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Article history: Root lattices are efficient sampling lattices for reconstructing isotropic signals in arbitrary

Received 2 November 2010 dimensions, due to their highly symmetric structure. One root lattice, the Cartesian grid,
is almost exclusively used since it matches the coordinate grid; but it is less efficient than

KeyWOft?SI other root lattices. Box-splines, on the other hand, generalize tensor-product B-splines by

Box-spline allowing non-Cartesian directions. They provide, in any number of dimensions, higher-

Root lattice

. . order reconstructions of fields, often of higher efficiency than tensored B-splines. But on
Sampling lattice

Reconstruction filter non-Cartesian lattices, such as the BCC (Body-Centered Cubic) or the FCC (Face-Centered
Approximation Cubic) lattice, only some box-splines and then only up to dimension three have been
Quasi-interpolation investigated.
This paper derives and completely characterizes efficient symmetric box-spline recon-
struction filters on all irreducible root lattices that exist in any number of dimensions n > 2
(n > 3 for D, and D} lattices). In all cases, box-splines are constructed by convolution us-
ing the lattice directions, generalizing the known constructions in two and three variables.
For each box-spline, we document the basic properties for computational use: the poly-
nomial degree, the continuity, the linear independence of shifts on the lattice and optimal
quasi-interpolants for fast approximation of fields.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Given discrete samples on a sampling lattice, the task of signal processing is to reconstruct the original signal by
recovering its primal spectrum with a proper reconstruction filter, i.e. to approximate regularly spaced data from a
corresponding space of functions. In one variable there is only one type of uniform sampling lattice and the filter alone
determines the quality of the reconstruction. But in higher dimensions, the choice of sampling lattice plays as important
a role as the choice of filter. While the best sampling lattice depends on the individual input signal, it is not practical to
use a different sampling lattice for each input signal and we usually cannot predict the signal. Therefore sampling lattices
are chosen based on standard assumptions that the input signal is band-limited and its spectrum is isotropic. Under these
assumptions, the optimal sampling lattice is the one of the lowest density so that the signal can be reconstructed without
aliasing by a canonical filter. This lattice is the dual of the solution to the densest sphere packing problem on lattices [1]. Root
lattices, i.e. lattices invariant under Euclidean reflection groups, are prominent among the known densest sphere packing
lattices. The self-dual Cartesian grid is a root lattice but has comparatively low sampling efficiency since, as Fig. 1 indicates,
it has the least density of the root lattices.

For example, the BCC root lattice can reduce the number of samples by 29% compared to a Cartesian lattice without any
loss of information [2]. Fig. 1 shows that the savings increase in more than three dimensions.
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Fig. 1. Density of root lattices up to dimension 10. The relative density of Z" compared to D, forn = 3, 4, 5, 6 decreases as 71%, 50%, 35%, 25%, respectively.

Table 1

Approximation order and polynomial degree for symmetric box-splines on root lattices compared to tensor-
product B-splines for dimension n > 2 for Z", 4, and 4} and n > 3 for £, and D;;.

Lattice Approx. order Total degree

Box-spline B-spline
7n 2n—2 + 2 2!1—1 n(zn—Z + 1)
An n "”’T") nn—1)
A 2r rn+1) —n n@2r—1)
Dn 2n—2 n(n—2) n(2n — 3)
D M2 42 2n-1 nR"2%+41)

In dimensions two and three, specific root lattices have been exploited by efficient symmetric reconstruction filters:
splines on the hexagonal lattice [3], the 7-direction trivariate box-spline on the Cartesian lattice [4,5], box-splines on the
BCC lattice [6], and 6-direction trivariate box-spline on the FCC lattice [7,8] (see [9] for a broad literature review). But for
higher dimensions, only the n-dimensional Cartesian lattice readily offers efficient symmetric reconstruction filters in the
form of tensor-product B-splines.

In this paper, we show that multivariate box-splines, a generalization of (univariate) uniform B-splines to multiple vari-
ables, provide a natural match on other root lattices. As piecewise polynomials defined by consecutive integer-directional
convolutions, these box-splines can possess higher continuity and higher approximation order for a given total polynomial
degree than tensor-product B-splines (see Table 1).

Overview. In this paper we derive families of symmetric box-splines in any number of dimensions for all irreducible root
lattices. Such constructions are facilitated by defining simple square generator matrices. Specifically, we first derive a non-
tensored family of filters on the Cartesian lattice (Section 3) and then address the s, lattice, its dual 4} and the D,
lattice and its dual D, (see Table 2). We only leave out the irreducible root lattices &g, &;, & and their duals since they
are specific to dimensions 6,7 and 8, respectively. For each box-spline, we document its polynomial degree, continuity,
optimal approximation order and the linear independence of shifts on the lattice; and we exhibit optimal quasi-interpolants,
i.e. simple rules for determining box-spline coefficients from data, that allow efficient construction of fields that approximate
the original field up to a given order (Section 2.3). Table 2 gives an overview of the lattices and Table 3 provides a succinct
summary of all results for lattices paired with box-splines.

