5. The zero solution of Eq. (2.1)is asymptotically stableif

k K k. -
Za+ - Yicia; =3 qia;)

i ¥ . — .
par) 1+ Z[:lzai

(2.11)

Clearly, condition (2.11) becomes (2.5) for the particular case of Eq. (2.2). Moreover,
a direct application of Theorem 2.4 shows that the zero solution of equation

Xppl — Xn + pxp—k = fu—m), n= 0,

with f a continuous real function, is globally exponentially stablgfifx)| < gx for all

x € R, and (2.5) holds. This gives a partial answer to Open problem 6.9.1in [8, p. 171].
On the other hand, if all coefficients in (2.1) are negative, Corollary 2.5 gives the

asymptotic stability of the zero solution if

k
> ilail < 1, (2.12)

i=1

which is the result obtained in [2, Remark 1, p. 83]. As noticed there, for the particular
case of equation

Xp+1— Xp + pxp—1=0, n=0, (2.13)

condition (2.12) is sharp, since the zero solution of (2.13) is asymptotically stable if and
only if p < 1. Notice that the application of Proposition 2.1 gives the asymptotic stability
in (2.13) only forp < 1/4.

Next we briefly discuss the case when£ 1 in (1.1). In this case, the result of Proposi-
tion 2.1 remains valid if condition (2.4) is replaced by the existence of a constai0, 1)
such that

/L+Zai_u_i <ap (2.14)

(see, for example, [9,14]).
When (2.14) does not hold, we can apply Theorem 2.4 by observing that (1.1) can be
written in the form

k

Xpt1— Xp = (a0 — Dxp + Zaixn—i’ n=0.
i=1

Hence, we have the following

Corollary 2.6. The zero solution of Eq. (1.1)is asymptotically stable if

k k — k -

F a1 =YF ia

jao— 11+ aj < Liz1% ( _ Z_’—_l’“' ). (2.15)
i=1 14> 4iq
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In the particular case whem > 0 anda; < O for alli =1, ..., &, we can also apply
Theorem 4 in [13]. For it, observe that (1.1) can be written as

Xpt1—Xp = —(L—ao)x, —bf (xu-1,...,%p—k), n=0, (2.16)
whereb = Y*_ |a;], and £ (x1, ..., x¢) = Y-5_; (Ja;| /b)x; satisfies condition

min{x1, ..., xx} < f(x1, ..., x) <max{xy, ..., xk},
forall (x1,...,x;) € R*. Thus, we have the following result.

Theorem 2.7. The zero solution of Eq. (1.1) is asymptotically stable if a; < O for all i =
., k, and either one of the following conditions holds:

(C1) Y*_ jail <ap<land0< kY F_,lai| <1;
(C2) 1<ap<1+ Zf=1|ai| and

k
—ap+ 1 lail
k> lail < il
i—1 —1+a0+2 |al

Example 2.8. As a sort of comparison among the above stated results, we consider the lin-
earized Clark equation witli’(x) < O (the usual situation in its applications to population
dynamics), that is,

Xn+l =0Xy — ﬂxn—kv n 2 07 (217)

wherea € (0,1) andg > 0.
It is not difficult to check that, in this case, (2.14) holds if and only if

1
b1, k4 DEF
> ﬁikk .
On the other hand, Corollary 2.6 ensures the asymptotic stability of the zero solution in
(2.17) if

(2.18)

1 1—k
B<- and 1—oc<,3—l3 (2.19)
k 1+kB
One can check that (2.18) and (2.19) are not comparable. In this case, the application
of condition (C1) in Theorem 2.7 gives a better result: the zero solution of Eq. (2.17) is
asymptotically stable iB <« andgk < 1. As it was already noted, this result is sharp for
k=1landae =1
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