2. Background: notation, root lattices and box-splines

2.1. Notation

Matrices, including the box-spline direction matrices (e.g.,  and T,) and the lattice generator matrices (e.g., G, Aj and
Ani), are typeset in bold upper case; vectors are typeset in bold lower case, in (i) italic if variable, e.g., ¥ and j, and (ii) non-
italic if constant, e.g., €, and j,; lattices are typeset in calligraphic upper case; e.g., 4, and £, and root systems and finite
reflection (Coxeter) groups are typeset as, e.g., < and 2,. The dimension of vectors and matrices is indicated by a subscript
when not obvious from the context. We note in particular that, x(j), 1 < j < n, is the jth element of the vector x € R", €, the
jth unit vector in R", I, the n x n identity matrix, 0, := [0 - - - 0]° the n-dimensional zero vector, j, := [1- - - 1]' the ‘diagonal
vector’, J, := jnj}, the n x n matrix composed of I's only and P, := I, — J,/n : R" — Hj"_l is the orthogonal projection
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Table 2
Domain lattices (see Section 2.1 for the notation) [10].
Lattice Generator matrix Center density Root system Symmetry order Coxeter diagram
z" I, 27" B 2"n!
A Af =1+ (-1 £Vt D)l 2702y 1)-112 oy (n+ 112 O—G0C--0—70
ehi1 = €ni1 €1~ ehy eyl — ey eny —enl]
AL A=+ (-1 )b
n n o n \/m n Zn("+1)(n—l)/z
| —e'! _ %, 2"l (n#4)
D, — n—1 n (n+2)/2 n
' Gon [—J’ﬁq -1 ] 2 152 (n=4)
or o,
o Gow o [Tt Bn1/2 327 (n=3)
n o= lel 172 270D (n>3)

ol W

Fig. 2. Unit ‘ball’ (primary spectrum and its replicas) packing with respect to the density § for (top) the hexagonal lattice and (bottom) the Cartesian lattice;
(left) sampling density is high enough so that no pair of spectra overlap; (bottom center) the primary spectrum and its replicas touch on the Cartesian lattice
but (top center) are separated on the hexagonal lattice; (top right) the balls only touch on the hexagonal lattice, and hence the original signal still can be
reconstructed without aliasing; (bottom right) on the Cartesian lattice the spectra overlap, causing aliasing.

along j, onto the plane Hj"_1 where, with the dot-product x -y := X'y € R, Hj"_l ={x € R":x-j, = 0}is the (n — 1)-
dimensional hyperplane embedded in R" intersecting 0 with normal j,. Following the convention in [11], an n X m matrix
will be interpreted as a collection of column vectors or as a linear transformation from R™ to R". When interpreted as a set
of column vectors, repeated columns are considered different elements. Column vectors are used as either vectors or points
depending on the context. #A denotes the cardinality of the set A. A matrix U € Z™™ is unimodular if detZ € {—1, 1, 0} for
all square submatrices Z € U. IfU € Z™" is unimodular and invertible then U~! € Z™*",

2.2. Lattices and sampling

An n-dimensional lattice £,, embedded in R, ] > n is a discrete subgroup generated by a | x n generator matrix G of
rank(G) = n[12]:

Ln={Gj e R :jez".
That is, all integer linear combinations GZ" define (the points of) the n-dimensional lattice. Any n-dimensional lattice £,
has a dual lattice given by

Li={xeR :x-uecZVue L,}.

Lattices obtained from one another by a rotation, reflection and change of uniform scale are said to be equivalent, written
=[10]. Table 2 summarizes the root lattices relevant for this paper.

The density of a lattice packing is the proportion of the space occupied by the spheres when packed. The center density
of a lattice is the number of the lattice points per unit volume, which can be obtained by dividing its density by the volume
of the unit sphere [10]. Fig. 2 illustrates how the sampling efficiency differs according to packing density of the lattice: If
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Fig. 3. Geometric definition of the box-spline with the direction matrix & := [1 1 1]; area of intersection of a cube with 2~ '{x} = [111]* /3{x} + HZ,
the translates of the hyperplanes orthogonal to j; := [1 1 1]".
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Fig. 4. Construction of the ZP-element via directional convolutions.

the density of the dual lattice is sufficiently low, and accordingly the sampling density is high as in the leftmost case, then
the original signal can be reconstructed without aliasing regardless of the sampling lattice; but, as can be seen from the
rightmost case, when sampled sparsely, aliasing, visible as overlap of the primary disk-shaped spectrum and its replicas,
depends on the sampling lattice. Therefore, larger (center) density implies that its dual is a more efficient sampling lattice.
Table 2 (middle column) shows the center density of the root lattices considered in our paper. When plotted (see Fig. 1), this
reveals the Cartesian lattice Z" to have the poorest sampling efficiency among the irreducible root lattices.

2.3. Box-Splines

We use the notation and definitions made standard in [11]. (See also [13].) In particular, a box-spline is a smooth
piecewise polynomial of finite support and a spline in box-spline form is a linear combination of the shifts of a box-spline. If
the sequence of the shifts of a box-spline are linearly independent, the box-spline is a basis function.

Definition. Geometrically, the value of a box-spline with direction matrix € € R™™ at X € ranE C R" is the shadow
density [11, (I.3)] (see, e.g., Fig. 3 or Fig. 6)
Mz (X) = VOlm—rank(E) (Eil{x} N D) /| det E |a

i.e., the normalized volume of the intersection of a half-open cube L := [0..1)™ C R™,m > n, with the preimage
E-x} == {y € R™ : Ey = x} of x under the n x m direction matrix Z possibly with repeated columns. This is an
(m — dimranE)-dimensional affine subspace in R™ and vol4(-) is the d-dimensional volume of its argument. Alternatively,
we can construct Mz via consecutive directional convolutions along the directions in E as in Fig. 4 [11, (1.8)]:

1
Mzyug = / Mz (- — tg)dt.
0
In the following, unless mentioned specifically, we assume that rank(E) = n, hence the subspace spanned by the columns
of 2, ranE = R".

Polynomial degree, continuity and cardinal spline space. A box-spline Mg is a piecewise polynomial on ranZ. Its polynomial
degree is less than or equal to #Z — n. The polynomial pieces join to form a function in C"™~'(ranZ) where [11, page 9]

m:=m(E) :=min{#Z:Z € A(E)} — 1 (1)
and [11, page 8] A(E) :={Z C E : E \ Z does not span R"}. The cardinal spline space [11, (I.1)]
Sg = span (Mz (- — j))jezn

is the spline space spanned by the shifts of Mz on Z". Each spline s € Sz has the form s := Zjezn Mg (- — j)a(j) with a

mesh function (spline coefficients) a : Z" — R. The sequence (Mz (- —j))jczn is linearly independent if and only if E is
unimodular [11, page 41].
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Quasi-interpolation. A quasi-interpolant for the spline space S; provides a fast way of approximating a function f by a
spline Qu- f € Sz. We focus on quasi-interpolants that provide the optimal approximation order m(Z) + 1 by reproducing
polynomial terms up to degree m(E) [11, page 72]:

Qu® =Y Mz (x— Dy, (¢ +J)). 2)
jezn
Here A),_ is the linear functional [11, (111.22)]
aief =Y 8(0) (D) (0) (3)
Joe|=m(Z)

and a € Z|} is a multi-index. The Appell sequence {g,} in (3) can be computed either recursively as

2 = [1°
8o = [1% =Y (=l P)gy where uzf == Mz G)f (=), ([11, (1.19)])
Bso i

or from the Fourier transform Mz as g, (0) = (I—ip T (l/lVI:)) (0). [11, (111.34)].

3. The symmetric (n 4+ 2"~ ')-direction box-spline on the Cartesian lattice

Tensor-product B-splines are the most popular reconstruction filters on the Cartesian lattice. Their separable tensor
structure simplifies computations, and shifts on the Cartesian lattice are linearly independent. But their continuity and
approximation order are low for their total polynomial degree when compared to other box-splines. For example, the bi-
quadratic B-spline and the ZP-element (Section 3.2) are both C' but their total degrees are 4 and 2, respectively.

We can construct other box-splines with higher approximation order for a given degree, by leveraging more directions
of the Cartesian lattice. One way is to include the 2"~ ! diagonal directions of the unit cube in addition to its n main axis
directions. In dimension two, this results in the well-known Zwart-Powell element [ 14] (Table 3 and Fig. 4) and in dimension
three, it yields the 7-direction trivariate box-spline M3 [4] (see Section 3.2).

3.1. Lattice, definition and properties

The root system %, and the Cartesian lattice. The Cartesian lattice has been used as a sampling lattice for a long time, since it
naturally matches the Cartesian coordinates. As one of the root lattices generated by the root system [15]
o= {Fe, e 1<i#j<nu (€},
1<j<n
its symmetry group consists of all n! permutations and 2" sign changes of the coordinates. Hence the order is 2"n! [10].

Box-spline Mzn. Since the end points of the 2" diagonals, {v € R" : v(j) € {£1}, 1 <j < n}, map to one another under the
operations of the symmetry group of %,, we can add these 2"~ ! non-parallel diagonal directions and define the direction
matrix

n—1
Epo=1,U eﬁ—i—ZGje’ﬁ:oje {£1};, n>2.
=1
This yields the centered box-spline
MZ” = MC..

zn

=Mz, |-+ > &2]. (4)
g

€8yn

The following lemma will be helpful to prove the properties of Mzn.

Lemma 1 (Independent Directions). For a nonzero vector v € R" let E1¥ = {§ € E :§-v =0, } be the vectors in E
orthogonal to v. Then

max#E5 =2""2 +n—2.
veR!
Proof. If we choose v* := e + e~! then

n—2
EL ={el —e' '+ Zﬂ:e’n} U\ {er ", el})
=
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and therefore #& 4" = 2""2 4+ n — 2. To show that 2"~2 4+ n — 2 is the upper bound, abbreviate Z := {e" + p o€l

0; € {£1}} so that Ezn = Z U I,,. Since the last entry of every column is 1, #Z = 2"~1. Let 0 # v € R" be a vector with k
nonzero entries. Since Z¥ = @ for k = 1, we consider only k > 1. We split

Z=7,UZ,, whereZy={{e€Z:5-v=0} and Z,:={¢ecZ:¢{-v#0}.

Let v(i) # 0,i < nand g, and &, be two columns that differ only in the (sign of the) ith entry. Then ¢, € Z, implies that
¢, € Z,. Therefore Z, has at least as many elements as Z; and #Z1V = #Zy < #2/2 = 2"2. Since #In“ =n — k, we get
#E =#ZW + 4L <2" 2+ n—k

and the last expression is maximized whenk =2. 0O

Theorem 1 (Properties of Mzn ). The box-spline Myn is (i) of total polynomial degree 2", (ii) My € ¢ and (iii) the sequence
(Mzn (- —j))jezn » 1 > 2, is linearly dependent.

Proof. (i) The box-spline’s degree follows from #En —n=n+2""! —n=2""1,

(ii) By Lemma 1, at most (2”2 +n — 2) directions span a hyperplane. Therefore we have m(Ez7) = ((n+2""1) — (2" 2 +
n—2)) — 1 =2""2 4 1 and the claim follows by the remark preceding (1).

(iii) For the matrix

1 -1 - =1 -1
. 1 1 - =1 -1
n i—1 n
= U{ e, + e'n} S
== = 11—
1 1 1 1
10 0 0111 -1 -1 -1
1 1 0 0{|0 2 0 O
= C EZ"»

—
Pt
o
o
N
o

11 .- 1 1J|0 O --- 0 2
detZ, =2""' & {—1,1,0} forn > 2,i.e. E4n is not unimodular and the claim follows. O

3.2. Examples

ZP-element. In dimension two, Z > is the direction matrix of the well-known ZP-element [14]:

- 1 01 -1 -
Zzp = 01 1 1 =l Zy2.

Fig. 4 shows the construction of the ZP-element via consecutive directional convolutions along the directions in Ezp. Note
that the ZP-element is not centered whereas M is centered by (4).

The (total) degree of M,z is 227! = 2 and My, € €2 = C'. The BB(Bernstein—Bézier) coefficients (the BB-net) [16] of
M can be found in [17]. Following the procedure laid out in [11, (II.22)], we derive the quasi-interpolant QZz with optimal

approximation order 3 for the spline space S, = span (MZz (- —j))jeZz as
(Qaf) ® =Y Mp®x =i, (F-+1)). (5)
jez?

An optimal choice of spline coefficients for data f is given by the functional

hgaf = oy, f = (f - f(DZ +D )f) ©) = <f - —(Dz + D3 + (D1 + D2)* + (=D + D2) )f) ©

1
= (f—5; D Dif | .
24 4~
EcEzp
Note that this functional differs from the one in [11, IlI(23)] since M, is centered while the ZP-element is not. The
technical report [18] details the non-trivial but algorithmic derivation of A, " f and other quasi-interpolant functionals in
L

this paper according to [11, (II1.19)].
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-1l—1—""-1
1_3( _
l—_— ]

Fig. 5. Quasi-interpolation stencil of M, (scaled by 24).

For a discrete input f : Z*> — R, we can approximate the directional derivatives by finite differences with 8 neighbors
(see Fig. 5 for the stencil)

IpFC+D) ~ S =~ S (G +8 +£G—8)
22 =3 24 £ '
EcEzp
The 7-direction trivariate box-spline. In dimension three, =3 is the direction matrix of the 7-direction trivariate box-spline
[4,19,5,20] My3:

1001 -1 1 -1
Es=(0 1 0 1 1 -1 -—1].
001 1 1 1 1

The (total) degree of Mys is 23~! = 4and M, € C2° = (2. The same continuity is achieved by the tri-cubic B-spline of
total degree 12 — 3 = 9. Kim and Peters [20] derived the BB-net of M.

A quasi-interpolant Q ; (see (5)) with optimal approximation order 4 for the spline space S, = span (Mzg (- j))
is (cf. [18])

jez3

5
Aof = (f - ﬂ(Di +D3 +D§)f> (0)
oo 2 2
= |f- ﬂ(D1 + D5 + D5+ (D1 + Dy + D3)” + (—D1 + D2 + Ds)

+ (D1 — Dy + D3)? + (=Dy — D, + D3)2)> (0)

= [r-5 X oo (6)

E€E 3

For discrete data f : Z> — R, we can approximate the directional derivatives by finite differences with 14 neighbors

19 1
hp FC+M~ D =57 D fG+B+fG -8, jeZ’.

E€E 3

Alternatively, we can approximate (6) using 6 neighbors as

9 5 & , .
hp FCHD ™ f ) = > FG+e)+fi—e€)), je7’
i=1

4. Box-splines on non-Cartesian lattices

We leverage the fact that, given an invertible linear map L on R", [11, (1.23)]
Mz = |detL|Mgg o L.
Hence, given a square generator matrix G, any weighted sum of the shifts of the (scaled) box-spline
Mz := | det G|M¢=

on the possibly non-Cartesian lattice GZ" can be expressed as a weighted sum of the shifts of Mz on the Cartesian lattice Z"
by change of variables:

> Mz(—jal) = ) M=(G" - ~k)a(Gk) (7)

jeGz" kezn
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where a : GZ" — R is a mesh function (the spline coefficients) on GZ". In the bivariate setting (7) was used in [21, page
650]. We denote the spline space spanned by the shifts of Mz on GZ" by

S$ := span (1\71: € _j))jeGZ" ’

By omitting G = I, we define S; = Sls”.
By (7), the sequence (Mg (- _j))jeGZ" is linearly independent if and only if E is unimodular. We will leverage a general
theorem on quasi-interpolation whose proof appeared in [9].

Lemma 2 (Quasi-Interpolation; [9]). Let o € Z!, be a multi-index, D; the directional derivative along e’;, and DF = [],c DY
(with o, denoting the entry of o corresponding to v) a composition of directional derivatives D, := 2}1:1 v(j)D; along the

columns of G. Further let {g,} be the Appell sequence given in [11, (II.19)] and define the linear functional (cf. [11, (1I1.22)])
ief =Y 2(0) (D) (0).

lor] =m(&)

The quasi-interpolant Qy_ for S§ defined by the functional

Ape FC+D) = Ay, (Fo6) (- +671))
= Y &0 (D)6, Jjecz,

loe|=m(E)

provides the same maximal approximation order m(Z) + 1 (i.e. reproduces all Taylor terms up to degree m(Z)) as does Quz
defined by Az for Sz.

We can now investigate the major non-Cartesian root lattices and corresponding symmetric box-splines.

5. The symmetric n(n + 1) /2-direction box-spline on the 4, lattice

On the s, lattice, we construct a symmetric box-spline’ Mj\fn (15) by convolving in the directions of the root system .7,
(8). These are the directions to a lattice point’s n(n + 1) nearest lattice neighbors on the A, lattice (see Fig. 8(b) for the
trivariate case and the examples in Section 5.2). Since the 4, lattice is usually defined as embedded in Hj” C R*1[10], the
key to this construction is to embed it in R", one-to-one between Hj” and R", with the help of a pair of orthogonal matrices
XnjE (9) of size n x (n+ 1). Geometrically, an equivalent basis for the +,, lattice can also be constructed by taking the n edges
sharing a vertex of an n-dimensional equilateral simplex. In dimension two, either construction results in the well-known
3-direction linear box-spline on the hexagonal lattice. In dimension three, it yields the 6-direction box-spline on the FCC
lattice (Section 5.2) proposed in [7].

5.1. Lattice, definition and properties

The root system <, The finite reflection group 7, is composed of n hyperplanes with their dihedral angles described by
the Coxeter diagram in Table 2. It can be formulated by the root system embedded in R™*! with Cartesian coordinates as
follows [10,22]:

oy =|EE e T=igj=n+1]. (8)

In general, we can obtain n-dimensional roots of <, by any orthogonal transformation that maps Hj” to R™. A pair of such
matrices are

Xy = AAS) Y =AAS = A [l —ja] (H —> R" (9)
where [23]
1T [+ D =y
A} = . , 10
P 41 [ —ip (10)
1
AE = In+5<—1:|:«/n+1>Jn (1)

1 Although, formally, the £ superscript indicates a pair of box-splines, we will in the following refer to it as a singleton, assuming that a choice has been
made.
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and
A*i'—l+1<—1j: ! )J (12)
n - 'n n n+1 n-
Note that, while
1
X)Xy = Iny1 — e # e (13)

Xni are orthogonal transformations that preserve lengths and angles, since J,1x = 0,1 forx € Hj” and hence
XEx) - (XEx) = x-x.

The symmetry group of <, consists of the symmetric group of all (n 4+ 1)! permutations of its coordinates and the group of
changing the sign of all the coordinates, hence its order is (n 4+ 1)!2 [10]. In dimension two, this follows from the 12-fold
symmetry of the hexagon.

The root lattice 4,. The root lattice 4, is generated by all the integer linear combinations of the roots of <7,. A generator
matrix for the 4, lattice is Ap := [I, — ja]" € R™*D>". A, can be either embedded in H;' C R™*' [10, page 109] or directly
in R" using the square generator matrix Ani obtained by applying Xni to Ap:

XFAp = ATAS Ay = AT
In low dimensions, 4, = +} is equivalent to the hexagonal lattice and 43 = Dj is equivalent to the FCC lattice.

The box-spline Mifn. The n(n + 1) /2-direction box-spline on the 4, lattice is defined by the non-parallel directions of .,
transformed by X::

Ein = U {X; (el —e ) (14)

I<i<j<n+1

and the ‘centered’ and ‘re-normalized’ box-spline is defined as

M3, = | detAf|Mzz (-+ > §/2). (15)

EeEin
The following lemma will be helpful to prove the properties of Mifn.

Lemma 3. Let 1V := (§ € E : £ - v = 0} be the vectors in E orthogonal to v # 0. Then

n
max#(EE )V = ( )
veR! ( ‘A’") 2

Proof. We observe that, since X;* maps H;' one-to-one onto R",

max#(25 )= max #E', whereZ:= [ J (e, —e,}
VeR weHf'CRH I<i<j<n+1
Ifwesetw:= | | € H'thenw - (e}, — € . ) = Oexactlywhen0 <i <j <n,ie #E1° = (1)). To show that (}) is
: —-n J n+1 n+1 y —= J=nlew= 2/ 2

also an upper bound, let k be the maximum number of nonzero identical entries in w. Without loss of generality, these are
the first k entries and these entries are 1. Since w € Hj”, i.e.®-jysr1 =0,k < n+ 1. To show that the number of vectors in
E orthogonal to w is maximized for k = n, we split E := Z; U Z, L Z3,

Z =, —€, i 1<i<j<Kk
Z,={e,, —€, 1 1<i<kk+1<j<n+1},

Zy:={e,,—€_  k+1<i<j<n+1}.

Since forall g, € Z, &, - @ = 1 — w(j) # 0, we have Z,® = (. Also (’;) = #Z; > #Z7° and ("*’2‘“) = #Z3 > #Z3°, s0

that
k n—k+1
#E1O = #Zf“’—l—#lﬁ"’f <2>—|—< 5 )

2

n-—n

N ) R

since(k—n)(k—1) <O0fori<k<n+1 O
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Theorem 2 (Properties ofM,f” ). The box-spline M(fn has (i) polynomial degree n(n — 1)/2, (ii) Mjgn € C"2 and (iii) the

sequence (M, (- — j))j pgn IS linearly independent.

Proof. (i) The degree follows from#& , —n=n(m+1)/2 —n=n(n—1)/2.

(i) By Lemma 3, the maximal number of columns of Ei" lying in a hyperplane is (g) Therefore m Ein) =mn+1)/2-
n(n—1)/2)—1=n—1and M3, € C"2

(iii) Since Mjgn is shifted on AniZ" = Ay, the sequence (Mj;n(- _j))jeA,?zn is linearly independent if and only if &, :=
(Ani)*1 E’., Is unimodular. By the second equality in (9), for each column of E,,i.e.for1 <i<j<n+1,

_ ; wto i el i=n+1
(A)) lxni(e;vr] —€,) = AP[(CLH —e,) = { ! !

e —e, j<n+1

and therefore E, = I, U UKqu{ef1 — e’,}}. Since€-j, =0for§ € E jn \ I;, we need only consider square submatrices
(basis matrices) Z, of £, that contain at least one unit vector. (Otherwise the determinant of the square submatrix is
zero and this is compatible with unimodularity.) Now pick any Z, of full rank with column e}, for some 1 < i < n. Let
Z,_ be its submatrix obtained by removing the column e}, and row i and flipping the sign of any column that has a single

—1entry. Then | detZ,| = | det Z,_|.If, for some j, both e, and e — e}, had been columns in Z,_1, then det Z,_; = 0 and

this cannot be since Z, was chosen of full rank. Therefore Z,_; C E,_; and we can now repeat the above determinant

reduction until we read off that £, = [(1) ? j]] is unimodular. Therefore E,, is unimodular as claimed. O

5.2. Examples

The 3-direction bivariate box-spline on the hexagonal lattice. In dimension two, we get the direction matrix Eiz (14) and the
generator matrix AzlL (11)

st oot e 12 1xv3 “12V3] e 1123 —1243]
2 2 —1++v3  1+43 ~1+£+/3  1£43

2 =5
The box-spline Mifz defined by E i , and AZi is equivalent to the 3-direction linear box-spline on the hexagonal lattice.
The 6-direction box-spline on the FCC lattice. In dimension three, we get the direction matrices (14)

13 3 4 0 1 1 1 1 0 0 -1 -1
E;=f—3 0 1 3 4 1], E.o=|-1 0 -1 1 0 -1

A3
0 -3 1 -3 1 4 o -1 -1 -1 -1 0

2

0o -1 -1

and by (11), the generator matrices for the FCC (£ +3) lattice,

14 11 01 1
A7 =-|1 4 1|, Aj=-|1 0 1].
3
11 4 110

This is equivalent to the 6-direction box-spline on the FCC lattice [7,8]. Fig. 8(b) shows the directions and support of M, .

According to [8], a quasi-interpolant of Mjf3 that provides the maximal approximation order m(& iB) + 1 = 3is defined by
the functional

+ 1
Mo (iD= (f =5 20 D | G, e AT

=t
ez
gez,

6. Symmetric (n + 1)-direction box-spline on the «; lattice

The members of the family M, [23] of n-variate box-splines are defined by r-fold convolution, in the n directions
of the Cartesian lattice plus a diagonal and generalize the ‘hat’ functions. The box-splines are popular due to the
linear independence of their Cartesian shifts and approximation properties. But the footprints of the box-splines are
asymmetrically distorted in the diagonal direction (see e.g. Fig. 4(b)). To make reconstruction of fields less biased,
convolution and shifts on 2- and 3-dimensional non-Cartesian lattices, the hexagonal lattice and the BCC lattice respectively,
have recently been advocated [3,6].

Kim and Peters [23] generalized bivariate box-splines on the hexagonal lattice and trivariate box-splines on the BCC
lattice to symmetric n-variate box-splines M;*i defined by the directions connecting to the 2(n + 1) nearest neighbors of
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(Qn=1.
Fig. 6. Orthogonal projection of unit cubes along the diagonal direction for (a) n = 1and (b) n = 2 [23].

the A} lattice (see e.g. Fig. 8(c) for n = 3). By defining the 4 lattice directly in R", as we did for the 4, lattice, the geometric
construction of the shifts of the symmetric linear box-spline M} * on the A lattice simplifies to the classical construction
of n-variate box-splines by projection: The shifts of the symmetric linear box-spline on «4; are the orthogonal projection of
a slab of thickness 1, decomposed into unit cubes, along the diagonal of the cubes (Fig. 6). By comparison, M; has the same
preimage, but its support is distorted by its anisotropic direction matrix. Kim and Peters [23] documented the support, its
partition, the desirable properties shared with M, and, for the important case r = 2, the quasi-interpolant construction
associated with M;* in any number of variables n.

6.1. Lattice, definition and properties

The root lattice +;;. As in the case of the 4, lattice, Kim and Peters [23] used a geometric construction of »; in R" to obtain
pairs of square generator matrices A** shown in Table 2, for the 4; lattice. We note that A3 = A, is equivalent to the
hexagonal lattice and A3 = Dj is equivalent to the BCC lattice. For each case, examples of generator matrices (12) are, for

n=>2,

st
A = =

1[1+£1/V3 —lil/ﬁ]
2-1+1/V/3 1£1/V3

and forn = 3,

15 -1 -1 1fro-1 =1
At =-|-1 5 —1| and Aj ==|—-1 1 —1/|.
6 2

-1 -1 5 -1 -1 1

A" is the optimal sampling lattice in dimensions two and three [24,25,7]. In higher dimensions, Fig. 1 shows that 4, packs
spheres better than the Cartesian lattice, making +;; a better sampling lattice than Z".

The box-spline Mi*. On the lattice (10) AJZ" = A} embedded in R™ 1, there are 2(n + 1) lattice points nearest to the origin.
[10]. Their Cartesian coordinates are

j 1. .
{ﬂ:(e’n+]—mjn+1>EHjnilfjfn—l—]}. (16)

The (n+ 1)-direction box-spline M;f* on the 4} lattice is constructed by the directions to the 2(n+ 1) nearest lattice points.
As in Section 5, we transform the directions of (16) to R" by Xni:

wt 1 _a% 1T/ (1) —jn/(n+ 1)
T = Xt <In+1 Ty 1Jn+1) =A* [ln .ln] |: —jt/(n+1) n/(n+1) ]

= AP [l —jn] = AT
With the square generator matrix A,’;i, the (n + 1)-direction (linear) box-spline on the 4} lattice is defined as
sz =M = | detA,’;i|MT»fi o+ Z £/2| = detAﬁilMTTi.
*g'eT’]k:t

The properties of Mj:ﬁ were already established in [23] and are listed for completeness.
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Fig. 7. Coxeter diagram of the root system 2,.

Theorem 3 (Properties of M
(v

*
An

j;;; [23]). The box-spline Mi; has polynomial degree 1, qu € C° and the sequence

(- —j)) , is linearly independent.
jens?
The family of box-splines Mr*i constructed by the r-fold repetition of T*{i, T;‘i = U;L] Tfi, was investigated in [23].
We restate the main result on quasi-interpolants for r = 2: The quasi-interpolant of M, defined by the functional

. e . 1 S e s
ECCHD) =gy (e = (-5 D0 D | 0. d ez
EeTji
provides the maximal approximation order m(T’z‘i) +1=4
Examples of symmetric box-splines on the A} lattice can be found in [23].

7. Symmetric n(n — 1)-direction box-spline on the D, lattice

For n > 3, the root lattice D, can be viewed as a sub-lattice of the integer grid (Cartesian lattice), namely all integer
points whose sum is even [10]. The box-spline My, is constructed by the directions of the root system 2,. In R, this (also)
yields the 6-direction box-spline on the FCC lattice [7]. (See Section 5.2.)

7.1. Lattice, definition and properties

The root system 2,. The root system 2, can be described by the Coxeter diagram in Table 2. There it is composed of all
#9, = 2n(n — 1) integer vectors of length V2, ie., [10,22]

I ={Le, te, :1<i#j<n}. (17)
Due to the three rightmost mandatory nodes of the Coxeter diagram for 2, (Table 2), 2, is only defined for n > 3; and in
dimension three, 73 = «73.

The root lattice D,. The root lattice D, is generated by all integer linear combinations of the roots of #,. Alternatively, D;, is
defined as all integer points of Z" where the sum of their elements is always even when 2, is formulated as (17) [10]:

D, :={ieZ":i-j,iseven).
A set of simple roots associated with the Coxeter diagram in Table 2, [22]

1

serves as a square generator matrix for the £, lattice. For n # 4, the order is n!2" since the symmetry group of £, consists
of all n! permutations of coordinates, 2"~ ! sign changes of even-sum coordinates and 2 sign changes of the last coordinates.
For n = 4, the symmetry group is that of the 24-cell [26,10]. Besides the symmetries of the first two bullets above, it consists
of the 3! permutations of three roots according to the symmetry of its Coxeter diagram (Fig. 7). Hence the total order of D4
is4! x 23 x 3! = 1152.

The box-spline Mg, . The n(n — 1)-directions of the box-spline on the 9, lattice are the non-parallel directions of Z;:

E@n = U {eln:te]n}

1<i<j<n
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d
\
—
Fig. 8. Trivariate symmetric box-spline (top) directions (bottom) supports. (a) 7-direction box-spline on Z? (Section 3.2) (b) 6-direction box-spline on the
FCC lattice (Sections 5.2 and 7.2), (c) 4-direction box-spline on the BCC lattice (Section 6) and (d) 7-direction box-spline on the BCC lattice (Section 8.2).

C

\
/<\

The centered and re-normalized box-spline is defined as

My, = |detGp, Mg, = |detGyp, Mz, |-+ Y &2

E€Ep,

The following lemma will be helpful to prove the properties of Mp,.

Lemma4. et 2 :={§ € £ :&-v = 0). Then

{3 (n=23)

MaX#EL =10 2 (1> 3.

veRn

Proof. As in the proof of Lemma 3, we find an upper bound of #Z 5 L" and exhibit a vector v so that the bound is taken on.
Forv € R", v # 0,, let, without loss of generality, since we can rearrange rows in 2 p,, the set of nonzero element
indicesbe{j € Z : v e R", v(j) 20} = {1, ..., k}, where 0 < k < n.
We decompose Z g, into three disjoint subsets as

Z,:=f{e,te,:1<i<j<k
Ep, = Z1 UZy UZs, whereZz _{e +e:1<i<k<j<n)
= (e} ﬂ:e’ k<i<j<n}

Since Z; = ¢ for k = 1 and either (e/, —|—e’-n) .v#£0or(e, —e))-v£0for{el + e} CZyandk > 1,

=0 k=1
v k
#Z; < #Z,/2 = <2) otherwise.

For el + e, € Z, since (el + e) - v=uv()#0, #Z5V = 0. And
0 (k>n—1)
v _ n—k
#Z;3 #7253 =2 ( 5 ) otherwise.
Therefore,

(i) ifk =1, #E 5 = #(Zy UZs)" = #Zy" + #13¥ =2 (”;1) =m—-1n-2) =fn);
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(i) ifk > n— 1, #85Y = #(Z) UZ)Y = #Z1Y + 422 < (’2) = Ik(k—1)

1
;=D =2)=fm/2 (k=n-1)

o= =f@t D2 e=ny;

(iii) if2 <k <n—2,definej:=n—2—kand!l:=n —j— 4.Sincek > 2 and n > 4 by assumption,0 <j < n — 4 and
[ > 0.Substitutingn =j+4+landk=n—2 —j = 2 + lyields

k n—k 1, . .
) +2 9 —f(n):—i(l + 714+ 4j4+4jl+6) <0

and hence

k —k
#E L = #Z7¥ + #L)" + #2y" < <2> +2 (" 5 > <fm.

Sincef(n+ 1) :f(n)ﬁ, #Ei): is maximized by f (3 4+ 1)/2 = 3 for n = 3 and f (n) for n > 3. The bound is sharp since
— = Lin
52%31(#.:.5‘3’ =#Ep5 =3
and forn > 3,
max #2 5 = #E;f“ =Mm—-1Mm—-2)=fn)

veR"

wherel <j<n. O
Theorem 4 (Properties of Mg, ). The box-spline Mg, has (i) polynomial degree n(n — 2), (ii) Mp, € Clandforn > 3My, €
%4 and (iii) the sequence (Mi)n (- —j)) is linearly dependent except for n = 3.

jeGoy 2

Proof. (i) This follows from#E4,, —n=n(n—1) —n =n(n — 2).
(ii) By Lemma 4, forn > 3, m(Zp,) = (n(n—1) —(n—1)(n—2)) — 1= 2n—3.So

~ 6-3)—1=2 (n=23)
m(Ep,) = {2n—3 (n > 3)

and Mg, € C'ifn =3 and My, € C*"*ifn > 3.
(iii) Since (cf. [27])

_an—1
detGyp, = det [_13;1 fﬂl—l] = detl,_ det(—1 —j,_,I ' el" ) = -2,
n—1

the sequence is linearly independent if and only if detZ € {0, £2},VZ C Ep,.ButforZ, C Zp,,

Z (n even)

Z B

1 1

Zy = 1 1 (n odd) where Z; := . and B:= [ _1] ,
1 -1 1 B

1
detZy = (—2)\"/21 by [27]. Thatis detZy & {0, £2} forn > 3. O

7.2. Examples

The 6-direction box-spline on the FCC lattice. In dimension three,
1 1 1 1 0 O 1 0 O
Ep,=|1 -1 0 0 1 1 and Gop, =| 0 1 1.
o 0o 1 -1 1 -1 -1 -1 1

Therefore Mg, = Mif} since it is centered and re-normalized (see Section 5.2).
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8. Symmetric (n + 2"~!)-direction box-spline on the Dy lattice

The root lattice D, the dual of D,, can be built as a super-lattice of the integer grid (Cartesian lattice) by inserting
additional points at the center of each hypercube. It is therefore a second family, besides 4, that includes the BCC lattice.
The box-spline Mg+ is constructed by the n main axis directions and 2"=1 directions to the centers of the 2" hypercubes

around the origin (see Fig. 8 for n = 3). These directions are pairwise parallel to those of the (n + 2"~!)-direction box-
spline on the Cartesian lattice, Mzn, (Section 3) but their lengths are different.

8.1. Lattice, definition and properties

The root lattice Dj;. Generator matrices for the £, lattice can be obtained from those for D,

t

I _e™! -t Iz}—Z 0, > 0, - IP—Z 0, > 0,
G;); = |:_}t] _"11] = OTFZ 1 -1 = —‘!?71/2 1/2 —-1/2
n—1 —Jp_, -1 -1 —Jn_1/2 —-1/2 —-1/2

However, we prefer the simpler equivalent representation for the generator matrix (cf. [10])
1 . i j ln71 jnfl/z

The box-spline Mgx. The (n + 2"~ 1)-direction box-spline on the Dy lattice is constructed by the directions implied by the
lattice points

1 n—1 )
Eop =hUg {e,’; + Zie’n}
j=1

corresponding to the centers of the 2" unit cubes adjacent to the origin and the n main axis directions.
The centered and re-normalized box-spline is defined as

M@,’{ = |detGrD;{|Mé@* = |detG!0§‘|ME@;; 4 Z £/2

n =
(SO
3 Qr’{

Theorem 5 (Properties of Mgy ). The box-spline Mgz has (i) polynomial degree 21 (i) M or € " and (iii) the sequence
re _j))je(; ,n 18 linearly dependent.
o

Proof. (i) This follows from#E5: —n=n+2""1—n=2""1

(i) Since the directions in E o« are pairwise parallel to those of Ez» (Section 3), Mg € 2,
(iii) The claim holds since I, C E pz while det Gz = 1/2. O

8.2. Examples

The 7-direction box-spline on the BCC lattice. In dimension three, D = Aj = BCC lattice. With the direction matrix =y
(Fig. 8(d)) and the generator matrix Gy (equivalent to G D} via unimodular transformation but more symmetric)

1 2 0 01 -1 1 —1 1 -1 1 1
Ebec = E;D; = 5 0 2 0 1 1 -1 -1, Gpee = 5 1 -1 1|,
0 0 2 1 1 1 1 1 1 -1
we define
1 113
My = M:D%‘ = |dEthcc|MEbcc ( + EEXE; §/2> = EMEbcc ( + (57 5, 5)) .

Lemma 5. The quasi-interpolant with optimal approximation order 4 for the spline space

Sbcc == span (Mpc (- _j))je(;bch3
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is defined by the functional

1
hed = \F = 55 > Dif ) ).

E€Epcc
Proof. With
_ o111 10 O
Ehe =Gy Epe=|1 0 1 1 0 1 0 |,
1 1.0 1 0 0 -1

the quasi-interpolant for the spline space span(M%b (+ —J))jezs is defined by the functional (cf. [18])
~ 1
Meef = (f — g(D% + D5 + D3 + DD, + DyD; + Dgnl)> (0)

= (f — ﬁ((Dl + Dy + D3)? + (D1 + D2)® + (D3 + D3)* + (D3 + D1)*> + D? + D5 + D?,)f) (0)

N P 2
= |f—5; 2 bif | ©.

EEEbcc
By Lemma 2, the quasi-interpolant for the spline space S, .. is defined by A, f. O

For a discrete input f : GuZ®> — R, the discrete quasi-interpolant, using the 7 directions, has the form

19 1
Moee FC+D) > SF0) = o7 DG+ +fG—8).

E€Epcc

9. Summary and conclusion

We derived families of symmetric box-spline reconstruction filters for the irreducible root lattices that exist in any
number of dimensions by convolution in directions intrinsic to each lattice. This generalizes the known constructions in two
and three variables. Table 3 summarizes the findings of this paper, the polynomial degree, continuity, linear independence
and optimal quasi-interpolants. For computation, we also point to [20] where explicit BB-coefficients are derived for specific
low-dimensional box-splines and an algorithm for the BB-coefficients in the general case is given.
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